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Abstract

Least-cost dairy rations meeting nutrient limits at mean feed composition can
fail when composition varies. We compared fixed and nutrient-informed selection
rules on matched candidate pools for one reference cow using selected NASEM
equations, with actual dry matter (DM) hidden during selection. With planned
DM increased by 10%, adding admissible candidates reduced failure in every
comparison; compression for training coverage increased it in five of six. Full-
pool selection reversed these losses in all 18 test comparisons, with risks no
greater than 2.155% without cottonseed and 0.825% with it. An exploratory
least-cost linear program re-solved at the observed composition with the best
of four DM margins failed in 8.1–9.8% of states. At higher simulated measure-
ment noise, using posterior means alone increased failure, while adding posterior
variance to the score reduced it. Energy violations became more frequent but
smaller on average when they occurred. With a 20% higher microbial-protein
coefficient, full-pool risks for this uncertainty-aware rule exceeded both case-
specific targets, although its high-noise advantages remained. Reference-supply
cases remained high-risk. These findings assume consumption of all supplied DM,
use an illustrative crude-protein target and have not been field-validated.

Keywords: dairy cattle, feed composition variability, ration formulation, candidate
pool, measurement uncertainty, model-defined reliability
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1 Introduction1

Least-cost dairy rations often place one or more nutrient supplies close to a specified2

limit. A ration that meets the limit at mean feed composition may miss it when3

composition changes, so nominal feasibility does not establish reliability. Formulation4

methods therefore need to be compared in terms of nominal cost and feasibility as5

well as the frequency and magnitude of failures under a common nutritional model6

[1, 2]. These criteria also apply when a formulation is revised after new information7

becomes available.8

The relevant sources of variation depend on the decision horizon. Between-batch9

differences, day-to-day changes, sampling error and laboratory error each contribute to10

uncertainty before a ration is chosen [3–9]. A feed-table standard deviation (SD) need11

not describe the next batch on a particular farm, and database screening and grouping12

affect the reported variability [10–12]. Results obtained with a narrowed composition13

distribution or perfect nutrient observation require separate testing before they can14

support narrower uncertainty assumptions in practical feeding or be extended to noisy15

laboratory or near-infrared measurements.16

Feed formulation has represented uncertainty explicitly for decades. Chance con-17

straints [13] were adapted to ration formulation [14, 15] and applied in commercial18

feed formulation [16]. Stochastic programming and safety margins have been compared19

in dairy-heifer diets [17], and contemporary guidance distinguishes true composition20

variability from sampling and analytical variability [18]. Robust optimisation protects21

constraints over a declared uncertainty set [19–21]. Studies of nonlinear and multi-22

objective formulation also show that model representation, solver behaviour and the23

chosen objective affect the resulting diets [22–25]. A failed formulation grid or selec-24

tion screen therefore establishes a limitation of that procedure; it does not prove that25

reliable feeding is impossible.26

The available candidate rations and the information used to choose among27

them both affect selection. A constrained inventory defines a continuous formulation28

domain, but a practical rule may select from a finite pool of previously generated29

rations. Enlarging that pool can improve coverage without changing the scoring rule30

or the observations. Mixing admissible rations creates additional choices, although31

the failure probability of a mixture need not interpolate between those of its parent32

rations. Compressing a large pool reduces the number of options and can sacrifice cov-33

erage. Maximum-coverage and decision-focused ideas describe related effects [26, 27],34

but their value in ration formulation must be assessed using the nutritional event,35

rather than a candidate’s origin or selection frequency. The timing of observation also36

matters: a ration fixed before testing and a rule that selects a ration after nutrient37

observation belong to different decision classes.38

We examined whether reductions in model-defined ration failure depended on39

candidate availability, the information used for selection, or both. With the nutri-40

tional event held constant, we compared candidate addition, physical mixing and pool41

compression, then evaluated full-pool selection and the treatment of measurement42

uncertainty. Further analyses assessed transfer across specified dependence struc-43

tures, nutrient-shortage magnitude and the high-risk reference cases. All analyses44

used one reference cow and the same selected nutritional model. The experiments45
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were developed sequentially, and each later protocol fixed its decision rules before46

generating its own fresh test draws. Protocol-specific departures, including historical47

stream reuse, are described in the Supplementary Methods. Cases A and C increased48

planned dry matter (DM) by 10%, without and with cottonseed, respectively; R049

and B retained the reference supply, again without and with cottonseed (Table 1).50

The primary variability setting, TAB, used published feed-table standard deviations.51

Dependence structures C0, C1 and C2 represented independent composition, nutri-52

ent dependence without DM dependence, and a transferred corn-silage DM–nutrient53

dependence structure, respectively. Figure 1 shows the common decision structure.54

2 Results55

2.1 Adding candidates reduces failure; compression removes56

useful options57

Five candidate pools were compared: Q0, the original admissible pool; Q1, adding all58

admissible earlier price candidates; Q2, adding training-defined physical mixtures; Q3,59

Q2 compressed by training success coverage; and Q4, Q3 with all Q0 rations restored.60

Adding the earlier candidates reduced failure for both fixed and nutrient-informed61

(delta) selection in all six A/C comparisons. In case A, nutrient-informed failure fell62

from 3.865–4.130% to 2.310–2.445%. Physical mixing gave a further improvement in63

only two adjusted comparisons in A. Compression retained the selected fixed ration64

but raised nutrient-informed failure in five of the six comparisons (Fig. 2). These65

results identify the effects of the pool operations, not of the algorithms that generated66

the candidates.67

Every rule in this comparison cost more than the nominal least-cost ration M0.68

Relative to M0, nutrient-informed selection on pools Q1–Q4 cost 1.112–1.119 times69

as much in A and 1.123–1.135 times in C, and the fixed rations of those pools cost70

1.117–1.151 times as much in A and 1.099–1.141 times in C. The Q0 fixed ration cost71

1.169–1.180 times M0 in A and 1.228 times in C, so rules on the larger pools were72

cheaper than the original fixed ration but still more expensive than M0 (Table 3).73

Preserving training coverage did not preserve test performance. In every compari-74

son, compression added 63–91 states per 20,000 in which all candidate rations failed. It75

therefore raised the failure floor under complete information. Failures above this floor76

fell in two comparisons and rose in four. Because the floor assumes access to hidden77

actual DM, failures above it combine information limits with any additional loss from78

the implemented rule. The compressed rules nevertheless met the adjusted 5% (A) and79

