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Abstract

Ill-conditioned periodic transformations can hinder dense Floquet reconstruction for discrete-time lin-
ear time-periodic systems. We construct a surrogate using a fixed real monodromy root and sequential
phase-wise least squares to fit periodic input and output maps from full-state and input data. Exact
input—output equivalence is not imposed. Under the stated excitation, independence, and moment
assumptions, the population input regression targets the original periodic input matrices. Completion
requires finite predictions with averaged deviation-normalized error below one. Tests on a structured
commuting ensemble with analytical roots, dimensions 2—-8, and periods 3-501 show that the sur-
rogate completes every trial. The dense canonical reference has lower conditional median prediction
errors but completes only 1.3% of noiseless trials at n = 8, P = 501. For a shared surrogate-
designed gain at n = 8, P = 251, boundary estimates within 30% of the numerically estimated
true-system boundary are returned in 92.6% of surrogate trials versus 2.6% of reference trials. These
results identify an accuracy—availability trade-off for the tested implementations.

Keywords: Linear time-periodic systems, Floquet theory, System identification, Least-squares estimation,

Monodromy matrix

1 Introduction

Linear time-periodic (LTP) models arise in rotor-
craft, power electronics, locomotion, and robotics
[1-4]. When a real Floquet representation exists,
it replaces the periodic state matrix by a constant
latent matrix while retaining periodic input and
output maps. Discrete-time existence and con-
struction results [5, 6], Floquet—Fourier realiza-
tions [7], and periodic-systems theory [8] provide
the foundations. Practical use also depends on
accurate computation of the periodic maps.

Related identification approaches include peri-
odic subspace methods [9-11], data-driven Flo-
quet analysis [3], harmonic transfer-function
methods for locomotion [4, 12], and regularized
least squares for general time-varying systems
[13]. Adaptive filtering, recursive least squares,
and block-oriented identification address related
signal-processing problems [14-16]. Periodic Schur
and structure-preserving algorithms provide tools
for periodic-system computations [17, 18]; never-
theless, ill-conditioned transformations can make



canonical input-map recovery sensitive to pertur-
bations. Here we examine whether useful approx-
imate models can be constructed without forming
those transformations.

We fix a real Pth monodromy root A and
estimate periodic input and output maps from
full-state and input data. Rather than identifying
the complete periodic state-space model, we iso-
late map reconstruction once the constant latent
dynamics are fixed. Sequential phase-wise least
squares estimates input maps, propagates a latent
trajectory, and fits output maps. The fitted maps
need not define an invertible coordinate trans-
formation: the resulting Floquet-form surrogate
generally has a nonzero output residual, and exact
input—output equivalence is not imposed.

Under open-loop i.i.d. zero-mean excitation
and the independence and moment assump-
tions of Theorem 1, the input regression targets
the original periodic input matrices rather than
their canonical counterparts. We analyze trans-
formation conditioning and compare the surro-
gate against a dense canonical recursion sup-
plied with the true periodic matrices and the
same analytical root. On a structured commuting
ensemble, we separate completion from condi-
tional prediction accuracy and evaluate numer-
ical stability-boundary estimates for a shared
surrogate-designed gain. The results characterize
an accuracy—availability trade-off for the tested
implementations. Relative to the preliminary pro-
cedure in [19], this work adds the surrogate for-
mulation, population analysis, conditioning study,
extended Monte Carlo evaluation, and closed-loop
assessment.

2 Problem formulation

2.1 System model and monodromy

Consider the discrete-time LTP system
Tp+1 = Axxr + Brug, yr =k, (1)

where x € R", up € R™, and k£ > 0. Each Ay is
nonsingular, and
Apyp = Ay, Bi.+p = By. 2)

The phase p = k mod P identifies one of the
P matrix pairs. Full-state measurements are

assumed; disturbances are introduced in Section 3.
The formulation permits arbitrary m, whereas the
experiments use m = 1.

The monodromy matrix is

®=Ap_1Ap_ o Ag. (3)

It is nonsingular, and its eigenvalues are the
characteristic multipliers. The unforced system is
asymptotically stable when p(®) < 1. If || Ag|l2 <
v < 1 at every phase, then ||®[2 < ~%; the
ensemble of Section 5.1 satisfies ||®|]2 < 0.9F.

