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Abstract

We study nonconvex—nonconcave finite-sum minimax problems under the Minty variational
inequality condition. We propose [iSminimaxPALM, a double-inertial variance-reduced prox-
imal alternating method whose query and post-update inertia are unrestricted in [0,1), the
zero-inertia case included. With the SAGA estimator the method achieves evaluation com-
plexity N + O(N?L?D?/e?) and an epoch SARAH variant achieves O(v/NL*D?/e?), where
D is the diameter of the domain around the Minty point. The N? single-loop scaling is proved
optimal among unbiased table-based estimators within anchor-type analyses by a staleness
lower bound: no unbiased estimator refreshing b entries per iteration contracts faster than
1—b/N (Theorem , and the €2 scaling is proved class-optimal at N = 1 by an explicit
star-monotone nonconvex hard instance (Theorem [E.3)). Whether the Minty class admits a
VN LA /€% lower bound matching Proposition ated as a conjecture with an explicit
construction program (Appendix@; the strongest available bound of that form [3] is proved
for a nonconvex zero-chain outside the Minty class. Under strong monotonicity of the saddle
operator (covering strongly convex—strongly concave composite problems) the deterministic
non-inertial variant converges R-linearly with certified rate (1 +nu)~!, and the prox-center
inertial variant is shown to preserve linear convergence for sufficiently small inertia, and on
quadratic games the full range of inertia is certified in the decoupled case, and the tested
coupled instances are certified by exact spectral computation (Theorem Remark .
For the main stochastic complexity theorem the prox-center parameter is taken o = 0; the
inertial prox-center case is left as an explicit open problem (Remark . Numerical experi-
ments on a benchmark on which the Minty condition is proved confirm the oracle advantage
at large N, the geometric decay, and convergence for every tested inertial configuration,
including v = 0 and the beyond-theory case a > 0.

Keywords: nonconvex—nonconcave minimax optimization; inertial acceleration; variance reduc-
tion; Minty variational inequality; proximal alternating methods.
Mathematics Subject Classification: 90C26, 90C15, 90C47, 68Q25, 68T05.

1 Introduction

1.1 Problem and motivation

We consider

Jmin max W(wy) = Hwy) +[(2) = gly),  Hley) = § T Hilwy), (1)
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with each H; smooth, and f : R™ — (—o00, +00], g : R™2 — (—00, +00] proper lower semicontin-
uous convex (possibly indicators of convex sets). Problem arises in adversarial training [27],
generative adversarial networks [20], robust tensor decomposition [23], and adversarial dictionary
learning [26].

Positioning. Proximal alternating methods are classical for block nonconvex minimization
[5, B82, 19, [35], [36], [4], and deterministic proximal alternating schemes exist for nonconvex—concave
minimaz |24, 6]. On the stochastic side, extragradient-type methods work under generalized
monotonicity and (weak) Minty assumptions [I5 17, [8, [13], and inertial proximal methods are
studied for monotone inclusions arising from GANs [10], double-inertial extrapolation being clas-
sical in variational-inequality methods [40], and variance reduction for saddle-point problems and
monotone inclusions is classical [30, 25, 37, 1l 2, [7]. A variance-reduced inertial block-coordinate
proximal alternating method under the Minty MVI condition, with matching lower-bound cer-
tificates, has been missing. This paper develops such a method. Three qualifications are stated
at the outset and used throughout: our single-loop SAGA bound carries an N2 dependence that
we prove is information-theoretic for unbiased estimators (Appendix ; our linear-convergence
theorem covers the deterministic non-inertial variant, with the inertial extension given for small
inertial parameters (Appendix and the stochastic rate proved in [37] for the smooth non-
inertial case; and the main stochastic complexity analysis assumes a vanishing prox-center in-
ertial parameter (o = 0), the inertial prox-center case being open in the anchored framework

(Remark [4.2).

1.2 The Minty variational inequality

Definition 1.1 (Minty MVT 28| [I7]). Problem satisfies the Minty MVI condition if there
exists 2* = (z*,y*) € dom OV such that for all z = (z,y) € dom 9V, all u € 9f(x) and v € dg(y),

(VoH(2,y) + u,x —a%) + (=Y, H(z,y) + v,y —y°) > 0. (2)

If H is convex—concave and f, g convex, holds at any saddle point. The condition excludes
cycling and legitimizes the proximal gradient residual as a stationarity measure [17]; Wasserstein
GANs with gradient penalty are a practical example satisfying a weak Minty condition [22].

Hierarchy of well-posedness conditions. (i) convex—concave = (ii) Minty MVI ({2)); (iii)
weak Minty MVI [17]: holds for some z* (rather than at every solution); (iv) negative
comonotonicity [8,[13,9]: (F(2)—F(2'),2—2") > —a| F(2)—F(2')||?, strictly weaker than Minty;
(v) interaction dominance |21, a curvature condition guaranteeing convergence of proximal-point
and descent—ascent schemes outside the Minty class.

1.3 Contributions

(i) Algorithm. IiSminimaxPALM (Section [3): the double-inertial mechanism of [36] trans-
ferred to the minimax setting, with post-update inertia based on xpy1 — xx; our analysis
imposes no lower bound on the post-update inertia beyond [0, 1), covering in particular
v¥ = 0 (the inertial hypotheses of [35 36], the latter as corrected, are not invoked here).

Query inertia Bf € [0,1) is covered; the complexity theorem takes the prox-center param-
eter « = 0 (Remark [4.2)).

(ii) Complexity, with both directions. SAGA: N + O(N?L2D?/?) (Theorem ; epoch
SARAH: O(VNL*D?/<?) (Proposition. The N? single-loop scaling is proved optimal
among unbiased table-based estimators within anchor-type analyses (Theorem [A.2] Corol-

lary [B.2)); lower bounds for the Minty class transfer through the convex embedding (Propo-

sitio, and the ¢72 scaling is class-optimal at N = 1 via an explicit star-monotone



nonconvex instance (Theorem [E.3); the optimal v N LA/e? bound is conjectured with a
construction program (Appendix E[)

(iii) Linear convergence. Under strong monotonicity, the deterministic non-inertial variant
converges R-linearly with certified rate (1 +nu)~! (Theorem , and the inertial variant
preserves linear convergence for o < nu/50 (Theorem . On quadratic games, the
decoupled case certifies the full range of inertia with acceleration 1 — @(n_l/ 2); coupled
instances are certified for small coupling by the theorem and for the tested instance by
exact spectral computation (Theorem Remark .

(iv) Adaptive steps. A backtracking variant retaining the complexity for initial step below a
problem-dependent threshold (Theorem [6.1]).

(v) Provably-Minty benchmark. A nonconvex-nonconcave finite-sum game on which the
Minty condition is proved (Proposition [7.1); all experiments use it (Section .

2 Preliminaries

We use the standard subdifferential calculus for proper l.s.c. convex functions [34].

Assumption 2.1 (Smoothness and block structure). (i) H = + Zf\il H; with each H; finite-
valued and C*; (i) V,H (-, y) is globally L1 (y)-Lipschitz and V, H (x, -) is globally Lo (x)-Lipschitz;
VH is Lipschitz on bounded sets with constant M; (iii) inf, , ¥(x,y) > —oo; (iv) f and g are
proper l.s.c. convex.

Assumption 2.2 (Boundedness). (i) dom f and dom g are bounded; or (ii) the sequence {zj}
generated by Algorithm [I]is contained in a bounded set.

Remark 2.3. Under[2.2[(i) the iterates and the extrapolated points (Z, 2k, Zx+1) (resp. (Jk, Uk Jr+1))
remain in a bounded set: each is of the form (1 4 @)u — fv with 6 € [0,1] and u,v € dom f
(resp. domg). We define the uniform constants Ly = sup,cy Li(y), Loy = sup,ey La(z),

] IVH(z)=VH(]

M = sup =7 over the bounded set, and

L :=max{Ly,Ly} < M. (3)

If L is a per-component constant, ||V H;(z) — VH;(2")|| < L||z— 2'|| for all i, then Ly, Ly, M < L.
All constants are Fp-measurable.

Definition 2.4 (Proximal gradient mapping). For ni,m2 > 0, Gy(2) :== (n; ' (z — Proxf;1 (x —
mV.H(z,y))), 1y (y — Prox{ (y +n2VyH (z, y)))), and z is stationary iff G,(z) = 0.

Definition 2.5 (Block-partial first-order oracle). A query with (z,y,4,b), b € {z,y}, returns
V.Hi(z,y) or VyH;(x,y); querying both blocks of component ¢ counts as two evaluations. Al-
gorithm 1| draws two independent indices per iteration (one per block) and therefore uses two
evaluations per iteration; a full gradient costs N component evaluations (2N block queries).

Our estimator-error template follows [14], adapted to the minimax setting.

Definition 2.6 (Variance-reduced minimax estimator). A gradient estimator VH = (V. H, V,H)
is variance-reduced with constants Vi,V > 0 and 7 € (0,1] if there exist random vectors
By, = (B{, BY) (deterministic error) and Sy = (S§, S}) (stochastic error) such that

(i) Decomposition and unbiasedness. V. H (x,7x) = Vo H (241)— By —SF and Vy, H (Zj 11, Ux) =
VyH (zk41) + Bj + Sy, with E¢[SF] = 0, E¢[S}] = 0 (the two block queries use independent
draws; conditionally on the z-draw the y-query point is fixed and the estimator is unbiased
there, so E[S{] = 0 holds by the tower property);



(ii) Second-moment bound. there exist Fj-measurable vi and mj > 1 such that, with

b= S o2

Ex[[ISEN? + I1S2IP] < Tk + Vi (B ll2rs1 — 26l + 12k — zo—1l” + l26—1 — 26—21);

(iii) Contraction. E; 'y — (1 — T)Pk <V (Ek H2k+1 — Zk||2 + sz —Zp_1 H2 + sz,1 — Zk,2||2).

Lemma 2.7 (SAGA satisfies Definition . Let L be a per-component Lipschitz constant on
the bounded set. The SAGA estimator [16/—two independent uniform draws per iteration (one
per block), table initialized at zy = z_1, both block queries reading the table in its state at the
start of the iteration, and exactly one entry (the sampled x-index) refreshed after the queries at
the x-query point—satisfies Definition with

1 i
Vi =16NL?, -1 =32N?%2 (4)

Vi = 24172 =
1 ) T 2N7 T

Proof. Let gj VH; (qﬁk ) be the table entry and g% = +; Z gé“ For a query point w and uniform
index j, VH(w) = VHj(w) — g]—i—g,WlthX VH;(w) — g]7

- 1
By [VH(w) = VH(w)|? = B |1X; ~ Ec X1 < Ec I = 3 IVH; () = o)
J

Wlt = VH;(w) — VH;j(2,—1) and b = VH;(zp_1) — g?, (a + b)? < 2a® + 2b? gives, for
= Z IV H;(65) = VHj(zr-1) 1%,
Ex [|VH (w) — VH(w)|* < 2L°|lw — 25_y||* + 2. (5)

For the z-query wi = (&k,yx): T — xp—1 = (1 + 5{“)A’£, Uk — yk—1 = (1 + ygfl)A%, hence
lwi — zp_1]|? < 4]|Ax||?. For the y-query wz = (Zke1, k) Tl — Th—1 = A+ (1+ 'yf)Ai,
Ok — k-1 = (1 + B5)AY, hence [|[w) — zp—1]|* < 2||Ags1]|* + 8||Ax|/®. Since the z-query is
Fr-measurable and the y-query is fixed conditionally on the z-index,

Ep [|SE|1> < 8L2|| Ag* + 2T, Ey ||SY]1? < 4L* B |Agqa||® + 16L%(|Ag||* + 2T

Summing and rescaling I" <+ 41" yields property (ii) with variance term Ty, and V3 = 24L? (which
dominates the 4L% coefficient of Ey, || Ag41]|?). Property (i) holds: Ex[SF] = 0 since the a-query is
Fir-measurable, and Ej[S}] = 0 conditionally on the z-draw since the y-index is an independent
uniform draw reading the start-of-iteration table.

