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Abstract

The operational efficiency of supersonic convergent-divergent (Laval) nozzles is highly sensitive to variations in the
Nozzle Pressure Ratio (NPR) during transient flight trajectories. This paper presents a comprehensive numerical study
evaluating the aerodynamic behavior, shock-induced flow separation boundaries, and thrust performance of a fixed
cubic polynomial supersonic exhaust nozzle across a broad range of NPRs (2.0 to 9.0) at a target design Mach number of
M, = 2.0. A parametric algorithm was developed in MATLAB to define the core nozzle contour, which was subsequently
validated through high-fidelity two-dimensional (2D) axisymmetric density-based CFD simulations in ANSYS Fluent
utilizing the k-w Shear Stress Transport (SST) turbulence model. The numerical results reveal that operating below the
nominal design threshold (NPR < 6.80) forces the nozzle into heavily over-expanded regimes. In these conditions, strong
adverse pressure gradients trigger boundary layer separation and internal oblique shock trains, resulting in a critical
thrust degradation of up to 70.17% at NPR = 2.0 due to severe pressure drag penalties and internal flow recirculation.
Conversely, transitioning into the under-expanded regime (NPR = 9.0) yields a 32.06% increase in net thrust over the
design baseline (26772.45 N), driven by elevated internal wall pressures and secondary external Prandtl-Meyer plume
expansion. Furthermore, the systematic tracking of off-design conditions identifies a sharp operational inflection point
at NPR = 4.50, above which the supersonic jet achieves complete geometric attachment and predictable quasi-linear
thrust behavior. These insights offer robust predictive data and critical aerodynamic boundaries for the flight control

and optimization of next-generation aerospace propulsion systems operating across transient altitudes.

Keywords: Laval Nozzle, Nozzle Pressure Ratio (NPR), Over-expanded Flow, Flow Separation, CFD, Supersonic

Aerodynamics.

1. Introduction

The development of high-performance aerospace trans-
port systems, atmospheric defense vehicles, and space
propulsion units requires a comprehensive understand-
ing of gas dynamic behaviors operating outside standard
nominal design parameters Anderson (2020). Within
high-enthalpy gas turbine and rocket environments, the
convergent-divergent (Laval) nozzle serves as the founda-
tional thermodynamic device engineered to expand high-
pressure, thermalized streams into high-velocity direc-
tional kinetic exhaust Mattingly (2006). Under nominal
operational envelopes, the internal fluid state transitions
smoothly from a high-subsonic regime within the contrac-
tion domain into a choked, sonic choke point (M = 1.0) at
the throat, followed by continuous supersonic acceleration
(M > 1.0) along the geometric divergent track Zucrow and
Hoffman (1976).

The macro-scale performance and net thrust force (F)
generated by an axis-symmetric propulsion system are fun-
damentally dictated by the conservation of momentum and
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the pressure differential acting across the discharge inter-
face, formulated as:

F=mV, + (Pe - Pamb)Ae (1)

where m represents the fluid mass flow rate, V. is the lo-
calized velocity vector at the exit plane, A. defines the
exit cross-sectional area, and P, and P,,,;, represent the
exit static pressure and surrounding atmospheric back-
pressure, respectively. The non-dimensional parameter
primarily governing these high-speed flow topologies is
the Nozzle Pressure Ratio (NPR), defined as the ratio
of upstream total stagnation pressure (FPp) to the ambi-
ent back-pressure (Pump). For a fixed divergent profile
designed for a target exit Mach number, an ideal condi-
tion exists at a nominal design threshold (NPRgesign). At
this specific equilibrium point, the exit static pressure per-
fectly balances the surrounding atmosphere (P, = Pymp),
completely eliminating multi-directional expansion waves
or internal shock formations, thereby maximizing global
propulsive efficiency Anderson (2020).