2.2 Classical Floquet representation

Fix a real matrix A € R™*" satisfying
AP = @, (4)

The discrete-time Floquet construction [5, 6, 8]
gives nonsingular, P-periodic transformations sat-
isfying
T A = ATy, Ty p = Ty (5)
With z, = T,;lzck, the canonical representation is
— A F _ pF
zp+1 = Az + By ug, yr = Cy 2z,  (6)

where

BY =T ! By,

k1 Ci =T (7)

A conventional recursive construction is
Tpr1 = AT, AL Ty = I,. (8)

Its numerical sensitivity depends on the transfor-
mations and the implementation, as distinguished
below; periodic Schur methods [17] reorganize the
same computation through orthogonal factors.

2.3 Conditioning of the
transformation

Define ¥, = Ap_1---Ag for k> 1 and g = I,.
The closed form

T, = \Ilkziik (9)

satisfies the recursion. Since Wy p = ¥y P, (4)
also gives T p = W, A~ FHP) =T



Throughout, cond(T}) = ||Tkll2/| T, 'l
denotes the 2-norm condition number. Large val-
ues make the inverse in (7) sensitive to perturba-
tions. When € cond(T};) approaches one, with unit
roundoff ¢ ~ 107!¢ in double precision, generic
normwise bounds no longer guarantee accuracy.
This does not imply failure of every implementa-
tion. Section 5.1 evaluates the conditioning analyt-
ically for the structured ensemble, independently
of the computed transformation recursion.

2.4 Monodromy root

Every real root of the nonsingular ® supports
(9). Different roots can yield different surrogate
dynamics, so the branch convention must be fixed.
General-purpose algorithms for fractional matrix
powers are available [20, 21]; here the root is
instead constructed analytically in the modal basis
of the ensemble (Section 5.1), so that root com-
putation is not a source of variation between the
two reconstructions, and the commutator residual

HAAP 7APAHF
| Apll#

1
oA, (10)

is reported as a consistency check of that construc-
tion. A real root exists for every real nonsingular
® when P is odd; for even P, existence depends on
the Jordan structure at negative real eigenvalues.
We use odd periods. Alternatively, a 2P-periodic
description has monodromy ®2 and root equation
AP = @2,

2.5 Surrogate objective

Superscripts F and S denote canonical and sur-
rogate quantities, respectively. For fixed A, the
surrogate has P-periodic input and output maps
and obeys

Zpr1 = Az, + B,%uk, Y = C,Ezk. (11)
The output residual ry, = yi — Yi is generally
nonzero. Given measured outputs yg,...,Yn—1
and inputs ug, . .., wn_2, Section 4 constructs the
maps by sequential phase-wise least squares with-
out forming {T}}. The output fit approximates
the measured trajectory for the applied input and
prescribed latent initialization. The matrices need
not equal their canonical counterparts, and exact

input-output equivalence is not imposed. A canon-
ical representation gives zero residual for noiseless
data and consistent initialization.

3 Algebraic analysis of the
regression

For moiseless data, the canonical residual
T, \yes1 — AT, 'y, equals Bfuy, by (5). This
oracle relation requires the transformations; the
implemented regression instead uses measured
outputs directly.

Consider the noisy model
Tpy1 = Apxp+Brug+wy,  yp = Tptug, (12)
where wy and vy are zero-mean process and
measurement disturbances. With A fixed, define

€L = Yk+1 — Ayk (13)

Substitution gives

er = (Ar — A)mi + Bruy +my,,  (14)

with

Nk = W + Vi1 — Avy,. (15)
For each phase p € {0,...,P — 1}, use the
transition indices

Z,={0<k<N-2:kmod P=p}. (16)

Let N, = |Z,| and collect the corresponding
columns as
Ep = [6k]keIp, Up = [uk]kezp. (17)

Step 1 estimates
AS
B = E,U], (18)

where 1 denotes the Moore—Penrose pseudoin-
verse. The term (A, — A)x}, is omitted from this
regression. Its correlation with the input, rather
than regressor-noise bias addressed by adaptive
compensation schemes [22, 23|, determines its
effect on the population target.

Theorem 1 (population target of Step 1) Fir A.
Assume that {up} is i.i.d., zero mean, with covari-
ance iy = E[ukug} > 0, and that the entire input



sequence is independent of the joint collection of xq,
{wy} and {vy}. Assume also that the state is gener-
ated causally from past inputs and disturbances, and
that xp and M have finite second moments. At any
fized index k € I, let Ep[-] denote expectation over
trajectories. The population cost

Jp(M) = Ep|llex — Muy|3] (19)

has the unique minimizer My, = By over M € R"*™.