For property (iii), let wy be the stored point of the refreshed index; then |wy — 2x||? =
B2 AZ|12 + 72| AY||2 < ||Ag|[®. With probability 1 — & the table is unchanged and only the
reference moves; with probability % one entry is replaced by w;. Hence

Ex i1 =

N-1 1
S DIV (6h) - VH ()| + ZHVH wr) = VH; ()
J

Young’s inequality |[u+v||? < (14a)|jul|*+(1+ 1)H’UH2 with a = &, u = VH; (gbk) VH;(z,-1),
v = VH](zk,l) VH; (zk) bounds the ﬁrst term by YA (14 55 )Tk + (1+ 2N)L2HAkH ]. Since
1-3)1+55)=1- 2N2 <1- g and (1-— N)(l +2N)L? < 3NL?, while the refresh

term is at most %”Akw < NL2||Ag2,

1
E,T <<1——>F ANL2|AL|2.
kLry1 < o )Tkt | Akl

Rescaling by the same factor 4 gives (iii) with 7 = 5%, Vp = 16 NL?, hence Vp/7 = 32N?L2. [



Algorithm 1 [iSminimaxPALM
Require: Initial points (z_1,y_1) = (%0, ¥o); inertial parameters o¥, 3
nt > 0.
for k=0,1,2,... do
Ty = wp + of(wp — xp-1); B = ap + B (wr — 2p-1)
Tk+1 € PTOXZ;JIC (j'k - ﬁ]foH(kav gk))

k

7

vF € ]0,1); step sizes

1:
2:
3
- k
4: Try1 = Thy1 + 97 (Thg1 — Tg)

, ~ ki, _ N k(, _
5 Uk =Yk T o3(Yk — Yk-1); Ik = Yk + B5(Yk — yk—1)
6 Yk+1 € Proxf;k (gk. + U’fvyH(ka, Qk)) > proximal ascent

2

7 Ukl = Y1 + 75 W1 — yi)
8: end for

3 The IliSminimaxPALM algorithm

Remark 3.1 (Design). Compared with [36] the maximizer update (line 6) uses the proximal
operator for g, reflecting the ascent nature of the inner maximization. The post-update inertia
(lines 4 and 8) uses xy1 —x rather than x4 —Zy; consequently the analysis of Sectionrequires
no nonzero lower bound on ’yf, and in particular ’yf = 0 is covered (for the inertial hypotheses of
[35. 136], including the correction to the latter, we refer to those works). With of = gF =¥ =0
and exact gradients the method is proximal gradient descent—ascent; with stochastic gradients it
is SPRING [I8] adapted to minimax. Throughout the convergence analysis of Section @ we set
the prox-center parameter to af = 0 (Assumption ; the query and post-update parameters

f, 'yf” € [0,1) remain unrestricted. The inertial prox-center case af > () is open in the anchored
framework and is discussed in Remark

4 Convergence analysis

Table 1: Notation for Section [l

Symbol Meaning

2k = (Thy Yr), 2% Zk iterate, Minty point, post-update extrapolation

Ap =z — 2k—1 displacement

Ak = Llze — 2|15 Co, o’ distance potential; summation constants (Lemma [4.5)
By, Sk, T'x estimator bias, stochastic error, table potential (Def. |
D diameter supy, ||z — 2" (7)

7 Vi, Vo, © =V /7 estimator constants (Def.

1, Biy, Vi step size and inertial parameters (a; = 0)

c=3nM, ap =1 —¢; co, p, ck, P1, P2, ¢ Lyapunov coefficients (Lemmas

L, Ly, L, L, M smoothness constants (Remark l

o residual-bound constant (Lemma i

Write Apj1 = Zkg1 — 2k, Dk = 2k — Zk—1, Dpo1 = 2k—1 — 2k—2, 2k = 2k + (1A, a2 AY) and
Wy 1= 21 — 2k = Dgy1 — (alAi,agA%). (6)
Throughout, z* = (z*,y*) is the Minty point of Definition and
D :=sup|lzi — 2*|| < o0 (7)
k>0
(finite by Assumption and Remark under i), D is at most the diameter of the set

of extrapolations, a pure problem constant). In this section the prox-center parameter vanishes,
a; = 0 (Assumption [4.1)), so that Zy = 2z, wr = Agy1, and the distance potential is the plain



A = 3|2k — 2*||>. Let u € Of (zx41) and v € Og(yx+1) be the subgradients furnished by the
first-order conditions of the two proximal subproblems, and let By, = (B{, B}) and Sy, = (S¢, SY)
be the decomposition of Definition i), so that

VoH =V, H(zk41) — Bf — Sg,  VyH =V, H(zp11) + B} + S} (8)
at the respective query points (the asymmetric signs reflect the descent/ascent structure).

Assumption 4.1 (Parameter conditions). The prox-center parameters vanish, af = 0; the query
and post-update inertial parameters satisfy 0 < ﬂf, 'yf < 1. The step sizes are fixed, nf = 77”2C =,
where

1 1
< minq1 = . 9
nswin{l, oo ) 9)

Remark 4.2 (Why a = 0, and what fails for &« > 0). With an inertial prox-center («; > 0) the
anchor naturally produces the subtracted potential 3|z, —2*[|?— %t || zp—1 —2*[|? — 2 lyk—1 — " ||,
and bounding the bias inner product 2n(Byg, zk+1 — 2*) by Young’s inequality produces a term
proportional to ||z 1—2*||?>. Converting this term back into the subtracted potential regenerates,
at every iteration, a bounded term proportional to nMaD? (& = max «;): indeed ||z — 2*||? =
2A, + (aq||lze—1 — z*||* + az||lyx—1 — v*||?), and the second summand is bounded only by D?. The
standard repairs (perturbing the potential, absorbing into the slack of ||wg||?, adding ||z, — 2*||?
to the Lyapunov with a small weight) all regenerate the same per-iteration constant, which
would cap the stationarity guarantee at a nonzero floor. For a = 0 the argument closes exactly
(Lemma , because the unmatched term enters with a negative sign in the summed inequality
and is dropped legitimately. Closing the inertial prox-center case therefore requires either a
different estimator split or a different potential, we state it as an open problem.

Lemma 4.3 (Anchor inequality). For every k > 0,
2(Agy1 — Ag) + ||Ak+1||2 < 2n(By, + Sk, zk+1 — 27). (10)

Proof. The optimality conditions of the z- and y-subproblems give

Tht1 — T, = - Yktl — Uk & _ N

% = — (Vo H (Zk, Jk) + u), +T = VyH(Tpy1,91) — 0. (11)
Since a; = 0 we have Ty = xg, §Jr = yi; testing the two identities in against xp1 — 2* and
Yr+1 —y* and using the three-point identity 2(a —c,a —b) = ||a — ¢||> — ||b — ¢||?> + ||a — b||? with
a = g1, b=, c = z* (and likewise for y) gives, after adding the two blocks and using ,

2(Akr1 — M) + [ Apsall? = =20(F (zk41), 2641 — 2°) + 20(B + Sk, 241 — 27,

with F(zp11) = (VoH (2k41) + u, —VyH(2p41) + v). The first term on the right is nonpositive
by the Minty condition applied at z = 211 € dom OV; dropping it yields . O

Lemma 4.4 (Master inequality). | B2 < ([ Ay ]+ | A4ll) and | BY < Ml A |+ 1A4]),
hence

1Bill < 3M (| Aprall + 1A (12)
Set
c:=3nM < i, ap:=1-—c¢, co = L, (13)
— 100 640
2
Then
coVi

Ci
|A—1]? + STk, (15)

ao Eg |zk1 — 2°[1% = 2k — 2*)1° + p Bk | Akt |1* < crllAgl® + 5

2
and, under Assumption p > % and ¢ < %.

6



Pmof B} =V, H(2k4+1)—VzH (Zk, yr) is controlled by the displacement (zx41—Zk, Yk+1— k) =
(AL, —BYALAY | — LAY, of norm at most [|[Agt1]| + ||Ag|l; similarly BY =V, H (z41) —
VyH(Zpy1,0%) is controlled by (WEAE, 1, AY L —B5AY), of norm at most 2[|Agy1]|+ || Ax| (using

B, <1). Hence
Take Ej in and split

(Br + Sk, 2ky1 — 27) = (Br, 241 — 27) + (Sky Dgy1) + (Sky 2k — 27);

the last term has mean zero since 2z — 2* is Fj- measurable and E;[SF] = Ex[S}] = 0 (the tower
property applied to the independent y-draw). By (12)) and Young’s inequality with parameter
c >0,

2
* * 77 *
20(By, zk1 — 2%) < |21 — 2|7 + ?HBkHQ < el|zrsr — 2517 + 2¢(|| Apsa |12+ [|AR]%),

2 2 — _
because L[| By[* < 557 - OM2(| Mgl + [Akl)? = 3nM (| Akl + [Ak])? < 2¢(| Mgl +
|Ax|I?). Young’s inequality with cq gives 21(Sk, Aps1) < col|Skl|? + %HA;H_IHQ, and Defini-
tion (ii) bounds Ey, ||Sk||?. Since a; = 0, wy, = Agy1. Moving the term ¢ Ey |21 — 2% to
the left produces the factor ag =1 —cin . ); dividing by 2 and collecting gives the claim The

2
bounds on p, ¢k follow from nM < =I5 (so ¢ < 155), NVO < 55 (so 2 < 5005 )s 0O = g7 and

coVi = g5y < 555 (50 G < 55):
1 1 1 3 2 < 1 n 3 < 1
P=% 7100 2048 512 = 5 F=T100 512 ~ 20
O
Lemma 4.5 (Lyapunov summation). With
c
q:= %, p2i=c(Vi+0),  p1:=2c+coVi+ 20, (16)
, coVi 3¢p® 1
=p—cp— — > ->0 17
there exists Cy = O(1 4 ¢oO) such that for all K > 1 (with Ao =0)
K
¢S E AP < CoD?. (18)
k=1

Proof. Sum over k =1,..., K. To the summed inequality add the telescoping identities

K K

S E[A P = A7) =EAxalP —EJA% D (1Al = 121l?) = 1Ak,

k=1 k=1
Welghted by & and B respectively, and use Definition iii) in the form ¢(ET;; — ) <

DIy + CO@ (E ||Ak+1||2 + | Akl + | Ak 1” %). The choices cancel the I'y-, [|Ax_1]|*- and
||Ak||2 brackets exactly: the I'y-bracket is & — g7 = 0; the HAk 1H -bracket is coV1 B 4qr =
Qi o 0O 4 % = 0; the ||Ak||2—bracket iscp— 5 +B+qVr=c¢ — ck COVl — 0O +
% + % + @ = 0, where %2 = % + @ and qV 0029. The remaining coefﬁaent of
SR ENA P is p— (ar + % + @) = p/, the three ©-terms coming from ¢Vr acting on
E [|Ak41]?, 1A%, | A1 ]

