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Materials and Methods 
Experimental methods 

The instrumental setup employed in this work to acquire the research findings is based on self-

designed equipment described in prior publications57. The experiments used a laser vaporization 

source with a gold disc target. A 532 nm laser beam struck the target surface, and a pulsed valve 

introduced high-purity helium carrier gas (99.999%, 10 atm) to entrain the resulting plasma. The 

plasma cooled before being injected into a growth chamber and passed through a supersonic nozzle 

(Φ = 2 mm, L = 35 mm), where cluster growth occurred. The generated clusters were collimated 

by a skimmer and detected using a custom high-resolution reflection time-of-flight mass 

spectrometer (Re-TOFMS). Cluster size distribution was controlled by adjusting the laser Q-

switch delay and carrier gas pulse width. The Re-TOFMS system comprised a pulsed acceleration 

field and a DC reflectron field, with product mass numbers determined from time-of-flight 

differences of ions with distinct mass-to-charge ratios. 

For reaction studies, reactant gases were introduced into the growth chamber through a pulsed 

valve to react with the clusters. The resulting products were then carried by the carrier gas to the 

detection chamber for mass spectrometry analysis. By adjusting the pulse width of the carrier gas, 

different reactant concentrations could be achieved, enabling for controlled reactions of size-

dependent gold clusters. Under conditions of low reactant gas concentration, the reactions between 

the gas molecules and gold clusters were approximated as pseudo-first-order processes. Based on 

this, the reaction rate constants for the gold clusters with O2 and NO were determined. 

 

Density functional theory methods 

Unbiased global structure searches for Aun
− clusters (n = 7−20) are performed via a comprehensive 

genetic algorithm (CGA)58 implemented in the DMol3 package. For each cluster size, an initial 

population of sixteen randomly constructed geometries is adopted. In every evolutionary 

generation, new candidate structures are generated by crossover and mutation operations, each 

assigned an equal probability of 50%. A maximum of 5000 iteration steps is employed to guarantee 

convergence to the global minimum structure. All candidate configurations are further optimized 

at the DFT level using the all-electron relativistic approach with the PBE functional and DND 

basis set. 
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Low-energy isomers screened by the CGA method are further reoptimized with the Gaussian 

16 program package59. The revTPSS functional together with the SDD basis set is adopted for Au 

atoms, whose reliability has been validated in our previous studies60. For the interactions of Aun⁻ 

clusters with O2 and NO, all plausible adsorption sites—including top, bridge, and hollow sites—

are fully considered. Both singlet and triplet spin states are evaluated for even-electron systems. 

The 6-311+G(d) basis set is applied to N and O atoms61. The HOMOs and LUMOs are also 

calculated with hybrid functional at the PBE0/SDD level of theory. Atomic charge distributions 

are obtained via natural population analysis (NPA)62. Electron density surfaces (EDSs) are 

calculated using the Multiwfn code, based on the electron density isosurface63-65. However, for 

smaller Mgn and Aln clusters with fewer atoms and smaller atomic radii, the compact geometry 

(e.g., tetrahedral 4-atom and triangular 3-atom geometries) renders the electron density surface 

more spherical. To better capture the actual confinement boundary, we therefore tested adjusted 

isosurface values for these systems, guided by the DFT-calculated orbital energy ordering as the 

benchmark: 0.006 a.u. for 4-atom clusters, 0.004 a.u. for 3-atom clusters, and 0.003 a.u. for 10-

atom clusters. All molecular structure graphics are visualized and rendered by VMD software66. 

 

GCSS model theory 

Originating in the late 1920s, Sommerfeld’s free‑electron theory describes electrons in a constant 

potential. Building on this picture, the nearly‑free electron gas (NFEG) model introduces a weak 

periodic lattice perturbation; per Bloch’s theorem, lattice‑mediated Bragg scattering of electron 

waves opens band gaps at Brillouin‑zone boundaries and yields band structures of nanocrystals. 

Further, spherical jellium models are developed to rationalize electronic shell structures in metal 

clusters and superatoms. Solving the single‑particle Schrödinger equation for electrons confined 

within a spherical harmonic‑oscillator (𝑉(𝑟) = −𝑉0 + 1/2𝑚𝜔2𝑟2, a square‑well potential, or a 

mathematical Woods-Saxon potential 𝑈(𝑟) = −𝑈0/(1 + 𝑒
𝑟−𝑟0

𝜖 ) ,67 established a widely used 

criterion to predict magic numbers of metal clusters especially those of spherical geometry.  

To rationalize the delocalized electrons in metal clusters of varying shapes and potentials, 

here we conduct complementary single‑particle model calculations, for idealized infinite potential 

wells of diverse geometries: triangular, circular, rectangular, spherical, ellipsoidal, tetrahedral (Td), 

icosahedral (Ih), octahedral (Oh), cuboctahedral (Oh), regular triangular prism (D3h) and the regular 

triangular pyramid (C3v) boundaries as well as boundaries from DFT electron-density cube. The 
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confinement potentials for all cases are obtained via solutions to the particle-in-a-box Schrödinger 

equations, which are implemented within the MATLAB environment. The core idea of the model 

is as follows: 

We represent each delocalized electron as an independent particle confined to a domain Ω 

and solve the stationary Schrödinger equation with the bare electron mass mₑ: 

 

𝐻̂𝜓𝑖(𝑟) = [−
ℏ2

2𝑚𝑒
𝛻2 + 𝑉𝛺(𝑟)] 𝜓𝑖(𝑟) = 𝐸𝑝ℎ𝑦𝑠𝑖

𝜓𝑖(𝑟)

𝑉𝛺(𝑟) = {
0 if  𝑟 ∈ 𝛺

+∞ if  𝑟 ∉ 𝛺

(1) 

 

The infinite barrier imposes a homogeneous Dirichlet condition. The domain is defined either 

by a prescribed analytical geometry, Ωg, rasterized by an interior-exterior mask, or directly from a 

DFT electron-density cube, Ωρ. In the latter case, the density threshold is supplied explicitly or 

taken as the median cube density interpolated at the Multiwfn surface vertices: 

 

𝜓𝑖(𝑟)|𝑟∈𝜕𝛺 = 0, 𝛺 = 𝛺𝑔 or 𝛺𝜌 = {𝑟: 𝜌(𝑟) ≥ 𝜌iso} (2) 

 

Idealized 3D shapes are rescaled to the same target volume, |Ω| = 4πR₀³/3, and energies are 

reported in the equal-volume dimensionless unit E*, 

 

𝐸𝑖(E∗) = 𝐸𝑝ℎ𝑦𝑠𝑖
∙

2𝑚𝑒𝑅0
2

𝜋ℏ2

𝑅0 = (
3|𝛺|

4𝜋
)

1
3

(3) 

 

Analytical benchmarks 

Specifically, the single-particle Schrödinger equation with an infinite potential well can be solved 

analytically for several canonical geometries: the 2D equilateral triangle, square, and circle, as 

well as the 3D sphere, yielding energy eigenvalues E (see below for the corresponding energy 

levels for each geometry). 
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Idealized 2D shapes are rescaled to the same target area |A|, and energies are reported in the 

equal-area dimensionless unit E*, 

 

𝐸𝑖(E∗) = 𝐸𝑝ℎ𝑦𝑠𝑖
∙

2𝑚𝑒|𝐴|

𝜋2ℏ2
(4) 

