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Abstract

Wave energy is one of the most promising renewable energy sources, and the catamaran-type
point-absorption wave energy converter (PAWEC) is a widely studied prototype because of its
compact size and its ability to absorb wave energy from all directions. The dynamics of such a
device, however, are described by a system of high-dimensional nonlinear non-autonomous vibra-
tion equations under T -periodic excitation, and whether the system possesses a stable periodic
response has not been rigorously established in general. In this paper, the radiation damping is
represented by an equivalent constant-coefficient linear damping model commonly used in engi-
neering practice, and the PTO system is modeled as a linear spring acting in parallel with a
nonlinear damper whose damping coefficient is proportional to a power of the relative velocity.
Using the coincidence degree theory of Mawhin, we prove that the resulting system admits a
unique T -periodic solution, and we further prove that the solution of the Cauchy problem with
arbitrary initial values converges asymptotically to this periodic solution. Numerical simulations
for a catamaran-type PAWEC confirm the theoretical results and illustrate the global attractivity
of the periodic response.

Keywords: wave energy converter (WEC); periodic forcing; coincidence degree theory; nonlinear
damping; ordinary differential equations (ODEs)
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Graphical Abstract

1 Introduction

With the rapid development of socio-economic and science and technology, global

energy consumption has been increasing rapidly. Traditional energy sources, such as

coal, oil, and natural gas, have limited reserves, and they cause severe environmental

pollution during the process of developing and utilizing. Consequently, the exploitation

and application of clean and renewable energy sources are of great significance. Due to

its vast reserves, wave energy is one of the vital renewable energy sources, which plays

a key role in the global renewable energy layout [1]. The wave energy flux per unit area

can reach 2∼3 kW/m2, which is significantly higher than that of solar energy (0.1∼0.3

kW/m2) and wind energy (0.5 kW/m2) [2, 3]. However, the waves have stochasticity

and vary greatly across multiple time scales of wave energy, making it one of the most

difficult marine energy sources to capture [4, 5].

Wave energy converter (WEC) is the core technology of wave power generation.

WEC is primarily classified into three categories based on the principle of energy cap-

ture: oscillating buoy type, oscillating water column type, and overtopping type. The

oscillating buoy type WEC utilizes wave-induced motions of a floater to drive the

Power Take-Off (PTO) system for energy conversion. The oscillating water column

type WEC utilizes waves to force the water column within an air chamber to move,

compressing air to drive the turbine generator. The overtopping type WEC guides

waves over the weir crest into an elevated reservoir, utilizing the difference of hydraulic

head to generate electricity [4]. The oscillating body WEC can be further divided

into point-absorption, attenuators, and terminators. The point-absorption type wave

energy converter (PAWEC) has dimensions smaller than the incident wavelength and

can capture wave energy from all directions, making it one of the most widely studied

prototypes. The attenuator type WEC has its long axes parallel to the direction of

wave propagation. The terminator type WEC has its primary axes perpendicular to

the wave direction, with dimensions similar to or larger than the incident wavelength

[4, 6, 7]. Furthermore, WEC can be categorized by its deployment method into fixed
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and floating types. Fixed WEC is anchored on the seabed or breakwaters, and is pre-

dominantly installed in nearshore shallow waters. Floating WEC, typically anchored

to the seabed through a mooring system, is suitable for deep-water, and has become

the current mainstream choice for deep-sea wave energy development [4, 6, 8].

This paper focuses on the PAWEC. A typical PAWEC, especially the point-

absorption type, generally comprises several key subsystems: one or more capture

floaters, a PTO system integrated with a power generation unit, and a control system

[9–11]. In this configuration, the floaters serve as the energy harvesting components

to capture wave energy, while the control system optimizes the efficiency of energy

extraction. Subsequently, the PTO system converts the captured energy into certain

form of mechanical or electrical energy.

At present, the mainstream analytical methods for PAWEC dynamics include the

linear frequency domain method, the linear/weakly nonlinear time domain method,

the computational fluid dynamics (CFD), and hybrid methods. The linear frequency

domain method, based on the linear potential flow theory, solves the steady state

periodic response of the system in the frequency domain. It is characterized by high

computational efficiency and is suitable for preliminary design and parameter scan-

ning; however, it cannot handle nonlinear problems. Some software, such as AQWA,

WAMIT, etc., is commonly used for numerical simulations [8, 12]. The linear/weakly

nonlinear time domain method, based on the Cummins equation, transforms frequency

domain hydrodynamic coefficients into the time domain [7, 13]. The time-domain

equations of this method can be solved by standard ODE solvers, e.g., the Runge-

Kutta method (MATLAB ode45), as in simulation tools such as WEC-Sim. The

convolution term (fluid memory effect) corresponding to radiation damping in the

Cummins equation introduces a dependency on motion history, making it impossible

to directly use classical constant coefficient linear ODE methods. Existing research

generally adopts two approaches: One involves linearization under the assumption of

single-frequency wave excitation to obtain the steady state response of the device [14–