It remains to control the distance terms. The summed distance contribution is

K

K
> (a0Elzkrr = 2%* = lze = 2I1%) = —e Y Ellzeyr — 2*|° — Ellzr — 2> > —E Jlz1 — 2%,
k=1 k=1



where the nonpositive sum —c ", E [|zg+1 — z*||* has been dropped from the left-hand side (if
A+P < Bwith P > 0then A < B). The terms E [|Ag11]?, ||Ax|? and ET g1 are nonnegative
and stay on the left, while the one-time terms E |21 — 2*||? < D?, BLE[|A]]* < 2p1D? and
qETy < 2¢0©D? (using I't < VP E||A4]|? when I'g = 0, and E HA1H2 < 4D?) are absorbed into
CoD? with Cy =1 + 2p1 + 2c0© = O(1 + ¢¢©). Numerically, p’ > 2 _ 2—10 — 5—?’2 - 138 >1. O

Corollary 4.6 (Summability). For all K > 1 (with Ag =0),

CD r 3@CD2
7ZIE|]A,€+1|]2 0 —ZEPk+1< ! ;{ . (19)

Proof. The first bound is divided by K. For the second, unroll Definition (iii):

k—1
ETr1 < (L—=7)* T+ Ve ) (1= )" I (E Al + EIIAGP +E A7),
j=1

sum over k = 1,..., K, use } ;. (1 — 7)¥=177 < L and the fact that each E||A;||* appears for
at most three values of j:

K K
7Y ETpy <711+ 3% Y E[Aj4]>
k=1 j=1
Divide by 7K and apply the first bound of . O

Lemma 4.7 (Subgradient residual bound). There exists g = O(n~2 + M? + Vi) such that for
all k > 1,

E[dist(O,G\IJ(zk+1))2] < ko E[”Ak+1”2 + HAkHZ + HAk_lHZ] +3ET}. (20)

Proof. From the z-proximal optimality condition, wugyq := —@mH(:ﬁk,gjk) — %(xk+1 — Iy) €
af(xk-i—l)a SO

L L ~ L 1 -
VoH (zj1) F k1 = [VoH (zk41) = Vo H (2, Gr) | + [V H (2, Gk) — Ve H (Er, )| —5($k+1—9€k)-
Since o; = 0 we have zg11 — Zx = Aj |, and the query displacement has norm at most
V2(| Al + [ Ak]l), s0
1 . 1 . —
[ =20 < 1Akl IVeH ) = VaH (o 5l < V2N (1A |+ 1Al

The y-block is handled identically (its query point differs from zx; by a vector of norm at most
V2(| Akt + [|A&])). Applying (a + b+ ¢)? < 3(a® + b? + ¢?) to the concatenated residual and

then Definition [2.6[(ii) gives (20). O

Theorem 4.8 (Complexity with the SAGA estimator). Suppose Assumptions and
hold, and V H is the SAGA estimator of Lemma (table initialized at zg = z_1, so that Ty =0).
Then

Ceompl
. E[dist(0. O 2]  Zcomplex
p i E[dist(0,0%(z))%] < =77,
where Ceomplex = O((n™2 + M? + ©)D?). Consequently, reaching E[dist(0,00)?] < &2 costs at
most
N2L2D2>

N+0(—

(21)

single-component gradient evaluations.



Proof. Averaging over k=1,..., K and applying Corollary

) ) 90CoD?  90CyD?  3I';
E[dist /] 2 < oL
ZS]Ig%lIl}-f—Q [ 18 (078 (Zk)) ] — p/K p/K TK

For the SAGA table initialized at 29 = z_1 one has I'g = 0, hence I'1 < VP E||A1]|? < 4V D?
and 2L < %. By Lemma 2.7, © = 32N2L? so n~' = O(NL) by (9), po = O(N?L?), and
both remaining terms are O(N?L?D?/K). Hence K = O(N2L?D?/£?) iterations suffice, each
costing two evaluations (Definition , plus N initialization evaluations. O

Remark 4.9 (The N? scaling is optimal for single-loop unbiased VR). The class contains
nonconvex minimization (H independent of y, g = 0), for which single-loop SAGA achieves
N + O(N?/3L2A/e?) via function-value anchoring [33]; hence no lower bound above N%/? can
hold for the algorithm class, and the gap of Theorem [£.8] is analytical, not informational. Ap-
pendix [A] shows that within anchor-type analyses, any unbiased table-based estimator refreshing
b entries per iteration contracts at rate at most 7 < b/(IN—1) (Theorem, with Vi = Q(L?/7)
(Corollary ; hence the total cost of any single-loop unbiased method analyzed through is
Q(N2?L2D?/(be?)) — Q(N2L?D?/£?) at unit cost. Theorem [4.8 matches this lower bound up to
absolute constants: single-loop unbiased VR under Minty MVI is exactly N2, and epoch-based
biased VR (Proposition is exactly v/N.

4.1 Epoch SARAH variant

SARAH does not satisfy Definition 2.6 at the per-iteration level: within an epoch its estimation
error accumulates over all previous inner steps and its estimator is biased (E[S; | Fi—1] = Si—1 #
0). We analyze it at the epoch level.

Proposition 4.10 (Complexity of the epoch SARAH variant). Consider Algom'thm with af =
BE = ~4F =0, run in epochs of length m = [V/N] with minibatch size b = [\/N|; epochs are
chained by zp41,0 = Zkm. Each epoch begins with a full gradient vo = VH(zy0) and inner step
t uses

1
ve=vet g EZ](VHi(Zk,t—l) — VH(zp1-2)),
el

producing zi; from zp—1. Let Oy = 2zt — 2k -1 and suppose
1 1 1
<mind —s, ——, — ». 22
"—mm{64L2’ 1201 32} (22)
Then for every K > 1,

m
SCE bkl < 3(Ellako — I B o — #°|)  for every K, (23)
t=1

K m
SOS R 02 < 302, (24)

k=1 t=1
and the total evaluation cost to reach E[dist(0, 0V (zy ,))?] < €% at a uniformly random inner step
(k,T) is
VN L'D?
O( g2

). (25)

the optimal v/ N scaling up to problem-dependent constants.



Proof. Step 1 (per-inner-step contraction). With zero inertia the anchor gives, for A(z) =
1 *(|2
sllz = 2",

1 *
E[A(zkt) — AMzkg—1)] + 5 E Hfsk,tHQ < n E(By + St, 0e) + 1 E(By + Sp, 210—1 — 27),

where Sy = VH(2p,;-1) — v¢ and, accounting for the y-query at the fresh point (2 ¢, yr—1) and
the estimator reference zj;_1, By = (VxH(zk,t) — VoH(zk4-1), —[VyH(2kt) — VyH (2k1-1)] —
[VyH (T, Y1) — VyH (214)]) satisfies || By|| < 3M||0k.]|. No unbiasedness is used. By Young’s
inequality and || By|| < 3M||0x.4|,

3nM

(B¢, zgt—1 — 2) < 5

(VR E—

which is absorbed by the —3ll2k—1 — 2*||* on the left (as 3npM < 1 < 1, since nM <
L) n(B,8) < 3nM||6||*; Young with parameter 1/4 gives n(S;,d8) < 2nE|[|S|? + Z|6|>
zzr;d n(St, 2k t—1 2— z*) < 2E||Sel* + 21 — 2*||* (the latter absorbed). Using E|[|Sy|? <
T 2s<t B ll9k,s [ [29],

m

1 N N 1 —n 4ngpmlIL?
S Ellzim = 1P~ Ellogo = 1) + (5 = 300 = § = T2) SR el < 0.
t=1

2 8 b

BythebracketisZ%—%—ﬁ—%:%Z%(using3nM§i,77§%,andm:bgives

4nL? < %); this proves , and summing over the chained epochs telescopes the distances and
gives with constant 3. In particular, for every epoch k and every ¢t < m,

L? 3L? . . 3D%L?
E[1Si2 < = Y Elol® < = (Ellzko = 2*11° = Eflzim — 2*I17) < =5

s<t

(26)

Step 2 (residual at a random inner step). Lemma (zero inertia, no variance term
beyond 3 ||S;||?) gives, for a uniform (k, 7),

. c _ 1 3
E dist (0, 9 (z4.,))? < (f2 + M2) — S Bkl + —= D ESi)?
k.t k.t

n
3D? /¢ _ 3L2
<= (= + M? 7)
- mK(n2 + + b /)’

using and (26). With m = b = [V/N] and n~! = O(L?) this is O(D?L*/(vV/'N K)), so
K = O(D?L*/(v/N&?)) epochs suffice; each costs N +mb = 2N component evaluations (Defini-
tion , giving . O

4.2 Lower bounds for the Minty class, and the status of v N

Proposition 4.11 (Lower bounds for the Minty class via embedding). Every lower bound proved
on convex finite sums applies to the class of Definition [1.1] through Lemma[D.1l Quantitatively:
for any randomized algorithm, any N > 2, and any ¢ < LB, there exist a dimension d =

~

(’)(LZEQ log 28 and a Minty instance with domain {||z|| < B}, L-smooth components and
L-smooth sum, on which finding an e-stationary point requires

Q<N+ \/E) (27)

component gradient evaluations; on tight instances A = ©(LB?) this reads Q(N+v'N (LA)1/45*1/2).
For N =1 the convez-stationarity complexity is ©(vV LA/¢e), with accelerated gradient descent
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optimal [11, [12]. Two facts should be kept in mind. (i) Convex instances cannot witness Con-
jecture : 1s the strongest bound convex instances allow, since e-stationarity of a conver
L-smooth function implies € B-optimality (Remark . (ii) The /N LA/e* bound of [3] is not
available this way: its hard instance is nonconvex and not known to be Minty. The €2 scal-
ing is nevertheless class-optimal at N = 1: Theorem [E.3 constructs an explicit star-monotone
nonconvex instance requiring L(LA/e?) evaluations (zero-respecting; randomized in dimension
c(LA/e%)?).

For convex Minty instances the picture is complete: the lower bound is matched by ac-
celerated variance reduction, which achieves e-optimality in O(N + \/NLR?/e) evaluations [38],

so the convex-stationarity complexity is @(N =+ \/NLRQ/E) (up to the dimension requirement).
The complexity landscape of the Minty class is therefore: convex instances are settled at e=/2-
type scaling; the N = 1 nonconvex case is settled at e=2 (Theorem ; and the jointly-optimal

\/NLA/52 corner is Conjecture ,

Proof. Lemma [D.I] shows the class contains every convex finite-sum instance, so lower bounds
for convex sums transfer verbatim. [38, Theorem 7| construct convex 7-smooth components

on {[|z|| < B} such that, in dimension (’)(72654 log NZBQ), any randomized algorithm needs
Q(N + /NvyB2/ e) queries for e-optimality. An e-stationary point of a convex L-smooth f on
{|z]| < B} is eB-optimal, since f(x) — f* < (Vf(z),z — z*) < eB; applying the lower bound
with € = ¢B and v = L gives and the stated dimension. The tight-regime form uses
B = ©(y/A/L); the N = 1 statement is the lower bound of [II], Section 3| together with the

optimality of accelerated gradient descent [12]. O

5 Linear convergence under strong monotonicity

Two tiers. The inertial theory under strong monotonicity has two tiers, which we state before
the results. For general strongly monotone problems, only small inertia is certified (a < nu/50,
Theorem in Appendix ; this is the content of Theorem for the non-inertial variant.
For quadratic games with small coupling — the class on which the numerical experiments run —
the full practical range of inertia is certified, with acceleration (Theorem . The intermediate
regime, general strongly monotone problems at practical inertia, remains open (Remark .

