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Abstract

Quantum entanglement is a key resource for quantum communication protocols such as quantum
cryptography, quantum key distribution (QKD), and quantum secret sharing (QSS), but interactions
with the environment can degrade entanglement through decoherence. In this work, weak measure-
ment and post-noise filtration are employed to mitigate entanglement degradation in a tripartite
system of entangled Dirac particles interacting with a generalised amplitude damping (GAD) chan-
nel and the Hawking radiation associated with a Schwarzschild black hole. Particles A and B are
subjected to the GAD channel, whereas particle C is influenced by the Schwarzschild background.
The logarithmic negativity is evaluated for the bipartitions A|BC1 and C1|AB. The results show
that weak measurement combined with post-noise filtration can enhance the conditional entangle-
ment retained by the system. This enhancement, however, can be accompanied by a reduction in the
conditional filtration success probability and the corresponding weighted entanglement yield. Under
the parameter regimes considered, the C1|AB bipartition exhibits a larger relative entanglement
enhancement than the A|BC1 bipartition.

keywords: Decoherence, Quantum entanglement, Weak measurement, Black hole, Entanglement pro-
tection

1 Introduction

Quantum entanglement is a physical phenomenon in which the quantum states of two or more particles
become inseparably correlated, such that measurements performed on one subsystem are correlated
with measurements on the others [1, 2, 3, 4]. It is a fundamental resource for quantum communication
protocols such as QKD [5, 6, 7] and quantum cryptography [8, 9, 10]. A black hole (BH) is a region
of spacetime whose gravitational field is sufficiently strong that nothing crossing the event horizon can
escape to infinity, including light [11, 12, 13]. Black holes can be classified according to their charge and
angular momentum. Examples include the charged, rotating Kerr–Newman BH [14, 15, 16], the charged,
non-rotating Reissner–Nordström BH [17, 18, 19, 20], the rotating, uncharged Kerr BH, and the non-
rotating, uncharged Schwarzschild BH [21, 22, 23]. Black-hole spacetimes provide an important setting
for studying how relativistic effects influence quantum correlations. In this work, we consider tripartite
entangled Dirac particles in the background of a Schwarzschild BH. We focus on an open quantum
system whose dynamics are affected by environmental interactions. The generalised amplitude damping
channel [24] is used to model dissipative interaction with a finite-temperature environment. Extensive
research has examined entanglement evolution in noisy channels [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]
and methods for mitigating noise in entanglement-based quantum protocols [36, 37, 38, 39, 40, 41, 42,
43, 26]. For example, Iyen et al. [21] investigated quantum Fisher information as a diagnostic tool
for entanglement and parameter estimation in a three-qubit entangled Dirac system subjected to a
dissipative noisy channel in Schwarzschild spacetime, and reported that squeezing can provide error-
mitigation benefits. Sun et al. [44] examined entanglement enhancement in an open two-qubit system
in a relativistic and noisy setting. To the best of our knowledge, the combined use of weak measurement
and post-noise filtration has not been investigated for the present configuration, in which two entangled
particles interact with a finite-temperature bath while the third is affected by Hawking radiation from a
Schwarzschild BH.

We therefore consider tripartite entangled Dirac particles interacting with a GAD channel and a
Schwarzschild BH. The weak-measurement protocol consists of a pre-noise weak measurement followed
by a post-noise filtration operation. The weak measurement is applied before the noisy channel, whereas
the filtration operation is applied after the noisy interaction.
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2 The Kruskal Vacuum near a Schwarzschild BH

The Schwarzschild space-time metric may be expressed as:

ds2 = −(1− 2M

r
)dt2 + (1− 2M

r
)−1dr2 + r2(dθ2 + sin2 θ dφ2), (1)

In Eq. (1), M stands for the mass of BH. To simplify the equation, the parameters G, c, ℏ, and kB
are assumed to have a value of 1. The Dirac equation that corresponds to the Schwarzschild BH is
represented as Eq. (2).

[γaeµa(∂µ + Γµ)]Ψ = 0. (2)

By using equations (1) and (2), we derive the Dirac equation for the Schwarzschild space-time, as
shown in Eq. (3).