2% (C) criteria. Restoring the original rations (Q4) did not yield a resolved further80

gain. Under narrower variability, the nutrient-informed rule on Q0 had no observed81

failures in the six A/C tests, compared with 3–22 per 20,000 states for compressed82

pools (Supplementary Methods S31).83
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2.2 The full pool reverses the loss from compression84

Keeping all 599 candidate rations in A and 978 in C lowered failure relative to the85

compressed pools in all 18 fresh paired comparisons, to 1.765–2.155% in A and 0.520–86

0.825% in C (maximum adjusted upper confidence bounds 2.6437% and 1.1441%).87

Every test met its 5% (A) or 2% (C) criterion; the stricter 1% criterion held in all88

three C replicates under C2 but in only two under each of C0 and C1.89

These ranges and the Q2 risks in the attribution experiment come from different90

test populations. The attribution experiment evaluated the same full pool on its own91

C0 states; the coverage protocol used fresh C0, C1 and C2 states. In the attribution92

experiment, risks were 1.950–2.130% in A and 0.665–0.795% in C. Only two of the93

three C replicates met the adjusted 1% criterion; the remaining replicate had an upper94

confidence bound of 1.1090%.95

Partial scoring made the same choices as full scoring without pruning, while eval-96

uating energy for 47.73–50.16% of candidate–state combinations. This percentage97

measures energy evaluations rather than runtime (Fig. 3; Supplementary Methods98

S35).99

In an exploratory control using three independent C0 development streams per100

case, least-cost reformulation at the observed composition had higher failure rates101

than the nutrient-informed rules that selected from a pool. Re-solving the least-cost102

linear program (LP) with observed nutrient concentrations and no margin gave failure103

rates of 59.0–60.0% in A and C, compared with 87.2–87.9% for the nominal ration M0104

on the same states. Mean cost was only 0.6–0.7% above M0. Binding constraints had105

zero planning margin, while actual DM fractions remained unobserved. The crude-106

protein (CP) and linear-energy constraints were violated in about half of the states,107

as under M0. The reference-chain energy constraint, which contributes to the failure108

event, was violated in 26–27% of states.109

Of the four DM margins tested (2.5, 5, 10 and 15%), 5% gave the lowest failure110

rates: 9.6–9.8% in A and 8.1–8.6% in C (upper confidence bounds 10.5–10.8% and111

9.0–9.5%). The 5% re-solve cost 1.119–1.121 times M0, close to the ratios of 1.112–112

1.135 for nutrient-informed selection on pools Q1–Q4 (Table 3), although costs were113

not matched between policies. The full-pool rules failed in 1.765–2.155% (A) and114

0.520–0.825% (C) of their own test states drawn from C0, C1 and C2. Larger margins115

made the LP infeasible in most states, which then used M0 as a fallback. The LP also116

used a different cost objective and a linear energy constraint, so the control supports117

conclusions only about these specific policies (Supplementary S37).118

2.3 Propagating posterior variance improves selection at the119

higher noise level120

On the compressed Q3 pool at the higher assumed noise level, using posterior means121

alone (the posterior-mean rule) raised failure relative to the raw-observation rule in122

all six paired comparisons. Adding posterior nutrient variance to the same means (the123

uncertainty-aware rule) lowered failure in all six: by 4.025–6.445 percentage points rel-124

ative to the posterior-mean rule and 1.625–2.530 points relative to the raw-observation125

rule. At the lower noise level, the corresponding adjusted intervals included zero.126
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Under the specified working prior and first-order score, the high-noise improvement127

was associated with propagating uncertainty rather than correcting means alone.128

With the full pool, uncertainty-aware selection met the adjusted 5% criterion in129

all three replicates of both A and C. Observed risks in C were below 2%, but adjusted130

upper confidence bounds of 2.039–2.123% did not meet that stricter criterion. The full131

pool also improved on compression in five of six comparisons at each observation level132

(ideal, lower and higher noise); the remaining intervals included zero. Measurement133

error was hypothetical, independent and simulated only under C0. Raw-observation134

and posterior-mean scores were tested only on Q3. The design therefore does not135

establish whether uncertainty-aware selection outperforms raw selection on the same136

full Q2 pool, or whether pool coverage and measurement treatment interact (Fig. 3).137

2.4 Frozen rules transfer across dependence structures; R0138

and B stay high-risk139

The forward experiment froze finite-node rules under C0 and tested them under C0,140

C1 and C2 with five information sets: no observation (I0), true DM (I1), noisy DM141

(I2, two noise levels), ideal nutrients (I3) and noisy nutrients (I4, two noise levels). We142

discuss I0, I1 and I3 here. Relative to no observation, ideal nutrients lowered failure143

in all 18 adjusted pairs. True DM lowered failure in 15 pairs, with three unresolved.144

The finite-node rule itself performed worse than ideal delta on the same pool in 14145

of 18 cells, so these comparisons address the effect of information rather than the146

choice of score. Without retraining, the nutrient-informed rule frozen under C0 met147

A’s adjusted 5% target in every C0, C1 and C2 replicate, and C’s 2% target in all C1148

and C2 replicates but only two C0 replicates.149

In the reverse experiment, rules trained on the expanded pool under the histor-150

ical C2 structure were tested on new C2 and C0 states. Nutrient-informed selection151

improved on the frozen fixed rule from the same pool in all 12 pairs and met A’s152

5% and C’s 2% targets. No C reverse record met the adjusted 1% criterion. The153

uncertainty-aware rule was tested only under C0, so its ability to transfer remains154

unestablished (Supplementary Methods S33).155

In the reference-supply cases, fixed rules using rations generated during training156

in the continuous domain lowered failure relative to nutrient-informed selection on157

the parent pools: from 90.255–90.635% to 71.750–72.860% in R0 and from 93.175–158

93.415% to 64.125–64.380% in B. None of the 24 risks met the 20% target. Lower159

confidence bounds on the fraction of states in which all candidate rations failed also160

excluded that target within each new finite pool (Supplementary S36).161

2.5 Failure frequency, shortage magnitude and sensitivity to162

microbial protein163

The full pool reduced mean energy shortage. At high noise, uncertainty-aware selec-164

tion made energy shortages more frequent but smaller on average when they occurred.165