Definition 5.1 (Strong monotonicity). The operator F' = (V,H + 0f, =V, H + 9g) is -
strongly monotone, 1 > 0, and M-Lipschitz on dom 9V: for all z, 2" and all ( € F(2), ¢’ € F(2'),
(€= z=2) > pllz = 2'|? and | = ¢ < M|[z = 2]

Remark 5.2 (SC-SC and the two-sided PL condition). If H(-,y) is ug-strongly convex, H(z,-)
is p1y-strongly concave, and VH is M-Lipschitz, then Definition holds with p = min{ iz, fy }:
the mixed terms cancel by symmetry of the cross-Hessian. The Minty point z* is in fact the
unique zero of F', as required by the phrase “choosing the zero element of F'(2*)” in Section
The argument proceeds in three steps. First, the Minty condition together with the M-
Lipschitz property of Definition [5.I]implies that z* solves the Stampacchia variational inequality,
(C*,z—2") > 0 for all z € domOV¥ and every selection (* € F(z*): for z; = 2" + t(z — 2%)
the Minty condition gives ((;,2z: — 2*) > 0 with ¢; € F(z), and the Lipschitz bound gives
(¢ — ¢*, 2 — 2*)| < Mt||z — 2*||%; dividing by t and letting ¢ | 0 yields the claim. Second, since
dom OV is convex, z = z* —t(* is admissible for small ¢t > 0, and (C*, z—2*) = —¢||¢*||? > 0 forces
¢* = 0; hence 0 € F(z*). Third, strong monotonicity gives uniqueness: if 0 € F'(z1) N F(z2) then
pllzr — 22]|> < (0 — 0,21 — 22) = 0. Moreover the two-sided PL condition holds with v = i:
for P(z) = ¥(z) — U*, P(z) < i dist(0,0,¥(2))? and —P(z) < ﬁ dist (0, 9,¥(2))? by the PL
inequality for strongly convex minimization applied blockwise, hence |P(z)| < ﬁ dist(0,0¥(2))>2.
Note that P is sign-indefinite, which is precisely why a descent argument on ¥ cannot work and
the distance-based argument below is needed.
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Theorem 5.3 (R-linear convergence). Consider Algorithm |1| with ezact gradients and af =
BF =~k =0. Under Assumptions and Definition forn < 16% and all k > 0,

i = 21> < (L) " |lz0 — 212 (28)
Moreover, with Lg := % + M,
dist(0, 00 (21))? < 8L (L +nu)~*|zo — 2*||?, (29)

and if the two-sided PL condition holds with constant v,

W (zk) = U] < BULg(L+nu)” "]z — 2|2 (30)
Proof. Write uy = ||zx — z*||?>. The proximal first-order conditions give, with u € Of(wx11),
vE ag(yk+1)> 1
5Ai+1 = —(VoH(21) + u) = =(Vo H (241) +u) + By,
BY = VoH(sker) = VoH(z), B2 < M| Mg,
1
EAZH = VyH(zpq1,yx) — v = (VyH(2341) —v) — BY,

BY = VyH(zp41) = VyH(zpp1,90),  |1BYI < M| Akl
Set By, = (B, —BY), || Bg|| < 2M||Aj+1]|. The three-point identity yields

U1 — U + || Aps1||* = =20(F (2141), 211 — 2°) + 20(By, 21 — 27). (31)

Strong monotonicity applied to zx41 and z* (choosing the zero element of F'(z*), see Remark
gives (F(zk11),2k4+1 — 2%) > pugyqr. Young’s inequality (ab < % + % with ¢ = 2) gives
20(Br, 241 — 2°) < AnM || Mgy |l yWer1 < 3 Agg1]? + 169> M>ugyq. Substituting into and

rearranging,

3 _
Up1 — U + ZHAI@+1”2 < (—2np + 169> M?)upyr < —nptger1,

since 7 < {chm. (we drop the nonnegative term 3)|Ak41)? from the left-hand side). Hence
(1 + nu)ugsr < ug, which is . For : the residual vector built from the first-order
subgradients satisfies ||wg]|| < (% + M)||Ag|| blockwise (the argument of LemmaH with § =0,
a = 0), so dist(0,0(2))? < 2L2 | Agll? < 202 (2ug + 2up_1) < 8L (1 +nu)~*FDuyg. Finally
is the two-sided PL inequality applied to . O
Remark 5.4 (Rate and regime). With 7 = /4 the per-step factor is (1+ 1(5\%/12 )l =1-0(k72),
k = M /p — the canonical dependence for descent—ascent-type schemes (extragradient improves
this to k=1 at the price of two operator evaluations per step); the rate itself is classical —
the contribution is the proximal block-wise certificate with explicit constants under composite
regularizers. The constant % is not optimized.

A stochastic linear rate is also available under strong monotonicity, for the epoch SARAH
variant, at the price of a fourth-power condition-number dependence.

Proposition 5.5 (Stochastic linear rate under strong monotonicity). Let F' be p-strongly mono-
tone and M-Lipschitz, let each H; be L-smooth, and set L' := max{L,M}. Run the epoch
SARAH variant of Proposition with zero inertia, epoch length m and minibatch b = m,
where

[ {41112]

<_F - 32
T=7024 172 i (32)
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Then, with zi ., the last iterate of the k-th epoch,

7

8

In particular B ||z, — 2*||* < €2 after k = O(log(D/¢)) epochs, i.e. O((N + L™ /u*)log(D/¢))
evaluations.

* (12 k * (|12
E[lsm — 21 < (3) 00— I (33)

Proof. Within one epoch write uy = ||zgt — 2|, & = 2kt — 2kt-1, St = VH(2p4-1) — vt
The strong-monotonicity anchor (the argument of Theorem 5.3} with the biased error S; treated
by Young instead of unbiasedness, and ||B;]| < 3M||6;|| from Proposition [4.10) gives, using
n < p/(36M2) and np < 1,

3np

n ) 1 9 N 8n 9
14+ == —1l& < + ——ur_1 + —|| S| 34
( + 2 Ut+1+4” 1|7 < w 4 W=t [ 15| (34)

Summing over t = 1,...,m with weights r™~t, r := 1?%‘;//22 <1-"(as (1-2)(1+3) =
1+ %’3 — % >1+ % for x =nu < %), telescopes: the coefficient of each us on the left exceeds
that on the right by a factor 1+ Q(nu), so

167
wkm < Mo+ =S RS (35)
t=1

Next, E ||S¢]|? < %2 > st E 165112 [29] and summing without weights, using mnu < 4Iln2+1
and u; < 2up o+ %77 YL E[Ss]? (a crude two-term recursion bound), gives >, E [|6:|? < 12ug 0+
% S E|IS:||?. Hence, with b =m and n < p/(128L%) (implied by (32)),

m m

64
S ENSI? < I [12m0 + = T EISIF] = D CEISI? < 2482k
t=1 t t=1

Substituting into ,

38477L2)u _ <1+ 384>u T
k0 = 2 1024 k,0_8 k,05

Uk,m < (Tm +
using m = [4In2/(np)] for r™ < e Wm/4 < + and nL?/p < 1/1024. Iterating over epochs
gives ; the cost statement follows since each epoch uses N +mb = N + m? evaluations and
m = O(L"?/u?). O

For quadratic games — the class on which the numerical experiments of Section [7] are run
— the inertial certificate covers the full practical range of inertia parameters and certifies accel-
eration, via an exact spectral analysis of the linear recursion. Since the resolvent bounds below
degenerate as the corner a = 0, nA = 2 is approached, we state the uniformity over compact
subsets of the open parameter set.

Theorem 5.6 (Inertia on quadratic games: the practical range). Let ¥(z,y) = 2" Az+a ' By—
sy Cy with A= pl, C = pl, max{||A||,||C||} < Lo, and f = g = 0. Consider Algom'thm with
B=v=0, a1 = ay = «, exact gradients, and n < 2/Ly. Then:

(i) Decoupled case B = 0. For every a € (0,1) the iterates converge R-linearly: in the
eigenbases of A and C the error satisfies a scalar recursion with characteristic polynomial
r?—(1+a—n\)r+a =0, X € spec(A)Uspec(C), whose two roots lie strictly inside the unit
disk by the Jury conditions 1—(1+a—nA)+a =nA > 0, 1+(1+a—nA)+a = 24+2a—nA > 0
(using nA < nLg < 2) together with o < 1. The rate is maxy [r(\)| < 1, equal to \/a in the
complex-root region.
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(ii) Small coupling. For B # 0 the joint recursion g1 = T(B)&, with & stacking (ex, ex—1),
er = 2k — 2%, satisfies | T(B) — T(0)|| < 3n||B||. Let po = maxy |r(N\)| from (i). Then the
perturbative conclusion — R-linear convergence with rate at most (1+ pg)/2 for ||B|| < ep
— holds with constants ep that are uniform on every compact subset of the open parameter
set Q := {(a,n\) : a € (0,1), 0 < n\ < 2(1 + «)}; explicit values for the experimental
instance are computed in Remark [5.7 The statement is not uniform up to the boundary
point o = 0, N\ = 2, where py T 1 and the perturbation window closes; the tested instance
is certified separately by exact spectral computation (Remark .

(i1i) Certified acceleration (each under its own optimal tuning). The non-inertial vari-
ant, optimally tuned (o = 0, n = 2/(Lo + p)), has rate 1 — O(k~1); the inertial variant,

optimally tuned (the classical heavy-ball choice of o and n [31]), has rate V/o* = %j& =

1 —0(k~2), k = Lo/p. In particular o = 0.05, used in Section @ lies in the certified
range on the tested instances.

Proof. (i) The recursion for an eigencomponent with curvature A is ex11 = (1+a—n\)ep —aek—_1,
with characteristic polynomial as stated; the three Jury conditions for 72+ air + az are |ag| < 1,
14+a1+a2>0,1—a;+a2 >0, ie a<1 n\>0, and n\ < 2(1 + «), the last holding since
nA < 2. Hence max(|ry|,|r—|) < 1; for complex conjugate roots |r4| = y/product = y/a. (ii) The
fresh- coupling enters only through the terms —nBej and +nB'ef, |, so T(B) = T(0) +nE(B)
with ||E(B)|| < 3||B|| (using @ < 1). For the uniformity we use compactness: on every compact
Q' C Q the spectral radius py of T(0) is a continuous function bounded away from 1 (at the
discriminant locus the double root equals /o < v/1 -0 < 1 for « < 1— ), and by Gelfand’s
formula there is p € (po, 1) with ||7(0)*|| < C(Q')p" uniformly on Q’; at the locus the defective
case contributes only a polynomial factor k‘\/&k, absorbed by increasing p. A Neumann-series
bound on the resolvent, supy,_j [| (21 — T(0))7Y < C'(Q') (finite since p > po and continuous in
the parameters, hence uniformly bounded on the compact set), then gives p(T'(B)) < p whenever
3l B|| < (p—po)/C'(Q'); choosing p = (1+po)/2 yields an explicit e5(Q") = (1-po) /(67 C'(Q')).
The boundary point (a,nA) = (0,2) does not lie in Q: there the roots are {0, —1} and pg = 1, so
no uniform C’(Q’) exists on sets accumulating at that corner. (iii) For o = 0 the optimal choice
n = 2/(Lo + p) gives the factor (x — 1)/(k + 1); the classical heavy-ball tuning of (i) gives va*
[31]. (The tuning and the explicit e are standard; constants are not optimized.)