16]; the other introduces equivalent control equations to replace the radiation damping

term [13, 17]. The CFD methods, by solving the Navier-Stokes equations using com-

putational software such as ANSYS Fluent and OpenFOAM, can simulate strong

nonlinear phenomena, such as viscosity, vortex flow, breaking waves, etc., more accu-

rately. However, it has extremely high computational costs and is usually used for key

component verification or specific phenomenon research. The hybrid method adopts

a mixed modeling framework combining frequency domain BEM, time domain multi-

body dynamics, and local CFD corrections, which also has high computational costs

[3].

The dynamic analysis of wave energy converter (WEC) encounters numerous chal-

lenges. The real ocean environment exhibits strong nonlinearities, including viscous

damping (especially for non-streamlined or small-sized floaters), vortex-induced vibra-

tion, nonlinear restoring forces induced by large-amplitude motion, PTO nonlinearities

(e.g., Coulomb friction, dead zone), and mooring nonlinearities. Traditional linear

potential flow theory often underestimates these effects, leading to overprediction of

power capture and inaccurate motion responses [3]. For catamaran-type or multi-

body WEC, the hydrodynamic coupling (radiation, diffraction) between floaters is
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exceedingly complex. Meanwhile, practical devices often exhibit coupled motions with

multiple degrees of freedom [18]. Furthermore, simulating the response and structural

loads of devices under extreme conditions, such as once-in-a-century storms, demands

high robustness of the models and algorithms.

To show that a catamaran-type PAWEC device exhibits steady state periodic

motion under nonlinear PTO conditions, this paper employs a constant coefficient

linear damping model, commonly used in engineering, to equivalently represent the

radiation damping effect [9, 14]. Using the linear/weakly nonlinear time domain

method, the existence and uniqueness of the periodic solutions of the system are

proved, providing a theoretical basis for the rationality of the steady state periodic

response.

The catamaran-type PAWEC is illustrated in Fig. 1. The surface floater is a

Fig. 1 Catamaran-type PAWEC diagram[19]

cylindrical-conical body, which is connected to an internal oscillator via the PTO sys-

tem [9]. This oscillator is sleeved over the central shaft of the floater and is constrained

to move vertically along the shaft. The PTO system consists of a linear spring and a

nonlinear damper.

Under wave excitation, the surface floater undergoes heave motion, which in turn

induces heave motion of the internal oscillator through the PTO system. The relative

velocity between the floater and the oscillator converts mechanical energy into electrical

energy via the damping mechanism within the PTO.

The geometric parameters of the floater and the oscillator are illustrated in Fig.

2. The variables z1 and z2 denote the vertical displacements of the centers of mass of

the floater and the oscillator relative to their equilibrium positions, respectively. h1

represents the height of the conical part of the floater, and r is the radius of the floater

base. h2 denotes the vertical distance from the floater’s center of mass to the tip of the

cone. h3 represents the height of the oscillator. h4 is the height of the cylinder part of

the floater.

We consider the nonlinear damper whose damping coefficient is proportional to

a power of the absolute relative velocity between the floater and the oscillator. The
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Fig. 2 The shapes and geometric parameters of the floater and oscillator

damping force is given by

c

⃓⃓
⃓⃓dz1
dt

− dz2
dt

⃓⃓
⃓⃓
α(

dz1
dt

− dz2
dt

)
,

where c > 0, and α ∈ (0, 1].

The forces acting on the floater are listed below:

(1) Radiation damping force generated by the waves, where Ca denotes the

equivalent damping coefficient, assumed constant for simplicity;

(2) Wave excitation force fe cos (ωt) produced by periodic small amplitude waves,

where fe > 0 is the amplitude, ω is the angular frequency, corresponding to the period

T = 2π/ω;

(3) Hydrostatic restoring force−kfz1, where the coefficient kf = ρgS is proportional

to the cross-sectional area of the floater immersed at the water surface S = πr2, and

ρ denotes the water density;

(4) Damping force from the nonlinear damper;

(5) Spring force −ks(z1 − z2), where ks denotes the spring coefficient.

By Newton’s second law of motion,

(ma +mf )
d2z1
dt2

= −Ca
dz1
dt

− kfz1 − c

⃓⃓
⃓⃓dz1
dt

− dz2
dt

⃓⃓
⃓⃓
α(

dz1
dt

− dz2
dt

)

− ks (z1 − z2) + fe cos (ωt), (1.1)

where mf denotes the mass of the floater, ma signifies the added mass generated by

the fluid surrounding the floater.