However, executing flight trajectories through transient
altitudes or under throttling conditions forces the exhaust
system to operate extensively within off-design matrices



(NPR # NPRgesign) Zucker and Biblarz (2019). When
the operating pressure ratio experiences severe reductions
below the design baseline (NPR < NPRadesign), the noz-
zle enters a highly over-expanded regime. In this state,
the strong ambient back-pressure compresses the exiting
fluid core, triggering intense oblique shock wave structures
that propagate upstream into the divergent track. Un-
der severe pressure imbalances, the turbulent boundary
layer fails to withstand the cumulative adverse pressure
gradient, leading to premature flow separation from the
solid walls Schlichting and Gersten (2016). This separa-
tion phenomenon induces asymmetric mass distributions,
severe internal flow recirculation, structural vibration, and
catastrophic net thrust degradation.

Conversely, when the aerospace vehicle ascends into
lower-density atmospheric layers or operates under in-
creased chamber pressure, the operating pressure ratio ex-
ceeds the nominal design threshold (NPR > NPRgesign ),
shifting the system into an under-expanded regime. Un-
der these conditions, the ambient atmospheric pressure is
insufficient to fully contain the high-energy gas stream at
the discharge interface (P, > Pymnp). Consequently, the
fluid undergoes secondary external acceleration immedi-
ately upon crossing the nozzle lips through a non-linear
network of Prandtl-Meyer expansion fans. This causes
the exhaust plume to flare outward, establishing an elon-
gated, highly energetic external shock diamond pattern
downstream of the exit plane, which can induce severe lo-
calized thermal loads and complex plume-atmosphere in-
teractions.

To systematically map these thermodynamic limits, this
study leverages an advanced computational framework
to evaluate the aerodynamic sensitivity, shock-induced
flow separation boundaries, and external plume expan-
sion dynamics of a fixed contoured nozzle configuration
Vitoshinsky (1940). High-fidelity two-dimensional (2D)
axi-symmetric density-based numerical validations are ex-
ecuted within ANSYS Fluent across a broad spectrum of
discrete input stagnation pressures. By enforcing the k-
w Shear Stress Transport (SST) turbulence model Menter
(1994); Wilcox (2006) over a refined structured grid, this
research uncovers the exact physical mechanisms driv-
ing boundary layer degradation under adverse gradients,
tracks the spatial displacement of internal and external
shock fronts, and quantifies the progressive variations of
propulsive force as the system transitions away from its
ideal aerodynamic baseline.

2. Literature Review

2.1. Governing Equations of Compressible Internal Flow

The acceleration of a compressible gas through internal
channels is governed by the simultaneous coupling of mass,
momentum, and energy conservation equations. Assuming
a steady, one-dimensional, isentropic flow of a calorically

perfect gas Anderson (2020), the spatial geometric evolu-
tion satisfies the differential Hugoniot relation defined in
Eq. 2:
dA
T

9 dv
(-1 )
where A represents the cross-sectional area, V' is the local
convective fluid velocity, and M defines the localized Mach
number Authors (2025).

The mathematical structure of Eq. 2 reveals an aerody-
namic inversion boundary at the sonic threshold (M = 1.0)
Zucrow and Hoffman (1976). Within sub-critical regimes
(M < 1.0), a localized velocity increase (dV > 0) de-
mands a continuous reduction in the cross-sectional area
(dA < 0), characterizing a purely convergent nozzle ma-
trix. Conversely, when the flow accelerates into super-
critical envelopes (M > 1.0), further velocity enhance-
ments (dV > 0) require an expansion of the physical do-
main (dA > 0), establishing the thermodynamic neces-
sity for the divergent sector typical of convergent-divergent
Laval configurations Team (2019).

2.2. Subsonic Contraction Frameworks and Vitoshinsky
Curvature

Within the convergent section of intake manifolds and
subsonic discharge ports, the structural contours must be
designed to accelerate the entering freestream smoothly
without generating localized flow stagnation or boundary
layer distortion. Traditional engineering designs histori-
cally deployed simple linear conical geometries. However,
sudden angular transitions at the nozzle inlet and exit in-
terfaces induce severe local pressure instabilities and high
turbulence intensity Sajjan and Sitaram (2018).