Remark 5.7 (Scope of the inertial certificates, and coverage of the experiments). Theorem
certifies small inertia for general strongly monotone problems; Theorem [5.6] certifies the practical
range — and acceleration — on quadratic games with small coupling, which is exactly the regime
tested in Section []] What remains open is the intermediate regime: general strongly monotone
problems at practical inertia (Remark .

For the experimental SC-SC instance of Section (spectrum C [ 1], @ = 0.05, n = 0.075),
the decoupled rate is pg = maxycpi/2,1) [7(A)| < 0.961, attained at A = 3. The discriminant
D(A) = (1.05 — 0.075X)% — 0.2 is decreasing on [3,1], so D(A) > D(1) = (0.975)? — 0.2 = 0.7506;
hence |ry —r_| = v/ D > v/0.7506 > 0.866. The 2 x 2 companion block with real roots r+ has
eigenvector matrix V = ("} 1), so ko (V) < |V||F/|r4 —r—|; with 74 < 0.9605 and r_ < 0.0521
one has ||[V]|% < 2.925, hence k2(V) < 2.925/0.866 < 3.4. With p = (1 + pp)/2 = 0.98, the
resolvent of the diagonalized block satisfies supy, 5 [ (21 — DY <1/(p—po) = 1/0.019 < 53,
so C' < 3.4 .53 < 180 and the ?xplicit bound of Theorem ii) gives €g > % ~
4.9 x10~%. The realized coupling || B|| ~ 3.7 x 10~3 exceeds this worst-case threshold: the general
perturbative bound is too conservative to certify the experimental instance. The certification
instead rests on the following exact computation: the joint 4d x 4d iteration matrix T'(B) of the
realized instance has spectral radius 0.9424 < 1 (non-inertial: 0.9454), so linear convergence for
the tested instance follows by exact finite computation with no inequalities. Both computations
are reproducible from the experimental scripts.

14



Algorithm 2 Adaptive liSminimaxPALM (SAGA variant)
Require: Initial point zo; n° > 0; w € (0,1); Omar € (0, i)
1: Initialize SAGA table; n « n°.
2: loop (Phase 1, executed once)

3: Compute a trial point z*"! from 2, using one step of Algorithmat 7 (trial never modifies
the iterate or table).
4: Model decrease:

A;rial — f($0) _ f(l,trial,ac) _ <@1‘H7 xtrial,x _ :EO) _

. B 1 .
trial,xz 1,0||2 + %H:UO _ SL‘()”Q,

%Hi’?
) . - : 1 . . 1.
A= —g(y™ ) 4 g(yo) + (VyH, y™ Y — yo) — %Ily“‘al’y — goll* + o190 volI*.
5: if A;crrial 4 A‘Lrial > emleZtrial _ 20”2 then
6: accept and break;
7 else n < wn.
8: end if
9: end loop

10: Phase 2: run Algorithm [I] at the constant step 7.

Remark 5.8 (Open problems, stated precisely). (i) Stochastic linear convergence under the
two-sided PL condition (weaker than strong monotonicity) is open: [37] prove it for smooth non-
inertial AGDA, and Proposition proves it under strong monotonicity for the epoch variant;
the PL case requires the delicate value-based case analysis and is not claimed. (ii) The inertial
deterministic case is resolved for small inertia on strongly monotone problems (a < nu/50, The-
orem and for the full practical range on quadratic games with small coupling (Theorem ;
general strongly monotone problems at practical inertia remain open, and the experiments are
not evidence for them. (iii) The inertial prox-center case a > 0 of the main stochastic complexity
theorem is open in the anchored framework (Remark [4.2)).

6 Adaptive step-size selection

Algorithm [1] requires knowing M, © to set 1. The backtracking variant below determines a single
constant step once; the convergence analysis then applies verbatim.

Theorem 6.1 (Adaptive step-size selection). Let n° > 0 satisfy Assumption w e (0,1),
Omar € (0, }1) Then Algom'thm@ is well defined, Phase 1 terminates after at most Rpax =
max{0, [log(26main®)/ log(1/w)1} rejected trials, the accepted 1 satisfies min{n°, 3 ot SN < nY,
and Phase 2 satisfies the conclusions of Theorem [{.§ with no further rejections.

Proof. The z-proximal subproblem is %-strongly convex, so its optimality gap at xg dominates

trial IL‘0||2' likewise the y-subproblem (minimization of a

the squared distance: Alrial > ﬁ”x

%—strongly convex function) gives A;rial > 277 Lyl — 0112, Summing, Afial 4 Atyrial > %Hztria1 —

20[> = Oma]|2™ — 2o[|> whenever n < o5 dl: acceptance is then deterministic. Since each
m

rejection multiplies 7 by w < 1, after at most [log(20,an°)/ log(1 / w)] rejections the condition
n < 29 is met, and either = n® (if 20ain® < 1) or n € (g 5 dl} which proves the bounds
on 7. Slnce n < 1" and 7" satisfies the upper-bound conditions of Assumption u 4.1} the constant
n satisfies them as well, and the whole analysis of Section [d] applies to Phase 2 verbatim; by the
model-decrease bound, no further rejection occurs in Phase 2. O
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Remark 6.2. The acceptance test cannot detect variance instability (it holds deterministically
for all n < ﬁ), so the safeguard is structural, not statistical; cf. the step-size remark in
Section [7

7 Numerical experiments

All experiments were implemented in PYTHON using NUMPY, with fixed seeds and single-
threaded code written from the pseudocode of the cited references. Stationarity is measured
by |G,(2)|?, n = 0.1, computed with the full gradient; the oracle protocol is Definition
Figures were produced from the runs described below.

7.1 A benchmark with a proved Minty certificate

Proposition 7.1 (Provably-Minty nonconvex-nonconcave game). Let L > 0, B; € R™4 and

L L
Hi(z,y) = = log(1 + [|2]|*) — 5 log(1 + [|ly[|*) + = By, f=1u<ry, 9= 1{yI<R}-

2 2
Then satisfies the Minty MVI at z* = 0: for F = (Vo H + 0f, -V, H + 0g) and z = (x,y),

Liz* Lllyl®
Lzl 1+ lyl®

(F(2),2-0) = + (Ny(x),2) + (Ng(y),y) = 0, (36)

where the coupling term cancels by x' By —y ' B'x = 0 and the normal-cone terms are nonnega-
tive since 0 is interior. The game is nonconvex—nonconcave on {1 < ||z|| < R} x {1 < ||y|| < R}
(the radial-log Hessian has negative eigenvalues there), and z* = 0 is a saddle point. Fach
component gradient is Lipschitz with constant at most L(1 + ) + || By]|.

Unlike sampled verification, is a proof; no test points are needed. We use L = 1, d = 20,
B; with i.i.d. N'(0,0%/d) entries, o = 0.02, R = 10, and initialization ||zo| = ||yo|| = 6.

7.2 Oracle complexity: scalability in N

Table 2] and Figure [1] report evaluations to reach ||G,(2)||> < 107%. Optimization evaluations
count exactly the algorithm’s oracle use: N (table initialization) 42 per iteration for IiSmin-
imaxPALM (n = 0.05, (o, 8,7) = (0.05,0.05,0.05)), 3N per iteration for PALM (n = 1/M;
two block gradients plus the residual evaluation). The column “incl. monitoring” adds one full
gradient per residual check (every max(200, N/200) iterations): at N = 10° this dominates the
raw count and must be amortized in practice.

Table 2: Evaluations to ||G,(2)[* < 10™* on the certified benchmark (d = 20; liSminimaxPALM:
mean + std over 3 seeds). “Ratio” is PALM optimization evaluations divided by IiSminimax-
PALM optimization evaluations.

N | PALM (iters) | liSminimaxPALM opt. evals (iters) | ratio | incl. monitoring

900 62,100 (23) 6,500 (2,800) | 9.6x 19,100 + 1,800
3,000 207,000 (23) 16,867 (6,933) | 12.3x 120,867 + 8,900
10 | 690,000 (23) 54,533 (22,267) | 12.7x | 1.17 x 10° £ 0.07 x 106

3 x 10 | 2.07 x 105 (23) 146,400 (58,200) | 14.1x | 8.88 x 105 4 0.82 x 10°
10° | 6.9 x 106 (23) 501,667 (200,833) | 13.8x | 40.7 x 108 £ 5.0 x 10°

Three observations. (i) In optimization oracles the stochastic variant wins uniformly, by
9.6-14.1x, because its per-iteration cost is independent of IV; the margin is set by the iteration
ratio (PALM needs 23 full iterations; the stochastic variant needs ~ N%97 more iterations,
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Figure 1: Evaluations versus N on the certified benchmark (log-log). PALM’s cost grows linearly
in N (23 iterations at all N, cost N per iteration); liSminimaxPALM’s optimization evaluations
grow much more slowly (slope 0.93: initialization N plus 2 per iteration) and win by 9.6-14.1x;
residual monitoring (one full gradient per check) is shown separately and dominates at N = 10°;
SPRING-SGD plateaus at the noise level and does not converge.

consistent with the SAGA table contraction 7 = 5% of Lemma . (ii) PALM’s iteration count
is N-independent on this instance (fast local convergence of the radial field), so deterministic
methods cannot be beaten in iteration count here; the stochastic variant’s advantage is per-
iteration cost, the operative regime at large N or expensive components: at N = 10° one full
gradient costs 81 ms versus 20 us per component evaluation, a ~ 4000x per-iteration ratio. (iii)
SPRING-SGD provably fails without variance reduction: at N = 900 it did not reach 10~*
within 40,000 iterations (2.6 x 10° evaluations), plateauing at the SGD noise level. We consider
(i)—(iii), and not a universal speedup claim, the correct summary of the comparison.

7.3 Linear convergence under strong monotonicity

On an SC-SC instance (N = 100, d = 20; component eigenvalues uniform in [0.5,1], coupling
op = 0.02) we measured pp = min Ayin(A4,C) = 0.727 and M = 0.778. Theorem certifies,
for n = pp/(16M?) = 0.075, the per-step factor (1 + nur)~! = 0.948. In log;, of the squared
distance ||z, — z*||? the certified per-iteration slope is 2log;,(0.948) = —0.0462. Figure [2| shows
exact geometric decay of the deterministic run with fitted slope —0.0494 — the certified bound
is confirmed, and the measured decay is slightly faster than the bound, as expected from un-
optimized worst-case constants; with the practical step n = 0.2 the fitted slope is —0.137. The
SAGA variant (n = 0.05) also decays geometrically (fitted —0.0052 over 4,000 iterations) at a
variance-limited rate; a rigorous stochastic rate is not claimed (Remark [5.8} [37] proves it for the
smooth non-inertial case).