 

Dimensionless energies for a single-particle in equilateral triangular well are given by single-

particle in equilateral triangular well:68 

 

𝐸𝑝,𝑞(E∗) =
4𝜋2ℏ2

2𝑚𝑒(
√3𝑎

2 )2

⋅
2𝑚𝑒

√3
4 𝑎2

𝜋2ℏ2
(𝑝2 + 𝑝𝑞 + 𝑞2) = 2.309(𝑝2 + 𝑝𝑞 + 𝑞2) (5) 

 

where p and q are quantum numbers depend on irreducible representations: 

 

𝑞 = {

0,1,2, … ,          for A1  

1,2,3, … ,         for A2

1

3
,
2

3
,
4

3
,
5

3
, … , for 𝐸

             𝑝 = 𝑞 + 1, 𝑞 + 2, … (6) 

 

The dimensionless energies for a single-particle in square well are given by: 

 

𝐸𝑛𝑥,𝑛𝑦
(E∗) =

𝜋2ℏ2

2𝑚𝑒𝑎2
⋅

2𝑚𝑒𝑎2

𝜋2ℏ2
(𝑛𝑥

2 + 𝑛𝑦
2) = 𝑛𝑥

2 + 𝑛𝑦
2 (7) 

 

where nx and ny are quantum numbers: 

 

𝑛𝑥, 𝑛𝑦 = 1,2,3, … (8) 

 

The dimensionless energies for a single-particle in circular well are given by: 

 

𝐸𝑛,𝑙(E∗) =
𝛼𝑛,𝑙

2 ℏ2

2𝑚𝑒𝑅0
2 ⋅

2𝑚𝑒𝜋𝑅0
2

𝜋2ℏ2
=

𝛼𝑛,𝑙
2

𝜋
(9) 
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where 𝛼𝑛,𝑙 represents the nth root of the Bessel function of the first kind 𝐽𝑙(𝛼𝑛,𝑙) = 0; n and l are 

principal quantum number and the angular quantum number, respectively. 

The dimensionless energies for a single-particle in spherical well are obtained exactly from 

the zeros 𝜏𝑛,𝑙 of the spherical Bessel function 𝑗𝑙(𝜏𝑛,𝑙), giving: 

 

𝐸𝑛,𝑙(E∗) =
𝜏𝑛,𝑙

2 ℏ2

2𝑚𝑒𝑅0
2 ⋅

2𝑚𝑒𝑅0
2

𝜋ℏ2
=

𝜏𝑛,𝑙
2

𝜋
(10) 

 

In this case, (n, l, m) are exact quantum numbers and each shell with angular momentum l exhibits 

the exact (2l + 1) fold of degeneracy. 

 

Ellipsoidal wells 

For the axisymmetric ellipsoidal wells, cylindrical coordinates (𝜌, 𝜙, 𝑧)  are a natural choice 

because the system is invariant under rotations about the z-axis. In these coordinates, the Laplacian 

separates the azimuthal angle 𝜙 from the radial and axial coordinates, allowing the wavefunction 

to be written as: 

 

𝜓(𝜌, 𝜙, 𝑧) = 𝑢𝑚(𝜌, 𝑧) 𝑒𝑥𝑝( 𝑖𝑚𝜙) (11) 

 

The boundary of the ellipsoid is given by: 

 

Oblate: (
𝜌

𝑎
)

2

+ (
𝑧

𝑐
)

2

≤ 1;  Problate: (
𝜌

𝑐
)

2

+ (
𝑧

𝑎
)

2

≤ 1 (12) 

 

where a and c denote the semi-major and semi-minor axes of the ellipsoidal confining potential, 

respectively. 

This boundary is independent of 𝜙 and thus is simple to implement in cylindrical coordinates. 

This choice reduces the 3D problem to a set of 2D problems (one for each m), greatly reducing 

computational cost while preserving the exact quantum number m. 

In addition, the calculations are performed under the fixed-volume constraint: 
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Oblate: 𝑉 =
4

3
𝜋𝑎2𝑐 =

4

3
𝜋𝑅0

3 → 𝑎2𝑐 = 𝑅0
3;  Prolate: 𝑉 =

4

3
𝜋𝑎𝑐2 =

4

3
𝜋𝑅0

3 → 𝑎𝑐2 = 𝑅0
3 (13) 

 

A conservative finite-difference discretization in cylindrical coordinates then leads to a 

generalized eigenvalue problem: 

𝐾𝑢 = 𝜆𝑀𝑢 (14) 

where the matrices K and M arise from the finite-difference discretization of the operator −𝛻2 and 

the volume element 𝜌𝑑𝜌𝑑𝑧, respectively, and u is the discrete eigenvector containing the values 

of 𝑢𝑚(𝜌, 𝑧) at the grid points. In the deformed ellipsoidal wells, the pair ±m remains exactly 

degenerate for m > 0, whereas the additional z-to-−z parity is used to distinguish even and odd 

branches within a given m sector. The labels (n, l, m) used in the plots therefore indicate the 

spherical parent state at the undeformed limit and are tracked continuously along the deformation 

coordinate, rather than representing exact conserved quantum numbers away from the spherical 

point. Our model produces results consistent with the perturbative theory calculations documented 

in the literature 69, as illustrated by our MATLAB code. 

 

Cartesian-grid discretization and normalization 

For Cartesian-grid solvers, the computational domain was represented by the retained grid nodes. 

Analytical domains were rasterized by their inside–outside tests. Density-defined nodes were 

retained when ρ(x, y, z) ≥ ρᵢₛₒ. 

For directional spacings dx, dy, and dz, the discrete negative Laplacian acting on cijk was 

written as follows. Here, c̃ equals the neighbouring coefficient inside the mask and zero outside it. 

 

(𝐴𝑐)𝑖𝑗𝑘 = 2(𝑑𝑥−2 + 𝑑𝑦−2 + 𝑑𝑧−2)𝑐𝑖𝑗𝑘

−𝑑𝑥−2(𝑐
~

𝑖−1,𝑗,𝑘 + 𝑐
~

𝑖+1,𝑗,𝑘)

−𝑑𝑦−2(𝑐
~

𝑖,𝑗−1,𝑘 + 𝑐
~

𝑖,𝑗+1,𝑘)

−𝑑𝑧−2(𝑐
~

𝑖,𝑗,𝑘−1 + 𝑐
~

𝑖,𝑗,𝑘+1),

(15) 

 

All six directional terms were retained on the diagonal, while an off-diagonal term was added 

only for an internal neighbour. For 𝑑𝑥 = 𝑑𝑦 = 𝑑𝑧 = 𝑓, the diagonal becomes 
6

𝑓2 and each retained 

neighbour contributes −
1

𝑓2
. 
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This construction is a voxelized, zero-ghost-value approximation to the Dirichlet problem. 

The analytical boundary is replaced by a staircase surface, and no cut-cell or sub-voxel boundary 

correction was applied. The interior stencil is second order, but boundary-position errors remain 

grid dependent and can affect low- and high-energy states. 

The lowest eigenpairs were obtained with MATLAB eigs. The calculations used a tolerance 

of 10−10 and at most 3,000 iterations. The smallest-real option was attempted first, with smallest-

absolute-value used as a fallback where implemented. 