To enforce high aerodynamic efficiency under an el-
liptical pressure dependency, advanced analytic formu-
lations were established to parameterize the contraction
wall profile. The classical Vitoshinsky formulation Vi-
toshinsky (1940) establishes a harmonic contraction map-
ping based on the targeted inlet-to-exit area ratio (H =
(Rezit/Rintet)?). The radius distribution along the nor-
malized longitudinal axis (z/L) is mathematically gov-
erned by Eq. 3, Luan et al. (2025):

x/L)2-[3—(x/L)?]?
T

1+ 3(z/L)?

R(.’IJ) = Rinlet :

This mathematical boundary balancing ensures a
continuous first and second spatial derivative (R'(z)
and R’(x)), generating a favorable pressure gradient
(0P/0x < 0) along the entire development track. This
smooth acceleration suppresses the premature growth of
the viscous sublayer and ensures a completely uniform
velocity vector at the discharge plane without localized
boundary layer separation.



2.8. Supersonic Ezhaust Systems: Convergent, Throat,

and Divergent Regimes

The geometric parameterization of a super-critical
convergent-divergent (Laval) nozzle is mathematically de-
coupled into three discrete geometric zones: the subsonic
convergent contraction, the critical sonic throat, and the
optimized supersonic divergent expansion track Mattingly
(2006).

2.8.1. Subsonic Convergent Region

The upstream convergent zone is engineered to acceler-
ate the high-enthalpy gas exiting the combustion chamber
or plenum from a near-stagnation state (M = 0.1) up to
the threshold of sonic transition. Because the flow op-
erates under a sub-critical regime (M < 1.0), fluid ac-
celeration is governed by a favorable pressure gradient
(0P/0x < 0) driven purely by a continuous reduction of
the cross-sectional area, as established by the Hugoniot
principle in Eq. 2. To minimize skin-friction drag and
prevent local turbulence generation at the entry manifold,
a smooth contraction radius profile is typically defined us-
ing a standard linear slope bounded between 30° and 45°,
or a localized cubic curve transitioning smoothly into the
throat interface.

2.3.2. Critical Sonic Throat and Pressure Relations

The nozzle throat defines the minimum cross-sectional
area of the entire fluid domain (At = 7R?) and acts as
the thermodynamic boundary tracking the internal flow
physics. Exactly at this coordinate plane (z = 0), the lo-
cal convective velocity matches the acoustic speed of the
medium, locking the flow state at a choked sonic condi-
tion (M = 1.0). Under choked flow limits, the mass flow
rate (rh) becomes structurally restricted and independent
of downstream pressure fluctuations, governed strictly by
upstream stagnation conditions Mattingly (2006), equa-
tion 4.

y+1
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where R represents the specific gas constant, and Py and
Ty define the upstream stagnation pressure and tempera-
ture, respectively. To ensure a smooth gas transition with-
out triggering premature normal shock developments, the
throat entry profile is rounded utilizing a circular arc with
a constant curvature radius, typically scaled between 0.5 R,
and 1.5R;.

The fundamental operational parameter governing the
global expansion state and flow topologies of the exhaust
system is the Nozzle Pressure Ratio (NPR). In internal gas
dynamics, the NPR is explicitly defined as the ratio of the
upstream total stagnation pressure (FPp) inside the plenum
or combustion chamber to the surrounding ambient back-
pressure (Pgmp) Anderson (2020), as shown in equation
5.

B

amb

NPR = (5)
By assuming an ideal, fully balanced isentropic expan-
sion where the exit static pressure perfectly equilibrates
with the surrounding atmospheric boundary (P, = Pymp),
the operating total inlet pressure (FPp) required to sustain
the designed expansion is analytically coupled to the tar-
get exit Mach number (M, ) through the classical isentropic
relation Anderson (2020), presented in equation 6.

0
— -1
P(’:<1_|_’y21]\482>7 (6)

NPRdesign = P
e

This mathematical coupling demonstrates that the de-
sign pressure ratio is fundamentally a geometric and aero-
dynamic constraint dictated purely by the desired exit
Mach number and the specific heat ratio () of the work-
ing fluid. Any deviation of the operational NPR from this
design baseline shifts the system into off-design envelopes,
generating the internal shock waves or external expansion
fields previously established.