The forces acting on the oscillator are listed below:

(1) Damping force;

(2) Spring force.

By Newton’s second law of motion,

mv
d2z2
dt2

= c

⃓⃓
⃓⃓dz1
dt

− dz2
dt

⃓⃓
⃓⃓
α(

dz1
dt

− dz2
dt

)
+ ks (z1 − z2) . (1.2)

where mv represents the mass of the oscillator.
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Equations (1.1)–(1.2) constitute the system of equations of motion of the PAWEC.

This system is further reduced to a first-order form expressed as

dx

dt
= Ax+ g(x) + f(t), (1.3)

where x = (z1, z2, v1, v2)
T,

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1 0

0 0 0 1

− ks + kf
mf +ma

ks
mf +ma

− Ca

mf +ma

0

ks
mv

− ks
mv

0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (1.4)

g(x) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0

0

−c|v1 − v2|α(v1 − v2)

mf +ma

c|v1 − v2|α(v1 − v2)

mv

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (1.5)

f(t) =

⎛
⎜⎜⎜⎜⎜⎜⎝

0

0

fe cos(ωt)

mf +ma

0

⎞
⎟⎟⎟⎟⎟⎟⎠

. (1.6)

While the mathematical characterization of catamaran-type wave energy models

is relatively mature [20], analytical research into their nonlinear dynamics remains

insufficient. Existing analyses are predominantly based on linear or weakly nonlin-

ear assumptions. When a system can be simplified into a linear time-invariant system

under regular wave excitation of a single frequency, its steady state response is nec-

essarily a periodic solution of the same frequency. The amplitude and phase of such

solutions can be directly obtained via frequency domain algebraic equations or time

domain integration; this serves as the mathematical foundation for Response Ampli-

tude Operator analysis [3, 6]. If system parameters exhibit periodic variations, the

system reduces to a linear periodic coefficient system. In such cases, the existence and

stability of periodic solutions can be numerically determined using Floquet theory,

specifically by analyzing the eigenvalues of the state transition matrix [21].

The analytical approaches used for these linearized models provide an essential

reference for investigating nonlinear systems. For weakly nonlinear systems, a lin-

ear periodic solution is typically adopted as the zeroth-order approximation, with

perturbation methods employed to derive nonlinear corrections. The method of mul-

tiple scales can be extended to handle forced vibration systems with strong nonlinear

damping, revealing their periodic solutions and stability characteristics [21, 22]. How-

ever, when system responses exhibit subharmonics, period-doubling components, or
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significant deviations from linear resonance predictions, this indicates that nonlin-

ear mechanisms that are not captured by linearization have become dominant. In

such cases, theoretical tools from nonlinear dynamics are required to investigate the

existence, multiplicity, and bifurcation behavior of periodic solutions [23].

Although numerical methods can provide approximate estimations of the frequency-

amplitude relationships in nonlinear systems [24], a rigorous proof for the existence of

steady state periodic solutions in catamaran-type WEC, particularly under complex

mechanisms such as nonlinear PTO, remains a significant theoretical gap. Address-

ing this gap will establish a solid mathematical foundation for the dynamical design,

stability analysis, and performance optimization of nonlinear WEC systems.

This paper analyzes the dynamical equations (1.3) of a catamaran-type PAWEC

device equipped with a nonlinear damper. Utilizing coincidence degree theory, the exis-

tence, uniqueness, and global attractivity of periodic solutions under single-frequency

sinusoidal wave excitation are proved. These analytical results are further validated

by numerical simulations.

The remainder of this paper is organized as follows: Section 2 provides a rigorous

proof for the existence of periodic solutions corresponding to the excitation frequency

based on coincidence degree theory. Section 3 proves the global attractivity of periodic

solutions using Lyapunov stability theory. Section 4 demonstrates the uniqueness of

the periodic solution to the system. Section 5 verifies the qualitative analysis results

through numerical simulations; Section 6 concludes the paper and provides an outlook

for future work.

2 Existence of T -Periodic Solutions

To obtain the existence of periodic solutions to system (1.3), the following

definitions are introduced.

Definition 1 [25] Suppose that Ω ⊂ R
n is a Lebesgue measurable set with

positive measure. If a function h(x, u) : Ω× R → R
n satisfies

(1) For every u ∈ R, the mapping x ↦→ h(x, u) is a measurable function.

(2) For almost every x ∈ Ω, the mapping u ↦→ h(x, u) is a continuous function.

Then h is called a Carathéodory function.