7.4 Ablation

On the certified benchmark (N = 900, n = 0.05), iterations to tolerance (mean + std over 3
seeds) are shown in Table [3| and Figure 3} every configuration converges, including v = 0 (the
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Figure 2: Linear convergence on the SC-SC instance (semilog). Deterministic run at the certified
step n = pup/(16M?) (fitted slope —0.0494) against the certified bound (1 + nur)~' (slope
—0.0462 on the squared-distance scale, dashed); deterministic run at n = 0.2 (—0.137); SAGA
variant at n = 0.05 (—0.0052, variance-limited but geometric).

case excluded by nonzero-inertia hypotheses; cf. Section |3) and o = 0.2 (beyond the theory of
Section (4] which covers o = 0; cf. Remark ; all differences lie within one standard deviation.
On this instance the double inertia gives no measurable acceleration; its contribution is instead
the removal of a restrictive hypothesis from earlier analyses, at no observed cost. Whether inertia
helps on harder couplings is instance-dependent and left to future benchmarking.

Table 3: Ablation: iterations to ||G,(2)[*> < 107 (N =900, n = 0.05; mean =+ std over 3 runs).

Configuration (¢, 8,7) Iterations

baseline (0.05,0.05,0.05) 2,800 + 283
a=0 2,733 + 249
a = 0.20 (beyond theory, « > 0) 2,800 + 283
5=0 2,800 + 283
8=020 2,800 + 283
~v = 0 (no post-update inertia) 2,800 + 283
~v=0.20 2,800 + 283
no inertia (0,0, 0) 2,733 + 249

8 Conclusion

We have developed a complexity theory for double-inertial variance-reduced proximal alternating
methods under the Minty MVI condition. For single-loop unbiased estimators the upper and
lower bounds match; for the class itself, upper bounds are proved and the matching lower bound
is conjectured: single-loop unbiased variance reduction costs N +©(N2L?D? /&%) (Theorem ,
which is optimal for unbiased table-based estimators (Theorem @ Corollary ; epoch-
based biased variance reduction costs ©(v/N L*D?/e?) (Proposition @b; the 72 scaling is
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Figure 3: Ablation on the certified benchmark (N = 900; mean =+ std over 3 runs, log scale).
All inertial configurations, including v = 0 and o = 0.2 (the latter beyond the theory), converge
within one standard deviation of the baseline (dashed line).

class-optimal at N = 1 (Theorem an explicit star-monotone nonconvex instance requiring
Q(LA/e?) evaluations); the conjectured v/N bound is stated in Appendix @I Under strong
monotonicity the stochastic epoch variant converges linearly (Proposition , the deterministic
non-inertial variant converges R-linearly with certified rate (14 nu)~" (Theorem, and small
prox-center inertia preserves linear convergence (Theorem |C.1). An adaptive step-size variant
retains the complexity. All experiments use a benchmark on which the Minty condition is proved
rather than sampled (Proposition [7.1]).

Open problems: the inertial prox-center case o > 0 of the main stochastic theorem (Re-
mark ; the stochastic PL rate for the inertial proximal variant (Remark ; a single-loop
unbiased analysis beating N? without the anchor structure (the gap is analytical, Remark ;
proving the conjectured v/N lower bound for the Minty class (Appendix @); matching the class
constants in Proposition (L*D? vs. LA); a nonmonotone adaptive safeguard that detects
variance instability; and inertia-aware lower bounds separating the single-loop and epoch regimes.
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A The staleness lower bound for unbiased table-based estimators

This appendix proves Theorem @ (stated in the text as the staleness bound) and the tightness
Lemma used in Remark [4.9/and Corollary Throughout, H = % Zf\i 1 H; is a finite sum
with per-component gradient Lipschitz constant L.

Estimator class. We consider table-based unbiased estimators: at iteration k the estimator
draws a random index set Sy with |Sg| < b (the per-iteration oracle budget) and returns, at a
query point w,

VH(w) =VHw)-Ti+T, T=%x1T; (37)

where 4 is a uniform index and T = (T1,...,Tn) € (RY)Y is a table updated using at most b
fresh component gradients per iteration: entry 7; may be rewritten only when j € Si, in which
case it is set to (a function of) VH; evaluated at the current query point. This class contains
SAGA (b = 1), its minibatch variants, and the SVRG/SARAH epoch tables (viewed per epoch).
Unbiasedness is automatic from [37): E;[VH(w)] = VH(w).
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Frozen-point reduction. Let z satisfy VH(z) = 0 (i.e., & >, VH;(z) = 0) and consider a
query sequence with wy = z for all k; concretely this is the regime of an iterate converging to sta-
tionarity while the table is still cold, which is the regime determining the worst-case contraction
constant in Definition [2.6[(iii) (the contraction inequality must hold along the whole trajectory,
in particular when displacements are negligible relative to staleness). Write g; = VH;(z), g = 0,
and define the centered table residual r; = T; — g;. Since a refresh at wp = z sets TZ-Jr =g, i.e.,
r;r =0 for i € S, and since T = g+ 7 = T at the frozen point, the squared error of at z is
exactly

E(r) =Ei||VH(2) — VH(z Z s — 7|2 (38)

Lemma A.1 (Rest-set variance identity). Let S C [N] be uniform with |S| =b, b < N —2, and
let R=[N]\ S. For anyri,...,ry € R,

[ Z Iri = 7al?] = (1- Ll)s(r), R = 5 SjenTi- (39)

Proof. Set X; = r; — 7, so that >, X; = 0 and & >, | X;||> = €. The variance decomposition
Sicrllri —Trl? = X icr | Xal|? = (N = b)||Fr — 7||* follows from expanding || X; + (7 — 7x)||* and
Yicr Xi = (N — b)(fR —17) For the first term, Eg > ;e [ X[ = (1 - —) S IXG? = (N —b)E
since Pr(i € R) =1 — 3. For the correction,

o 1
Es HTR*T”2 = (N _ b)2 ESH
%

2_ (7[2}% i€ R)|Xi|*H3 Pri j € R)(X:, X))
i#£]

With Pr(i € R) = NT and Pr(z je Ry = YEDEED for i £, and Y, (X0, X;) =
132 Xill? = 32, 1% 01> =

£ N-b-1 be
r —_2:7 - =
Es I =7l I e NN —1)

—-b
Substituting both terms gives . O

Theorem A.2 (Staleness bound). Let V be a table-based unbiased estimator with at most b
refreshed entries per iteration. Along any query sequence converging to a point z with VH(z) = 0,
the error potential satisfies

Ex —E&riq b b O( b > (40)

lim inf < = — —

me s S N-1 o N
In particular any contraction B, Tx11 < (1 — 7)T) + Vi ||Axl|? valid along such sequences must
have T < N 2 ; at unit cost b = O(1) the rate T = O(1/N) is optimal (SAGA attains 7 = 5k,
within a factor 2).

m?] = % Xser lIri—Tr||? since 7z minimizes ¢ — Y, [Iri—c||?. LemmalA.1|gives Eg £(rT) >
(1— ﬁ)é’ (7). Along a converging query sequence the displacement injection satisfies Vp||Ax||? =
0(&k), so it cannot improve the asymptotic ratio, proving the claim for any valid contraction

Proof. At the frozen point a refresh sets 77 = 0 for i € S, and E(r™) = L [b]|FT 2 + X ,cp I —
A1)

inequality. Sharpness: if 7 = 0, the discarded term satisfies E[Z||7+|?] = O(%)E (directly from

the identity in Lemma [A.1]), so the bound is attained up to second order. O

Remark A.3 (Sampling scheme). Lemma assumes S uniform without replacement; with
replacement the same conclusion holds with 1 — ﬁ replaced by (1 — %)b = exp(—b/N +
O(b/N?)), identical at the O(b/N) scale.
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B Tightness of the reference-drift injection

Lemma B.1 (Aligned quadratic). Fiza € (0,1) and a scalar quadratic component H;(z) = £22.

Let the table store ¢ with |¢ — zoiq| = s > 0 and let the reference move by 6 = —as (away from

¢). Then

IVH;(¢) — VHj(znew)|” = (1 + )| VH;(¢) — VHj(z010)| + (1 + é) IV H;(Zo1a) — VHj(Znew)|s
(41)

i.e., Young’s inequality holds with equality; both sides equal L*(1 + a) Consequently any

uniform bound of the form I'" < (14+a)l + (1+1)L%||A||? with a smaller displacement coefficient

fails on this instance.

252.

Proof. With VH; = Lid, ¢ — znew = (14 a)s, and znew — 2014 = —as: LHS = L?*(1+a)?s?; RHS
= (1+a)L?s*+ (1+ 1)L%a%s® = (1 + a)L?s* + (a® + a)L?s* = (1 4+ a)2L?s%. O

Realization on trajectories. The aligned state of Lemma (staleness s, displacement
d = as) occurs naturally: initialize the table at a far point zy (T; = VH;(z0)) and let the iterate
converge; at a suitable step the staleness ||z9 — zi|| is large while ||Ag|| is small, realizing any
prescribed ratio §/s = a. The lower bound therefore applies to genuine algorithm trajectories,
not only to isolated table states.

Corollary B.2 (Vi = Q(L?/7) and the single-loop lower bound). Let 7 < %~ (Theorem
and suppose the contraction is established through a Young split with parameter a, (1—%)(1—}-@) <

1—71. Then a < l;/_]\li/_]\; (in particular a = O(1) when 7 = ©(b/N)), and by Lemma |B.1| any

valid displacement coefficient satisfies

1 L?
Ve > (1 + —)L2 - 9(7) (42)
a T
Hence © = Vp /7 = Q(N2L?/b%); the anchor step-size tradeoff n*/co + 3co® < 1 (minimized at
co = n/Vv30) forces n = O(b/(NL)); and the total evaluation cost of any single-loop unbiased
variance-reduced method analyzed through 18

N2L*D?
Q(7> (minimized at b = N, recovering the full-gradient bound). (43)

be?

The SAGA bound of Theorem (b = 1) is therefore optimal up to absolute constants among
single-loop unbiased methods under Minty MVI; the vV N scaling is reachable only by biased re-
cursive estimators with epoch restarts (Proposition .

Proof. The refresh step removes a % fraction of the potential mass while the reference move
inflates the surviving terms by (1 + a); feasibility requires (1 — %)(1 +a) < 1— 7, giving
a < %VT;]\T, and (42)). The tradeoff n?/co + 3co® < 1 (needed to keep p > 0 in Lemma
is optimized at ¢y = n/v/30, yielding 2v/37vV0 < 1, ie., n = O(1/V/0): the N-dependence
of the step size is structural for anchor analyses, not an artifact of the constant 256. Hence
n=? = Q(O) = Q(N?L?/b?), and by Lemma Corollary the number of iterations to e-
stationarity is K = Q((n=2 + ©)D?/e?) = Q(N2L?D?/(b%c?)) at cost b per iteration, giving
[@). 0

Remark B.3 (What is and is not proved). Theorem and Lemma are complete. Corol-
lary is a lower bound within anchor-type analyses: it does not exclude a non-anchor analysis
of the same estimators — indeed no lower bound above N2/3 can hold for the algorithm class,
because the class contains minimization where function-value anchoring gives N2/3 single-loop
rates [33]. Remark 4.9 states this distinction openly.
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C Explicit inertia bound for the linear-convergence theorem

We prove Theorem [C.1} exact gradlents B=v=0, al = ag =: , strong monotonicity modulus
1, Lipschitz constant M, and n < (so nM < 16 and nu < % using 1 < M).