− γ0√
1− 2M

r

∂Ψ

∂t
+ γ1

√
1− 2M

r
[
∂

∂r
+

1

r
+

M

2r(r − 2M)
]Ψ +

γ2
r
(
∂

∂θ
+

1

2
cot θ)Ψ +

γ3
r sin θ

∂Ψ

∂φ
= 0. (3)

By using the following wavefunction alternative as a parametric substitution:

Ψ = (1− 2M

r
)−

1
2

⎛
⎝

iζ
±(r)
1

r ϕ±jm(θ, φ)
iζ

∓(r)
2

r ϕ∓jm(θ, φ)

⎞
⎠ e−iωt, (4)

where the angular harmonics of the spinor are :

ϕ+jm =

⎛
⎝
√

j+m
2j Y

m− 1
2

l√
j−m
2j Y

m+ 1
2

l

⎞
⎠ , forj = l +

1

2
, (5)

ϕ−jm =

⎛
⎝
√

j+1−m
2j+2 Y

m− 1
2

l

−
√

j+1+m
2j+2 Y

m+ 1
2

l

⎞
⎠ , forj = l − 1

2
. (6)

By solving Eq. (3), we may get the positive frequency outgoing solutions for both the interior and
exterior parts of the event horizon as:

ΨII+
k = Feiωµ, r < r+,

ΨI+
k = Fe−iωµ, r > r+.

(7)

The 4-component Dirac spinor F is defined by:

F =

[
i(r4 − 2Mr3)−

1
4ϕ±jm(θ, φ)

(r4 − 2Mr3)−
1
4ϕ∓jm(θ, φ)

]
e−iωt, (8)

In Eq. (7), the variable µ is defined as the dissimilarity between t and r∗. The value of r∗ is obtained

by adding r to the product of 2M and the natural logarithm of the fraction (r−2M)
(2M) , which represents

the tortoise coordinates, whereas ω is the monochromatic frequency associated with the Dirac field. The
modes are characterised by the wavevector k. The ΨII+

k and ΨI+
k constitute a full orthogonal family,

which is due to the fact that they are analytic both within and on the exterior of the event horizon. To
provide a comprehensive basis for positive modes of energy, we construct an analytical continuation for
Eq. (7). The Bogoliubov transformation is obtained by quantising the Dirac field in Schwarzschild and
Kruskal spacetimes, as shown in Eq. (9).

[
cσk
dσ†−k

]
= V

[
aσk
bσ†−k

]
V−1. (9)
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The variable V = exp[r(aI†k b
II†
−k +aIkb

II
−k)] is used to represent a two-mode Dirac squeezing operator. The

annihilation and creation operators of the Kruskal vacuum are denoted as ck and dk, respectively. The
Kruskal vacuum for mode k is obtained by sufficiently normalising the state vector, as shown below:

{
|0⟩+K → (e−

ω
T + 1)−

1
2 |0⟩+I |0⟩−II + (e

ω
T + 1)−

1
2 |1⟩+I |1⟩−II ,

|1⟩+K → |1⟩+I |0⟩−II ,
(10)

where {|nk⟩+I } and {|nk⟩−II} denote orthonormal bases for the exterior and interior regions of the
event horizon, respectively. T = (8πM)−1 is the Hawking temperature. The + and − superscripts
distinguish particle and antiparticle modes.

3 Materials and Methods

The workflow for the research is as shown in Figure 1.

Figure 1: Workflow of the research methodology

The Kraus operators for the GAD channel are given by:

Kraus(e , h ):=

{√
p

(
1 0
0

√
1− γ

)
,
√
p

(
0

√
γ

0 0

)
,
√
1− p

( √
1− γ 0
0 1

)
,
√
1− p

(
0 0√
γ 0

)}
,

(11)
where γ is the GAD noise parameter and p is the probability of the particle encountering the noise.