Relative to Q3, full Q2 reduced the mean shortage of net energy for lactation (NEL)166

over all states with defined magnitudes in all 18 coverage comparisons and all six mea-167

surement comparisons at each observation level. Changes in other constraints varied in168
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direction. On Q3, the uncertainty-aware rule increased this mean relative to both raw169

observations and posterior means alone in all six comparisons at each noise level. At170

high noise, it increased NEL violation incidence relative to raw selection but lowered171

the mean and 95th-percentile shortages conditional on violation in all six compar-172

isons. In A replicate 0, incidence rose from 2.700% to 3.530% of all test states, while173

the mean shortage conditional on violation fell from 1.138% to 1.099% of the energy174

target. The increase in incidence outweighed the smaller conditional mean. Because175

the violating states differed among policies, these conditional summaries do not imply176

smaller shortages in every matched state. CP, Ca, P and three of the five neutral177

detergent fibre (NDF)/starch rules (T1, T3, T5) had lower mean shortages relative to178

both controls in every high-noise comparison (Fig. 4; Supplementary Methods S35).179

Absolute target attainment was more sensitive to the selected energy chain’s180

microbial-protein coefficient than were the relative improvements. The chain differs181

structurally from the complete calculation of the National Academies of Sciences,182

Engineering, and Medicine (NASEM; component checks in Supplementary Methods183

S29). With the original rations held fixed, a 20% increase in this coefficient gave184

ideal full-pool risks of 2.700–3.175% in A and 0.895–1.435% in C. High-noise full-pool185

uncertainty-aware risks rose to 5.060–5.105% and 2.345–2.580%, exceeding the 5%186

and 2% thresholds even as point estimates. Across all five coefficient levels, full pools187

had lower empirical failure than compressed pools in every coverage and measurement188

comparison. High-noise Q3 uncertainty-aware selection also retained lower failure than189

both controls in all six comparisons, although some low-noise differences reversed.190

These post-hoc analyses use hypothetical coefficient levels and provide no new paired191

significance claims or prospective risk certificates (Supplementary Methods S35).192

3 Discussion193

Candidate availability and the treatment of uncertainty after observation both affected194

how much selection reduced failure under variable feed composition. Candidate avail-195

ability produced the more consistent improvement: adding admissible rations reduced196

failure, physical mixing added little, and compression sometimes removed useful197

choices. Scoring corrected concentrations alone could mis-rank rations when sub-198

stantial uncertainty remained; including posterior variance improved selection at the199

higher assumed noise level. Each result applies to the comparison with its own matched200

control.201

The failure rate under complete information was computed using actual DM, which202

the selector never observed. The gap to this lower bound therefore combines the effect203

of hidden DM with any excess loss from the implemented rule; it cannot be attributed204

solely to scoring error.205

Posterior means are point estimates and do not describe the remaining poste-206

rior dispersion. Adding nutrient variance to the same means changed the ranking of207

candidate rations and improved the higher-noise comparisons. The score remains an208

approximation because the working prior differed from the truth distribution and209

covariance and nonlinear corrections were omitted. The adverse result for posterior210

means alone therefore does not establish a general limitation of mean correction. Two211
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properties further complicate the rankings. Summed marginal proxies approximate212

the expected number of failed constraints rather than the probability of any failure, so213

overlaps between failures can reverse rankings. Added variance also raises a normal-tail214

proxy at a positive tolerance-adjusted margin but lowers it at a negative margin.215

Failure frequency and shortage magnitude describe different aspects of a decision.216

For Z ∼ N(0, 1), a binding margin M = σZ has Pr(M < 0) = 1/2 at every posi-217

tive σ, while E[(−M)+] = σE[(−Z)+] decreases as variability decreases. Conversely,218

a low failure probability can conceal rare but substantial shortfalls. Compared with219

raw observation on the compressed pool at high noise, the uncertainty-aware rule pro-220

duced more frequent energy violations, but the mean and 95th percentile of shortage221

conditional on violation decreased. Mean shortage over all defined states combines222

frequency with conditional size; it increased because of the higher incidence. The223

conditional summaries describe different subsets of violating states, and changes in224

maximum shortage had mixed directions.225

The full generated pool had lower failure than the compressed pools in all 18 cov-226

erage comparisons. Retaining the full pool was therefore preferable to selecting from227

a short list in these simulations. Even the larger finite pools had limits. Candidates228

generated during training reduced failure in the reference-supply cases, but the frozen229

pools still left many states in which every candidate ration failed. Additional informa-230

tion cannot improve selection in those states. These bounds apply only to the tested231

pools, just as the empty finite grids of the original methods apply only to those grids;232

neither establishes that every ration in the continuous domain fails.233

In the exploratory LP control, least-cost re-formulation at the observed composi-234

tion did not reach the low failure rates of the nutrient-informed rules that selected235

from candidate pools. Without a margin, the re-solved ration failed in about three236

states out of five, consistent with binding rows at zero nominal margin while DM frac-237

tions remained unobserved. The best of the four DM margins tested lowered failure238

to 8.1–9.8% on the control’s own development states. Mean cost was similar to that239

of the pool-based rules, but costs were not matched. The approaches also differed in240

their objectives and nutritional calculations. The LP used a cost objective, a uniform241

DM margin and a linear energy row. The pool-based rules selected among candidates242

from several generators using a score over the nine rows of the failure event. This243

control cannot identify which difference accounts for the failure-rate gap.244

The 10% increase in planned DM in cases A and C tests sensitivity to supply245

by representing a cow that eats more than the population prediction. The NASEM246

Eq. 2-1 prediction comes from a model with a cross-validated root mean squared247

error of prediction of 2.89 kg/d on a database with a mean intake of 24 kg/d [28], so248

an intake 10% above the prediction lies within one prediction error. This population249

error provides no intake interval for the reference cow and does not establish that250

higher intake would be sustained on every ration. Because the simulation assumes251

consumption of all supplied DM, cases A and C compare planned-supply assumptions,252

not animal responses to extra feed. At the reference supply, case B increased energy253

density by including cottonseed but did not restore reliability. The constraint-pricing254

analysis of the original problem (Supplementary S16–S20) found almost no headroom255

on the linear energy row around the nominal least-cost solution at the reference supply.256
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The continuous rations generated during training in Supplementary S36 lowered the257

R0 failure rate by only about one fifth, leaving it far above every target. Both results,258

like the finite-pool bounds, concern only the procedures tested.259

The arithmetic of the selected nutritional calculations was checked, but consistency260

between components does not establish biological adequacy. Structural differences261

from complete energy calculations and the illustrative CP target remain part of262

the model definition. Changing the microbial-protein coefficient fMCP while holding263

rations fixed preserved the high-noise advantages, and relative gains were more sta-264

ble than attainment of absolute targets. The response of a retrained policy remains265

unknown. The study used one reference cow, a restricted inventory and selected266

nutritional equations; batches on a particular farm may vary differently from the feed-267

table distributions. Measurement errors were hypothetical and independent, and the268

uncertainty-aware rule was tested only under C0.269

Within the selected model, full-pool selection avoided the losses caused by com-270

pression, and variance propagation improved selection under substantial assumed271

measurement noise. Lower failure was accompanied by higher feed cost relative to272