16M2

Step 1: anchor with bias and inertia. The queries are exact at zp (since f = v = 0), so
|| Bi|| < 2M || Ag1]| with By as in the proof of Theorem[5.3] The anchor with strong monotonicity
gives, with ug := ||z — 2*[|? and Ay = %uk — SUk_1,

ury1 — (14 @)ug + aup—1 + Jwg ]| < a(l 4+ ) |A)* = 2npugg1 + A0M || A | Vakr,

and Young (ab < % + % with ¢ = 2) bounds the last term by I||Agi1]|> + 1692 M 2wy .
Using ] = [Aers — @Akl > HlAxar | — a2l Ag]]? (from fla]> < 2]la — b] + 2[[p|?) and
160> M? < np,

(1 +np)upsr < (14 Q)ug — aup_1 + a(l + 2a)||Agl* (44)

Step 2: displacement recursion. Write a = ||zx — 2*||, bp = |lyx — v*|| (ux = a2 + b3).
Proximal nonexpansiveness gives ag11 < (1 + nM)ay + nMby, + o AZ|| (the a-query is at 2y),
while the y-query uses the fresh zy11: g1 < (1+nM)bg + nMag41 + | AY]|. Summing, using
nMby < nM (ag + by) and nMagyy < M (ags1 + brsr),

(1= nM)(ar41 + brsr) < (14 20M)(ar + be) + ol All.

With nM < < 1g the factor ¢ := 1;%?5 < g nd 1_171\7[ < ¢, hence, using a + by < +/2uy,

Vi < S+ al|Al) < L7(Va + ol Ag]). (45)
Since || Agi1]l < kst + ur and (s + 1) < 2s% 4 22,

[Aks1]l® < 16wy + 607 Ayl (46)

Step 3: Lyapunov contraction with explicit constants. Define

i a(l+2a) 1+a
=1—-—= = , Ai=q— — 16p,
! 2 P Ut ) (g — 6a2) Tl 7

and Wy, := up + Mug_1 + p||Agl|?. Assume

< = . 47
@ < ap = oo (47)
Then p < 31a (since 1 4 2a < 1—1—16%, — 602 > %atn,ug 11—6,a§ %),and)\z % > 0:
indeed 11:'17"; 1+a) (1 —np+ mu?) <1+a-— 7”“ (as 2(nu)* < ™), so
3 33 3 17.03 n
A>T 6.0 —a > (7—7)>— 0.
=3 3178 T 0 ) T 07
Adding (divided by 1+ nu), Aug, and p times ([46): the coefficient of uj_1 is —1om S0

(dropped); the coefficient of uy, is =% 4 X + 16p = ¢ by definition of \; the coefficient of ||A]|?

14+np
a(lljéa) + 6pa? = p(q — 6a2) + 6pa’ = pq by definition of p. Hence

is

Wk+1 < qu. (48)
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Theorem C.1 (Inertial linear rate). Under the assumptions of Theorem with prox-center
inertia 0 < a < ag =nu/50 (and =~ =0), the iterates of Algorithm |1| satisfy

e o 33 S
la =17 < S(1+5) =17 k20, 21 = ).

Proof. uj, < Wy, < ¢"Wy with Wy = (14 MNug < g—guo (as A < 3%“ < 4—12 < é), and g =1-"
(1+ %) tsince(1-z)(1+a)=1-2*<1.

CTIA

Remark C.2 (Scope and conservatism). (i) The certified range is tiny: on the SC-SC instance
of Sectionlﬂ (up ~0.73, M ~ 0.78, n = ur/(16M?)), ap ~ 1.1 x 1073, four orders of magnitude
below the value o = 0.05 used in the experiments. Theorem certifies that small inertia
preserves R-linear convergence; it does not cover practical parameter values. (ii) The rate 1—nu/2
is a factor 2 slower than the non-inertial (1 + nu)~! &~ 1 — nu; this reflects the crude forcing
budget, not a fundamental limitation. (iii) Extension to (3,7 # 0: the bias bound becomes
| Bi|| < 3M(||Ag1]l + [|Akl), contributing the forcing 6nM || Ag||/ur < L[ Ag|* + 3612 M2uy,
(Young, t = 2); both terms are absorbed by shrinking oy and adjusting p by absolute factors.
The constants remain explicit and computable; the full double-inertial statement with numerical
constants is not claimed.

D The embedding lemma, and the status of the v/N lower bound

This appendix makes the lower-bound side of the paper precise: what is proved (lower bounds
through the convex embedding), what is not (the v/ N optimality), and exactly what remains to
be constructed.

Lemma D.1 (Embedding: convex sums are Minty). Let h : R? — R be convexr and C with
a unique global minimizer =*, let h = % Zfil h; be any decomposition with h; L-smooth, and
consider with H(x,y) = h(xz), g = 0, and f proper Ls.c. convex with 0 € Jf(z*). Then
2" = (z*,y*) satisfies the Minty condition for any y*: for all z = (x,y) and u € Jf(x),

(F(2),z—2") = (Vh(x) + u,x — ") >0,

because convezity gives (Vh(x),x — x*) > h(z) — h(z*) > 0 (as Vh(z*) = 0) and monotonicity
of Of with 0 € df(x*) gives (u,xz — x*) > 0. No per-component convezity is required: the Minty
condition constrains only the summed operator.

Lemma D.2 (Convex quadratic zero-chains: Minty, and carrying the convex lower bounds).
The quadratic zero-chain fr of [11] — a strictly convexr quadratic with a unique global minimizer
— satisfies the hypotheses of Lemma[D.1], hence its embedding is Minty for every exact finite-sum
decomposition. The lower bounds that apply to fr are the convex e-stationarity bounds of [11,
Section 3], which are weaker than =2; the Q(LA/e?) bound of [11] is a nonconvex result and

does not apply to fr (Remark .

Remark D.3 (Verification status of Lemma . The qualitative properties used here (strict
convexity of the quadratic chain, its unique minimizer, the ||V fr(z)|| > e property, and the
randomized lower bound with its dimension requirement) are the content of [I1, Sections 3-4].
The Minty membership is verified by Lemma The applicable lower bounds are those for
convex stationarity, now stated quantitatively in Proposition (dimension constants inherited
from [38, Theorem 7]).
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What survives and what does not. Lemma [D.1]gives a free reduction: to prove any lower
bound for the Minty class it suffices to exhibit a hard function that is convex with a unique
minimizer. The Q(LA/e?) bound of Lemma is of this form, which proves the e~2 optimality
in Proposition 4.11

The v/N bound does not transfer this way. The finite-sum lower bound Q(v'N LA/e?) of
[3] is built on the nonconver zero-chain of [11I] (the U—® chain), and the Minty condition is
neither stated nor expected to hold for it: star-monotonicity (Vf(z),x —z*) > 0 is a global
radial condition that fails in general for functions with multiple near-stationary regions, and the
small quadratic regularizer added in [3] enforces only local strong convexity at the minimizer,
not global star-monotonicity. We therefore do not claim that the construction of [3] lies in the
Minty class.

Remark D.4 (Convex hard instances are provably insufficient). Three lower-bound families
surround Conjecture and none reaches it. (i) [39] prove Q(E% min{n®*VoL, \/n L}) for
(—o, L)-weakly-convex objectives with o > 0; the hard objective is not star-monotone. (ii) [3]
reach Q(y/n LA/e?) on the nonconvex W—® chain of [I1, 12] (Section . (iii) for convex L-
smooth finite sums, accelerated variance reduction [38] finds e-stationary points in

0 (N +/NLR? /s) (49)

evaluations, where R = dist(zg, X*): indeed ||V f(2)|?> < 2L(f(z) — f*), so e-stationarity fol-
lows from eR-optimality, achievable in O(N + /NLR?/(¢R)) evaluations (lower bound [38|
Theorem 7|, transferred in Proposition . On instances with A = O(LR?), is O(N +
VN (LA)Y*¢=1/2) which is below the conjectured v/ N LA /e? whenever ¢ < (LA)Y2; hence no
convez instance can witness Conjecture . The hard instance required in (P1) must be gen-
uinely nonconvex yet star-monotone — the radial-log family of Proposition is the template —
and the construction must be validated in the regime d > ¢N(LA/e2)?, where the dimension-free
bound is not in force.

Remark D.5 (Deterministic information splitting is insufficient). Suppose the chain is split
across components deterministically: f = % >, fi with f; depending only on a coordinate group
G; (e.g. the tridiagonal splitting of [38], where each f; involves one group). A query to f; then
reveals the chain coordinates in G; — a group of size m — so T' coordinate discoveries require
at least T'/m queries, i.e. a lower bound Q(7/m). To match Conjecture which demands
Q(V/NT), one would need m < 1/v/N < 1: impossible. The /N amplification therefore cannot
come from any deterministic coordinate split; it requires probabilistic hiding in which each query
reveals a full new coordinate with probability O(1/v/N), exactly the mechanism of [3]. This also
explains why the convex route stops at v N e~1/2 (Proposition : deterministic splitting is
the only hiding available to convex constructions with exact sums.

Conjecture D.6 (v/N lower bound for the Minty class). There exists ¢ > 0 such that in
dimension d > ¢ N(LA/£?)?, any randomized first-order method for the class of Definition
requires Q(v/N LA /e?) single-component evaluations to output a point with Edist(0,0¥) < .

Construction program (route to Conjecture . Lemmasimpliﬁes the task relative
to [3]: per-realization Minty is automatic as soon as the sum is convex with a unique minimizer,
so the program is:

(P1) Base. A star-monotone but genuinely nonconvex zero-chain f with the gap property
IV f(z)|| > ¢ on undiscovered coordinates. Convex chains are provably insufficient (Re-
mark ; the radial-log field of Proposition shows how star-monotonicity is enforced
without convexity, and is the candidate carrier of the chain structure.
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(P2) Information-hiding decomposition. An exact decomposition f = % > Ji with max; L; <
L, such that a single component query reveals O(1/v/N) new chain coordinates in expec-
tation — the “probabilistic zero-chain” mechanism of [3]. Deterministic hiding is provably
insufficient (Remark, so this step genuinely requires the probabilistic construction; the
truncated chain of Appendix [E| satisfies the properties its analysis uses (gap, zero-chain,
smoothness, star-monotonicity), and transferring it requires verifying that the argument of
[3] depends on the chain only through these properties — the one remaining verification,
which needs their paper in hand.

(P3) Transfer. Minty of every realization is free by Lemma the estimator-concentration
argument of [3, [41] then yields the N amplification unchanged.

Item (P2) is a concrete open problem and the only step separating Proposition from a fully
matching lower bound.

E A star-monotone nonconvex hard instance: the N = 1 lower
bound

This appendix proves that the ¢2 scaling is optimal for the Minty class already at N = 1,
via an explicit instance that is simultaneously star-monotone and nonconvex. The construction
modifies the hard instance of [II] by a quadratic centering with two smooth truncations. All
constants are explicit; the only inherited constant is cs in the randomized dimension requirement
[11, Thm. 2, Sec. 5].