2.8.3. Optimized Supersonic Divergent Region

Once the fluid crosses the sonic threshold at the throat,
further kinetic acceleration (dV' > 0) strictly requires a
continuous expansion of the geometric domain (dA > 0).
In this super-critical domain (M > 1.0), the governing
transport equations transition into a hyperbolic nature,
where flow expansion and pressure drops propagate along
discrete Mach lines. The gas stream accelerates through
centered expansion waves modeled via the transcendental
Prandtl-Meyer expansion function v(M) expanded in Eq.
7 Anderson (2020):

v(M) = /2 tan~t (/I (02 = 1)) — tan~ (VAP =)
(7)
where v represents the specific heat ratio (y = 1.4 for
atmospheric air).

Conventional conic divergent profiles with straight ex-
panding walls fail to accommodate this wave develop-
ment, prompting intense oblique shock wave formations
and multi-directional flow divergence at the exit cross-
section. This shock reflection pattern drives severe kinetic
losses, reducing the effective thrust coefficient Zucrow and
Hoffman (1976). To bypass these limitations, continuous
polynomial optimization methods are applied. These algo-
rithms compute the exact exit area scaling matrix (A./A¢)
required by the global isentropic pressure constraints de-
fined in Eq. 8:

Y41
A, 1 2 vy—1_ ,\]2"D
Ay M, {7-&-1 < + 2 6)} (8)




By coupling the exact output from Eq. 8 with a contin-
uous cubic polynomial parabolic projecting function 9.

Yal@) = R+ (Rmas = Fi) {3 (5) -2 (2)3] (9)

where L defines the total longitudinal length of the di-
vergent track. This continuous parabolic distribution ini-
tializes at a turning angle matching the throat expansion
envelope (iproqt = 7°) and continuously reduces its slope
down to a near-parallel discharge orientation (aeqzit = 1°)
at the exit plane (x = L). This progressive curvature
forces the internal expansion fans to attenuate completely
upon wall contact, eliminating the development of over-
expansion shock diamonds and maximizing net propulsive
thrust by delivering a uniform, axial velocity vector.

The longitudinal length of the convergent section (L.)
and the optimized parabolic divergent track (Lg) are geo-
metrically bounded by the wall angles and radius transi-
tions according to equations 10 and 11.

Lc _ Rinlet - Rt (10)
tan(a.)
Rout - Rt
Lyj=——7"7+77— 11
¢ tan(ayg) (11)

where «. represents the convergence half-angle (typically
specified between 30° and 45°) and a4 defines the equiva-
lent mean expansion angle of the divergent wall segment.

2.4. Off-Design Regimes and Shock-Induced Flow Separa-
tion

When a fixed contoured nozzle operates outside its nom-
inal design point, the system transitions into off-design ma-
trices, which are categorized into over-expanded or under-
expanded regimes depending on the pressure imbalance at
the discharge plane.

When the operating pressure ratio falls below its nom-
inal threshold (NPR < NPRgesign), the system enters
an over-expanded regime where the ambient atmospheric
pressure (Pu,p) exceeds the exit static pressure (Pe)
Zucker and Biblarz (2019). To resolve this severe imbal-
ance, the supersonic core undergoes sudden compression
through an internal shock wave system that propagates
upstream into the divergent track Anderson (2020). This
shock front induces a massive adverse pressure gradient
(0P/0x > 0) interacting directly with the viscous bound-
ary layer. According to classical fluid mechanics theory,
when the near-wall kinetic energy is depleted and local
skin friction drops to zero (1, = 0), the flow experiences
shock-induced separation from the solid walls Schlichting
and Gersten (2016).

To estimate this detachment location, empirical bench-
marks like the Summerfield criterion (Psep/Pamp ~ 0.35 —
0.40) are historically deployed to track the separation pres-
sure threshold Zucrow and Hoffman (1976). Depending

on the exact magnitude of the pressure ratio, this sepa-
ration topology stabilizes into either Free Shock Separa-
tion (F'SS), characterized by a fully detached core jet, or
Restricted Shock Separation (RSS), which triggers highly
unstable aerodynamic side loads and structural vibrations.
Numerically capturing these non-linear shock positions
and separation points requires turbulence closures engi-
neered for adverse pressure gradients, such as Menter’s k-w
SST model Menter (1994). By limiting the overproduction
of eddy viscosity in stagnation and separation zones, the
SST formulation has become the standard computational
benchmark for tracking high-speed boundary layer degra-
dation Wilcox (2006).