Definition 2 [23] Suppose that X and Z are two real normed linear spaces, and

L : D(L) ⊂ X → Z is a Fredholm linear mapping of index zero. Let Ω be a bounded

open set in X, N : Ω → Z be L-compact, and F : D(L) ∩ Ω → Z be a mapping of

the form F = L + N such that 0 /∈ F (D(L) ∩ ∂Ω). Denote by CL the set of all pairs

(F,Ω). The mapping DL : CL ↦→ Z is called the coincidence degree with respect to L,

if DL ̸≡ 0 and satisfies the following two properties:

(1) Additivity-Excision Property

If (F,Ω) ∈ CL and Ω1,Ω2 are disjoint open subsets of Ω such that

0 /∈ F [D(L) ∩ (Ω \ (Ω1 ∪ Ω2))],

then (F,Ω1) and (F,Ω2) belong to CL, and

DL(F,Ω) = DL(F,Ω1) +DL(F,Ω2).
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(2) Homotopy Invariance

Let Γ be an open bounded subset of X × [0, 1], and the mapping H : (D(L) ×
[0, 1]) ∩ Γ → Z be

H(x, λ) = Lx+N (x, λ),

where N : Γ → Z is L-compact on Γ. Furthermore, ∀λ ∈ [0, 1], x ∈ D(L) ∩ (∂Γ)λ,

H(x, λ) ̸= 0, where (∂Γ)λ = {x ∈ X : (x, λ) ∈ ∂Γ}. Then, the mapping λ ↦→
DL(H(·, λ),Γλ) is constant in [0, 1], where Γλ = {x ∈ X | (x, λ) ∈ Γ}.

Consider the following periodic boundary value problem

dx

dt
= u(x, t), (2.1)

x(0) = x(T ), (2.2)

where u : [0, T ]× R
n → R

n is a Carathéodory function with T > 0.

To analyze system (2.1)–(2.2), a family of homotopy equations is constructed as

dx

dt
= w(x, t;λ), λ ∈ [0, 1], (2.3)

where for any given λ ∈ [0, 1], w(x, t;λ) : [0, T ]× R
n × [0, 1] → R

n is a Carathéodory

function satisfying

w(x, t; 1) = u(x, t), (2.4)

w(x, t; 0) = v(x). (2.5)

We have the following lemma on the existence of solution to (2.1)–(2.2).

Lemma 1 [23] Let G be an open bounded subset of Rn such that

(1) For any given λ ∈ [0, 1), if the solution x to system (2.3) with initial data (2.2)

satisfies

x(t) ∈ G, ∀t ∈ [0, T ],

then

x(t) ∈ G, ∀t ∈ [0, T ].

(2) The coincidence degree of v (= w(x, t; 0), see (2.5)) in G

deg(v, G) ̸= 0. (2.6)

Then, there is at least one solution x to system (2.1)–(2.2), such that x(t) ∈ G,

∀t ∈ [0, T ].

Next, we discuss the existence of periodic solutions to system (1.3). Throughout

the paper, we assume that

mf +ma > 0, mv > 0, Ca > 0, c > 0, ks > 0, kf > 0, α ∈ (0, 1],

which holds for the physical parameters used in Section 5. Take X = Z = CT , where

CT = {x ∈ C0([0, T ];Rn) | x(0) = x(T )}
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carries the supremum norm, and let L =
d

dt
be defined on D(L) = X ∩C1([0, T ];Rn).

Then kerL ∼= R
n consists of the constant functions and ImL = {u ∈ CT |

∫ T

0

u(t) dt =

0}, so L is a Fredholm operator of index zero. Since KP := (L|D(L)∩kerP )
−1 is an

integral operator, it is compact by the Arzelà–Ascoli theorem; hence every continuous

operator N mapping bounded subsets of X into bounded subsets of Z is L-compact.

This applies to the operator N induced by the right-hand side of (1.3), because g and

f are continuous and bounded on bounded sets. Write deg(F,Ω) = DL(F,Ω).

Theorem 1 System (1.3) admits a T -periodic solution with T =
2π

ω
.

Proof Construct a family of homotopy equations

dx

dt
= Ax+ g(x) + λf(t), λ ∈ [0, 1], (2.7)

where x = (z1, z2, v1, v2)
T.

When λ = 1, system (2.7) is just the system (1.3). When λ = 0, system (2.7)

reduces to an autonomous system

dx

dt
= Ax+ g(x). (2.8)

By (1.4)–(1.5), 0 is the unique equilibrium of (2.8): at an equilibrium the first two

equations give v1 = v2 = 0, the fourth gives ks(z1 − z2) = 0, and then the third gives

kfz1 = 0, so that z1 = z2 = 0.

Construct a Lyapunov function

V (x) =
1

2
(mf +ma)v

2
1 +

1

2
mvv

2
2 +

1

2
kfz

2
1 +

1

2
ks(z1 − z2)

2. (2.9)

V is a positive-definite function.

When λ = 0, the total derivative of V along the phase orbit of the autonomous

system (2.8) is

dV

dt
= −Cav

2
1 − c|v1 − v2|α(v1 − v2)

2 ≤ 0. (2.10)

Thus V is non-increasing along the orbits of the autonomous system (2.8).