M0: nutrient-informed selection on pools Q1–Q4 cost 1.112–1.135 times M0 under the273

stated prices. This expenditure difference does not estimate a price of reliability. Some274

targets remained unmet: the high-noise C tests missed the adjusted 2% criterion, the275

coefficient sensitivity raised high-noise risks above both case-specific targets, and the276

reference-supply cases remained high-risk. Interpreting a low simulated failure rate277

as a reliable feeding decision therefore requires consideration of the available candi-278

date rations, the measurement model, and both the frequency and magnitude of the279

remaining shortages.280

4 Methods281

4.1 Cases and selected nutritional model282

The reference animal was the mature Holstein cow at 200 days in milk specified in283

NASEM Table 21-1. Milk composition, pregnancy status and body reserves followed284

Tables 21-1 and 21-3 [29]; body condition score was 3.0, with thermoneutral confine-285

ment and a total mixed ration. Inventory R0 comprised corn silage, mid-maturity286

legume hay, dry ground corn, solvent-extracted soybean and canola meals, soybean287

hulls, limestone and dicalcium phosphate. The two mineral ingredients had fixed288

compositions. The inventory had one principal starch source and no added fat.289

Case A increased planned DM supply to 110% of the animal-factor intake predicted290

by NASEM Eq. 2-1. Case B added whole linted cottonseed, capped at 10% of planned291

DM as a study assumption informed by NASEM’s discussion of gossypol. Case C292

combined both changes (Table 1). Nutritional targets were the same in all cases, and293

the linear energy constraint used in planning was recalculated for each supply level. All294

supplied DM was assumed to be consumed; planned supply therefore does not predict295

voluntary intake. The price scenario (US Midwest, September 2026) used recorded296

source values and declared assumptions [30–34]. It excluded freight, processing, shrink297

and premix. FEEDVAL mineral entries were assumptions used for comparison rather298

than price quotes (Supplementary S1).299
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The main nutritional event covered nine constraints: NEL, CP, absorbed calcium300

and phosphorus supply, and five NDF/starch rules from NASEM Table 5-1. The CP301

lower bound was the illustrative intake in Table 21-3. It served as a case target rather302

than a test of adequacy for metabolisable protein, essential amino acids or rumen-303

degradable protein. Other minerals, vitamins and physically effective fibre were not304

modelled. The study’s upper limits on CP and ether extract applied only during305

planning and were outside the probability event. Equality of planned DM supply,306

inclusion caps and the starch-source premise were structural constraints.307

Evaluation recalculated the selected Chapter 3 energy chain at realised supplied308

DM, retaining the original fixed approximation for microbial protein. This was not an309

evaluation of the full NASEM model. Because Table 5-1 assumes that starch comes310

predominantly from dry ground corn, corn had to supply at least half of planned311

starch, a threshold set for this study. Verdicts were classified as unknown when this312

premise failed. The model represents this premise alone; it does not represent the313

processing and particle-size effects studied elsewhere [35, 36]. The original constraints314

are documented in Supplementary S1–S5 and S16.315

4.2 Composition distributions and decision information316

DM, CP, NDF, starch, ether extract (EE), ash, calcium and phosphorus accounted317

for 48 random composition cells in R0/A and 56 in B/C. Each cell used a truncated-318

normal parent fitted to its target mean and SD, or a moment-matched scaled beta319

when no such parent existed. TAB used the SDs in NASEM Table 19-1. SRC12 and320

SRC14 narrowed selected corn-silage cells using temporal ratios for the same compo-321

nent. MO12 and NARROW also applied a corn-silage DM ratio to other cells [5]. All322

five distributions were specified for sensitivity analysis rather than estimated from323

farm populations; NARROW generally assumes lower variability.324

The second extension combined TAB and NARROW with three dependence struc-325

tures: independence (C0); historical nutrient correlations with independent DM (C1);326

and the complete historical corn-silage DM/CP/NDF/starch block together with the327

other nutrient pairs in C1 (C2). Policies were trained separately for each structure.328

Marginal distributions, targets, planned supply, the Table 5-1 premise and the fixed329

energy approximation were unchanged.330

A candidate ration was a daily as-fed vector qi, fixed or selected from a frozen331

candidate pool. For nutrient concentration aij , actual supplied-DM fraction di and332

as-fed unit price pi,333

D(q, d) =
∑

i

qidi, Nj(q, θ, d) =
∑

i

qidiaij , C(q) =
∑

i

piqi.

Planning used the DM estimates d̂i available at decision time. Concentration con-334

straints used Nj/D, and energy was expressed in Mcal/day (4.184 MJ/Mcal). The335

ideal nutrient-informed (delta) rule observes the modelled non-DM concentrations336

before choosing q, while actual test DM remains hidden. A fixed rule ignores these337

observations and uses one ration selected during training for each cell (Fig. 1).338
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4.3 Candidate pools and selection rules339

The original study compared the nominal least-cost LP ration, M0, with coefficient-340

shift safety margins, joint chance-constrained sample-average approximation, and box341

and budgeted robust programs [21, 37, 38]. These methods were evaluated on finite342

grids and solved with HiGHS through SciPy [39, 40]. Infeasible solutions, timeouts343

and empty outcomes were retained (Supplementary S5–S20). Results from these finite344

grids do not establish infeasibility in the continuous domain.345

We evaluated a finite candidate pool because formulation software can generate346

and vet rations offline, then select among them automatically at feeding time. This347

approach keeps candidates within the structural domain and allows the selection rule348

to be audited. Pool size is a design choice; the compression comparisons quantify its349

effect on performance. The LP re-solve control described below evaluates an alter-350

native: least-cost reformulation at the observed composition. The second extension351

compared seven predefined rules using 4,000 training and 20,000 test states. The352

original admissible pools contained 8/332/1/353 rations in R0/A/B/C. Adding every353

admissible ration from 15 earlier raw price-candidate files per case, without filtering354

by earlier scores, increased these pools to 8/515/2/894.355

These files contained the fifteen candidate sets frozen for the same case in the ear-356

lier price extension: one set for each of the five composition-distribution settings (TAB,357