Conversely, when the operating pressure ratio exceeds
the nominal design baseline (NPR > NPRgesign ), the noz-
zle operates within an under-expanded regime. In this
state, the ambient back-pressure is lower than the exit
static pressure (P, > Pgp), meaning the fluid has not
completed its full thermodynamic expansion within the
physical limits of the divergent track Anderson (2020).
To balance this differential, the gas undergoes an abrupt
external expansion immediately upon leaving the nozzle
lips. This phenomenon is governed by a centered, non-
linear network of Prandtl-Meyer expansion fans that turn
the flow outward, causing the exhaust plume to flare. As
these expansion waves reflect off the constant-pressure jet
boundary as compression waves, they coalesce into oblique
shock fronts, establishing a highly energetic and periodic
external shock diamond train that extends significantly
downstream into the ambient domain Mattingly (2006).

3. Numerical Methodology

8.1. Aerodynamic Boundary Conditions and Solver Setup

The initialization of the compressible fluid domain
within ANSYS Fluent requires strict physical parame-
terization at the computational boundaries to accurately
replicate the over-expanded and under-expanded nozzle
physics.

The upstream inlet interface of the nozzle contraction
is prescribed with a Pressure-Inlet condition, fixing the
total temperature (Tp = 300 K) and varying the oper-
ating total pressure (Pp) to systematically evaluate the
nozzle behavior across different Nozzle Pressure Ratios
(NPR = Py/Pamp). Along the centerline axis (y = 0),
an Axis symmetry boundary condition is enforced to sat-
isfy the 2D axi-symmetric formulation (9/90 = 0), signifi-
cantly optimizing element allocation. The solid contoured
nozzle profile generated by the cubic polynomial array is
parameterized as a continuous, adiabatic no-slip structural
‘Wall.

The downstream and lateral outlet boundaries of the
computational domain are defined using a standard
Pressure-Outlet fixed at ambient atmospheric pressure
(Pamp = 101.325 kPa). Figure 1 represents the operational
boundary conditions applied. To map the complete aero-
dynamic sensitivity of the targeted design Mach number



(M,) geometry, six discrete operating regimes are tested
by adjusting the inlet stagnation pressure, as summarized
in Table 1.

Figure 1: Boundary conditions applied to the 2D axisymmetric fluid
domain.

Table 1: Operational matrices and inlet stagnation pressures for the
Mach 2.0 nozzle configuration.

Case Target NPR Inlet P, [kPa]
1 9.00 911.93
2 6.80 691.49
3 6.00 607.95
4 4.50 455.96
5 3.00 303.98

The governing equations are solved using the density-
based coupled implicit solver within ANSYS Fluent to ef-
fectively resolve the strong localized gradients and internal
shock waves. Air is modeled as an ideal gas to dynamically
couple density with local pressure and temperature vari-
ations. Furthermore, the Courant-Friedrichs-Lewy (CFL)
number is conservatively reduced from 5 to 1 during initial-
ization to stabilize the coupled numerical propagation and
prevent solution divergence under intense adverse pressure
gradients.

8.2. Computational Mesh Generation and Boundary
Layer Resolution

The two-dimensional (2D) planar surface represent-
ing the axis-symmetric fluid domain for the optimized
Mach 2.0 nozzle configuration was discretized utilizing a
high-quality, quadrilateral-dominant structured topologi-
cal layout within the ANSYS Meshing module. Given
the severe velocity and thermal gradients characteristic of
shock-wave /boundary-layer interactions (SBLI), capturing
the viscous sub-layer adjacent to the solid boundaries is
mandatory to ensure precise flow separation mapping.

