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Optical Properties of ML-TMDCs

*Calculation of the Absorption Coefficient of ML-TMDCs
Analytical investigation of the optical properties of ML-TMDCs, including the absorption coefficient and oscillator strengths between different energy states, based on a Hamiltonian formalism, is one of the main objectives of this study. In the following, employing a semiclassical approach in conjunction with perturbation theory, we derive fully analytical expressions for the interaction Hamiltonian and the absorption coefficient of the considered structure. We begin with the massive Dirac-like Hamiltonian governing ML-TMDCs and define the Fermi velocity of the monolayer as ​. The Hamiltonian for the structure under consideration can then be written as follows [1–3]:
            (A1)
 denotes the Pauli matrices, a is the lattice constant of each ML-TMDC with a hexagonal crystal structure, t is the effective hopping energy, Δ is the monolayer band gap, and 2λ represents the spin–orbit coupling (SOC) splitting. The indices s and τ denote the spin and valley indices, respectively, with  corresponding to the  and  valleys. The parameters of the ML-TMDC Hamiltonian for the different materials considered in this study are summarized in Table A1.
Table A1. Structural parameters of various ML-TMDC semiconductors

	
	
	
	
	Material

	0.15
	1.10
	1.66
	3.193
	

	0.18
	0.94
	1.47
	3.313
	

	0.43
	1.37
	1.79
	3.197
	

	0.46
	1.19
	1.60
	3.310
	



In the presence of an electromagnetic field, the momentum is modified according to , where  denotes the electron momentum operator and  is the vector potential. Accordingly, the Hamiltonian of the monolayer in the presence of the electromagnetic field can be written as follows:
       (A2)      
Thus, the total Hamiltonian of the system in the presence of the electromagnetic field can be expressed as . This Hamiltonian can be conveniently decomposed into a non-interacting Hamiltonian () and an interaction Hamiltonian (), such that it can be rewritten as . Finally, by defining  for the  valley as , the interaction Hamiltonian for this valley can be simplified to . Likewise, by defining  for the  valley as , the corresponding interaction Hamiltonian for this valley is obtained as .
The effect of the electromagnetic field on the solid-state system is treated as a perturbation, driving the system from its initial state  to a final state  after a time t. Within first-order perturbation theory, only the term linear in the electromagnetic field is retained, given by . We then examine the transition between the initial and final states induced by the incident light. By considering the time-dependent Schrödinger equation and carrying out the necessary calculations, the final form of Fermi’s golden rule is obtained as follows:
               (A3)
Consequently,  represents the transition probability of a carrier from the initial state  to the final state . We assume that a classical optical field  is incident on the system and is described by:
           (A4)
where  denotes the polarization vector of the incident electromagnetic field and  is the corresponding angular frequency. If the electromagnetic wave is incident on the x-y plane at an angle (Fig. 1), the coordinates of the incident wave are denoted by primed coordinates, whereas the coordinates of the structure are represented by unprimed coordinates. Accordingly, based on the considerations presented above, if the propagation direction of the electromagnetic wave is  along (), the circular polarization vectors in the primed coordinate system for right- and left-handed circularly polarized light are given by  and , respectively.
Using the three relations given above, together with the interaction Hamiltonian of the structure and the defined classical electromagnetic field, we proceed to solve the problem. We define the vector potential associated with the incident field as . For the  valley, substituting this vector potential and the classical optical field into  yields the following interaction Hamiltonian:
              (A5)
When light is incident on the system, it can induce electric dipole, electric quadrupole, and magnetic dipole transitions in the material.
We assume that the incident radiation lies in the visible and infrared spectral ranges, with a wavelength of approximately , which is much larger than the unit-cell size of the ML-TMDCs, , i.e., . Therefore, we can infer the relation , and the interaction Hamiltonian takes the form . Under these physical conditions, the electric-dipole contribution is the dominant transition mechanism. Accordingly, we employ the electric-dipole approximation. Finally,  is obtained in the form . 
We now return to the calculation of the transition probability. To evaluate this quantity, we first need to calculate  in the form . Furthermore, according to the definition of , the above integral can be rewritten as:
        (A6)
By defining  as , and noting that the wavefunctions have no explicit time dependence, the above expression can be written as . Taking t as the transition time and employing the rotating-wave approximation, or equivalently considering the resonant transitions, together with the properties of the Dirac delta function, we obtain the transition probability in the following form:
                  (A7)
The total transition probability  is obtained by integrating over all the states involved in the transition and is defined as .
Interband absorption is the dominant absorption mechanism and is particularly important in crystals with a direct band gap. The dependence of the absorption coefficient on the frequency of the incident electromagnetic radiation can be determined from the definition of the absorption coefficient. Considering the transition in the vicinity of , introducing the reduced mass as , and applying the divergence theorem to convert the volume integral into a surface integral, while accounting for the two-dimensional nature of the structure, the transition probability is obtained as