The initial measurement operation is given by:

Mwm =

(
1 0
0

√
1−M

)
, (12)

The post noise filtration or measurement operation is given by:

MF =

( √
1− F 0

0
√
F

)
(13)

3.1 The Bogoliubov transformation for Charlie’s particle in the Schwarzschild

background

The Kraus operator for the GAD noisy channel is already presented in equation 11.
The selected starting state is a tripartite entangled state that represents the entanglement between three
particles labelled A, B, and C.

|χ⟩ABC = cos(θ) |0⟩A |0⟩B |0⟩C + sin(θ)eiϕ |1⟩A |1⟩B |1⟩C . (14)

Here, θ is the starting entanglement distribution between the two computational basis states, and
ϕ is the relative phase. For ease of expression, let the following substitutions be made to equation 14:
a = cos(θ) and b = eiϕ sin(θ), such that equation (14) can be written as:
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|ψ⟩ABC = a|000⟩+ b|111⟩. (15)

The corresponding density matrix is given in Eq. (16).

ρABC =(a|000⟩+ b|111⟩)(a∗⟨000|+ b∗⟨111|)
=|a|2|000⟩⟨000|+ |b|2|111⟩⟨111|
+ ab∗|000⟩⟨111|+ a∗b|111⟩⟨000|. (16)

When the third particle (Charlie’s particle) approaches the event horizon of a Schwarzschild BH,
substituting the transformations for |0⟩ and |1⟩ from Eq. (10) and defining α = 1√

1+e−ω/TH
and β =

1√
1+eω/TH

gives Eq. (17).

|Ψ⟩ABCICII
= aα|000⟩ABCI

|0⟩CII
+ aβ|001⟩ABCI

|1⟩CII
+ b|111⟩ABCI

|0⟩CII
. (17)

Tracing over the causally inaccessible interior region CII gives the reduced density matrix accessible
to observers in region I:

ρABCI
=|a|2α2|000⟩⟨000|+ |a|2β2|001⟩⟨001|

+ |b|2|111⟩⟨111|
+ aαb∗|000⟩⟨111|
+ a∗αb|111⟩⟨000|. (18)

This reduced state can be written in matrix form as Eq. (19).

ρABCI
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A 0 0 0 0 0 0 C
0 B 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
C∗ 0 0 0 0 0 0 D

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(19)

Here, A = |a|2α2, B = |a|2β2, D = |b|2, and C = aαb∗.

3.2 Performing weak measurements on qubits A and B

In our proposed scheme, Alice and Bob perform weak operations on their qubits, encounter the noisy
channel and subsequently perform filtering operations on their qubits. This is achieved by applying
equation (12) on qubits A and B in the output equation (19). This gives

ρWM =
1

PM

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A 0 0 0 0 0 0 CM

0 B 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
C∗

M 0 0 0 0 0 0 DM

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (20)

where the modified coherence and population terms are

CM = (1−M)C, (21)

DM = (1−M)2D, (22)

and PM is the weak-measurement success probability, with PM = A+B +DM = A+B + (1−M)2D.
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3.3 Action of the GAD channel on qubits A and B

The action of the GAD channel on qubits A and B is achieved by applying equation (11) on the matrix
presented in equation (20). This gives rise to the matrix in equation (23):

ρGAD =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

AG 0 0 0 0 0 0 CG

0 BG 0 0 0 0 0 0
0 0 EG 0 0 0 0 0
0 0 0 FG 0 0 0 0
0 0 0 0 EG 0 0 0
0 0 0 0 0 FG 0 0
0 0 0 0 0 0 GG 0
C∗

G 0 0 0 0 0 0 DG

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (23)

Where,

AG =
A(γ(p− 1) + 1)2

PM

,

BG =
B(γ(p− 1) + 1)2 +DMγ

2p2

PM

,

EG = −Aγ(p− 1)(γ(p− 1) + 1)

PM

,

FG = −γ(B(p− 1)(γ(p− 1) + 1) +DMp(γp− 1))

PM

,

GG =
Aγ2(p− 1)2

PM

,

DG =
Bγ2(p− 1)2 +DM (γp− 1)2

PM

,

CG =
(CM − CMγ)