Denote

v(x) = Ax+ g(x). (2.11)

Since g depends on x only through v1 − v2, and since α > 0 implies g(x) = o(|x|)
as x → 0, the Jacobian of v at 0 is A, so that det (∂v/∂x|x=0) = detA =

kskf
(mf +ma)mv

> 0; moreover, 0 is the only zero of v. By the standard index formula for

a nondegenerate zero (see, e.g., [26]), for every bounded open set G0 ⊂ R
4 containing
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0 with 0 /∈ v(∂G0) one has

deg(v, G0) = sign

(
det

(
∂v

∂x

⃓⃓
⃓⃓
x=0

))
= 1,

in particular deg(v, G) = 1 for the bounded open set G constructed below. Hence (2.6)

holds.

The verification of condition (1) in Lemma 1 is divided into three steps.

Step 1 ∥v1∥L2([0,T ]) and ∥v2∥L2([0,T ]) are uniformly bounded.

The total derivative of V along the phase orbit of system (2.7) is

dV

dt
= −Cav

2
1 − c|v1 − v2|α+2 + λfev1 cos(ωt). (2.12)

For any λ ∈ [0, 1] and any T -periodic solution x(t) to system (2.7), we have

0 =

∫ T

0

dV

dt
(x(t))dt

= −Ca

∫ T

0

v21(t)dt− c

∫ T

0

|v1(t)− v2(t)|α+2dt+

∫ T

0

λfev1(t) cos(ωt)dt. (2.13)

Applying the Cauchy-Schwarz inequality,

Ca∥v1∥2L2([0,T ]) + c∥v1 − v2∥α+2
Lα+2([0,T ]) ≤ fe

(
T

2

)1/2

∥v1∥L2([0,T ]). (2.14)

Hence,

∥v1∥L2([0,T ]) ≤
fe
Ca

(
T

2

)1/2

. (2.15)

Substituting (2.15) into (2.14), we have

c∥v1 − v2∥α+2
Lα+2([0,T ]) ≤

f 2
e

Ca

T

2
. (2.16)

Due to the embedding theorem in Lp spaces [27]

∥x∥L2([0,T ]) ≤ T
α

2(α+2)∥x∥Lα+2([0,T ]),

it follows that

∥v2∥L2([0,T ]) ≤ ∥v2 − v1∥L2([0,T ]) + ∥v1∥L2([0,T ])

≤ T
α

2(α+2)∥v2 − v1∥Lα+2([0,T ]) + ∥v1∥L2([0,T ])

≤
(

f 2
e

2cCa

) 1
α+2

T
1
2 +

fe√
2Ca

T
1
2 . (2.17)

Step 2 ∥z1∥L∞([0,T ]) and ∥z2∥L∞([0,T ]) are uniformly bounded.
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From the third and fourth equations of system (2.7),

(mf +ma)
dv1
dt

+mv
dv2
dt

= −Cav1 − kfz1 + λfe cos(ωt). (2.18)

By integrating both sides with respect to t over [0, T ], and noting that v1 =
dz1
dt

,

we have

∫ T

0

z1(t)dt = 0. By using the mean value theorem for integrals, there exists

t0 ∈ [0, T ] such that z1(t0) = 0.

Integrating the first equation of system (2.7) from t0 to t,

z1(t) = z1(t0) +

∫ t

t0

v1(τ)dτ =

∫ t

t0

v1(τ)dτ, (2.19)

thus

|z1(t)| ≤
∫ t

t0

|v1(τ)|dτ ≤ |t− t0|
1
2∥v1∥L2([0,T ])

≤ |t− t0|
1
2
fe
Ca

(
T

2

)1/2

≤ fe√
2Ca

T. (2.20)

Integrating the fourth equation of system (2.7) from 0 to T ,

−c

∫ T

0

|v1(t)− v2(t)|α(v1(t)− v2(t))dt− ks

∫ T

0

(z1(t)− z2(t))dt = 0, (2.21)

which leads to

ks

⃓⃓
⃓⃓
∫ T

0

(z1(t)− z2(t))dt

⃓⃓
⃓⃓ ≤ c∥v1(t)− v2(t)∥α+1

Lα+1([0,T ]). (2.22)

By using the embedding theorem in Lp spaces

∥x∥Lα+1([0,T ]) ≤ T
1

(α+1)(α+2)∥x∥Lα+2([0,T ]),

and combining with (2.16), we can obtain

ks

⃓⃓
⃓⃓
∫ T

0

(z1(t)− z2(t))dt

⃓⃓
⃓⃓ ≤

(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

T. (2.23)

By the mean value theorem for integrals, there exists t1 ∈ [0, T ] such that

|z1(t1)− z2(t1)| ≤
1

ks

(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

.