For a unit-edge analytical well, 𝜆𝑖  was converted using the equal-volume edge 𝑎eq. For a 

density grid expressed in physical coordinates, 𝜆𝑖 directly represents 𝑘𝑖
2. 

 

𝐴𝑐𝑖 = 𝜆𝑖𝑐𝑖, 𝑘𝑖
2 =

𝜆𝑖

𝑎eq
2

, 𝐸𝑖(𝐸∗) =
𝑘𝑖

2𝑅0
2

𝜋
. (16) 

 

Cartesian eigenvectors used for overlaps, projections, and character traces were Euclidean 

orthonormal on the retained nodes. This convention differs from volume normalization by the 

state-independent factor (𝑑𝑥𝑑𝑦𝑑𝑧)−
1

2 on a uniform grid. 

The C3v triangular-pyramid and D3h triangular-prism scripts applied this factor to separate 

plotting copies. Other Cartesian scripts retained Euclidean-normalized vectors because relative 

isovalues and subspace rankings are unchanged by an overall scale. The cylindrical ellipsoid solver 

instead used its radial weight matrix 𝑀 for normalization. 

Accordingly, |𝜓𝑖|
2 is interpreted as a single-particle probability-density pattern, not a many-

electron density. Within a degenerate multiplet, an individual signed isosurface represents one 

numerical orthonormal basis and is not uniquely defined. 

 

Polyhedral wells 

The regular tetrahedron was rasterized by barycentric coordinates. The octahedral mask 

satisfied |𝑥| + |𝑦| + |𝑧| ≤
1

√2
. Cuboctahedral and icosahedral masks used convex-hull half-space 

inequalities generated from their vertices. 

The equilateral-base triangular pyramid used convex-face inequalities. The triangular prism 

combined a barycentric triangular cross-section with −
ℎ

2
≤ 𝑧 ≤

ℎ

2
, where h is the prism height. 
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The Td, Oh and Ih scripts grouped low-lying states before evaluating symmetry characters. Td, 

and Oh used a seed-based tolerance of 10−6. 𝐼ℎ used 2 × 10−5, followed by its documented 5 × 10−3 

adjacent-group merge heuristic. 

The C3v triangular-pyramid and D3h triangular-prism scripts followed a different procedure. 

They classified individual eigenvectors from normalized C3 and mirror overlaps, using a tolerance 

of 0.35, without first forming degenerate subspaces.  

Spherical-Bessel and real-spherical-harmonic descriptor functions were sampled on the 

retained nodes and orthonormalized to form 𝛷𝑛𝑙. The radial expression was evaluated across the 

full non-spherical domain, including nodes with 𝑟 > 𝑅0. It is therefore an analytically extended 

descriptor basis, rather than a compactly supported spherical-well eigenbasis. 

 

(𝑛, 𝑙)𝑔 = argmax
𝑛,𝑙

‖𝛷𝑛𝑙
† 𝛹𝑔‖𝐹

2

𝑑𝑔
(17) 

 

For the ideal Td and Oh solvers, the projection term in Eq. (17) was combined with energetic 

proximity and irreducible-representation compatibility. Energy-ordered groups were then matched 

one-to-one to compatible spherical-shell slots by a global monotonic assignment. 

The Ih solver instead used the largest unweighted subspace projection. The C3v triangular-

pyramid and D3h triangular-prism scripts did not implement this spherical-parent projection. Their 

reported labels were based on symmetry overlaps, parity, morphology, and nodal patterns. 

The density-cube solver assigned spherical-parent labels to individual eigenvectors before 

energy grouping, using 𝑙 ≤ 6 and 𝑛 ≤ 4. These labels can change under an orthogonal rotation 

within a degenerate subspace. They were therefore used only as basis-dependent display 

descriptors and not for irreducible-representation assignment. 

 

Electron density-defined wells 

Cluster-specific domains were constructed from one scalar-density cube on an axis-aligned 

Cartesian grid. Cube and vtx.txt coordinate units were declared independently as Bohr or 

angstrom. Bohr coordinates were multiplied by 0.529, while density values remained in the native 

cube units. 
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In from_vtx mode, duplicate surface vertices were removed before trilinear interpolation of 

the cube density. Only finite, in-grid interpolants were retained, and 𝜌iso was their median. In 

manual mode, the supplied 𝜌iso had to use the native cube-density units, and vtx.txt was not read. 

The confinement mask contained every node satisfying 𝜌 ≥ 𝜌iso . No alpha-shape fit, 

analytical surface fit, connected-component filter, or automatic check for contact with the cube 

boundary was applied. 

The grid-sum volume, equal-volume sphere radius 𝑅0, and PCA half-ranges were calculated 

as follows. In from_vtx mode, PCA used the retained surface vertices. Manual mode used the six-

neighbour boundary nodes of the mask. 

 

𝑉 ≈ 𝑁in𝑑𝑥𝑑𝑦𝑑𝑧, 𝑅0 = (
3𝑉

4𝜋
)

1
3,

𝑥

ℎ
= 1.35

𝑎

𝑐
(empirical mapping used for Fig. 4c upon calculation in Fig. S30).

(18) 

 

Each PCA half-range was one-half of the projected coordinate range along a principal 

direction. The three values were sorted as 𝑎 ≥ 𝑏 ≥ 𝑐, and 
𝑎

𝑏
, 

𝑏

𝑐
, and 

𝑎

𝑐
 were reported. This sorting 

removes the identities of the axial and in-plane directions, so 
𝑎

𝑐
 is a maximum-to-minimum 

anisotropy descriptor. 

For an equilateral base (Fig. 4d), the geometric relation 
𝑥

ℎ
=

2

√3
(

𝐻𝛥

ℎ
) applies only after the base 

altitude 𝐻𝛥  and axial height h are identified. For Fig. 4c, 
𝑥

ℎ
= 1.35

𝑎

𝑐
 was retained as a fixed 

empirical calibration obtained during main-text figure testing. The coefficient was not generated 

by the MATLAB script and was not refitted for individual clusters. 

Starting from the first unassigned state k, later states j were included while |𝐸𝑗(𝐸∗) −

𝐸𝑘(𝐸∗)| ≤ 5 × 10−3max(|𝐸𝑘(𝐸∗)|,1). The tolerance was referenced to the first state of each block 

and was not applied transitively to adjacent spacings. 

 

  



 

 

11 

 

Symmetry analysis 

Spatial operations were inferred from the atomic coordinates in the cube header, not from the 

thresholded density mask. Coordinates were centered at their arithmetic mean before candidate 

operations were tested by element-preserving atom matching. 

The search considered Cn rotations for n = 2–6, inversion, mirror planes, and Sn operations 

for n = 4, 6, 8, 10, and 12. The maximum atomic matching error was 0.30 Å. At most 2,500 

candidate axes were examined, merged at 0.10°, and clustered at 5.0°. 

Accepted generators were expanded into the finite operation set used for character analysis. 

For each preliminary energy block g, the numerical vectors formed the columns of 𝛹𝑔. 

 

𝛹𝑔 = [𝜓1, … , 𝜓𝑑𝑔
], 𝛹𝑔

†𝛹𝑔 = 𝐼𝑑𝑔
,

𝐷𝑔(𝑆𝑎) = 𝛹𝑔
†𝑈(𝑆𝑎)𝛹𝑔, 𝜒𝑔(𝑆𝑎) = ReTr[𝐷𝑔(𝑆𝑎)].