PM

,

C∗
G = − (γ − 1)C∗

M

PM

3.4 Post noise filtration on the particles A and B

The filtration operation on particles A and B after they encounter a noisy channel is achieved by applying
equation 13 on the output gotten from equation 23. We obtain:

ρ̃F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

F1 0 0 0 0 0 0 F9

0 F2 0 0 0 0 0 0

0 0 F3 0 0 0 0 0

0 0 0 F4 0 0 0 0

0 0 0 0 F5 0 0 0

0 0 0 0 0 F6 0 0

0 0 0 0 0 0 F7 0

F ∗
9 0 0 0 0 0 0 F8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (24)

5



F1 =
A(F − 1)(F ∗ − 1) [γ(p− 1) + 1]

2

PM
,

F2 =
(F − 1)(F ∗ − 1)

[
B [γ(p− 1) + 1]

2
+ γ2DM p2

]

PM
,

F3 = −Aγ(p− 1) |(F − 1)F | [γ(p− 1) + 1]

PM
,

F4 = −γ |(F − 1)F | [B(p− 1) [γ(p− 1) + 1] + DM p(γp− 1)]

PM
,

F5 = F3,

F6 = F4,

F7 =
Aγ2F (p− 1)2F ∗

PM
,

F8 =
FF ∗

[
Bγ2(p− 1)2 +DM(γp− 1)2

]

PM
,

F9 =
(γ − 1)CM(F − 1)F ∗

PM
.

F ∗
9 =

(γ − 1)F CM∗(F ∗ − 1)

PM
.

The normalized post-filtration state is ρF = ρ̃F /PF , where PF = Tr(ρ̃F ).

3.5 Logarithmic negativity for the bipartition A|BC1

Taking the partial transpose of the normalized filtered density matrix with respect to subsystem A moves
the coherence terms from (1, 8) and (8, 1) to the subspace connecting |011⟩ and |100⟩. The resulting
matrix is

ρTA

F =
1

PF

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1 0 0 0 0 0 0 0
0 a2 0 0 0 0 0 0
0 0 a3 0 0 0 0 0
0 0 0 a4 c 0 0 0
0 0 0 c∗ a3 0 0 0
0 0 0 0 0 a4 0 0
0 0 0 0 0 0 a7 0
0 0 0 0 0 0 0 a8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(25)
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a1 =
A(F − 1)(F ∗ − 1)(γ(p− 1) + 1)2

PM
,

a2 =
(F − 1)(F ∗ − 1)

[
B(γ(p− 1) + 1)2 +DMγ2p2

]

PM
,

a3 = −Aγ(p− 1)|(F − 1)F |(γ(p− 1) + 1)

PM
,

a4 = −γ|(F − 1)F | [B(p− 1)(γ(p− 1) + 1) +DMp(γp− 1)]

PM
,

c =
F (γ − 1)CM∗(F ∗ − 1)

PM
,

c∗ =
CM(F − 1)(γ − 1)F ∗

PM
,

a7 =
AFγ2(p− 1)2F ∗

PM
,

a8 =
FF ∗

[
Bγ2(p− 1)2 +DM(γp− 1)2

]

PM
.

(26)

The two eigenvalues associated with the non-trivial 2× 2 block

1

PF

(
a4 c
c∗ a3

)
(27)

are

λ± =
a3 + a4 ±∆

2PF
, (28)

where
∆ =

√
(a4 − a3)2 + 4|c|2. (29)

The complete eigenvalue spectrum is therefore

Λ(ρTA

F ) =

{
a1
PF

,
a2
PF

,
a3
PF

,
a4
PF

,
a7
PF

,
a8
PF

,
a3 + a4 +∆

2PF
,
a3 + a4 −∆

2PF

}
. (30)

The eigenvectors associated with the six uncoupled eigenvalues are the standard basis vectors,

|v1⟩ =(1, 0, 0, 0, 0, 0, 0, 0)T ,

|v2⟩ =(0, 1, 0, 0, 0, 0, 0, 0)T ,

|v3⟩ =(0, 0, 1, 0, 0, 0, 0, 0)T ,

|v4⟩ =(0, 0, 0, 0, 0, 1, 0, 0)T ,

|v5⟩ =(0, 0, 0, 0, 0, 0, 1, 0)T ,

|v6⟩ =(0, 0, 0, 0, 0, 0, 0, 1)T .