Thus

|z2(t1)| ≤ |z1(t1)− z2(t1)|+ |z1(t1)|

≤ 1

ks

(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

+ |t1 − t0|
1
2
fe
Ca

(
T

2

)1/2
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≤ 1

ks

(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

+
fe√
2Ca

T. (2.24)

Similarly, from the second equation of system (2.7), we have

z2(t) = z2(t1) +

∫ t

t1

v2(τ)dτ, (2.25)

thus

|z2(t)| ≤ |z2(t1)|+
∫ t

t1

|v2(τ)|dτ

≤ |z2(t1)|+ |t− t1|
1
2∥v2∥L2([0,T ])

≤ 1

ks

(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

+
fe√
2Ca

T + |t− t1|
1
2

[
fe√
2Ca

+

(
f 2
e

2cCa

) 1
α+2

]
T

1
2

≤ 1

ks

(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

+

[√
2fe
Ca

+

(
f 2
e

2cCa

) 1
α+2

]
T. (2.26)

Step 3 ∥v1(t)∥L∞([0,T ]) and ∥v2(t)∥L∞([0,T ]) are uniformly bounded.

Since x(t) is a periodic solution, by Rolle’s theorem, there exist t2, t3 ∈ [0, T ] such

that v1(t2) = v2(t3) = 0.

Integrating the third equation of system (2.7) from t2 to t yields

∫ t

t2

dv1
dt

(τ)dτ =
1

mf +ma

[
−c

∫ t

t2

|v1 − v2|α(v1 − v2)dτ − Ca

∫ t

t2

v1dτ

−ks

∫ t

t2

(z1 − z2)dτ − kf

∫ t

t2

z1dτ + λfe

∫ t

t2

cos(ωτ)dτ

]
. (2.27)

Applying the Cauchy-Schwarz inequality, we have

|v1(t)| ≤
1

mf +ma

[
c∥v1 − v2∥α+1

Lα+1([0,T ]) + 2Ca∥z1∥L∞([0,T ])

+ksT (∥z1∥L∞([0,T ]) + ∥z2∥L∞([0,T ])) + kfT∥z1∥L∞([0,T ]) +
2

ω
fe

]

≤ 1

mf +ma

[(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

T +
√
2feT + kf

fe√
2Ca

T 2 +
2

ω
fe

+ks

(
1

ks

(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

T +

(
3
√
2fe

2Ca

+

(
f 2
e

2cCa

) 1
α+2

)
T 2

)]

=
1

mf +ma

[
2

ω
fe + 2

(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

T +
√
2feT

+

(
(3
√
2ks +

√
2kf )fe

2Ca

+ ks

(
f 2
e

2cCa

) 1
α+2

)
T 2

]
. (2.28)
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Integrating the fourth equation of system (2.7) from t3 to t, we have

∫ t

t3

dv2
dt

(τ)dτ =
1

mv

[
−c

∫ t

t3

|v1 − v2|α(v1 − v2)dτ − ks

∫ t

t3

(z2 − z1)dτ

]
. (2.29)

Also applying the Cauchy-Schwarz inequality, we obtain

|v2(t)| ≤
1

mv

[
c∥v1 − v2∥α+1

Lα+1([0,T ]) + ksT
(
∥z1∥L∞([0,T ]) + ∥z2∥L∞([0,T ])

)]

≤ 1

mv

[(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

T

+ks

(
1

ks

(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

T +

(
3
√
2fe

2Ca

+

(
f 2
e

2cCa

) 1
α+2

)
T 2

)]

=
1

mv

[(
c

1
α+1

f 2
e

2Ca

)α+1
α+2

T + ks

(
3
√
2fe

2Ca

+

(
f 2
e

2cCa

) 1
α+2

)
T 2

]
. (2.30)

Denote R = max{zmax
1 , zmax

2 , vmax
1 , vmax

2 }, where zmax
1 , zmax

2 , vmax
1 , vmax

2 are the upper

bounds of the C0 norms of z1, z2, v1, v2 obtained from (2.20), (2.26), (2.28), (2.30),

respectively; here R serves only as a common numerical bound for the four components.

Since these bounds are independent of λ, every T -periodic solution of system (2.7)

satisfies ∥x(t)∥2 ≤ 2R for all t ∈ [0, T ]. Therefore, taking G = B(0, 2R+1) ⊂ R
4 yields

x(t) ∈ G, which verifies condition (1) in Lemma 1.