Proof Causality and joint independence make both x,
and 7); independent of the zero-mean current input.
Hence Ep[mku;] = Ep[nkukT] = 0. Using (14),
T T T
Eplepuy ] = (Ap — A)Ep[zuy ]
+ BpXu + Bplnpuy | = BySu.
The normal equations therefore give M, =
Eplepu] 1S3t = Bp; positive definiteness of 3,
ensures uniqueness. O

Thus Step 1 targets the original input matri-
ces, not the canonical Bg . This is a population
characterization, not a finite-sample unbiased-
ness or consistency result. Zero-mean i.i.d. Gaus-
sian inputs and independent equiprobable binary
(Rademacher) inputs with nonsingular covariance
satisfy the excitation assumptions. Temporal cor-
relation or feedback can violate the required
state-input orthogonality [24]; independent white
excitation is sufficient, not universally necessary.
Disturbances affect finite-sample accuracy with-
out changing the stated population target, and are
not premultiplied by inverse Floquet transforma-
tions.

4 Floquet reconstruction
methods

Both methods use the same monodromy root
A, constructed analytically as described in
Section 2.4.

4.1 Direct canonical reference

The reference uses the true periodic matrices
{Ay, By}, evaluates (8), and obtains the canoni-
cal maps from (7). This is an oracle-information
reference, not an accuracy bound: the surrogate
receives only the shared root and measured data.
Canonical equivalence holds in exact arithmetic
but does not guarantee finite-precision accuracy.

4.2 Proposed least-squares method

The three-step procedure of [19] avoids construct-

ing {7}

Step 1: input maps. Assemble E, and U,

using (17), and estimate BS from (18). Theorem 1

characterizes its population target.

Step 2: latent propagation. For 0 < k < N —2,

propagate
20 = Yo, ék-i-l = AzAk + Bg mod PUk- (20)

This measured-state initialization is the conven-

tion used throughout the experiments.

Step 3: output maps. Use all output indices

Jp ={0<k<N-1:kmodP = p}, and

collect Y, = [y |rey, and Z, = [ 2 |re7,. Then

CS=Y,Z]. (21)

These maps minimize the phase-wise sum of
squared output errors for the fixed latent record,
but need not be invertible or equal Cg . The fitted
residual is generally nonzero.

4.3 Rank conditions and cost

Unique unregularized fits require each U, to have
row rank m and each Z, to have row rank n
for Steps 1 and 3, respectively. The pseudoinverse
formulas still define minimizers when these condi-
tions fail. A long record and Gaussian excitation
alone do not guarantee full latent rank.

For a fixed root in the single-input, overdeter-
mined setting considered here, the dense reference
requires O(Pn?3) operations, whereas the surro-
gate costs O(Nn?), including residual evaluation,
latent propagation, and phase-wise regressions. In
the experiments, N —1 = PN, counts transitions;
Step 3 uses all N output samples. These oper-
ation counts do not establish a measured speed
advantage.

5 Monte Carlo framework

5.1 Structured random ensemble

We use the structured LTP ensemble of [19].
For each realization, QR factorization of a Gaus-
sian random matrix provides an orthogonal F,
and Ay = FALFT. The fixed block structure



of Ay comprises real scalar modes and planar
rotation—scaling modes. Their moduli vary as

Tik = 0.6 + a; Sll’l(27Tk7/P + Lpi)?

where a; ~ U[0,0.3] and ¢; ~ U[0,27) are drawn
once per realization. Rotation angles also vary
sinusoidally with phase. Thus 7, € [0.3,0.9],
Akl < 0.9, and p(®) < 1. The single-input
maps are

Bj, = 0.2sin ¢ + 1.3sin(27k/P — ¢),

with entrywise sine and ¢ ~ N (0, I,,) drawn once
per realization. Their phase average is 0.2sin ¢,
which is generically nonzero.

Both methods receive the same real root, con-
structed analytically in the modal basis from
the geometric-mean moduli p; = (H;]:;ol rip)
and accumulated modal angles. It commutes with
every Ay by construction; the residual in (10)
is of order 106, This comparison is conditional
on the analytically supplied root, rather than on
numerical extraction of a root from the dense
monodromy.

For this commuting ensemble, (9) has the form
T, = Fblockdiagi(di,inyk)FT, where each Q;
is orthogonal within its modal block and

— max; d
—_k i Wik
dix = p; I | Tijs cond(Ty) = ————.
) min; dj
J=0 ’
For each realization, we calculate

maxo<k<p log;, cond(Ty) analytically and report
its median at each grid point, pooling the two
noise conditions. This structured family permits
conditioning to be assessed independently of the
dense recursion; it does not represent arbitrary
noncommuting LTP systems.