           (A8)
We next establish the relationship between the transition probability and the absorption coefficient. The absorption coefficient is defined as the transition rate per unit photon flux, given by . The photon flux is, in turn, defined as the number of incident photons per unit area per unit time, i.e., . It can also be determined from the time-averaged magnitude of the Poynting vector (), normalized by the incident photon energy, according to . Therefore, based on these definitions, the absorption coefficient can be directly expressed in terms of the transition probability. Substituting the transition probability obtained for the present structure from Eq. (A8) yields the following fully analytical expression for the absorption coefficient:
          (A9)
A key feature of ML-TMDCs is their unique optical response. Owing to their electronic structure and the associated optical selection rules, light with ​ polarization couples selectively to the  valley, whereas light with ​ polarization couples selectively to the  valley. As discussed above, for the  valley, the matrix , which was defined for an individual monolayer, takes the form . Similarly, when the  valley is considered,  is defined as . Furthermore, as derived above,  is given by . We can therefore obtain  in the unprimed coordinate system by transforming the primed coordinates using the corresponding coordinate-transformation matrix. After carrying out the necessary algebra,  is obtained in the following form:
          (A10)
If the functions ​ are defined as , and the relation  is satisfied, then  can be simplified and expressed as . We can next consider the  valley for light with the same right-handed circular polarization. Following the same procedure and using the definitions introduced above, we ultimately obtain the relation  for this particular case. The same analysis can then be repeated for left-handed circularly polarized light.
In the subsequent calculations, we need to derive analytical expressions for the coefficients ​ consistent with the specific structure under consideration. Owing to their crystal structure, ML-TMDCs consist of two sublattices, denoted by A and B. Accordingly, the wavefunction of these materials is represented by a two-component spinor, , and the corresponding eigenfunctions and eigenvalues have been extensively reported in the literature [4,5]. By employing these material-specific properties together with Fourier transformations, we evaluate the integral in two-dimensional polar coordinates and ultimately obtain the following analytical expression:
        (A11)
Here, the effective band gap is defined as , and the relation  has also been used. This model therefore describes the carriers in the vicinity of the  and  points in momentum space, with the corresponding wave functions represented in spinor form. The same procedure can subsequently be applied to , which ultimately leads to the same expression given above. Consequently, we obtain .

Oscillator Strength ():
An important optical parameter of the structure is the quantum-mechanical oscillator strength. In quantum mechanics, the dimensionless quantity ​ is referred to as the oscillator strength associated with the transition frequency  and is defined as , where ​ denotes the electric-dipole matrix element between the initial and final states. The central task in this section is therefore to calculate the dipole moment for the system under consideration, namely, to evaluate . To calculate this quantity, we first evaluate the commutator of the position operator r with the Hamiltonian H, i.e., . Considering the  valley and rewriting the Hamiltonian of the structure, the Hamiltonian takes the form . Since the position operator r commutes with the spin components, , we obtain .
Sandwiching this relation between the initial and final states of the system yields . On the other hand, expanding the first term on the right-hand side of this relation gives . Comparing this result with the second part of the relation ultimately leads to the following expressions for the dipole-moment matrix elements in the  and  valleys:

         (A12) 
Consequently, the oscillator strength ​, which plays a crucial role in determining the optical absorption, is obtained as
            (A13)
Finally, using the definitions of  and  for the  and  valleys, respectively, together with the expressions for ​, the modified expression for the oscillator strength is obtained as
       (A14)
In conclusion, a fully analytical framework has been developed here for investigating the optical properties of ML-TMDCs.
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