SRC12, SRC14, MO12 and NARROW) in each of three replicates. They were read358

without using that extension’s validation choices, risk estimates or test results. Each359

set combined the original candidates for that setting (the nominal LP, safety-margin,360

joint chance-constrained sample-average, and box and budgeted robust programs on361

their original grids), rations re-solved from the same grids on 128 training states at α362

of 0.01, 0.05 and 0.10, and the terminal rations from the original local sequential-LP363

search. For B and C, the re-solves and the search were repeated at the low, midpoint364

and high registered cottonseed prices.365

A ration was admissible if it was finite and non-negative, satisfied every structural366

constraint of the case (planned-DM equality, inclusion caps and the dry-ground-corn367

starch-share constraint) at nominal composition and decision-time DM estimates, and368

met the domain premise of Table 5-1 at the planning stage. This check did not include369

the probabilistic nutrient constraints. Of the 183 rations added in A and 541 in C,370

104 and 302 came from the local search, and 79 and 239 from the re-solved grids. The371

Q1 comparison therefore evaluates enlargement with candidates from several sources372

rather than the contribution of a single generator.373

Greedy success coverage selects the ration that passes the most training states not374

already covered [26]. It selected up to eight rations for pairwise mixing at weights375

0.25, 0.50 and 0.75, with each mixture evaluated through the reference chain. The376

same procedure subsequently compressed the enlarged pool to at most 64 rations,377

stopping when no further coverage was gained. Pools and rules were frozen before test378

sampling. The Supplementary Information and data files use “menu”, “recipe” and379

“legal” to mean pool, ration and admissible, respectively.380

The attribution protocol used dependence structure C0 under TAB and NAR-381

ROW, with three independently trained replicates for A/C and TAB negative controls382

for R0/B. It compared five pools: Q0, the original admissible pool; Q1, with every383
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admissible earlier price candidate added; Q2, with physical mixtures added; Q3,384

formed by compressing Q2; and Q4 = Q0 ∪ Q3, restoring all original rations with-385

out a size cap. Thus, Q4 tests restoration rather than serving as a control with the386

same 64-ration capacity. Within each cell, all pools shared the targets, structural387

domain, planned supply, observations, scoring rule and the 4,000 training and 20,000388

test states. These comparisons identify the effects of the pool operations, not of the389

algorithms that generated the earlier candidates.390

Each pool had a fixed rule that prioritised the lowest training failure count, with391

ties broken first by cost and then by hash. Its nutrient-informed rule ranked margins392

for the observed state using normal-tail approximations and training DM moments.393

If all scores were nonfinite, it used the fixed ration as a fallback.394

A separate benchmark used the original local sequential-LP search in the continu-395

ous domain defined by the structural and box constraints, starting from Q0 or Q2. It396

used the first 128 training states, three 20-second rounds and a cost objective, whereas397

the fixed selector used 4,000 states.398

4.4 Risk inference and finite-pool limits399

The second extension also tested two integration-based scores on the compressed pool:400

a joint-event score using 64 scrambled Sobol nodes (Joint64) and a partly analytic401

Rao–Blackwellised score using 16 nodes (RB16) [41, 42]. Neither showed a resolved402

benefit over delta on the same pool in the A/C comparisons. Conditioning does not403

bound the error from a fixed set of nodes [43]. Derivations and adverse outcomes are404

documented in archive S23–S26.405

Failure was defined as L = V ∨U , where V indicates a known, assessable reference406

violation and U an unresolved verdict in the absence of such a violation. Unknown407

verdicts therefore counted as failures. States with unknown verdicts or failed domain408

premises remained in the risk denominator. The descriptive bracket [nV /n, (nV +409

nU )/n] represents classification uncertainty. Targets such as 5% or 2% were research410

criteria rather than animal-safety standards.411

Conditional on each frozen policy and its simulation distribution, test outcomes412

were treated as independent Bernoulli observations. Rates used one-sided Clopper–413

Pearson bounds [44] with 0.05/10,000 per rate claim in later protocols. For paired414

policies on the same states, n10 and n01 count failures unique to the policy and to its415

comparator, and the difference (n10 − n01)/n has the conservative interval416

[Lγ(n10) − Uγ(n01), Uγ(n10) − Lγ(n01)], γ =
0.05

4 × 10,000
.

Here Lγ(k) and Uγ(k) are one-sided Clopper–Pearson bounds for k events in the same417

n states, each with tail error γ. The rate, paired, pool-bound and exploratory families418

each received a separate allocation of α = 0.05, with a bound of 10,000 claims. These419

allocations do not support an overall joint 95% claim. Independently trained replicates420

were not pooled into a 60,000-state certificate.421

For a frozen pool Q, hQ(S) = minq∈Q L(q, S) marks states where every ration422

fails, even with full actual-DM information. Let Y be the observations available to an423
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implementable rule π(Y ) ∈ Q. The statewise identity is424

L(π(Y ), S) = hQ(S) + [1 − hQ(S)]L(π(Y ), S).

Its second term, failure despite a successful full-state option, may reflect selection425

error or an option that depends on hidden DM. Define the full-state floor and optimal426

observation-limited risk by427

Rfull
Q = E[hQ(S)], RY

Q = E

[

min
q∈Q

E{L(q, S) | Y }
]

.

Then for R(π) = E[L(π(Y ), S)],428

R(π) = Rfull
Q + (RY

Q − Rfull
Q )

⏞ ⏟⏟ ⏞

information restriction

+ (R(π) − RY
Q)

⏞ ⏟⏟ ⏞

excess over the optimal observable rule

.

For a fixed trained replicate, all three terms are nonnegative. The counts identify429

the first term and the sum of the last two. Separating the last two would require430

the optimal rule based on the available observations, which was not computed here.431

Simultaneous lower bounds on Rfull
Q apply only to the specified pool, not to larger432

pools or the continuous domain.433

4.5 Full-pool partial-score evaluation434

Full-pool selection retained every Q2 ration. The original delta score sums nine435

nonnegative marginal tail proxies, S(q) =
∑9

j=1
pj(q). For exact probabilities,436

∑

j

P (Fj | Y ) = E




∑

j

1Fj
| Y



 ≥ P




⋃

j

Fj | Y



 .