5.2 Trajectory generation and
evaluation

Each realization has independent training and test
trajectories, both starting from @y = 0 and driven
by i.i.d. Gaussian inputs. Each record contains
N = 100P + 1 output samples. The 100P transi-
tions give IV, = 100 samples per phase in Step 1;
Step 3 uses 101 output samples at phase zero and

100 at every other phase. These fits are overdeter-
mined, and prediction accuracy is assessed only on
the independent test record.

Training uses the noisy model (12), with i.i.d.
Gaussian disturbances wy,, vy ~ N(0,021,,), inde-
pendent of each other and of the input, at o2 €
{0,0.1}. Test trajectories remain noiseless to iso-
late deterministic reconstruction error. For a fixed
system and test input, the reference is unaffected
by training noise. Independent system realiza-
tions and test inputs are drawn for the two noise
conditions, so differences between their reference
statistics reflect Monte Carlo variation.

The grid comprises n € {2,...,8} and

P € {3,13,51,101, 145,175, 201, 251, 351, 501},

with 1000 realizations per configuration and noise
level, giving 70 configurations at each noise level.

5.3 Outcome categories and metrics

The analytical root is supplied to both methods,
so completion is assessed at the reconstruction
stage. For each test-output component, we divide
the RMS prediction error by its standard devia-
tion about its test-record mean, using divisor N
in both quantities. The componentwise ratios are
averaged over components with standard devia-
tion greater than 10719, yielding NRMSEgc,. The
range-normalized values in the conference version
[19] are not directly comparable.

A method completes a trial when its prediction
is finite and NRMSEge, < 1. The component-
wise mean predictor has score one, so completion
requires more than a finite numerical output. We
report completion rates over all attempted trials
and conditional median errors over completed tri-
als, keeping availability separate from prediction
accuracy on the successful subset.

6 Results
6.1 Completion

The median phase-maximum logarithmic condi-
tion statistic defined in Section 5.1 grows approx-
imately linearly with P for n > 3 (R? > 0.9998).
At n = 8 P = 501, it reaches 40.37, corre-
sponding to a condition number of approximately
104937 At n = 2, 47.6% of realizations con-
tain a single modal block and have cond(Ty) =
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1 throughout the period. These outcomes char-
acterize the selected ensemble, not a universal
numerical failure threshold.

The surrogate completes every trial at both
noise levels. The dense reference completes all tri-
als through P = 101, but completion decreases at
longer periods (Fig. 1). At n = 8, P = 501, it com-
pletes 13/1000 noiseless trials (1.3%) and 12/1000
trials at o = 0.1 (1.2%). By contrast, its noise-
less completion rate at n = 2, P = 501 is 67.1%.
Reference completion falls below 50% in sixteen of
the seventy noiseless configurations.

6.2 Conditional accuracy

At 02 = 0.1, conditional median test errors range
from 7.1 x 10716 to 2.3 x 1072 for the reference
and 9.8 x 1072 to 3.0 x 10~! for the surrogate
(Fig. 2). The reference has lower conditional medi-
ans in every configuration at both noise levels.
This does not imply superiority on every success-
ful trial: among paired trials where both methods
complete, it is more accurate in 66-100% of cases
per noiseless configuration. Small reference medi-
ans must also be interpreted alongside the limited
completion counts.

Surrogate median errors vary by at most about
a factor of three across periods, with /N, = 100
transitions per phase. At 02 = 0.1, errors are gen-
erally lower at larger state dimensions; the median
at n = 2, P = 501 reaches 0.30. Training noise
shifts the lower end of the surrogate median-error
range from 1.3 x 1072 to 9.8 x 1072.
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Fig. 2 Conditional median test NRMSEge, over com-
pleted trials at 02 = 0.1. The separate log;y NRMSEg.,
color scales span [—16,—1] in (a) and [—1.1,—0.5] in (b).
White squares in (a) mark fewer than fifty completed tri-
als.

Finite-sample error is not the only possible
contribution. For an input applied j > 1 sam-
ples earlier, the surrogate propagates it through
AJ~1 between its input and output maps, rather
than the true product of j — 1 phase-dependent
state matrices. A fitted output map need not
match these coefficients at every lag, so struc-
tural approximation error can persist with more
training data.

6.3 Closed-loop stability transfer

To complement open-loop prediction, we compare
the models’ estimates of the stability boundary of
one shared feedback gain. Related LTP controller
design is considered in [25]. After open-loop iden-
tification, K is obtained by unit-weight Riccati
iteration on (A, P71 25:_01 BS) This averaged-
model heuristic uses neither the true system nor
the canonical reference. Applying uy = —aKyx



through each output map gives

Flgrue(a) = Ak — OéBkK,
FS(a)= A - aB}KC?,
Ff(a)=A-aBfKC}.