(31)

For the coupled block, the normalized eigenvectors may be written as

|v±⟩ =
1√

1 + |r±|2
(0, 0, 0, 1, r±, 0, 0, 0)

T , (32)

with

r± = −a4 − λ±PF

c
. (33)

The negativity is

NA|BC1
=

max [0,∆− (a3 + a4)]

2PF
, (34)

and the condition for non-zero negativity is

|c|2 > a3a4. (35)
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Hence, the logarithmic negativity is

E
A|BC1

N = log2

⎡
⎣1 +

max
[
0,
√
(a4 − a3)2 + 4|c|2 − (a3 + a4)

]

PF

⎤
⎦ . (36)

3.6 Logarithmic negativity for the bipartition C1|AB
To quantify entanglement across the partition containing the particle directly affected by the Schwarzschild
background, the partial transpose is taken with respect to Charlie’s accessible subsystem. Following the
same procedure used for A|BC1, the physically relevant Hawking partition is

CI |AB. (37)

The partial transpose is therefore taken with respect to the third subsystem.
Under TC ,

|000⟩⟨111| −→ |001⟩⟨110|, (38)

and

|111⟩⟨000| −→ |110⟩⟨001|. (39)

Hence,

ρTC

F =
1

PF

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f0 0 0 0 0 0 0 0
0 f1 0 0 0 0 cF 0
0 0 f2 0 0 0 0 0
0 0 0 f3 0 0 0 0
0 0 0 0 f4 0 0 0
0 0 0 0 0 f5 0 0
0 c∗F 0 0 0 0 f6 0
0 0 0 0 0 0 0 f7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (40)

The non-trivial block is therefore

1

PF

(
f1 cF
c∗F f6

)
. (41)

The eigenvalues of this block satisfy

det

(
f1 − λPF cF

c∗F f6 − λPF

)
= 0. (42)

Therefore,

λ
(C)
± =

f1 + f6 ±
√
(f1 − f6)2 + 4|cF |2
2PF

. (43)

The remaining eigenvalues are

f0
PF

,
f2
PF

,
f3
PF

,
f4
PF

,
f5
PF

,
f7
PF

. (44)

The smaller eigenvalue is negative only when

|cF |2 > f1f6. (45)

The negativity for the Hawking partition is therefore

NC|AB =
max

[
0,
√

(f1 − f6)2 + 4|cF |2 − f1 − f6

]

2PF
. (46)

Hence the corrected logarithmic negativity is
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E
C|AB
N = log2

⎡
⎣1 +

max
[
0,
√
(f1 − f6)2 + 4|cF |2 − f1 − f6

]

PF

⎤
⎦ (47)

with

f1 = (1− F )2
B[1 + γ(p− 1)]2 +DMγ

2p2

PM
, (48)

f6 = F 2Aγ
2(1− p)2

PM
, (49)

and

cF =
F (1− F )(1− γ)(1−M)C

PM
. (50)

Using

C = cos(θ) sin(θ)e−iϕ
(
1 + e−ω/TH

)−1/2

, (51)

the modulus of the coherence is

|C| = | cos(θ) sin(θ)|
(
1 + e−ω/TH

)−1/2

. (52)

Therefore,

|cF | =
F (1− F )(1− γ)(1−M)| cos(θ) sin(θ)|

PM

√
1 + e−ω/TH

. (53)

The corrected logarithmic negativity consequently depends on

E
C1|AB
N = EN (M,F, TH , γ, p, θ, ω) , (54)

3.7 Conditional filtration success probability

The quantity PF used here is the probability that the post-noise filtration succeeds, conditional on a
successful weak-measurement outcome. It is determined by the filtration operation and is independent
of the bipartition used to evaluate entanglement. The total success probability of the full probabilistic
protocol would be Ptot = PMPF .