For exact probabilities, this sum is the expected number of failed constraints and can437

exceed the probability of any failure. Differences in failure overlap among candidates438

can therefore change their rankings. The eight non-energy terms give B(q) ≤ S(q).439

Once an evaluated ration has score u, any ration with B(q) > u cannot minimise the440

proxy, so its energy calculation can be skipped. The compressed pool Q3 was used only441

for the initial evaluations. Six C0-trained A/C pools were tested under C0/C1/C2 on442

independent streams of 20,000 states, comparing full Q2 with compressed Q3 within443

each cell (Supplementary Methods S35).444

4.6 Measurement uncertainty and uncertainty-aware scores445

Observed concentrations were treated as measurements of latent model inputs sub-446

ject to error [45]. Each of the six previously trained C0/TAB A/C parent replicates447

received a fresh test of 20,000 states and an independent noise stream, without retrain-448

ing or selection based on the test results. Observations of the seven mapped nutrient449
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fractions were Y = min(1, max(0, X + λsZ)), λ ∈ {0.1, 0.5}, with the training SD s450

held fixed. All noise rules within a cell used the same saved standard normal draws;451

latent values, missing inputs and training point masses were unchanged.452

Each field had an independent Gaussian working prior, truncated to [0, 1], with453

location and scale fixed from training. This prior differed from the distribution used454

to generate latent values. For interior observations, conjugate Gaussian moments were455

calculated before truncation. With σ = λs, the endpoint likelihoods Φ(−x/σ) and456

Φ((x − 1)/σ) explicitly accounted for censoring. Margins were evaluated at posterior457

means. The uncertainty-aware rule used the first-order variance458

Vr =
∑

i

(
∂mr

∂di

)2

s2
di

+
∑

i,j

(
∂mr

∂θij

)2

Var(θij | Y ),

while retaining the original constraint directions, units, denominators and tolerances.459

Covariance and higher-order terms were omitted. Energy gradients used sampled CP,460

NDF, starch and ash, with fatty acids and lignin held fixed; sampled EE contributed no461

smooth variance (Supplementary Methods S29). Ten predefined rules compared raw-462

observation, posterior-mean and uncertainty-aware scores and coverage by Q2/Q3.463

Every Q2 candidate was scored. For raw signed margin m and constraint tolerance464

τ , the effective margin is a = m + τ . At variance V > 0, the implemented proxy is465

p(V ) = Φ(−a/
√

V ), with466

∂p

∂V
=

a

2V 3/2
ϕ(a/

√
V ).

At fixed a, the derivative is positive for a > 0, negative for a < 0 and zero for467

a = 0. Adding variance can therefore reorder candidates, but this sign pattern does468

not explain the observed NEL trade-off (Supplementary S35).469

4.7 Observed-composition LP re-solve control470

As an exploratory control, we also reformulated the ration at the observed composition471

using a least-cost LP. For every development state of cases A and C under TAB472

with independent cells, the nominal least-cost LP was re-solved using the observed,473

error-free nutrient concentrations in all nine nutrient constraints. This provided the474

same information as the ideal nutrient-informed rule. The energy constraint was re-475

linearised at the planned DM supply. DM fractions remained at their planned values,476

all structural constraints were unchanged and as-fed cost was minimised. The resulting477

ration was evaluated on the realised state using the same reference event, with the478

nominal ration M0 evaluated on the same states as a paired reference.479

A second variant added a safety margin for hidden DM using the original safety-480

margin method’s explicit-spread interface. With composition spread set to zero, each481

DM fraction in a nutrient constraint was shifted by a factor 1±κ in the direction that482

tightened that constraint, with κ in {0.025, 0.05, 0.10, 0.15}. If the LP with this margin483

was infeasible, M0 was used and the state was counted as a fallback. The control484

used three independent development streams of 20,000 states per case, outside the485

frozen protocols and their reserved roots. It used the same one-sided Clopper–Pearson486

bound (per-claim error 0.05/10,000) and paired counts, but remained an exploratory,487
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unregistered comparison outside the predefined comparison sets. Its code and public488

results are available in the repository and in Supplementary S37.489

4.8 Information and directional policy transfer490

The information experiment applied the C0-trained compressed pool and nuisance491

model to C0/C1/C2 targets without modification. A common loss for the complete492

event used 64 frozen empirical nutrient/DM node pairs from C0 under five information493

rules: no observation (I0); true DM with nutrients integrated (I1); noisy DM (I2); ideal494

nutrients with DM integrated (I3); and noisy nutrients (I4). Independent Gaussian495

noise had an SD of 0.1 or 0.5 times each field’s training SD. Only observations were496

censored to [0, 1], then treated as exact inputs. Delta on the same pool and the 4,000-497

state fixed rule served as controls. Each frozen replicate was tested on 20,000 fresh498

states per target.499

A reverse experiment transferred the fixed and nutrient-informed rules trained500

on the historical C2 expanded pool to new C2 and C0 tests without modification.501

Comparisons were paired within each target’s states. Because the two experiments502

used different pools, forward and reverse results could not be paired (Supplementary503

S33).504

4.9 Continuous candidate generation in high-risk cases505

Candidate generation for R0 and B used only the 4,000-state training samples. The506

parent pools were the C0 Q3 attribution pools rather than the original Q0 pools (Sup-507

plementary Methods S36). Two non-energy max-slack LP starting points (training508

means or all rows) and the parent fixed ration seeded local SLSQP searches. These509

searches minimised mean smoothed maximum or squared full-reference deficits over510

512 fixed, equally spaced training states. They retained the original structural and511

box constraints, requirements and planned DM, using smoothing temperatures of512

0.02 and 0.05, at most 100 iterations and a tolerance of 10−9. No global optimum is513

claimed. Every returned ration was evaluated with the canonical checker on all 4,000514

states, and all parent rations were retained in the pool. Six C0/TAB tests of 20,000515

states compared parent-pool delta, admissible-parent delta, new fixed and new delta516

(exploratory comparisons and pool floors: Supplementary S36).517

4.10 Component comparisons, shortage magnitude and518

implementation checks519

A component audit compared the selected chain with the three packaged lactating-cow520

demonstrations in the public University of Guelph nasem-dairy 1.0.2 implementation521

[46]. Tolerances and mappings were fixed before comparison. An independent, hand-522

written implementation also checked the selected chain (Supplementary Methods S29).523

Shortage magnitude was analysed post hoc using the second extension’s saved524

states and all 96 full-pool and measurement policy–cell records, without changing525

policies or targets. For canonical signed margin mj , shortage was max(0, −mj). The526

verdict tolerance classified violations but was not subtracted from shortage magnitude.527

