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Unified study of two complementary metrology tasks

Thickness of a thin film on a substrate, and group-refractive-index dispersion of an optical element, both from the
channeled spectrum of a slightly dispersive Michelson interferometer recorded by a fiber-optic spectrometer (framework
of Hlubina and co-workers).

Thin film: SiO>/Si, 100-450 nm Dispersion: uncompensated BK7 beam splitter
@ Model R, V, 6r, ¢n1 @ Equalization condition Ng(Aeq) = AL/t +1
@ Levenberg—Marquardt (LM) fit of noisy spectra @ 35 interferograms, AL = 10.990-11.709 mm
@ Errors within +0.2nm; R > 0.998 @ Aeq = 480-860nm; Ny = 1.558 — 1.525

(Sellmeier-consistent)
@ AL =11.30mm: Aeq = 598.5nm, Ny = 1.5401

@ n(\) recovered from Ng to 7 x 1072 (noiseless)

@ 2 scan: single sharp minimum at true d

Scan-free, single-instrument approach to thin-film and dispersion metrology.
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© Motivation and background © Experiments and simulation methodology
@ Theory Q Results

e Channeled spectrum, visibility, OPD e SiO2/Si thickness retrieval

e Sellmeier model of BK7 e BK7 group-index dispersion

o Thin-film reflection and phase o Phase-index reconstruction

e Equalization wavelength
o Phase-index reconstruction
o LM fitting and x?

@ Precision and systematic effects
@ Conclusions
@ References
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Motivation and Bac

@ The channeled spectrum at the output of a two-beam interferometer carries the full phase information of the

interfering waves; linked to coherence-induced spectral changes and spectral shifts/switches near phase singularities
[Wolf86, JW91, Pu04, Brun07, Gbur01, Foley02].

@ Studied in dispersive two-beam interferometers [HIu97, Kov99, Hlu00a, HIu00b, Hlu01a], optical fibres
[Tat81, Did96, Lee06]; relevant to displacement sensing and fiber-optic gyroscopes [Tap01, Khil8].

@ Phase extraction: Fourier-transform, wavelet, least-squares [Dor00, Reo06, Deng09].

Two key applications sharing one instrument and one expression

© Thin film: one arm ends at a film structure; reflectance and nonlinear phase modulate fringe visibility and phase, so
d follows from a single spectrum, no scanning [HIu01FS, Hlu04, HIu07].

© Uncompensated Michelson: beam splitter imbalance o< Ng; the envelope peak Aeq shifts with mirror displacement
and yields Ng(\) [HIu0OOb, HIuO1FS].

This work: common notation and model; LM thickness retrieval (100-450 nm); equalization condition, 35 interferograms,
n(\) reconstruction; precision discussion.
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Theory I: Channeled Spectrum of a Dispersive Michelson Interferometer

Spatially coherent white light; glass beam splitter of thickness t, indices n(X), Ng()); spectrometer with Gaussian

response width AXg [HIu07, Hlu04]:
2
cos[%A(A)] } (1)

@ /(9): reference spectrum (source x broadband reflectance, fringes unresolved)
@ V/(A): visibility; A(X): phase OPD; A&(\): group OPD

@ Exponential: contrast loss from finite resolution; — 1 for AAg — 0

A&(N)ANg ) 2

2
1) =10 {1 + V() exp [—2 ( 2

Visibility (arm ends at reflectance R): Phase OPD:
_ v 2VR() A(N) = 2L + 2n(A\)t — A (A) (3)
V(A) =V (2 27
1+ R(N)

2L: air path difference (air dispersion neglected); §,: phase

V) < 1: polarization mismatch, coherence, alignment. change on reflection (=const for a metallic mirror).

Two ideal mirrors: V =V, = 1.
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Theory II: Group OPD, Group Index and Sellmeier Model

Group OPD (stationary phase, ® = 27rA/X, d®/d(1/N); BK7 three-term Sellmeier (X in um, 20°C):
group delay on reflection neglected): 3 .
BiA
AE(N) ~ 2L + 2Ng (M) t (@) P =143 5 ©)
=1 T
Group index:
By = 1.03961212, B, = 0.231792344, B3 = 1.01046945
dn dn C1 = 6.00069867 x 103, C, = 2.00179144 x 102
AN=n—A=,  Ng(w)= = 5) @=6 =2 '
Ne(2) = n ax’ e(w) = n+ Y w (%) Cs = 1.03560653 x 102 pm?