Following the generalized amplitude damping transformation, the probabilistic filtration operation
is applied to the resulting normalized post-weak-measurement state. The unnormalized filtered density
matrix is defined as

ρ̃F = FρGADF†, (55)

where the local filtering operator is

F = F
(A)
f ⊗ F

(B)
f ⊗ I(C), (56)

with

Ff =

(√
1− F 0

0
√
F

)
. (57)

The filtered matrix elements are

f0 = (1− F )2g0, f1 = (1− F )2g1, (58)

f2 = F (1− F )g2, f3 = F (1− F )g3, (59)

f4 = F (1− F )g4, f5 = F (1− F )g5, (60)

f6 = F 2g6, f7 = F 2g7, (61)
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and the filtered coherence becomes

cF = F (1− F )CG. (62)

The probability that the filtering operation succeeds is obtained from the trace of the unnormalized
filtered state:

PF = Tr(ρ̃F ) (63)

which gives

PF = f0 + f1 + f2 + f3 + f4 + f5 + f6 + f7. (64)

Substituting the filtered populations yields

PF = (1− F )2(g0 + g1) + F (1− F )(g2 + g3 + g4 + g5) + F 2(g6 + g7) (65)

Using the symmetry relations

g2 = g4, g3 = g5, (66)

the success probability can be written as

PF = (1− F )2(g0 + g1) + 2F (1− F )(g2 + g3) + F 2(g6 + g7). (67)

The generalized amplitude damping populations are

g0 =
Ar2

PM
, (68)

g1 =
Br2 +DM t

2

PM
, (69)

g2 = g4 =
Ars

PM
, (70)

g3 = g5 =
Brs+DM tu

PM
, (71)

g6 =
As2

PM
, (72)

g7 =
Bs2 +DMu

2

PM
, (73)

where

r = 1− γ(1− p), (74)

s = γ(1− p), (75)

t = γp, (76)

u = 1− γp. (77)

Therefore, the fully expanded filtration success probability is

PF =
1

PM

[
(1− F )2

(
(A+B)r2 +DM t

2
)

+ 2F (1− F ) ((A+B)rs+DM tu)

+ F 2
(
(A+B)s2 +DMu

2
)
]
.

(78)

Equation (78) gives the conditional filtration success probability PF . When the probability of the
preceding weak-measurement outcome is also included, the full protocol success probability is Ptot =
PMPF .
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Figure 2: Plot showing Entanglement variation for both bipartitions A|BC1 and C1|AB

3.8 Conditional weighted entanglement yield for C1—AB

Using the conditional filtration success probability defined above, the corresponding conditional weighted
entanglement yield is given by Eq. (79).

YE = PFE
C1|AB
N (79)

or explicitly, by substituting equations (47) and (78) into equation (79), we obtain the equation for
the weighted entanglement yield for the C1|AB bipartition as presented in equation (80).

Y
C1|AB
E = PF log2

[
1 +

1

PF
max

(
0,
√

(f1 − f6)2 + 4|cF |2

− f1 − f6

)]
.

(80)

3.9 Conditional weighted entanglement yield for A—BC1

Following the same procedure as in subsection (3.8), the conditional weighted entanglement yield for
A|BC1 is given by Eq. (81).

Y
A|BCI

E = PF log2

⎡
⎢⎢⎣1 +

max

(
0,

√
[F (1− F )(g3 − g4)]

2
+ 4|cF |2 − F (1− F )(g3 + g4)

)

PF

⎤
⎥⎥⎦ (81)

4 Results and Discussions

Weak measurement was performed on Alice’s and Bob’s qubits before they encountered the GAD channel,
while filtration was performed after they encountered the GAD channel. The plots show the character-
istics of the entanglement with variations in different associated parameters.