(19) 

 

Each operation acted through trilinear interpolation of a full-grid wavefunction that was zero 

outside 𝛺. Out-of-grid and non-finite interpolation values were also set to zero. Closure within the 

tested subspace was quantified by the normalized leakage. 

 

𝐿𝑔 = max
𝑎

[
𝑚𝑎𝑥{‖𝑈(𝑆𝑎)𝛹𝑔‖𝐹

2 − ‖𝐷𝑔(𝑆𝑎)‖𝐹
2 , 0}

𝑚𝑎𝑥{‖𝑈(𝑆𝑎)𝛹𝑔‖𝐹
2 , 𝜀mach}

]

1
2

(20) 

 

Small negative numerators caused by round-off were clipped to zero, and the denominator 

was bounded by machine precision. Lg measures the retained transformed norm outside the tested 

subspace. It does not measure total norm lost through interpolation or domain truncation. 

Candidates with the same dimension as the numerical block were ranked by the class-

weighted root-mean-square character mismatch. 

 

𝑅𝑔,𝛤 = [
∑ 𝑤𝑎|𝜒̃𝑔(𝑆𝑎) − 𝜒𝛤(𝑆𝑎)|2

𝑎

∑ 𝑤𝑎𝑎
]

1
2

𝛤∗ = argmin
𝛤:𝑑𝛤=𝑑𝑔

𝑅𝑔,𝛤

(21) 
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Finite axial groups sampled all generated elements with unit weights. Polyhedral groups 

sampled one adopted real-character-table representative per class and used the theoretical class 

multiplicity. Linear groups used a D13 surrogate with |𝑚| ≤ 6  and did not permit exact-tier 

assignments. 

For T and Th, conjugate complex one-dimensional species were combined into two-

dimensional real E species. The best candidate was unique only when its mismatch differed from 

the next candidate by more than 10−8. 

An exact numerical label required both 𝑅𝑔,𝛤∗ ≤ 0.15 and Lg ≤ 0.15 where exact-tier assignment 

was enabled. An approximate label required both quantities to be at most 0.35. Otherwise, no 

irreducible-representation label was forced. 

A two- to eight-state block could be recursively partitioned when it failed the single-irrep test 

and its whole-block leakage did not exceed 0.35. Allowed subset dimensions were tested, and 

every retained subset had to pass the same matching criteria 

 

𝐽(𝑃) = ∑[𝑅𝑝,𝛤𝑝
+ 0.25𝐿𝑝]

𝑝∈𝑃

𝑅decomp = [
∑ 𝑤𝑎|𝜒𝑔(𝑆𝑎) − ∑ 𝜒𝛤𝑝

(𝑆𝑎)|𝑝∈𝑃
2

𝑎

∑ 𝑤𝑎𝑎
]

1
2

≤ 0.35

(22) 

 

The accepted partition minimized J(P) and also required 𝑅decomp ≤ 0.35. This procedure 

partitions the eigensolver columns heuristically. It does not rotate the block into projection-

operator-derived symmetry-adapted linear combinations. 

 

Visualization and numerical limitations 

Visualization settings were script specific. The C3v triangular-pyramid and D3h triangular-

prism plots used signed isosurfaces at ±0.28max|𝜓| and included a central density slice. The 

cuboctahedral, icosahedral, and density-cube plots used ±0.35max|𝜓| without that slice. 

Signed surfaces preserve the phase of the displayed numerical vector. However, individual 

vectors within a degenerate multiplet are arbitrary up to an orthogonal basis change. Subspace 

characters, projection weights, and summed multiplet densities are basis invariant. 
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Each cube run should retain ρiso, both unit flags, dx, dy, dz, Nin, V, R0, the PCA ranges, point 

group, tolerances, and script version. The CSV exporter omits some fields, so they must be 

preserved with the run configuration and console record. 

These calculations were used to identify robust trends in shell ordering and symmetry-driven 

level splitting. Absolute eigenvalues retain grid and staircase-boundary errors, including at low 

energy. In addition, for potentials that are strongly deformed from spherical symmetry, the 

resulting spherical n and l labels should therefore be regarded only as approximate references, and 

definitive assignment of a specific superatomic orbital requires manual judgement based on the 

orbital shape and nodal pattern. 

 

Further details regarding the GCSS model are available in the MATLAB codes deposited on 

Zenodo (DOI: 10.5281/zenodo.22127728). 
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Experimental Details 

 
Supplementary Fig. 1 | Mass spectroscopy of Aun

− clusters reacting with O2. a–c, Mass 

distribution of Aun
− clusters (n = 7−20) (a) produced by the Lava source with a 35 mm-long nozzle 

at He gas pressure of 10 atm, and after reacting with O2 (5% in He, 1 atm). The small (b) and large 

(c) doses of the reactant correspond to pulsed (10 Hz) widths at 180 µs and 205 µs, respectively. 
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Supplementary Fig. 2 | Repeat experiments of Au- clusters reacting with O2. a–c, Mass 

distribution of Aun
− clusters (n = 7−20) (a) produced by the Lava source with a 35 mm-long nozzle 

at He gas pressure of 10 atm. The small (b) and large (c) O2 (5% in He, 1 atm) doses of the reactant 

correspond to pulsed (10 Hz) widths at 180 µs and 205 µs, respectively. 
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Supplementary Fig. 3 | Repeat experiments of Aun

− clusters reacting with NO. a–c, Mass 

distribution of Aun
− clusters (n = 7–20) (a). The NO reactant (5% in He, 1 atm) of small (b) and 

large (c) doses corresponding to pulsed (10 Hz) widths at 180 µs, and 225 µs, respectively. 
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Supplementary Fig. 4 | Repeat experiments of Aun

− clusters reacting with NO. a-c, Mass 

distribution of the nascent Aun
− clusters (a) and after reacting with NO (5% in He, 1 atm) with 

small (b), and large (c) doses corresponding to pulsed (10 Hz) widths at 180 µs and 215 µs, 

respectively. 
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Supplementary Fig. 5 | Reaction rate estimation. The experimentally determined reaction rate 

constants of Aun
− (n = 7–21) clusters with 180 μs O2 (5% in He, 1 atm). 

 

Geometry and Energetics 
 

 

 
 

Supplementary Fig. 6 | Optimized structures of Aun
− clusters. The DFT-optimized structures 

of Aun
− (n = 7−20) clusters. 
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Supplementary Fig. 7 | Ground-state and low-energy isomers of the Au13

− cluster. The energy 

differences between each isomer and the ground state are given in the second row. The inset shows 

the simulated (blue curve) photoelectron spectrum of the lowest-energy Au13
− cluster, in 

comparison with the previous experimental result (black curve)70-72. 

 

 
Supplementary Fig. 8 | Ground-state and low-energy isomers of the Au14

− cluster. The energy 

differences between each isomer and the ground state are given in the second row. The inset shows 

the simulated (blue curve) photoelectron spectrum of the lowest-energy Au13
− cluster, in 

comparison with the previous experimental result (black curve)70-72.  
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Supplementary Fig. 9 | Photoelectron spectra of the Au15

− and Au17
− clusters. The simulated 

(blue curve) photoelectron spectrum of the lowest-energy Au15
− and Au17

− clusters, in comparison 

with the previous experimental result (black curve)70-72. 