It contains both the phase index and its dispersion slope.

Differentiating:
3 3
dn A B:C; A2 B:C;
=2 2 N (W) =ar S 7
dx ng(quﬁ s =n+ ,Z:;(’\Z*C’)z )

Evaluated numerically at any visible/NIR wavelength.
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Theory Ill: Reflection from a Thin-Film Structure

Normal incidence; film (medium 1, iy = n1 — iK1, thickness d) on substrate (medium 2, fip = ny — ixk2) in air.
Fabry—Perot summation [HIu07]:

ro1 + riz €28 1—1/ fiy — fiz 27
rN=—T——"—"">3, rp=-—72—, f2=——, B=—md (8)
1+ rg1rip €28 1+ M Ay + Ao A

Writing r = v/R e/ power reflectance R = |r|? and phase change on reflection
2m
or(N) = > 2n1(A) d + ¢ni(N) (9)

linear (geometrical) term + nonlinear phase ¢, from multiple internal reflections = spectral anomalies beyond a simple
mirror.

Optical constants of SiO,/Si

A=1.1336, X\s=9.261 x 1072 um
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Theory IV: Equalization Wavelength and Group-Index Extraction

Uncompensated arm longer by (Ng — 1)t in group path; AL: extra air path (mirror displacement). With L = —(AL + t)
and constant d,:

OPD(\) = —2AL +2[n(A) — 1]t,  OPDz()\) = —2AL + 2[Ng(\) — 1]t (11)
Envelope maximal at Aeq where OPDg(Xeq) = O:
AL
Ng(Xeq) = e +1 (12)

@ Measure Aeq for known AL, t = Ng(Xeq) directly; varying AL traces Ng(X).

@ With Sellmeier, solve numerically for Aeq(AL); Ng decreases monotonically in the visible = unique solution.
@ Larger AL = larger Ny = shorter Aeq (blue shift).

Effective beam-splitter thickness (if t unknown)
dn 1

M
qan " M) = NEOR) g, mind o
j=1
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Theory V: Phase-Index Reconstruction fr oup-Index Data

Ng = n— Xdn/d)\ is a first-order linear ODE:
dn _n_ Ng(A) (14)
dx A A

Integrating factor 1 = 1/ gives d(n/\)/d\ = —Ng /)2, hence

() = f)\/ Ni(;) A+ CA (15)

Discrete data {\;, Ng(\i)}:

N PR 1eY)
() = A; [c J:Zl gAJ?J AN (16)

@ C must be fixed by a boundary condition: known n(Xg), independent ellipsometry, or a dispersion model; otherwise
infinitely many solutions.

@ Useful when only group-delay measurements are available.
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Theory VI: Figure of Merit and

Thickness d, instrumental visibility V; and air path difference L are recovered by minimizing

N
X2(Vi, Ld) =" [15() = 1(Ais Vi, L d)]? (17)
i=1
@ /°()\): recorded (or simulated) spectrum; I(\;; Vj, L, d): model of Eq. (1) at N points over 450-900 nm.

@ Levenberg—Marquardt [HIu07, Press07]: blends gradient descent and Gauss—Newton steps; converges reliably from
physically reasonable initial guesses.

@ Fit quality: Pearson correlation coefficient R between measured and fitted spectra.

Synthetic spectrum (known d, V}, L) — add 1% Gaussian noise — LM fit — compare dg; with diyue — scan x?(d) for
uniqueness of the minimum.
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Experiment |: Thin-Film Configuration

@ Bulk-optic Michelson; halogen HL-2000 source (Ocean ; Thin-film structure
Optics) — multimode fiber — collimator ightsource | Opticolier Nistopasition

HL-2000 o

@ One arm: metallic mirror on micropositioner; other 3 Collimator Beam splitter
| Mirror

arm: SiO2/Si sample on micropositioner Objctive

@ BK7 cube beam splitter, tog = —10.10 um (found
independently by spectral interferometry [HIu07])

@ Microscope objective + micropositioners — read fiber Optical table Miroposibnczs :
— 52000 spectrometer, Gaussian response || ||
A )\R — 3nm — PC Spectrometer

Simulation: synthetic spectra from Eq. (1), known d, Vj, L; | re H 52000
Gaussian noise, 0 = 1% of peak; LM retrieval as for real
data; 8 samples, d = 100-450 nm, 50 nm steps.