Figure (2) shows the variation of log negativity with rising values of Hawking temperature TH for
bipartitions A|BC1 and C1|AB for the scenario when the weak measurement (WM) parameter M = 0
and the post-noise filtration (PNF) parameter F = 0.5, which according to our protocol is equivalent to
a filtration of identity. For the bipartition A|BC1, it is observed that the log negativity drops from 0.778
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to 0.595 with increasing TH , which is about a 23.52% decline in log negativity, while for the bipartition
C1|AB, it recorded a decline from 0.837 to 0.498, which is about a 40.5% decline in log negativity. This
shows that TH has a more adverse effect on the bipartition C1|AB relative to C1 of the qubit that is in
the environment of the BH than on the other bipartition A|BC1, and from the plot, it is clear that TH
does not lead to entanglement sudden death in both bipartitions under consideration.
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Figure 3: Plot of log negativity of the two bipartitions A|BC1 and C1|AB obtained by choosing a random
value for weak measurement parameter M and filtration parameter F

Figure (3) shows the variation of log negativity of the two bipartitions A|BC1 and C1|AB with
increasing values of TH at randomly chosen values of the WM parameter M and PNF parameter F . For
the plot, the parameters were chosen as M = 0.2 and F = 0.6. The plot shows that the bipartition
C1|AB experiences a decline in log negativity from 0.860 to 0.538, which is about 37.4% with increasing
TH , while the bipartition A|BC1 experiences a decrease in log negativity from 0.803 to 0.617, which is
about a 23% decline in log negativity with increasing value of TH . By comparing the outcomes in Figure
(3) with the outcomes of the case without WM and PNF in Figure (2), it can be seen that there is a
slight enhancement in the entanglement in the presence of WM and PNF in comparison with the state
without WM and PNF. This brings up the next area of investigation, which is to find out if WM and
PNF are always advantageous to entanglement.

Figure (4) is a density plot of ∆EN with varying values of M and F ; the red part of the plot shows
the regions of values of M and F that give the positive values of ∆EN . From the plot it can be deduced
that beneficial ∆EN can be obtained for any value of M on the condition that the WM is accompanied
by PNF with the values of F falling between 0.4 and 0.75. From the plot, it can also be seen that it is
possible to have an entanglement advantage with PNF alone even without the WM operation; this can
be clearly seen in Figure (4a), which shows that having a filtration advantage in the absence of WM is
more likely in the C1|AB bipartition than in the A|BC1 bipartition. Also, from the plots it can be seen
that the higher the value of M , the narrower the range of the values of F that will yield enhancement in
entanglement. Also, by looking at the plots in Figure (4), it can be seen that in the case of bipartition
C1|AB, the log negativity can be enhanced by up to 0.045, while the A|BC1 can be enhanced by up to
0.035 by varying F and M . This shows that the C1|AB bipartition has the tendency to benefit more
from the WM and PNF operations in the setup under consideration.

Figure (5) shows the characteristics of log negativity while varying M and F . From the plot, it can
be seen that to obtain a maximum value of log negativity, F has to increase directly with M ; that is,
higher values of M must be accompanied by higher values of F .

Figure (6) shows the conditional filtration success probability PF as M and F vary. Within this
conditional definition, changes in the weak-measurement parameter can modify PF , while stronger post-
noise filtration can reduce it. The same PF applies to both bipartitions because it is a property of the

12
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Figure 4: Density plots showing the ranges of weak-measurement parameter M and filtration parameter
F and the corresponding changes in logarithmic negativity for the bipartitions C1|AB and A|BC1
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Figure 5: Plot showing the characteristics of log negativity at different values ofM and F for bipartitions
C1|AB and A|BC1

local filtering operation rather than of the bipartition used to evaluate entanglement.
To investigate the values of M and F that give the highest entanglement advantage on the tested

numerical grid, a two-dimensional scan was performed over 0 ≤ M,F ≤ 1 using increments of 0.1. The
logarithmic negativity was evaluated at each grid point while the remaining physical parameters were
held fixed.

Table (1) presents the values of fixed parameters used for generating the plots. In Tables (2) and
(3), noteworthy values obtained by numerical exploration of the log negativity are presented for each
bipartition.

For the reference case M = 0 and F = 0.5, the logarithmic negativities are 0.630271 for A|BC1 and
0.556614 for C1|AB.