To satisfy the numerical requirements of the k-w Shear
Stress Transport (SST) turbulence model Menter (1994),
a dedicated structured inflation layer consisting of 8 rows
was applied along the solid nozzle wall. This localized re-
finement ensures a highly concentrated spatial discretiza-
tion near the boundary, maintaining an optimal y* distri-
bution suitable for the density-based numerical framework
to accurately resolve high-speed boundary layer degrada-
tion under adverse pressure gradients.

8.8. Parametric Grid Independence Verification

To guarantee that the computed flow solutions, inter-
nal shock spatial displacements, and boundary layer sep-
aration points are completely independent of the spatial
grid resolution, a rigorous parametric Grid Independence
Study was executed using the baseline design case. Four
discrete grid densities—classified as Extra Coarse, Coarse,
Medium, and Fine—were generated.

The monitored convergence metric selected for this vali-
dation sweep was the area-weighted average Mach number
extracted exactly at the nozzle discharge plane (M. gim)
under nominal design conditions. The numerical results
mapping the grid convergence behavior are compiled in
Table 2.

Table 2: Grid independence sensitivity study for the Mach 2.0 nozzle
geometry.

Mesh Level Elements M., Relative Error (%)
Extra Coarse 11565 1.9863 -

Coarse 16134 1.9983 0.60%
Medium 36189 2.0003 0.10%

Fine 80199 2.0005 0.01%




As demonstrated by the numerical trajectory in Table
2, transitioning the spatial domain from the Extra Coarse
to the Medium grid configuration introduces noticeable
variations in the captured exit Mach number due to the
under-resolution of the expanding wave systems. However,
further grid refinement from the Medium to the Fine den-
sity level yields an asymptotic stabilization of the solution
vector, with a relative variation dropping to a strict con-
vergence tolerance threshold of 0.01%.

Furthermore, Figure 2 also provides a detailed view of
the nozzle surface mesh, emphasizing the eight inflation
layers and localized refinement near the boundaries uti-
lized to better capture the near-wall turbulent interaction.

YYVYYVVVVVYVVYVVVVVVWVYY

Figure 2: Detailed view of the structured mesh, emphasizing the
boundary layer inflation zones near the nozzle wall.

Therefore, to balance spatial accuracy with computa-
tional resource management, the Medium mesh level (com-
prising 36,189 cells, an orthogonal quality of 0.2183, and
an average skewness of 0.520) was uniformly selected as
the production standard to execute all subsequent aero-
dynamic simulations and thrust evaluations inside the
density-based solver.

4. Results and Discussion

4.1. Aerodynamic Evaluation Across Off-Design and De-
sign Regimes

The geometric contours generated by the design
methodologies were validated using 2D axisymmetric nu-
merical simulations across a comprehensive operational
matrix. This analysis isolates the operational influence
of varying pressure boundaries on the resulting expansion
quality, shock wave development, and flow uniformity at
the discharge plane.
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Figure 3: Comparison of localized Mach number contours and aerodynamic expansion fields for highly overexpanded operating
conditions (NPR = 2.0, 3.0, and 4.5).
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Figure 4: Comparison of localized Mach number contours and aerodynamic expansion fields for nominal and under-expanded
operating conditions (NPR = 6.0, 6.8, and 9.0).

To systematically characterize the operational resilience
and off-design limitations of the optimized configura-
tion, numerical evaluations were extended across a com-
prehensive matrix of Nozzle Pressure Ratios (NPR =
2.0,3.0,4.5,6.0,6.8, and 9.0). As depicted in the localized
Mach number fields of Figure 3 and Figure 4, variations
in atmospheric back-pressure fundamentally alter the ex-
pansion intensity and the geometric configuration of the
shock cells without shifting the core supersonic nature of
the jet.