For each loop, let ®q(a) = Fp_i1(a)--- Fy(a).
When the loop is stable at a = 0, its first stability
boundary is

o :==inf{a>0: p(®a(a)) > 1}. (22)

The reported search uses a 71-point logarith-
mic grid up to a = 200 and 45 bisection steps to
refine the first detected stable-to-unstable bracket.
These numerical estimates can miss earlier unsta-
ble intervals; all reported margins below refer to
this search, not certified first boundaries. Prod-
ucts are evaluated using stepwise rescaling and
logarithmic accumulation to limit underflow, with-
out eliminating other conditioning effects. We use
n € {4,8}, P € {51,251}, and 500 realizations
per configuration. Errors compare the numerical
model and true-system boundaries for the same
gain.

Canonical transformations satisfy

A - aBKC} =T, (Ar — aB,K)T}. (23)
Telescoping over one period makes the canonical
and true closed-loop monodromies similar in exact
arithmetic. The surrogate has no such guarantee,
and finite-precision canonical reconstruction need
not preserve this equivalence.

Table 1 and Fig. 3 summarize the results. At
P = 251, the reference returns no margin in
268/500 realizations for n = 4 and 453/500 for
n = 8, owing to failed or numerically degener-
ate transformations. Other tracked outcomes —no
detected crossing within the search range, failed
eigenvalue evaluation, and initial instability— were
not observed. At n = 8, P = 251, a margin within
30% of the true-system estimate is returned in
2.6% of reference trials versus 92.6% of surrogate
trials.

The surrogate’s reported median margin-error
magnitudes are approximately 14-20%. It over-
predicts the true-system boundary estimate in
9.0% of the 2000 realizations, with a largest

Table 1 Boundary estimates for the shared
surrogate-designed gain. Percentages use all 500
attempted realizations per configuration; “within 30%”
denotes absolute relative error at most 0.30. Prop. is
the surrogate and Ref. the dense canonical reference.

n=4 n=3~8
Period P 51 251 51 251

Within 30%, Prop. 95.6% 97.8% 95.8% 92.6%
Within 30%, Ref. 100% 25.6% 100% 2.6%

No margin, Ref. 0 268 0 453
0.4
proposed
0.24 reference
o OT-T AT A
f8-0.2
304
£
+ -0.6
°
808
. g0
S
-1
no usable margin, of 500 (count only, not plotted as data)
o o 0 268 o o 0 453
n=4 n=4 n=8 n=8
P=51 P=251 P=51 P=251
Fig. 3 Signed relative errors (o} 4. — ®frue)/f e Of

numerical boundary estimates from 500 attempted real-
izations per configuration. Positive values over-predict the
true-system estimate. Only finite returned estimates enter
the violins; unavailable estimates are counted below.

over-prediction of 47%; 4.6% exceed 30% abso-
lute relative error. No over-prediction is reported
among finite reference estimates, but unavailable
margins are not conservative predictions. These
results concern the selected gain, ensemble, and
numerical search, not a guarantee of closed-loop
stability.

7 Discussion and conclusion

For a fixed real monodromy root, sequential least
squares constructs a Floquet-form surrogate with-
out forming periodic coordinate transformations.
Under the assumptions of Theorem 1, Step 1 tar-
gets the original periodic input matrices, while
Step 3 fits output maps for the constructed latent
trajectory. These maps are not constrained to
define an invertible coordinate transformation, so
exact input-output equivalence is not guaranteed.



Finite-sample effects and structural approxima-
tion error can both contribute to the prediction
residuals.

The experiments demonstrate an accuracy—
availability trade-off. The tested dense canonical
reference has lower conditional median predic-
tion errors but loses availability in long-period
configurations, whereas the surrogate meets the
completion criterion throughout the tested grid.
For the shared surrogate-designed gain, its numer-
ical stability-boundary estimates remain available,
but occasional over-prediction prevents interpret-
ing them as conservative guarantees. Open-loop
prediction accuracy therefore does not replace
validation of the resulting closed-loop system.

The analysis assumes full-state measurements
and open-loop independent white excitation. Eval-
uation uses odd periods, analytically supplied
roots, and a structured commuting ensemble.
It neither tests root identification from noisy
data nor establishes superiority over structure-
preserving canonical algorithms. The finite-grid
search also does not certify the first stability
boundary. Extensions to noncommuting systems
and estimated roots would assess broader applica-
bility. Within the present scope, sequential least
squares provides an approximate alternative when
the tested dense reconstruction fails, rather than
a replacement for exact Floquet coordinates.
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