 

 

 

 

 
Supplementary Fig. 10 | Optimized structures of AunO2

−. The DFT-optimized structures, spin 

multiplicities, and adsorption energies of O2 on Aun
− (n = 7−20) clusters. 
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Supplementary Fig. 11 | Optimized structures of AunNO−. The DFT-optimized structures, 

spin multiplicities, and adsorption energies of NO on Aun
− (n = 7−20) clusters. 

 

 

 

 
Supplementary Fig. 12 | Adsorption energy. DFT-calculated O2- and NO-adsorption 

energies on the Aun
− (n = 7–20) clusters. 
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Supplementary Fig. 13 | The electronic properties of Aun

− clusters. a, The DFT-calculated 

vertical detachment energies (VDE) of Aun
− (n = 7–20) clusters (a), in comparison with the 

experimental results.70-73 b, Calculated incremental binding energies (IBE) and second-order 

difference in binding energy (Δ2E) of Aun
− (n = 7−20) clusters. c, DFT-calculated HOMO-LUMO 

gaps (EH-L) and HOMO-LUMO for alpha spin (Eα-H-L) of Aun
− (n = 7−20) clusters at the 

PBE0/SDD level of theory. d, DFT-calculated electron affinity of the anionic Aun
− (n = 7−20) 

clusters, defined by EA = E(Aun
−) − E(Aun

2−) at the optimized Aun
− geometry.  

 

 

Supplementary Table 1 | AunO2
−. The NPA charges (Q, in ǀeǀ) and spin density populations 

(μ, in μB) of AunO2
− (n = 7−20) complexes. 

 

 size QO2
 μ

O2
 μtotal 

7 −0.54 1 2 

8 −0.47 1 1 

9 −0.30 1.5 2 

10 −0.31 1 1 

11 −0.52 1.1 2 

12 −0.58 1 1 

13 −0.27 1.6 2 

14 −0.58 1 1 

15 −0.33 1.5 2 

16 −0.55 1 1 

17 −0.14 1.7 2 

18 −0.51 1 1 

19 −0.78 0 0 

20 −0.51 1 1 
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Supplementary Table 2 | AunNO−. The NPA charges (Q, in ǀeǀ) and spin density populations 

(μ, in μB) of AunNO− (n = 7−20) complexes. 

 

size QN QO QNO μNO μtotal 

7 0 −0.23 −0.23 0.81 1 

8 −0.1 −0.26 −0.36 1.33 2 

9 0.01 −0.22 −0.21 0.75 1 

10 0.01 −0.21 −0.2 0 0 

11 0.02 −0.20 −0.18 0.79 1 

12 −0.19 −0.25 −0.44 1.41 2 

13 −0.01 −0.22 −0.23 0.93 1 

14 −0.16 −0.25 −0.41 0 0 

15 −0.02 −0.23 −0.25 0.88 1 

16 0.09 −0.18 −0.09 0 0 

17 0.04 −0.19 −0.15 0.85 1 

18 −0.03 −0.23 −0.26 1.32 2 

19 0.00 −0.20 −0.2 0.95 1 

20 −0.09 −0.25 −0.34 1.36 2 

 

 

Supplementary Table 3 | The geometric and electronic properties of Mn
− (M = Cu, Ag, Au; n 

= 6, 13, 17) clusters under revTPSS/SDD scheme, including average M-M bond length (BL, in Å), 

total bond number (BN), average coordination number (CN), average Wiberg bond order (BO), 

and alpha HOMO-LUMO gap (Eα-H-L, in eV). 

 

Cluster BL BN CN BO Eα-H-L 

Cu6
− 2.40 12 4 0.61 1.26 

Ag6
− 2.76 12 4 0.55 1.19 

Au6
− 2.71 9 3 0.76 0.47 

Cu13
− 2.42 34 5.23 0.47 1.25 

Ag13
− 2.77 34 5.23 0.42 1.31 

Au13
− 2.80 33 5.08 0.53 1.52 

Cu17
− 2.50 58 6.82 0.39 0.74 

Ag17
− 2.78 48 5.65 0.38 1.09 

Au17
− 2.77 45 5.29 0.51 1.25 
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Supplementary Table 4 | The geometric and electronic properties of Aun
− (n = 7−20) clusters 

under revTPSS/SDD scheme, including average Au-Au bond length (BL, in Å), total bond number 

(BN), average coordination number (CN), average Wiberg bond order (BO), electron affinity (EA, 

in eV), vertical electron detachment energies (VDE, in eV), HOMO-LUMO gaps (EH-L, in eV) and 

that under PBE0/SDD scheme (EH-L-PBE0, in eV), as well as alpha HOMO-LUMO gaps under 

PBE0/SDD scheme (Eα-H-L-PBE0, in eV) for comparison. 

 

Size BL BN CN BO EA VDE EH-L 
EH-L-

PBE0 

Eα-H-L-

PBE0 

7 2.68 10 2.86 0.79 −1.24 3.36 1.25 2.19 2.19 

8 2.68 12 3.00 0.74 −0.59 2.80 0.28 1.20 1.94 

9 2.73 16 3.56 0.68 −0.56 3.68 0.99 2.10 2.10 

10 2.72 18 3.60 0.67 0.48 3.99 0.08 1.10 2.98 

11 2.73 21 3.82 0.65 −0.82 3.62 1.06 1.98 1.98 

12 2.80 30 5.00 0.53 −0.35 2.99 0.23 1.21 1.74 

13 2.80 33 5.08 0.53 −4.16 3.84 1.52 2.63 2.63 

14 2.83 40 5.71 0.48 −0.38 2.88 0.18 1.09 1.09 

15 2.83 43 5.73 0.48 −0.20 3.50 0.71 1.68 1.68 

16 2.78 42 5.25 0.51 0.43 3.63 0.14 1.11 2.02 

17 2.77 45 5.29 0.51 −0.29 3.88 1.25 2.22 2.22 

18 2.84 58 6.44 0.43 0.15 3.22 0.13 1.01 1.65 

19 2.82 57 6.00 0.47 −0.21 3.55 1.04 1.93 1.93 

20 2.82 60 6.00 0.46 −0.06 2.69 0.17 0.92 0.92 
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DOSs and frontier orbitals 
 

 
 

Supplementary Fig. 14 | Frontier orbital. Energies and electron cloud patterns of the HOMOs and LUMOs of Aun
− (n = 7−20) 

clusters and NO/O2 molecules, calculated at the PBE0/SDD level of theory. 
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Supplementary Fig. 15 | A comparison of even-numbered Aun
− clusters. The 

electron cloud pattern of the HOMOs of typical Au2n
− clusters and Au2nNO− complexes. 

 

 

 

Supplementary Fig. 16 | DOS analysis of Cu6
−, Ag6

− and Au6
−. Partial densities of 

states (PDOS), energy levels and superatomic orbitals for M6
− (M = Cu, Ag, Au) 

clusters. The results are calculated at the revTPSS/SDD level of theory. The light grey 

shaded area donates the total density of states (TDOS), whereas the red, blue and green 

curves represent the PDOS contributions from the M s, p, and d orbitals, respectively. 

