Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Channel-resolved memory time of Haah's cubic
code under reversible rate filtering and temporally
correlated baths

Hikaru Wakaura

hikaruwakaura®gmail ,com

QuantScape Inc

Research Article

Keywords: Self-correcting quantum memories , Haah's cubic code.
Posted Date: October 12th, 2026

DOI: https://doi.org/10.21203/rs.3.rs-11241681/v1

License: € @ This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: The authors declare no competing interests.


https://doi.org/10.21203/rs.3.rs-11241681/v1
https://doi.org/10.21203/rs.3.rs-11241681/v1
https://doi.org/10.21203/rs.3.rs-11241681/v1
https://creativecommons.org/licenses/by/4.0/

Channel-resolved memory time of Haah’s cubic code under reversible rate filtering

and temporally correlated baths

Hikaru Wakaural> *

YQIRI (Quantum Integrated Research Institute Inc.), Tokyo 107-0061, Japan
(Dated: October 2, 2026)

Self-correcting quantum memories would store logical information without a real-time decoder,
and Haah’s cubic code is the best studied three-dimensional candidate, but how its memory time
depends on the environment beyond a flat Markovian bath has not been mapped. Here we simulate
the thermal syndrome dynamics of the cubic code at 8 = 4.5-5 for up to 13718 qubits under detailed-
balance rate filters on each of its three energy channels, under an Ornstein—Uhlenbeck modulation
that gives the bath a correlation time, and at rescaled code energies. The zero-energy diffusion
channel controls the memory time: suppressing it by 10° lengthens the memory time 80- to 120-
fold for L = 7-13, the gain enters as a prefactor rather than a steeper size law, and it outlives
the flat-bath optimum, where the memory time peaks between L = 13 and 17 and falls by 39%
at L = 19 while the filtered bath still grows to L = 17 and gains a factor 45 at L = 19. The
pair-creation channel is invisible over three decades; a bath correlation time adds a factor of two to
eleven, consistent with annealed and quenched hazard averages; and a uniform 12% energy rescaling
raises the size exponent from 2.7 to 4.3 along the Bravyi—-Haah line, which no gapped pseudomode
we solve provides. These results form a channel-resolved finite-size benchmark for bath engineering
of a passive three-dimensional memory; they establish neither asymptotic scaling nor an advantage

over active decoding.

I. INTRODUCTION

Storing a quantum state for longer than the coher-
ence time of its physical carriers is the first task any
quantum technology must solve, and it is solved today
by active error correction: stabilizers are measured, a
classical decoder infers the most likely error, and a cor-
rection is applied before the next round. Surface-code
memories on superconducting processors now operate be-
low threshold, with the logical error rate suppressed by
A = 2.14 + 0.02 each time the code distance grows by
two and a real-time decoder with 63 us average latency
(distance five) at a 1.1pus cycle [1]; low-density parity-
check codes promise the same performance with roughly
ten times fewer qubits [2], and the resource cost of the
decoder and of the universal gate set on top of it is a cen-
tral concern [3]. In every such scheme the decoder is part
of the physics: its latency, its classical throughput, and
rare correlated error events, which limit repetition-code
performance in the same device [1], set the overhead of
the memory.

A self-correcting memory removes the decoder from
the storage phase altogether [4-7]. If the Hamiltonian
that defines the code confines thermally created defects,
the environment itself performs the correction and syn-
drome measurement is needed only once, at readout. For
two-dimensional stabilizer codes with local generators the
energy barrier between logical states is bounded by a
constant independent of the size [8], so they cannot be
self-correcting by this criterion [7, 9], and the relaxation
time of the two-dimensional toric code is bounded inde-
pendently of its size [10]; in three dimensions the cubic
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code of Haah [11], which has no string-like logical op-
erators, is the best studied candidate: under a Marko-
vian Davies bath its memory time grows as a power
of the linear size L whose exponent is proportional to
the inverse temperature 3, Tmem ~ L?93871052 yp to
an optimal size L* ~ ¢%788=0-87 hevond which entropy
wins [12, 13], so that at any fixed nonzero temperature
the memory time is bounded in L [14]. Very recently
a three-dimensional stabilizer Hamiltonian with expo-
nential memory time was constructed [15], so passive
three-dimensional memories exist at least in principle.
The question of which three-dimensional codes are at
least partially self-correcting has been reopened: layer
codes have a linear energy barrier, the optimal scaling
in three dimensions, and a memory time proven to grow
exponentially in L up to a size that itself grows with
B [16, 17]; new constructions from product codes have
been proposed with the explicit aim of suppressing the
entropic factors that cap the cubic code at its optimal size
[18, 19]; and a sufficient condition for self-correction has
been formulated at the level of finite-temperature phases,
under which a Gibbs state connected by a locally re-
versible channel circuit to a zero-temperature code state
is a memory with stretched-exponential lifetime under
any quasi-local Lindbladian that fixes it [20]. The cubic
code is not known to satisfy that condition, and in kinetic
Monte Carlo of random layer codes with a cluster decoder
the memory time is likewise found to follow a power law
up to a temperature-dependent peak [17], so the finite-
size regime below the optimal size is, for now, the regime
in which the memory time of a three-dimensional code is
actually measured, and it is the regime studied here.