The grid search shows that the parameter choices that maximize logarithmic negativity do not max-
imize the conditional weighted entanglement yield. For A|BC1, the largest tabulated logarithmic neg-
ativity, 0.664254, occurs at M = 0.5 and F = 0.7, but the corresponding conditional yield decreases
from 0.15757 in the reference case to 0.10680. For C1|AB, the maximum tabulated logarithmic nega-
tivity, 0.611381, occurs at M = 0.4 and F = 0.7, with the conditional yield decreasing from 0.139154
to 0.11035. Thus, the preferred values of M and F depend on whether the objective is to maximize
conditional entanglement or entanglement yield. Local filtration can nevertheless provide entanglement
protection in suitable parameter regimes [45]. Weak-measurement protocols are commonly combined
with a subsequent reversal or filtration operation after the noisy channel [46, 47, 48].

At TH = 2, γ = 0.2, and p = 0.8, the A|BC1 bipartition increases from EN = 0.630271 in the reference
case to EN = 0.664254 at M = 0.5 and F = 0.7, corresponding to an enhancement of approximately
5.39%. Its conditional weighted yield decreases by approximately 32.22%. For C1|AB, the logarithmic
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Table 1: Model parameters used in the numerical analysis.

Symbol Physical meaning Value

θ Initial-state mixing angle π/4
ϕ Relative phase of the initial state 0
ω Field-mode frequency 1
γ Generalised amplitude-damping strength 0.2
p Environmental excitation probability 0.8
T fix
H Hawking temperature used for optimisation 2
TH Hawking-temperature plotting interval 0.1 ≤ TH ≤ 5
M Weak-measurement strength 0 ≤M ≤ 1
F Local-filtration parameter 0 ≤ F ≤ 1

The setting M = 0 corresponds to no weak measurement, while F = 0.5 corresponds to the identity filter and therefore

represents the no-filtration condition.

Table 2: Summary of the principal optimisation results of A|BC1 at TH = 2.

Protocol and objective M∗ F ∗ E
A|BC1

N PF Y A|BC1

No control 0 0.5000 0.630271 0.250000 0.15757
WM alone: best tested nonzero M 0.10000 0.50000 0.631077 0.25000 0.15777
WM and active filtration: maximum on the
tested grid

0.5000 0.7000 0.664254 0.160784 0.10680

Filtration alone: tested point F = 0.6 0.00000 0.60000 0.620751 0.244544 0.15180

Table 3: Summary of the principal optimisation results of C1|AB at TH = 2.

Protocol and objective M∗ F ∗ E
C1|AB
N PF Y C1|AB

No control 0.000000 0.500000 0.556614 0.250000 0.139154
WM alone: best tested nonzero M 0.10000 0.50000 0.54151 0.25000 0.13538
WM and active filtration: maximum on the
tested grid

0.4000 0.7000 0.611381 0.180496 0.11035

Filtration alone: tested point F = 0.6 0.000000 0.600000 0.592928 0.244544 0.145000
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Figure 6: Conditional post-filtration success probability PF with varying values of M and F

negativity increases from 0.556614 to 0.611381 atM = 0.4 and F = 0.7, corresponding to an enhancement
of approximately 9.84%, while the conditional weighted yield decreases by approximately 20.70%. Under
this parameter regime, the relative entanglement enhancement is therefore larger for C1|AB, although
it is accompanied by a reduced conditional yield.

5 Conclusion

This work investigates the effect of weak measurement and post-noise filtration on a tripartite entangled
Dirac system, with entanglement quantified by logarithmic negativity. Because particles A and B are
subjected to identical conditions in the asymptotically flat region, the analysis focuses on the two distinct
bipartitions A|BC1 and C1|AB. Particles A and B interact with the GAD channel, while particle C1

is affected by the Schwarzschild background and Hawking radiation. The results show that suitable
combinations of weak measurement and post-noise filtration can increase the conditional logarithmic
negativity. The numerical optimization also demonstrates a trade-off: parameter values that maximize
conditional entanglement can reduce the conditional filtration success probability and the corresponding
weighted entanglement yield. Under the parameter regime considered, the relative increase in logarithmic
negativity is larger for C1|AB than for A|BC1. These results indicate that weak measurement and
post-noise filtration can protect entanglement, but their usefulness depends on whether the operational
objective prioritizes conditional entanglement or entanglement yield.
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