Unless otherwise noted, an isovalue of 0.01 a.u. is used throughout this work. For the 

orbital patterns, yellow and green patterns denote the positive and negative phases of 

the wavefunctions, respectively, while pink and blue denote the positive and negative 

phases of the LUMO wavefunction, respectively. 
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Supplementary Fig. 17 | DOS analysis of Au10
− and Au11

−. PDOS, energy levels and 

superatomic orbitals for Au10
− and Au11

− clusters. The results are calculated at the 

revTPSS/SDD level of theory. 

 

 

 

Supplementary Fig. 18 | DOS analysis of low-lying Au12
− isomers. PDOS, energy 

levels and superatomic orbitals for Au10
− and Au11

− clusters. The results are calculated 

at the revTPSS/SDD level of theory. 
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Supplementary Fig. 19 | DOS analysis of Cu13

−, Ag13
− and Au13

−. PDOS, energy 

levels and superatomic orbitals for M13
− (M = Cu, Ag, Au) clusters. The results are 

calculated at the revTPSS/SDD level of theory. The a/c ratios of Cu13
−, Ag13

−, and Au13
− 

clusters are 1.53, 1.61 and 1.60, respectively. 

 

 

 
Supplementary Fig. 20 | DOS analysis of Au14

− and Au15
−. PDOS, energy levels and 

superatomic orbitals for Au10
− and Au11

− clusters. The results are calculated at the 

revTPSS/SDD level of theory. 
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Supplementary Fig. 21 | DOS analysis of Cu17

−, Ag17
− and Au17

−. PDOS, energy 

levels and superatomic orbitals for M17
− (M = Cu, Ag, Au) clusters. The results are 

calculated at the revTPSS/SDD level of theory. The a/c ratios of Cu17
−, Ag17

−, and 

Au17
− clusters are 1, 1.28 and 1.01, respectively. 

 

 

 

 

Supplementary Fig. 22 | DOS analysis of Au20
− and Au20. PDOS, energy levels and 

superatomic orbitals for the Au20
− cluster and its neutral counterpart Au20. The results 

are calculated at the revTPSS/SDD level of theory. Au20
− disrupts the 20e closed-shell 

configuration of the Au20 cluster, and consequently its symmetry is reduced to D2d due 

to the Jahn–Teller effect. 
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Supplementary Fig. 23 | PDOS and energy levels at hybrid functional. Superatomic 

orbitals for the Au13
−, Au15

−, and Au17
− clusters, calculated at the PBE0/SDD level of 

theory. 

 

 

 
Supplementary Fig. 24 | HOMO energy level in Au14NO− sensitive to the a/c ratio, 

along with the electron cloud pattern during its formation process, calculated at the 

revTPSS/SDD level of theory.  
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Supplementary Fig. 25 | Charge decomposition analysis (CDA). The correlation 

between the energy levels of the Au14NO− cluster and its constituent fragments (Au14
− 

and NO), shown from −4.5 eV to −0.5 eV. Gray lines trace orbital correlations with a 

fragment contribution of at least 10%, while red lines highlight strong mutual 

contributions (>10% each). Insets depict the electron cloud distributions of key 

molecular orbitals. 

 

 

Supplementary Fig. 26 | Electron density surfaces (red) and electrostatic potential 

surfaces (blue isosurface) of Au14
− cluster and Au14NO− complex, calculated at the 

revTPSS/SDD level of theory. 
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GCSS Model Analysis 

 

 

Supplementary Fig. 27 | Grid convergence test for the four polyhedral wells: 

icosahedron, octahedron, cuboctahedron, and tetrahedron. The horizontal axis denotes 

the number of grid points per dimension (Ngrid). For each Ngrid, the vertical axis shows 

the relative change (in percent) of the lowest 5 non-degenerate eigenvalues compared 

to the previous thicker grid, calculated as 
|𝑬(𝑵𝒈𝒓𝒊𝒅,𝒑𝒓𝒆𝒗

)−𝑬(𝑵𝒈𝒓𝒊𝒅)|

𝑬(𝑵𝒈𝒓𝒊𝒅,𝒑𝒓𝒆𝒗
)

× 100% and averaged 

over the 5 states. The smallest Ngrid that satisfies the convergence threshold (0.5%) is 

chosen for the production calculations. These values are: Ngrid = 71 (icosahedron), Ngrid 

= 101 (octahedron), Ngrid = 91 (cuboctahedron), and Ngrid = 101 (tetrahedron). 
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Supplementary Fig. 28 | Benchmark grid points test of three-dimensional infinite 

spherical potential well, with potential energy calculated on the finite difference (FD) 

method and exact solution. The results show that when the number of grid points is 150, 

the error (
|𝑬𝒆𝒙𝒂𝒄𝒕−𝑬𝑭𝑫|

𝑬𝒆𝒙𝒂𝒄𝒕
× 100%) of the FD method is ~0.5% relative to solution value. 

 

Although Au10⁻ has a 2D geometry, its electron‑density surface corresponds to 3D 

patterns. GCSS calculations indicate that superatomic orbital components along the 

short-axis (z-axis) direction are present, though they occur at relatively high unoccupied 

energy levels. As shown in Supplementary Fig. 29, the 2D triangular, circular, and 

square structures display closed shell structures when the valence electron counts reach 

2, 6, 12, and 16—values that correspond to electronic magic numbers. Upon reaching 

the six electron (6e) closed-shell arrangement, a 2D-to-3D structural transition becomes 

possible, driven by the large energy gaps between the 6e shell and the 1D or 2S levels, 

along with a tendency to enhance cluster stability by increasing bond strength but with 

fewer chemical bonds or decreasing bond strength with more chemical bonds. This is 

reasonable for Cun
− and Agn

− clusters which undergo a transition to 3D structures at n 

= 6. In contrast, due to strong relativistic effects and pronounced s-d hybridization, Aun
− 

clusters can enhance stability by forming only a small number of additional chemical 

bonds (Supplementary Tables 3 and 4), thereby maintaining their 2D structure until n 

= 12. The larger gold clusters with n ≥ 12 require additional electrons to attain a 1F 

closed-shell configuration (Supplementary Fig. 29). 
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Supplementary Fig. 29 | Coinage metal clusters in GCSS model. A, Structures and 

symmetries of typical pure and single-atom-doped gold clusters. B, Energy-level 

diagrams of 2D infinite-well potentials with triangular, circular, and square symmetries 

(Left) and energy-level diagrams of 3D infinite-well potentials with tetrahedral, 

spherical, and cuboctahedral symmetries (Right). C, Influence of well shape on the 

energy levels as a function of prolate/oblate ellipsoidal distortion. D, Structures and 

symmetries of typical pure and ligand-modified copper/silver clusters. 