At highly over-expanded conditions, specifically at
NPR = 2.0 and NPR = 3.0 (Figures 3 a) and 3 b)),
the nozzle operates under a severe adverse pressure gra-
dient imposed by the sea-level atmosphere. As visualized
in Figure 3 a), a massive flow detachment occurs inside
the divergent track. At NPR = 3.0 (Figure 3 b)), the
turbulent boundary layer lacks sufficient kinetic energy to
overcome the steep pressure rise, triggering a well-defined
shock-induced flow separation from the solid walls. This
separation phenomenon breaks the parallel flow core cohe-
sion, creating internal recirculation zones that artificially
restrict the effective flow area. Consequently, the oblique
shock cells coalesce prematurely, rapidly dissipating the ki-
netic energy of the core jet along the centerline axis (y = 0)
and preventing the formation of an extended downstream
wave train.

As the back-pressure is progressively mitigated moving
towards NPR = 4.5 (Figure 3 ¢)), the internal oblique
shock structure is forced downstream, adapting its lip an-
gle and transitioning into a stable, completely attached
over-expanded regime. Here, the turbulent core remains
fully attached throughout the entire physical divergent
length, and the oblique shock waves originate strictly at

the nozzle lips, establishing a classical Regular Reflection
matrix. Within this stable over-expanded band, lowering
the back-pressure toward the near-design state of NPR =
6.0 (Figure 4 a)) allows the initial lip shocks to weaken sig-
nificantly. This causes the characteristic shock cell wave-
length and total cell length (L) to scale down progres-
sively in accordance with classical small-perturbation gas
dynamic expansion theories Anderson (2020).

Perfect parallel flow uniformity, maximum structural
efficiency, and an entirely shock-free discharge core are
reached at the nominal design threshold of NPR = 6.8
(Figure 4 b)), where the exit static pressure perfectly
matches the ambient sea-level condition (p. = p,), con-
firming that the smooth cubic polynomial curvature suc-
cessfully drives the exit velocity vectors parallel to the
horizontal axis (gt = 0°). Conversely, operating at an
under-expanded state of NPR = 9.0 (Figure 4 c)) forces
the nozzle to discharge an under-expanded plume. The
gas expands externally through a non-linear network of
Prandtl-Meyer expansion fans centered at the nozzle lips,
causing the jet boundaries to flare outward. This struc-
tural shift transitions the field evolution from internal
compression to external expansion, establishing an elon-
gated, highly energetic external shock diamond pattern
that propagates downstream into the ambient domain.

4.2. Thrust Performance under Varying Nozzle Pressure
Ratios

The macro-scale generation of net propulsive thrust (F')
within the evaluated polynomial nozzle configuration is in-
timately coupled with the pressure fields acting along the
internal divergent boundary walls and the pressure balance
at the discharge interface. Table 3 compiles the numerical



net thrust outputs and the relative percentage variations
across the evaluated Nozzle Pressure Ratios (NPR), uti-
lizing the nominal design condition (NPR = 6.80) as the
reference baseline configuration.

Table 3: Numerical thrust performance and relative variations across
different Nozzle Pressure Ratios (NPR) for the polynomial configu-
ration.

NPR Numeric Thrust (N)  Dif (%)
6.80 (Baseline) 26772.45 -
9.00 35355.41 32.06
6.00 23657.63 -11.63
4.50 17808.00 -33.48
3.00 11958.92 -55.33
2.00 7987.27 -70.17
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Figure 5: Quantified thrust variations across the evaluated Nozzle
Pressure Ratios (NPR) for the polynomial configuration.

The numerical simulations highlight a crucial perfor-
mance trend regarding the operational footprint of this
contoured geometry. When operating at the nominal de-
sign threshold of NPR = 6.80 (Table 3), the nozzle gen-
erates a baseline thrust output of 26772.45 N. This state
establishes a fully balanced expansion where the exit plane
pressure perfectly equilibrates with the sea-level atmo-
spheric back-pressure (P, = Pyp), maximizing axial mo-
mentum conversion without external wave drag penalties.

As tracked by the characteristic trend in the line plot
of Figure 5, the net propulsive force exhibits two dis-
tinct mathematical behaviors depending on the expansion
regime. Between NPR = 4.50 and NPR = 9.00, the thrust
performance displays a highly stable, quasi-linear evolu-
tion. Within this specific operational envelope, the inter-
nal core flow remains completely attached to the physical
divergent track. Consequently, the steady thrust growth
up to 35355.41 N (432.06%) at NPR = 9.00 is driven
purely by the proportional scaling of the inlet mass flow
rate and the continuous contribution of the external pres-
sure thrust component (F, = (pe — po)Ae) as the plume
expands beyond the exit lips.