States with unknown verdicts had undefined shortage magnitudes and remained only528
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in the failure counts. NEL and CP shortages were normalised by their targets, Ca/P529

by each state’s factorial requirement, and Table 5-1 constraints by their absolute530

bound. We report mean shortage over all states with defined magnitudes, together531

with P95 over those states. The top-5% mean (empirical CVaR95) used in the earlier532

analyses equals this mean times ndefined/⌈0.05ndefined⌉ whenever fewer than 5% of533

defined states have a positive shortage. This condition held in every full-pool and534

measurement record at the original coefficient (Supplementary S35).535

The same analysis included historical M0 rations, which were distinct from the536

earlier fixed rule selected by training reference risk. A post-hoc sensitivity analysis held537

rations fixed and changed only the selected energy chain’s microbial-protein coefficient538

fMCP by ±10% and ±20%, with ∂NEL/∂fMCP = −0.00218724D (Mcal/day per g/kg539

of DM intake). The five multipliers (0.8, 0.9, 1.0, 1.1, 1.2) were then applied to all 96540

full-pool and measurement records, shifting the energy margin by −0.00218724D(f −541

f0). Bounds were calculated in a separate diagnostic family (Supplementary S35).542

Assigned rations in all 78 later-protocol cells were also re-evaluated with the original543

checker in a separate environment.544

4.11 Use of generative artificial intelligence545

Generative AI tools (Anthropic Claude Code, OpenAI Codex and OpenAI ChatGPT)546

were used for English-language editing and to assist with preparing and formatting547

tables and figures. The authors reviewed the revised text and checked the tables and548

figures against the underlying study materials. The authors take full responsibility for549

the accuracy and integrity of the final manuscript.550

4.12 Ethics declaration551

This simulation study involved no experiments on live animals, human participants552

or individual farm records.553

Data availability554

Aggregate tables supporting all numerical results are provided as Supplementary555

Data and at https://github.com/eeliwuei/dairy-ration-reliability. They include failure556

counts and rates, paired comparisons, finite-pool lower bounds, descriptive shortage557

summaries, fixed-action coefficient sensitivity and the LP re-solve control. The same558

sources provide the as-fed rations for all fixed rules (36 vectors, rounded to one dec-559

imal place) and the requirement amounts calculated from the NASEM equations for560

the reference cow (Supplementary S38).561

The composition means and standard deviations transcribed from NASEM (2021),562

the printed CP target and Table 5-1 bounds, fitted composition models, per-state563

choices of the nutrient-informed rules and saved simulation states are not redistributed564

because the source tables are not ours to republish. Under its stated interval assump-565

tions, the identifiability analysis in Supplementary S38 did not uniquely determine any566

ingredient DM fraction from the released ration vectors. Restricted inputs are retained567

in the study archive and are available from the corresponding author for editorial568

15

https://github.com/eeliwuei/dairy-ration-reliability


and peer review, subject to the licence conditions of the source tables. Supplementary569

Methods S30 describes each material class and the checks it supports.570

Code availability571

The formulation and evaluation engine, tests, specification files with restricted572

values withheld, frozen protocol digests for the later experiments, statistical verifica-573

tion and saved-state analysis scripts, observed-composition LP re-solve control, and574

scripts for plotting the aggregate results are available at https://github.com/eeliwuei/575

dairy-ration-reliability. The repository reproduces the statistical checks and figures576

from the aggregate tables. Regenerating the simulations also requires the restricted577

inputs described above.578
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Shared case and evaluation definition
Reference cow and inventory; fixed nutrient targets
Planned supply; declared composition distribution

Training: freeze one candidate pool Q
Build Q from admissible rations and physical mixtures

Freeze the fixed ration, the selection rules and DM moments

Rules fixed before independent test sampling

Test state from the declared model
Nutrient concentrations θ and actual ingredient DM d

Fixed choice from Q
No nutrient observation

Feed the frozen fixed ration

Nutrient-informed choice
Observe non-DM nutrients

Choose from Q by the frozen score

Fixed as-fed ration
Same q in every test state

Selected as-fed ration
One ration q(θ) from Q

Common evaluation through the selected NASEM chain
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Failure rates; paired comparisons; descriptive costs

Fig. 1. Decision structure and information timing for fixed and nutrient-informed
ration selection. The candidate pool, the fixed rule’s single ration and the nutrient-
informed rule are frozen after training and before independent testing. At test time,
the nutrient-informed rule observes non-DM nutrient concentrations before choosing
a ration. Actual dry matter (DM) enters only when the chosen ration is evaluated.
Both rules are evaluated against the same nutritional event under the selected model;
a known violation or an unresolved verdict counts as failure. DM-only information
experiments use a separate observation interface (Methods).
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(c) Compression: paired differences
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Fig. 2. Fixed and nutrient-informed selection on five matched candidate pools under
TAB variability and dependence structure C0. Q0 is the original admissible pool;
Q1 adds all admissible earlier price candidates; Q2 adds training-defined physical
mixtures; Q3 compresses Q2 by success coverage; and Q4 restores all Q0 rations to
Q3 without a size cap. Within each cell, the fixed and nutrient-informed (delta) rules
share the original reference event, animal targets, planned supply and test states.
Points and one-sided upper confidence limits are shown separately for each of the
three trained replicates. Panel (c) shows paired failure differences for Q3 minus Q2;
an interval above zero indicates higher risk after compression. Five of the six A/C
compression comparisons had adjusted paired intervals entirely above zero. Rate and
paired inference families have separate error budgets and do not support a combined
95% claim.
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C0: compressed Q3
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Failure probability (%)

(d) Noise 0.5 SD, C
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Fig. 3. Failure risk in the candidate-coverage (a,b) and measurement-uncertainty (c,d)
experiments, which used separate protocols. Panels (a,b) compare nutrient-informed
selection on the full Q2 and compressed Q3 pools in fresh C0/C1/C2 tests; all 18
adjusted pairs favoured full coverage. Panels (c,d) use different C0 tests with hypo-
thetical noise at 0.5 training SD, except for the ideal control. On Q3, using posterior
means alone increased failure relative to raw observations, whereas adding posterior
variance to the score (the uncertainty-aware rule) improved all six paired comparisons.
The full Q2 versus Q3 comparison in panels (c,d) uses the same uncertainty-aware
score; there is no raw-observation control on Q2. Points and endpoints show risks and
one-sided binomial upper confidence bounds for each training replicate (n = 20, 000).
Bounds are adjusted within their respective inference families, and replicates are not
pooled. Dashed lines mark C’s 1% target in (b), A’s 5% in (c) and C’s 2% in (d).
A’s coverage risks lie below its 5% target, outside the plotted scale. Both A and C
meet the adjusted 5% criterion, but C’s high-noise upper confidence bounds exceed
its stricter 2% criterion.
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Fig. 4. Paired differences between selection rules in failure frequency under the model
and mean NEL shortage; improvement in one does not ensure improvement in the
other. Each point compares two rules within one protocol. Axes show policy minus
comparator: the observed failure difference (percentage points) and the difference in
mean NEL shortage over all states with defined magnitudes (percent of the original
target). Panel (a) shows full Q2 minus compressed Q3 in all 18 coverage cells, and
panel (b) the same contrast under ideal, 0.1-SD and 0.5-SD observation conditions (18
points). Panels (c,d) show uncertainty-aware (UA) minus raw-observation or posterior-
mean selection on Q3 at the two noise levels (12 points each); in panel (c), the adjusted
failure-difference intervals included zero. At high noise, UA selection on Q3 increased
NEL violation incidence relative to raw selection but lowered the mean and P95
shortage conditional on violation; changes in maxima varied in direction. Colours
identify cases, and scales differ among panels. Shortage differences are descriptive
and were not subjected to new significance tests. Results for all nine constraints,
including denominators and counts of states with undefined magnitudes, are reported
in Supplementary Methods S35.
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Tables751