 

This GCSS model can be applicable to oblate systems. A 3D oblate ellipsoidal 

structure denotes a 14e shell structure corresponding to a 1D subshell closure for Au13
− 

(1S2|1P4|1P2|1D6||1D0|). Both the Clemenger-Nilsson ellipsoidal model and our GCSS 

model calculations show that, at this axial a/c ratio, the energy gap due to the splitting 

of one-dimensional levels with magnetic quantum numbers m = 1 or 0 surpasses the 

orbital gap between the superatomic 1D and 2S states under a spherical potential. This 

feature endows good energetic stability to Au13
−, which is also applicable to Ag13

− and 

Cu13
−. It should be highlighted that Au13⁻ retains greater stability against air exposure 

than the Cu13
− and Ag13

− counterparts, as copper and silver undergo oxidation far more 

readily74. 
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Increasing the axial ratio a/c gradually amplifies the energy splitting between the 

1P and 1D states. At a/c = 1.67, the 1P and 1D levels start to cross and subsequently 

undergo orbital mixing. Meanwhile, partial 1F levels gradually shift toward lower 

energy; at the same ratio of 1.67, the 1D and 1F levels cross and mix with one another. 

Analysis of electron density surface yields deformation ratios (a/c of the arbitrary 

potential domain Ω) of 1.49 for Au14⁻ and 1.77 for Au14NO⁻ (more details in 

Supplementary Fig. 23). At a/c = 1.77, this cluster with 16 valence electrons adopts a 

closed subshell configuration (1S2|1P4|1P21D2|1D4|1F2||), which matches perfectly with 

the superatomic orbital energy ordering of Au14NO⁻ as DFT results. 

Under a triangular potential field, a considerable gap exists between the 1D and 

1F energy levels, which corresponds to the Au10
− cluster with the globally largest alpha 

HOMO-LUMO gap (Supplementary Figs. 17 and 30, Supplementary Table 4). With 

increasing atomicity, Cu17
−, Ag17

−, and Au17
− adopt core-shell structures, featuring 

closed geometric shell structures and prominent 18e stability (Supplementary Fig. 21). 

Beyond the geometric and electronic shell closure of Au17
−, the highly symmetric 

potential field of the tetrahedral packing configuration further result in reasonable 20e 

stability of Au20 (Supplementary Fig. 22)75. Also, the relative stability of the lower-

symmetry Au15
− (Supplementary Fig. 20) can be interpreted within a 16e shell stems 

from the splitting of the 1D level within an asymmetric potential well. 

Further, the construction of stable clusters can be modulated through heteroatom 

doping or ligand passivation76. For instance, the doped Mo@Au12 cluster features an 

icosahedral (Ih) geometry, which forms an 18e superatom with a closed-shell electronic 

arrangement. This characteristic arises from rational orbital splitting within the Ih 

potential field (Supplementary Fig. 31). Such structural symmetry is also valid for other 

M@Au12 clusters60, as well as ligand-stabilized Au13 nanoclusters77-86. By contrast, 

gold clusters confined to a cuboctahedral potential field can attain a closed-shell 

configuration with merely 14 valence electrons, as exemplified by Sc@Au12
+ that 

possesses an Oh symmetry (Supplementary Fig. 32)60,87. These findings demonstrate 

that the atomic structures of subnanometer metal clusters can be regulated via 

heteroatom doping. 
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Supplementary Fig. 30 | Orbital patterns obtained with different methods. A, DOS, energy levels, and superatomic orbitals of the Au10⁻ 

cluster, calculated at the revTPSS/SDD level. B, Energy levels and orbital patterns within the GCSS model for a triangular prism with a length-

to-height ratio of 3.5. C, DFT-calculated electron‑density isosurface at an isovalue of 0.0014 a.u. 
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Supplementary Fig. 31 | DOS analysis of Mo@Au12. A, PDOS, energy levels and superatomic orbitals for Mo@Au12 cluster. The results are 

calculated at the revTPSS/SDD level of theory. B, Energy-level diagrams of 3D infinite-well potentials within spherical (left) and icosahedral 

(right) symmetries.  
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Supplementary Fig. 32 | DOS analysis of Sc@Au12
+. PDOS, orbital energy levels of the Sc@Au12

+ cluster. The insets show the cluster structure 

and typical α-orbitals with superatom features. The results are calculated at the revTPSS/SDD level of theory. 
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Supplementary Fig. 33 | Orbital patterns of Ag9
+ vs. Ag9I2

+. A, Energy-level evolution of the frontier superatomic orbitals as a function of a/c 

within the oblate shell model. The a/c range is cut off at 1.25, corresponding to the Au9
+ structure. B, PDOS, energy levels and superatomic orbitals 

for Ag9
+ and Ag9I2

+ clusters. The results are calculated at the PBE0/SDD level of theory. C, Energy-level evolution of the frontier superatomic 

orbitals as a function of a/c within the problate shell model. The a/c range is cut off at 1.4, corresponding to the Au9I2
+ structure. 
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Supplementary Fig. 34 | Orbital patterns of Cu7 vs. Cu7NO. A, PDOS, energy levels and superatomic orbitals for neutral Cu7 and Cu7NO 

clusters. The insets show the cluster structures and typical α-orbitals with superatom features, calculated at the PBE0/SDD level of theory. B, 

Energy-level evolution of the frontier superatomic orbitals as a function of a/c within the oblate shell model. The a/c range is cut off at 1.7, 

which corresponds to the Cu7NO structure; the dashed line at a/c = 1.17 refers to the Cu7 structure. 
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Supplementary Table 5 | GCSS-computed results for oblate metal clusters using DFT electron-density surfaces as confinement boundaries, 

in comparison to DFT calculations at the revTPSS/SDD level of theory. 

 

Cluster E_GCSS (E*)  E_DFT (eV) 

Na7
− 

1S(100) 1P(111) 1P(110)    1S 1Px, y 1Pz    

3.14 6.18 6.85    -1.58 -0.35 0.1    

Mg7 
1S(100) 1P(111) 1P(110) 1D(122) 1D(120)  1S 1Px, y 1Pz 1Dxy, x2−y2 1Dz2  

3.44 6.18 8.50 9.33 9.85  -8.47 -6.27 -5.21 -4.06 -4.1  

[Au7]3− 
1S(100) 1P(111) 1D(122)    1S 1Px, y 1Dxy, x2−y2    

4.16 6.19 8.86    2.06 2.67 4.80    

[Au12]4− 

1S(100) 1P(111) 1D(122) 1D(120) 1F(133)  1S 1Px, y 1Dxy, x2−y2 1Dz2 1Fx(x2−3y2),y(3x2−y2)   

4.96 6.76 9.20 9.78 
11.72; 

12.75 
 -1.66 -1.24 0.13 0.49 

1.49; 

1.87 
 

Ag17
− 

1S(100) 1P(111) 1P(110) 1D(122) 1D(120) 1D(121) 1S 1Px, y 1Pz 1Dxy, x2−y2 1Dz2 1Dxz, yz 

3.17 6.17 7.07 9.94 10.76 10.86 -7.11 -3.58 -3.23 -2.09 -1.58 -1.57 
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Supplementary Table 6 | GCSS-computed results for prolate metal clusters using DFT electron-density surfaces as confinement boundaries, 

in comparison to DFT calculations at the revTPSS/SDD level of theory. 