Conversely, as visualized by the severe slope inflection
in Figure 5, throttling the operating conditions below the
critical threshold of NPR = 4.50 triggers a severe, highly
non-linear collapse of the propulsive capacity. This mathe-
matical deflection point directly maps the physical onset of
shock-induced boundary layer separation inside the nozzle.
As the separation front advances upstream into the diver-
gent track at NPR = 3.00 and NPR = 2.00 (Table 3),
the massive internal flow recirculation and adverse pres-
sure profiles impose a massive pressure drag penalty. This
aerodynamic degradation breaks the linear performance
baseline, forcing a catastrophic collapse of net thrust down
to a minimum efficiency of 7987.27 N, which represents a
critical —70.17% loss in total force generation efficiency.

5. Conclusion

This study successfully implemented and validated a
robust high-fidelity numerical framework to characterize
the aerodynamic sensitivity, shock-induced flow separa-
tion boundaries, and propulsive performance variations
of a fixed cubic polynomial supersonic nozzle operating
across a broad spectrum of transient altitude matrices
(NPR = 2.0 to 9.0) Anderson (2020). By integrating a
parametric coordinate generation algorithm in MATLAB
with 2D axisymmetric density-based CFD simulations us-
ing Menter’s k-w Shear Stress Transport (SST) turbulence
model, the computational architecture accurately mapped
the non-linear boundaries governing compressible exhaust
flow under varying ambient back-pressures Menter (1994).

The systematic execution of off-design aerodynamic
analyses proved to be a critical requirement for next-
generation aerospace propulsion development. Because su-
personic vehicles spend the vast majority of their opera-
tional trajectories traversing changing altitudes and throt-
tling conditions, characterization at a single design point
is insufficient. The off-design evaluations conducted in this
research provided essential predictive data regarding phys-
ical boundaries that directly impact structural integrity
and mission safety Zucker and Biblarz (2019). Specifi-
cally, mapping these transient envelopes allowed the iden-
tification of the exact pressure thresholds where intense
adverse pressure gradients cause near-wall kinetic energy
depletion, triggering severe shock-induced boundary layer
separation from the divergent solid walls (7, = 0) Schlicht-
ing and Gersten (2016).

The fluid flow topologies and performance metrics quan-
tified the catastrophic risks associated with these off-
design regimes. Under heavily over-expanded conditions
(NPR = 2.0 and 3.0), the severe flow separation and in-
ternal recirculation zones impose massive pressure drag
penalties, acting as an aerodynamic brake that forces a
critical net thrust loss of up to 70.17% at NPR = 2.00
compared to the baseline Zucrow and Hoffman (1976).
Conversely, the off-design tracking established that mit-
igating the atmospheric back-pressure leads to an inflec-
tion boundary at NPR = 4.50. Above this critical thresh-



old, the flow achieves complete geometric attachment, es-
tablishing stable regular shock reflections at the nozzle
lips and demonstrating a highly predictable, quasi-linear
propulsive dependence up to the nominal design point
(NPR = 6.80) Anderson (2020). Furthermore, pushing
into under-expanded trajectories (NPR = 9.00) yields a
32.06% expansion in net thrust (climbing to 35355.41 N)
sustained by secondary external expansion and external
Prandtl-Meyer plume flaring Mattingly (2006).

Ultimately, these insights highlight that off-design anal-
yses are paramount not only for predicting performance
penalties but also for preventing structural fatigue from
asymmetric side-loads and localized thermal blocks down-
stream of the exit plane. The quantified operational limits,
transition thresholds, and external plume diamond topolo-
gies mapped in this study position the cubic polynomial
configuration as a highly predictable reference geometry.
These numerical matrices offer key aerodynamic guidelines
and robust predictive boundaries essential for feeding real-
time chamber control algorithms and optimizing advanced
aerospace propulsion systems across transient flight en-
velopes.
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