Read optical fiber
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Experiment II: Uncompensated Michelson for Group-Index Dispersion

@ lllumination: QTH lamp, stabilized DC supply; adjustable i
aperture (spatial filtering, higher coherence); collimating lens. —

DC power supply | QTH lamp

@ Interferometer: non-polarizing beam splitter at 45°; Mirror 1 Mirror 2
on precision translation stage sets AL; Mirror 2 on (\;)H):
high-resolution micropositioner for fine alignment. . Yy
Beam splitter
@ Detection: objective — detecting fiber — S2000 (or Aperture Collimating Micropositioner
equivalent) — readout fiber — PC; micropositioners optimize lens e &

fringe visibility; vibration-isolated table.

@ Procedure: translate mirror in steps; record interferogram; read
Aeq from the envelope peak; obtain Ny from Ny = AL/t + 1.

Micropositioners 7 -
Optical table

Spectrometer ~ Read optical fibre

||—| $2000 |._C>_>_<; Detecting optical fibre
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Simulation Methodology and Parameters

BK7 dispersion simulation

AL € [10.990,11.709] mm, step ~ 0.021 mm (35
values), Aeq & 480-860 nm

Source spectrally flat, 500-860 nm; ideal spectrometer
(V =1, no resolution factor)

Interferogram from Sellmeier n and dn/dX

Envelope = magnitude of analytic signal (Hilbert
transform along \); /\(é’g = envelope-peak wavelength

Operating point ALg = 11.30 mm: Aeq = 598.5nm,
Ng = 1.5401; t = ALo/(Ng — 1) at this point

Parameter Thin film BK7

Sample SiO2/Si, 100-450 nm BK7 splitter

t teg = —10.10 um see text

Window 450-900 nm 480-860 nm
Spectrometer Gauss, AAg = 3nm ideal

Noise Gauss, 1% peak none

Cases 8 thicknesses 35 displacements
Analysis LM fit of x2 envelope peak

Principal simulation parameters of the two studies.
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Results I: Optical Characteristics of SiOy/Si

Modelled SiO2/Si ch: teristi f. Figs 3-4] . . . . .

OUGlIRd SIySTChaTactensics (Chpapergsaa] @ R(\) oscillates; oscillation faster for thicker films
Reflectance R(A) Visibility V(A) ( h /8 . )\)
more phase 3 per unit \).

@ V =V, 2VR/(1 + R) inherits the modulation:
= 0.45-0.80 across the visible.

@ §,(\) decreases monotonically; curvature grows with

@ ¢, thickness-dependent offset (=~ —3rad at 100 nm
to & —16rad at 400 nm); flat for thin films, more
structure as d grows.

%0 &0 750 w0 %0 %0 0 70 0 %0
Wavelength (nm) Wavelength (nm) . . .
Phase Change on Refl. (rad) Nonlinear Phase ga(A) (rad) @ These distort the fr'nge_ envelop.e asymmetrically and
o0 encode d beyond the fringe period.

(0 (rad)
oM (rad)

-12

500 0 700 00 200 500 0 700 200 900
Wavelength (nm) Wavelength (nm)

d = 100 (dotted), 200 (dash-dot), 300 (dashed), 400 nm (solid)
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Results II: Simulated Interferograms and LM Fits

Spectral Interferogram — Simulated vs Fit (Hlubina 2007 model) o

18 Simulated measurement
— LMfit d=300.0 nm, R =0.99900
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: ulll

500 600 700 800 %0 All eight samples, 450-900 nm

Wavelength (nm)
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: \\”‘\”H\‘w“‘*‘”“‘u“\””“ \m N\”M”””‘ ‘J\J\w‘

iiﬂ

\ﬂh
M M

d = 300nm: dg¢ = 300.0nm, R = 0.99900

@ Fringes span 450-900 nm; visibility is wavelength dependent and increases toward the red, consistent with R()).
@ Fits uniformly excellent, R > 0.998. Fringe period is set mainly by the gross group OPD, so fringe count is similar in all panels;
d appears as modulation of visibility and local phase, which the fit exploits.
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Results Ill: True vs. Retrieved Thickness

400

N w w
il 8 4]
B s 2

Measured Thickness (nm)

2
g

150

100

True vs Measured Thickness
(Si02/Si — Hlubina 2007 model)

True Thickness (nm)