 

Cluster E_GCSS (E*)  E_DFT (eV) 

[Ag6]2− 
1S(100) 1P(110) 1P(111)    1S 1Pz 1Px, y     

3.18 6.44 6.45    -0.27 2.69 2.70    

Mg11 

1S(100) 1P(110) 1P(111) 1D(120) 1D(121) 1D(122) 1S 1Pz 1Px, y  1Dz2 1Dxz, yz 1Dxy, x2−y2 

3.34 6.22 7.00 9.06 11.37 11.46 -8.71 -7.18 -6.81 -5.79 -4.52 -4.44 

1F(130) 2S(200)     1Fz3 2S     

12.30 12.77     -4.09 -4.08     

Ag9I2
+ 

1S(100) 1P(110) 1P(111) 1D(120)   1S 1Pz 1Px, y  1Dz2   

3.43 6.19 7.24 8.71   -13.11 -10.16 -10.1 -9.42   

[Au23]9+ 
1S 1Pz 1Px, y 1Dz2 1Dxz, yz  1S 1Pz 1Px, y 1Dz2 1Dxz, yz  

3.48 5.47 7.82 8.76 10.03  -35.83 -35.55 -33.35 -33.08 -32.87  

Au3
− 

1S(100) 1P(110)     1S 1Pz     

3.99 5.09     -2.04 -1.35     

[Na2Cl2]2− 
1S(100)      1S      

5.14      4.06      
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Supplementary Table 7 | GCSS-computed results for metal clusters of triangular prism structure using DFT electron-density surfaces as 

confinement boundaries, in comparison to DFT calculations at the revTPSS/SDD level of theory. 

 

Cluster E_GCSS (E*)  E_DFT (eV) 

Sn6 

1S(a1’) 1P(a2’’) 1P(e’) 1D(e’’) 1D(a1’) 2S(a1’) 1S(a1’) 1P(a2’’) 1P(e’) 1D(e’’) 1D(a1’) 2S(a1’) 

3.45 6.43 6.84;6.94 9.76;9.93 11.40 11.92 -14.21 -12.13 -11.53;-

11.76 

-9.19;-

9.45 

-6.61 -6.12 

1D(e’)      1D(e’)      

12.04;12.12      -5.84;-5.63      

Al3
+ 

1S(a1’) 1P(e’) 1P(a2’’)    1S(a1’) 1P(e’) 1P(a2’’)    

3.44 5.95 8.32    -16.29 -12.46 -9.20    

[Mg3]2− 
1S(a1’) 1P(e’) 1P(a2’’)    1S(a1’) 1P(e’) 1P(a2’’)    

3.53 6.04 8.50    1.09 3.07 4.74    

Au6 
1S(a1’) 1P(e’)     1S(a1’) 1P(e’)     

3.98 6.15     -7.35 -5.91     

[Au10]2− 
1S(a1’) 1P(e’) 2S(a1’) 1D(e’)   1S(a1’) 1P(e’) 2S(a1’) 1D(e’)   

4.79 6.69 9.21 9.48   -1.10 -0.77 0.31 1.04   
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Supplementary Table 8 | GCSS-computed results for triangular pyramid metal clusters using DFT electron-density surfaces as 

confinement boundaries, in comparison to DFT calculations at the revTPSS/SDD level of theory. 

 

Cluster E_GCSS (E*)  E_DFT (eV) 

Na4 
1S(a1) 1P(e)    1S(a1) 1P(e)    

3.33 5.53    -4.28 -2.20    

Na10 1S(a1) 1P(a1)+1P(e) 2S(a1)   1S(a1) 1P(a1)+1P(e) 2S(a1)   

3.89 7.08 10.39   -4.73 -3.54 -2.30   

Mg4 
1S(a1) 1P(a1)+1P(e)    1S(a1) 1P(a1)+1P(e)    

3.54 6.62    -7.49 -4.55    

Au20 
1S(a1) 1P(a1)+1P(e) 2S(a1) 1D(a1)+1D(e) 1D(e) 1S(a1) 1P(a1)+1P(e) 2S(a1) 1D(a1)+1D(e) 1D(e) 

3.69 6.99 11.11 11.31 11.64 -12.16 -11.14 -6.50 -5.69 -5.63 

Au19
− 

1S(a1) 1P(e) 1P(a1) 2S(a1) 1D(e) 1S(a1) 1P(e) 1P(a1) 2S(a1) 1D(e) 

3.60 6.79 7.15 10.84 11.00 -9.20 -8.19 -8.11 -3.23 -2.85 

1D(e) 1D(a1)    1D(e) 1D(a1)    

11.37 12.32    -2.75 -2.13    

[Al4]2− 
1S(a1) 1P(e) 1P(a1) 2S(a1) 1D(e) 1S(a1) 1P(e) 1P(a1) 2S(a1) 1D(e) 

4.00 6.54 8.08 10.05 10.32 -1.71 0.65 2.34 3.98 4.28 
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Supplementary Fig. 35 | Geometric structures of superatomic cores of ligand-protected gold clusters for both GCSS and DFT calculations.  

 

 

Supplementary Table 9 | GCSS-computed results for superatomic cores of ligand-protected gold clusters using DFT electron-density 

surfaces as confinement boundaries, in comparison to DFT calculations at the revTPSS/SDD level of theory. 

 
Superatomic 

core 

Composition 
E_GCSS (E*)  E_DFT (eV) 

[Au13]5+ 
[Au13(dppm)6]5+  

(ref.80) 

1S 1Px, y 1Pz   1S 1Px, y 1Pz   

3.21 6.50 6.58   -27.59 -24.35 -24.36   

[Au20]6+ 
[Au20(PPhy2)10Cl4]Cl2   

(ref.88) 

1S 1Pz 1Px, y 1Dz2 1Dxz, yz 1S 1Pz 1Px, y 1Dz2  1Dxz, yz 
3.31 5.69 7.21; 7.35 9.19 10.08; 10.10 -31.58 -30.91 -29.33; 

-29.44 
-24.79 -24.59;  

-24.61 

[Au23]9+ 
Au38(SR)24  

(ref. 89) 
1S 1Pz 1Px, y 1Dz2 1Dxz, yz 1S 1Pz 1Px, y 1Dz2  1Dxz, yz 

3.48 5.47 7.82 8.76 10.03 -35.83 -35.55 -33.35 -33.08 -32.87 

[Au25]9+ 
[Au25(iPr2-bimy)10Br7]2+  

(ref. 90) 

1S 1Pz 1Dz2 1Px, y 1Dxz, yz 1S 1Pz 1Dz2 1Px, y 1Dxz, yz 

3.70 5.28 8.14 8.52 10.13 -39.03 -38.50 -37.54 -36.47 -31.87 

1Fz3     1Fz3     

11.65     -31.20     
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Supplementary Table 10 | HOMO−LUMO gaps for representative clusters with GCSS calculations (using DFT electron-density surfaces as 

confinement boundaries) and DFT (revTPSS/SDD, PBE0/SDD). The energy unit is in eV. 

 

Cluster EH-L_GCSS 
EH-L_GCSS_sph. 

(18e; 20e) 
EH-L_revTPSS EH-L_PBE0 

Au10
2− (12e sub-shell closure in regular triangular prism potential domain) 1.99 1.24; 1.85 1.58 2.60 

Au13
− (14e sub-shell closure in C3v-symmetric potential domain) 1.65 1.13; 1.69 1.52 2.63 

Au20 (20e shell closure in regular tetrahedron potential domain) 2.20 0.92; 1.37 1.80 2.97 

Au17
− (18e shell closure in the core-shell quasi-spherical domain) 0.68 0.98; 1.46 1.25 2.22 

Note: The GCSS model does not account for relativistic effects or electron-electron interactions. 
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