According to Lemma 1, system (1.3) admits a T -periodic solution. □

3 Global Attractivity of the T -Periodic Solution

Theorem 2 If x∗ = (z∗1 , z
∗

2 , v
∗

1, v
∗

2)
T is a T -periodic solution to system (1.3), then

for any solution x = (z1, z2, v1, v2)
T to system (1.3) with arbitrary initial data,

lim
t→+∞

|z1(t)− z∗1(t)| = 0, lim
t→+∞

|z2(t)− z∗2(t)| = 0,

lim
t→+∞

|v1(t)− v∗1(t)| = 0, lim
t→+∞

|v2(t)− v∗2(t)| = 0.

Proof Let x̃ = x − x∗ = (z̃1, z̃2, ṽ1, ṽ2)
T. Since x and x∗ are two solutions to

system (1.3), we can obtain

dx̃

dt
= Ax̃+ g̃(x∗, x̃), (3.1)

where

g̃(x∗, x̃) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0

0

−h(v∗1 − v∗2 + ṽ1 − ṽ2) + h(v∗1 − v∗2)

mf +ma

h(v∗1 − v∗2 + ṽ1 − ṽ2)− h(v∗1 − v∗2)

mv

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

Here, h(w) = c|w|αw.
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By (2.9), the total derivative of V along the orbit of system (3.1) is

dV

dt
(x̃) = −Caṽ

2
1 − (ṽ1 − ṽ2)(h(v

∗

1 − v∗2 + ṽ1 − ṽ2)− h(v∗1 − v∗2)). (3.2)

Since h is strictly increasing on R, we have (a−b) (h(a+ b)− h(b)) ≥ 0 for all a, b ∈ R,

with equality if and only if a = 0. Consequently,

(ṽ1 − ṽ2)(h(v
∗

1 − v∗2 + ṽ1 − ṽ2)− h(v∗1 − v∗2)) ≥ 0,

and the equality holds if and only if ṽ1− ṽ2 = 0. Thus, along any orbit,
dV

dt
(x̃(t)) ≤ 0.

Denote

D = {x̃ = (z̃1, z̃2, ṽ1, ṽ2)
T | ṽ1 = ṽ2 = 0}, (3.3)

then
dV

dt

⃓⃓
⃓⃓
x̃

= 0 holds along the orbit at x̃ if and only if x̃ ∈ D.

Next, we seek the largest invariant set within D. The orbit remaining in D satisfies

ṽ1 = ṽ2 = 0, (3.4)

dṽ1
dt

=
dṽ2
dt

= 0. (3.5)

Substituting (3.4)–(3.5) into system (3.1), we get z̃1 = z̃2 = 0. Hence, the largest

invariant set in D is M = {0}.
Since V (x̃(t)) is positive definite and monotonically decreasing along any orbit,

there exists a constant a ≥ 0, which depends on the orbit, such that

lim
t→+∞

V (x̃(t)) = a ≥ 0.

For any given r > 0, if the initial data satisfy V (x̃(0)) ≤ r, then the forward orbit

is contained within Pr = {x̃ ∈ R
4 | V (x̃) ≤ r}. Since Pr is bounded, the forward

orbit {x̃(t) | t ≥ 0} ⊂ Pr is also bounded. Although system (3.1) is non-autonomous,

it is T -periodic in t through the term v∗1 − v∗2; the argument below is therefore the

invariance principle for periodic systems, in which the shift by one period plays the

role of the discrete dynamical system. Thus the ω-limit set L+ ⊂ Pr is non-empty and

invariant under this period-T shift. By the Bolzano-Weierstrass theorem, there exists

a sequence tn = knT → +∞ such that

lim
n→+∞

x̃(tn) = p ∈ L+,

which leads to

V (p) = lim
n→+∞

V (x̃(tn)) = a.

Moreover, along the entire orbit Γ starting from p, V |Γ = a. Hence, this orbit lies in

the largest invariant set M . Therefore, for any initial data, the Cauchy solution to

system (3.1) converges globally asymptotically to 0. □
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4 Uniqueness of T -Periodic Solution

Theorem 3 The T -periodic solution to system (1.3) is unique.

Proof By contradiction. Suppose that system (1.3) admits two distinct T -periodic

solutions x = (z1, z2, v1, v2)
T and x∗ = (z∗1 , z

∗

2 , v
∗

1, v
∗

2)
T. If z1 ≡ z∗1 and z2 ≡ z∗2 , then

v1 = ż1 ≡ ż∗1 = v∗1 and v2 ≡ v∗2, contradicting the assumption that the two solutions are

distinct; hence there exists t0 ∈ [0, T ] such that |z1(t0)− z∗1(t0)|+ |z2(t0)− z∗2(t0)| > 0.