Table 1: Definitions of cases R0, A, B and C and the scope of the model constraints.
Exact animal-specific inputs are provided in the restricted reproducibility material.

Item Definition Scope or interpretation

R0 Original eight-
ingredient inventory

Planned supply at NASEM Eq. 2-1 animal-factor
prediction

A R0 plus 10% planned
DM

Same NEL, CP, Ca/P and carbohydrate targets;
all supplied DM assumed consumed

B R0 plus whole
cottonseed

Nine ingredients; cottonseed capped at 10%
planned DM as a project assumption

C A and B combined No further planned-DM increase in subsequent
candidate-pool experiments

NEL Selected Chapter 3
chain

Fixed fMCP approximation; not a complete
microbial/protein model

CP Table 21-3
illustrative intake

Case target, not a validated MP/EAA/RDP
requirement

Ca/P Absorbed supply
and factorial needs

Fixed absorption inputs; maintenance needs use
realised supplied DM

NDF/starch Five Table 5-1 rules Conditional recommendations with a study-set
planned corn-starch premise

Structure Supply equality and
planning caps

Retained outside the failure budget; planning CP
upper/EE limits are not main-event members

25



Table 2: Experimental protocols, candidate pools, observations, scores, and train-
ing and test populations. Each test cell in the pool-based protocols used 20,000
states per independently trained replicate; replicates were analysed separately.
The exploratory LP control used three development streams per case and did not
train a policy on a finite pool. Comparisons were paired only within the same pro-
tocol and target population. Each inference family (rate, paired, pool-bound and
exploratory) had a separate error allocation.

Experiment Frozen candidate pool Observation and
score

Training and test
populations

Attribution
(S31)

Q0–Q4; one fixed rule
per pool

Fixed, or ideal
nutrients with delta

C0; TAB and
NARROW; A/C plus
R0/B controls

Full vs
compressed
(S35)

Attribution Q2 versus
Q3

Ideal nutrients;
unchanged delta

C0 training; C0/C1/C2
tests

Measurement
(S35)

Same C0 parent
Q2/Q3

Ideal,
raw-observation,
posterior-mean or
uncertainty-aware;
0.1 or 0.5 SD

C0 training and tests;
A/C

Forward
transfer (S33)

Frozen C0
compressed pool

None, DM-only or
nutrients; 64-node
plug-in; delta
controls

C0 training; C0/C1/C2
tests

Reverse transfer
(S33)

Historical C2
expanded pool

Fixed or ideal
nutrient delta

C2 training; C2/C0
tests

Generated
rations (S36)

Attribution-stage Q3

plus new
training-generated
candidate rations

Fixed or ideal
nutrient delta

C0 training and tests;
R0/B

LP re-solve
control (S37)

None: continuous
re-formulation at the
observed composition

Ideal nutrients; least-
cost LP, without or
with a DM margin

A/C; TAB/C0; three
development streams
(exploratory)

Actual DM was hidden from nutrient-informed selection; DM-only rules used a separate observation
interface. The identity of the S36 parent pools was verified by comparing ration vectors, as docu-
mented in its lineage table.
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Table 3: Failure risks and feed costs relative to M0 for fixed and
nutrient-informed (delta) selection in the matched-pool experiment
under TAB variability and dependence structure C0. Results are shown
for three separately trained replicates. Within each cell, both rules use
the same candidate pool and test states.

Case Pool Candidates
Fixed max.
upper (%)

Delta risk
range (%)

Delta max.
upper (%)

Fixed cost
ratio to M0

Delta cost
ratio to M0

A Q0 332 13.8553 3.865–4.130 4.7850 1.169–1.180 1.133
A Q1 515 8.9251 2.310–2.445 2.9622 1.117–1.151 1.112–1.113
A Q2 599 8.9251 1.950–2.130 2.6161 1.117–1.151 1.113–1.115
A Q3 18–24 8.9251 2.365–2.705 3.2463 1.117–1.151 1.112–1.119
A Q4 347–349 8.9251 2.160–2.405 2.9184 1.117–1.151 1.114–1.119
C Q0 353 11.4032 3.465–3.645 4.2642 1.228 1.147
C Q1 894 5.7295 0.815–0.830 1.1500 1.099–1.108 1.126–1.127
C Q2 978 5.5273 0.665–0.795 1.1090 1.134–1.141 1.130–1.134
C Q3 11–15 5.5273 1.090–1.420 1.8254 1.134–1.141 1.124–1.135
C Q4 363–367 5.5273 1.040–1.300 1.6898 1.134–1.141 1.123–1.135

Q0: original admissible pool; Q1: plus admissible earlier price candidates; Q2: plus
physical mixtures; Q3: after coverage compression; Q4: uncapped Q0 ∪ Q3. Ranges
and maximum upper confidence bounds summarise the 20,000-state replicates without
pooling them. Cost ratios divide the mean as-fed cost of the rations chosen by each
rule by the cost of that case’s nominal least-cost ration M0. This is also the baseline
for the LP re-solve control (ranges across replicates; the Q0 fixed ration costs 1.169–
1.180 times M0 in A and 1.228 in C). Every Q3 replicate meets the criterion at 5% in
A and 2% in C. In these matched C0 attribution cells, the uncompressed C pool (Q2)
meets the 1% criterion in only two replicates (upper confidence bounds 0.955724%,
1.109024% and 0.997209%). Attainment of these criteria was also checked using integer
binomial tails. Replicates are not pooled, and the confidence families are not combined.
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