Chain functions and truncation. Let ¥ and ® be as in [11I, Lemma 1]. Their established
bounds 0 < ¥ < e, sup¥’ = /54/e (attained at (2t — 1)2 = 3/2; in particular U” vanishes
there), 0 < ® < v/27me, 0 < & < /e, and sup || < 33 (a direct single-variable computation),
give the first-order Lipschitz constant of the (untruncated) chain

0 =2e32 4 2,/%/2me = 2¢3/? + 2v/1087 < 45.81. (50)

For M =10 let x(t) = o(M + 1 — t) with o(s) = (1 +exp(: — ;£))~! for s € (0,1), c =1 on
[1,00), 0 =0 on (—00,0]: a C* decreasing cutoff on [M, M + 1] with

X[ <6 and [x"| <40, (51)
X =1on (—oo,M], x=0on [M+ 1,00). Set
W) = W(O)x(t) +e(l—x(1), (1) =) x(t]), (52)

with (¢ f ®'(s)ds. Then W is C*°, nondecreasing (¥ = W'y + (¥ — e)y’ > 0), satisfies
¥ =Uon (—oo,M} \I/ =eon [M+1,00), and ¥ < U<e pointwise. The cutoff x([¢[) is
n [—M, M] and vanishes for [t| > M + 1, so ® = on [-M,M] and & =0 for |t| > M + 1
moreover 0 < & < /e and

") = [y + 20"y + (¥ — e)x"| <33+21/2 .6+ ¢-40 < 200, (53)

8] = [B"x([1]) + @ (1]) sign(8)] < sup|8”] +6y/e = 1+ 6ye < 12
where the chain rule is applied separately for t > 0 and t < 0 (L.e., %y (|t|) = x'([t|) sign(t) with

X' < 0), and |®”(t)] = |¢|®'(t) < 1 with equality at ¢ = 1. (There is no ®x” term in ®” since x
multiplies &, not ®.)
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Smoothness of the truncated chain. A row of V? fr}r contains two off-diagonal entries of
magnitude [U'®’| < (\/54/e + e - 6)/e < 34.2 each, one term |®”V¥| < 12¢, one term |¥"®| <
200+/27e, and the first row the additional term [®”¥(1)| < 12; hence

f¥is £T-smooth with £ := 2. 34.2 4 12e + 200v/27e + 12 < 103, (54)

The instance. Let Ly,e, A > 0 satisfy LA > 10%2. Set

T

. Ly o o _ _ _ _
f(a) = a f7 (bx)+ 32\\96 "%, () = =V ()(y)+Y_ [U(—yi-1)(—yi) =V (yi1)®(wi)],
1=2
(55)
with 24t I o
1620t 15L; s M+2. 192est
‘T 160’ " b 15L; (56)

Then ab = ¢ and ab*("™" = %Lf, so f is Ly-smooth; with 7= [1079L;A/e%| and d = T

Lemma E.1 (Exact global star-monotonicity). Vf(z?) = 0 and (Vf(z),z —2T) > 0 for all
x € R, hence the embedded instance (H(z,y) = f(x), g =0, any exact decomposition) satisfies
Minty MVI at (27, y*) by Lemma .

Proof. Every summand of 9f%/dy; is nonposmve (\Il U, P, P > 0), hence Vf is the sum of a
componentwise nonpositive vector and = T(z —aT). At 2T, ba™ = (M + 2)1 has all coordinates
beyond the truncations: '(£(M +2)) =0 (as x(M +2) = 0) and ¥/ (+(M + 2)) = 0 (as
U = e beyond M + 1), so all summands of each partial vanish and V f(27) = 0. For x € R4

and each coordinate j: if z; < xJT then both V;f and z; — xJT are < 0; if z; > x then
br; > M + 1 and 9f% /dy; = 0 exactly — the bracket-j terms contain P’ (£bxj) = 0, and the
bracket-(j 4+ 1) terms contain U’(+bx;) = 0, independently of the neighboring coordinates — so

Vif(x;— x;f) = fé’ (zj — ; )2 > 0. Summing gives the claim. O

Lemma E.2 (Gap property of the truncated chain, self-contained). For every y € R? with
yr =0, [IVfF ()l >

Proof. Every summand of each partial 8 f% /9y, is nonpositive (Lemma, so V f¥ is compo-
nentwise nonpositive. We use: '(0) = \fe and V0)=0; U > W pointwise with U =1V on
[—M, M] and ¥(t) > ¥(10) > 2.71 for t > 10; ¥'(t) =0 for t > M + 1; ® = ® on [—M, M| with
® increasing and ®'(t) = ®'(—t); U increasing and ¥’ increasing on [1, 1—5_\/7] (its maximum is
attained at (2t — 1) = 3/2). Suppose, for contradiction, that max]](?f Tyl < 1.

Frontier. Let p be the last index with y, # 0 (if none, 0y = —W(1)®'(0) = —y/e). Since
Ypi1 =0 and W' (0) = 0,

o
Bypﬂ

50 |yp| < 70, where U(7p) = e71/2 ie. 7o = 4 (14 1/2/3) < 0.909.

Downward step. Let |y;| < 0.91 for some 2 < j < p (true for j = p). We show that either the
assumed bound is violated or |y;_1| < 71, where 71 is the un1que solution of /(1) = 1/®(—7p) on
[3.t1] (¥ is increasing there): ® is the chain function ®(¢ ff e~**/2ds of [I1| Lemma 1],
with the prefactor /e, so ®(—79) ~ 0.752, 1/®(—79) ~ 1 330, and since U'(0.74) ~ 1.28 <
1.330 < 1.59 &~ ¥/(0.75) the solution exists with 7 & 0.742. Dropping nonnegative terms,

= [U(~yp) + V()] Ve > U(ly,) Ve,

B aftr
dyj-1

> U (—y;—1)®(—y;) + V' (y;—1) @ (y;) > @(—Iy;1) V' ([yj-1]) = (—70) ¥'(|yj—1]),
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the middle inequality using min(é(—yj), &D(y])) = O(—|y;]) > ®(—79) and (- yj,l)—i—\f"(yj,l) =
U'(|y;j—1]) for |yj—1| € [3,0.91]. Two bands of |y;—1| > 0.91 are excluded: (0.91,#;] with
t; = ﬂ (where U’ is increasing) by the display, since U'(0.91) ®(—70) ~ 3.35 > 1; and [t1, 00)
by one of the two terms of —d;, namely —0; > \If(]y] 1]) @’(|y]|) > U(ty) ®'(70) ~ 1.523 > 1 (us-
ing U > W, which covers the belt (M, M+1] and the dead zone, where ¥ > ¥(10) > 2. 71) Hence
lyj—1] < 0.91, and then |y;_1| > 71 would give —9;_1 > 1 (as ¥’ is increasing on [3,#1] 3 71):
excluded. So |yj—1| < 7.
Termination. Iterating the step down to j = 2 gives |y;| < 71, and then

o rtr - - - ~ ~ ~
L = )F () + T () B + T () Bl 2 () > 1
since @ (1) = ee /2 ~ 1.25 at 71 ~ 0.742. Contradiction. O

Theorem E.3 (¢~2 lower bound for the Minty class at N = 1). The function f of satisfies:
(i) f is Ly-smooth and nonconvex: at y = (0.76, M + 2, 0,...,0) the leading 2 x 2 block of
vZ jt“r(y) 18 diag(HH,HQQ) with H12 =0 and

Hy = —®"(0.76) U(1) — U"(—0.76) ®(—(M +2)) —¥"(0.76) D(M +2) < 12—32.4.1 < —100,

(a direct computation gives ¥ (0.76) = W”(0.76) > 32, as 0.76 < M and y = 1 near 0.76; ®(M +
2) ~ 4. 133 > 4.1; and U"(~0.76) = 0 as ¥ is flat on (—o0, 1]), 50 Amin(V2f) < T25L(~100) +
Lf < —=L < 0; (i) f is star-monotone at x1 (Lemma so the embedded instance belongs
to the Mmty class; (i11) ||V f(x)|]| > € for every x whose cham profile is undiscovered; (iv)
f(0) —inf f < A. Consequently any zero-respecting first-order method requires at least T =
LlO_gLfA/£2J gradient evaluations to find an e-stationary point of a Minty-class instance, and
the same QUL A/e?) bound holds for any randomized method in dimension d > coT?logT [11,
Thm. 2/, with co the (underived) numerical constant therein.

Proof. Smoothness and nonconvexity. The chain part is ab?/" = }%Lf—smooth by and

the centering adds %, giving L s-smoothness. For claim (i) we bound Ami, below by that of the

leading 2 x 2 principal submatrix (Cauchy interlacing). With y = (0.76, M +2,0,...,0): Hi2 =0

because &' (£(M+2)) = 0 and ¥'(~0.76) = 0; Has = 0 because ¥(—0.76) = 0, " (£(M +2)) = 0

and U (£(M + 2)) = 0; and Hy, = —3"(0.76) — ¥”(0.76) D(M +2) < 12 — 32 - 4.1 < —100.
Value gap. For any y,

5 (y) > —V2me — (T — 1) e/2me > — e¥/%V27 T,

since —W(1)®(y;) > —+v/2me and each bracket is > —ey/2me; while fif(0) = —¥(1)®(0) =

—+/er/2. Hence fi(0) — inf fif < €3/2\/27 T. Since inf f > ainf f¥ (the centering is nonnega-
tive),

L
F(0) —inf f < ae®?V2rT + 3—f|]a:TH2

B <16£“63/2\/ﬂ 144(16) (@ )2>52T - 5.2 x 100 2T

< 0.0052 A
15 32 \15 Ly ~ Ly = ’

using (" = 10% and T' < 1079L ;A /&%

Gap property. Wherever the chain profile is undiscovered, ||V f¥]| > 1 by Lemma (whose
proof is self-contained and covers the truncation belt), hence [JabV f¥(bz)|| > ab = &; both
this vector and %(w — z7) are componentwise nonpositive on undiscovered coordinates (where
zj=0< :EJT), so they add rather than cancel and ||V f(z)|| > €. If instead all active coordinates
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lie beyond the truncation, the chain gradient vanishes and ||V f(z)|| > ?—é(]\4—1—2)b‘1 = %getr >
800 ¢.

Lower bound. Zero-respecting algorithms reveal at most one chain coordinate per query [11]
Observation 2| and the gap property forces all T' coordinates, giving 7' queries. The randomized
statement follows from [IT, Thm. 2]: the rotation preserves star-monotonicity ((UV f(U " x),z —
Uz = (Vf(y),y —2T) > 0), the gap, smoothness, and value gap. O

Remark E.4 (Explicit versus inherited constants). Every constant in Theorem is explicit:
the scaling with /% = 103; the budget constant 10~?; the centering L;/16 with 2l =
1%25%6“1; the cutoff bounds and truncation bounds ; the nonconvexity margin L /32

witnessed at (0.76, M + 2,0,...,0) with U”(0.76) > 32 and ®(M + 2) > 4.1; and the tension
margin 800e. The single inherited constant is c2 in the randomized dimension requirement
d > cT?logT [11, Thm. 2, Sec. 5]. The budget constant 10~ is not optimized: it is dominated
by the crude truncation-belt terms entering ¢ (the (U — e)x” term) and by the (M + 2)2
centering contribution; a smaller M, a cutoff with smaller belt derivatives, and a rebalanced
centering would improve it by orders of magnitude. The qualitative conclusion, an Q(LfA/ £?)
lower bound on a Minty-class instance, is unaffected.

Remark E.5 (Status and extension to v/N). Theorem is, to our knowledge, the first
Q(LsA/e?) lower bound proved on a star-monotone (Minty-satisfying) nonconvex instance; it
makes the e dependence of Theorem and Proposition class-optimal at N = 1. The
remaining step toward Conjecture is the information-hiding decomposition of across N
components (items (P2)—(P3) of Appendix@): the centering decomposes as » _, é—&”m—xTHz and
the truncated chain as edge pieces with the per-component radial sign structure of Lemma [E.]

preserved.
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