Taking a sequence tk = t0 + kT and using the T -periodicity, we have

|z1(tk)− z∗1(tk)|+ |z2(tk)− z∗2(tk)| = |z1(t0)− z∗1(t0)|+ |z2(t0)− z∗2(t0)| > 0. (4.1)

On the other hand, by Theorem 2,

lim
k→+∞

|z1(tk)− z∗1(tk)|+ |z2(tk)− z∗2(tk)| = 0, (4.2)

which leads to a contradiction. Therefore, the T -periodic solution to system (1.3) is

unique. □

5 Numerical Simulations

The system (1.3) is integrated numerically in the time domain over [0, 50T ] using

the MATLAB ode45 solver, which is based on the Runge-Kutta method. The script

used for this integration, together with the hydrodynamic data files it reads, is provided

as Supplementary Material (Online Resource 1), so that all results reported in this

section can be reproduced by running it. The following parameter values are used in

numerical simulations [3]: the mass of the floater mf = 206, 089 kg; the mass of the

oscillator mv = 402, 517 kg; the radius of the floater base r = 4 m; the stiffness of the

spring ks = 244, 336 N/m; the scaling coefficient of the power-law nonlinear damper

c = 1, 560, 000 kg · m−1/2 · s−1/2; the power-law exponent α = 0.5; the density of

seawater ρ = 1, 025 kg/m3; the gravitational acceleration g = 9.8 m/s2; the hydrostatic

restoring force coefficient kf = ρgπr2 ≈ 504, 916.8 N/m; the angular frequency of

the wave excitation force ω = 0.7791 rad/s; the period of the wave excitation force

T =
2π

ω
≈ 8.0645 s; the incident wave height H = 2.5 m; the added mass of seawater

ma = 132, 012.2 kg; the wave excitation force amplitude per unit wave height fe0 =

323, 559.7 N/m; the total wave excitation force fe = H · fe0 = 808, 899.4 N; the

radiation damping coefficient Ca = 25, 576.4 N · s/m.

The initial data are chosen as

z1(0) = 0 m, z2(0) = 0 m, v1(0) = 0 m/s, v2(0) = 0 m/s. (5.1)

Fig. 3 shows the dynamics of z1 and z2. From Fig. 3, we can see that the frequencies

of z1 and z2 are nearly identical. The last ten intervals between the adjacent wave

peaks are all around 8.0645 s, which coincides with the period of the wave excitation

force T .
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Fig. 3 The response curves of z1 and z2

Fig. 4 shows the variation of peak time intervals (tk+1 − tk). Within the first 3

periods, the peak intervals for both z1 and z2 exhibit intense fluctuations. After 3

periods, peak time intervals slightly oscillate around period T . This indicates that the

peak intervals gradually reach the excitation period.

Fig. 4 The variation of peak time interval with time

Fig. 5 shows the orbit projecting onto the phase planes z1-v1, z2-v2, z1-z2, and v1-v2
(Fig. 5 (a)–(d)), respectively. The orbit in each phase plane approaches a limit cycle,

and the phase points at integer periods converge to a single point.
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(a) z1-v1 (b) z2-v2

(c) z1-z2 (d) v1-v2

Fig. 5 Phase plane projections of the solution orbit

In order to validate the global attractivity, we consider the solutions to system (1.3)

with two different initial data given by (5.1) and

z1(0) = 20 m, z2(0) = 20 m, v1(0) = −20 m/s, v2(0) = 20 m/s. (5.2)

Fig. 6 shows the orbits projecting onto the z1-v1 phase plane (Fig. 6 (a)) and the

z2-v2 phase plane (Fig. 6 (b)). In Fig. 6 (a) and Fig. 6 (b), both orbits converge to the

same limit cycle, and their phase points at integer periods converge to the same point.
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(a) z1-v1 (b) z2-v2

Fig. 6 Projection of the orbits for different initial data over [0, 50T ]

Fig. 7 shows the dynamics of the differences between each component of the solu-

tions corresponding to initial data (5.1) and (5.2) (Fig. 7(a)–(d)). The differences

of all components rapidly converge to 0, which confirms the uniqueness and global

attractivity of the T -periodic solution.

Fig. 7 Differences of solutions under different initial data

6 Conclusions

In this paper, we study the dynamics of a catamaran-type WEC equipped with a

nonlinear damper under periodic wave excitation. By using coincidence degree theory,

we rigorously prove the existence, uniqueness, and global attractivity of the T -periodic

solution to the system. Furthermore, numerical simulations successfully validate the

theoretical results.

We will attempt to estimate the convergence rate at which general Cauchy solutions

converge to the periodic solution from an analytical perspective. Such estimates are
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essential for characterizing the transient dynamics and global convergence properties

of damped periodically driven systems, with direct implications for evaluating how

quickly a WEC device reaches its steady energy-harvesting state from general initial

conditions.

Furthermore, we will employ semi-analytical techniques to obtain numerical peri-

odic solutions for concrete systems, and subsequently analyze the variation of the mean

energy absorption rate with respect to system parameters.
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