Sarkar, Sadhukhan, Bhadra

White-Light Spectral Interferometry

. 100 nm - 100.0 nm (R=0.9984)
. 150 nm - 150.1 nm (R=0.9987) vl
. 200 nm - 200.1 nm (R=0.9990) .
@ 250nm~249.8 nm (R=09991)
: s ool dirue (NnM) dit (nm) Error (nm) R
@ 400nm-400.0 nm (R=0.9988) 2
(@ S0 -yssionm =Gl 100 100.0 —0.009 0.9984
,,6' 150 150.1 +0.079 0.9987
200 200.1 +0.101 0.9990
P 250 249.8 —0.184 0.9991
300 300.0 —0.035 0.9990
350 350.1 +0.068 0.9988
,/' 400 400.0 —0.019 0.9988
450 450.0 +0.019 0.9988
p.
{/' @ Points lie on the ideal 1:1 line: linear and accurate.
,/. @ R from 0.9984 (d = 100 nm) to 0.9991 (250 nm).
/.’l
100 150 200 250 300 350 400 450

October 1, 2026

16 / 26



Results IV: Error Analysis and

Error = Fitted — True (nm)

15

1.0

0.5

0.0

Measurement Error per Sample
(Si02/Si — Hlubina 2007 model)

+0.079 nm  +0.101 nm +0.068 nm
—

+2 nm bound

+0.019 nm

0,009 nm I oo om
-0.184 nm

-0.019 nm

160 1_';0 260 25‘0 360 35‘0
True Thickness (nm)

400 450

@ All errors within +0.2 nm, over an order of magnitude below

the =2 nm bound.

@ Largest: —0.184nm (250 nm); smallest: —0.009 nm

(100 nm).

@ No systematic trend = noise-dominated, not model-limited.
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1750

1500

1250

1000

750

500

Figure of Merit vs Thickness

=== Trued = 300 nm
--- X*mind =299.8 nm

Thickness (nm)

500

dirue = 300 nm, scan 190-500 nm, V), L at optimum.
Single deep minimum at d = 299.8 nm; maximum near
410 nm; no competing minimum.
Many fringes over 450-900 nm = wrong phase/envelope
gives large residuals; broader bandwidth =- narrower valley,
higher precision [HIu07].

ight Spectral Interferometry
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Results V: BK7 Interferograms at 35 Mirror Displacements

@ AL =10.990 mm (upper left):
Aeq = 787.3nm
| AL =11.709 mm (lower right):
Aeq = 484.8nm
@ Blue: interferogram; orange dashed:

1 B (A R envelope; red dashed line: Aeq.
Red-bordered panel: AL =11.30 mm,

' _ . Aeq = 598.5nm.
4 —_ |4 — y - 4 4 .
AAF ] @ Envelope peak migrates from NIR to shorter

wavelengths as AL increases.

4 | 4 @ AL > 11.5mm: Aoq in blue-green; red-side
fringes tightly packed (stronger BK7

0 dispersion at short ).

iy 7 KT A7 \r @ AL < 11.1mm: peak in NIR, broad slowly

varying fringes on the blue side.
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Results VI: AL and N, vs. Equalization Condition

Mirror Di tvs h (BK7 Glass)
1.7 &y —— Theory AL =t(Ng-1)
L ®  simulation (envelope peak)
116 3 ¥ Original AL=11.30 mm, A_eq=598.5 nm

Mirror Displacement AL (mm)
I R
B B B
N w > [

,_.
i
1

-
o)
o

500 550 600 650 700 750

Equalization Wavelength A_eq (nm)

AL vs. Aeq: theory AL = t[Ng(Aeq) — 1] (line), simulated envelope
peaks (dots), operating point (star).

800 850

@ Points follow the curve; largest scatter at long wavelengths.
@ Monotonic decrease: longer \eq <+ smaller AL.
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Group Refractive Index vs Mirror Displacement (BK7 Glass)

(Ng measured from interferogram A_eq vs

ion condition)

ight Spectral Interferometry

1.560
— Equalization condition: Ny=AL/t +1

® Ng(A_eq) — from interferogram 9

1.555
Y Original AL =11.30 mm .

1.550
1.545
1.540

1.535

Group Refractive Index Ng

1.530

1.525

11.0 111 1.2 1.3 1.4 115

Mirror Displacement AL (mm)

Ng vs. AL: line of slope 1/t; star: AL =11.30mm, Ng; = 1.5401.

11.6 1.7

@ Points follow the linear locus; deviations of a few 10~3 at the
ends, notably AL < 11.1 mm (broad, hard-to-locate peak).
@ Slope of a linear fit gives 1/t, hence the effective t.
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Results VII: Group Index vs. Equalization Waveleng

Group Refractive Index N,

Group Refractive Index vs Equalization Wavelength (BK7 Glass)

(dots = Ng from interferogram-measured A_eq | line = Sellmeier reference)

1.560 1

15557

15504

15454

1.5404

15354

15301

15254

—— sellmeier Ng(A) BK7
® (A eq) measured from interferogram
Y Original A_eq = 598.5 nm

500
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550 600 650 700 750 800 850
Equalization Wavelength A_eq (nm)

ight Spectral Interferometry

Line: Sellmeier Ng(\); dots: N at
interferogram-measured \cq; star: Aeq = 598.5nm,
Ng = 1.5401.

Ng ~ 1.558 at 480 nm — N, ~ 1.525 at 860 nm:
normal dispersion of BK7.

Points sample the curvature of the Sellmeier curve
over 480—-860 nm: sensitive to dispersion beyond the
linear slope.

The three representations AL(Xeq), Ng(AL), Ng(Xeq)
are mutually consistent, supporting the
equalization-wavelength framework.
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Results VIII: Phase-Index Reconstruction

Reconstruction of Phase Refractive Index from Group Index Dataset 25 uction Error vs

—— Selimeier n(A) (ground truth)
122 == Reconstructed n(A) from Ng(A)

Refractive Index n
Reconstruction Error (n_rec — n_true)

Wavelength (nm) Wavelength (nm)

Reconstructed n(\) (red dashed) vs. Sellmeier (black) An = Nec — NSellmeier

@ Numerical integration of the N, data (Egs. for n(A) and n();)): curves indistinguishable over 480-860 nm.

@ |An| <7 x 1079 smooth and monotonic = integration discretization, not model mismatch. Well conditioned for smooth
dispersion such as BK7.

@ Caveat: noiseless data with the boundary value taken from the model; shows mathematical consistency, not noise performance
(real N, precision ~ 107%).
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Precision and Systematic Effects

Precision limited by spectrum SNR, spectrometer resolution (AAg = 3nm) and accuracy of assumed optical constants; in
practice also micropositioner drift and vibration. Sub-nanometer accuracy is achievable in principle for SiO> films down to
100 nm if optical constants are well characterized.

Equalization-wavelength measurement (real experiment):

@ Spectrometer resolution: finite 5\ broadens the envelope and shifts apparent Aeq by ~ (6A)?/A (A: local fringe
period). For §\ &~ 0.5nm, A & 5nm: shift < 0.05nm.

@ Source spectrum: non-flat spectrum modulates the envelope amplitude but does not shift Aeq if the spectrometer is
intensity-calibrated.

@ Beam-splitter inhomogeneity: aperture-averaged t; negligible for flats better than \/10.

@ Mirror tilt/alignment: wavelength-dependent phase gradient but no envelope-peak shift for small detector solid
angle.

Precision in N of order 10~ is attainable, consistent with fused silica [HIuO1FS]; both applications share the same error
sources, so one instrument serves both.
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Conclusions

Thin-film thickness (SiO,/Si) Group-index dispersion (BK7)

@ Common channeled-spectrum model; R, V, &, ¢n1 @ Ng(Aeq) = AL/t + 1; 35 interferograms,
modeled. AL =10.990-11.709 mm.

@ LM fits of noisy spectra, 8 thicknesses (100—450 nm): @ \eq = 480-860 nm; Ny = 1.558 — 1.525, following
errors within =0.2nm, R > 0.998. Sellmeier.

@ X2 scan: single sharp minimum at true d. @ AL =11.30mm: Aeq = 598.5nm, Ny = 1.5401.

@ n(X) recovered to 7 x 10~ (noiseless).

Both need only a broadband source, a Michelson interferometer and a fiber-optic spectrometer: simple and suited to
laboratory and industrial use.

Future work: multilayer structures, angle-resolved configurations, multilayer beam splitters, absorbing and birefringent
materials, noisy experimental data; link to the spectral-anomaly framework relevant to gyroscopic and phase-singularity
applications.

Funding: DST/SERB, India (CRG/2020/003338).
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