What the environment can do for such a memory has
been asked mostly for the two-dimensional toric code.
Chesi, Rothlisberger and Loss showed that a super-
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Ohmic bath, whose thermal rate vanishes at zero fre-
quency, removes direct anyon hopping and, in a toric
code supplemented with long-range repulsion, improves
the size scaling of the lifetime [21]; the lattice-geometry
dependence in an Ohmic bath was studied by kinetic
Monte Carlo [22], and the finite-size crossover of the
toric-code relaxation time has been characterized [23].
Coupling the code to cavity modes or to a lattice of mass-
less bosons induces effective interactions and an anyon
creation penalty that grows with L [24, 25] (within a
perturbative range of sizes in the cavity case [24]), but
this divergence requires exactly massless bosons and is
destroyed by generic local perturbations that gap them
[14]; a bosonic bath also generates spatially and tempo-
rally correlated errors that can break active correction
[26]. A separate, non-equilibrium line uses designed dis-
sipation or measurement-free control to protect a code
space [27], to trap [28] or translate [29] defects, to run
a cellular-automaton decoder continuously [30], or, as a
dissipative quantum cellular automaton with a proven
threshold in two dimensions, to store and compute au-
tonomously [31]; in the classification of passive correction
as a dissipative phase, detailed balance is argued not to
be the essential ingredient [32], and dynamical decou-
pling remains the reference active technique against non-
Markovian noise at the single-qubit level [33, 34]. On
the open-systems side, non-Markovian dynamics is rigor-
ously classified and measurable [35-38], and a structured
bath with matching two-time correlations can be repre-
sented by damped pseudomodes under a Lindblad equa-
tion [39], such Markovian embeddings being non-unique,
since several auxiliary-mode schemes arise as different
unravelings of the same bath self-energy [40]. However,
for a three-dimensional code no study has separated, on
the same footing, the effect of the spectral weight at each
allowed energy change, of the bath correlation time, and
of a renormalization of the code energies, on the memory
time and on its size dependence, and without that sep-
aration one cannot say which bath properties a passive
memory should be engineered for.

In this work we provide that separation for the cubic
code as a finite-size numerical benchmark. We treat the
Davies rates of the three allowed energy changes as inde-
pendent reversible filters, add an externally modulated
zero-energy rate with a tunable correlation time, rescale
the code energies uniformly, and, in a one-defect pseu-
domode model, ask what a locally damped structured
mode does to the defect population. We find that on
the plateau of pair-creation rates the zero-energy chan-
nel has by far the largest effect on the lifetime, with the
barrier channel weakly relevant and the creation channel
taking over only below a creation-limited crossover, that
a bath correlation time between the cluster lifetime and
the memory time adds a factor of about two described by
an annealed hazard average, and that a uniform energy
rescaling moves the size exponent along the Bravyi-Haah
line. The result shows which levers a bath engineer has
at fixed temperature and code, and what remains to be

computed before any of them can be promoted to an
asymptotic or operational statement.

II. MODEL AND METHODS
A. Code and thermal dynamics

We use Haah'’s cubic code (Code 1 of Ref. [11]) on
an L x L x L periodic lattice with two qubits per site,
N = 2L3, and stabilizers GX, GZ on every elementary
cube ¢, built from the corner table of Ref. [12]. The
Hamiltonian is H = —J Y (GX + GZ) with J = 1/2.
Energy units used throughout: one violated stabilizer (a
defect) costs 1; a single-qubit error flips four stabilizers
and costs A = 4; the barrier channel changes the energy
by +2. We verified the construction by checking that all
stabilizers commute and that the number of logical qubits
follows the exact formula k(L) = 2[1 — 2¢g2 + 2" (g +
12¢15 + 60ge3)] of Ref. [11] (¢, =1 if n | L, 2" || L) for
L =2-7 and 15. All simulations use odd L not divisible
by 15, for which & = 2 and the logical operators are
known.

Thermal noise is modeled by a Davies generator [41]
with single-qubit X jump operators; by the X-Z du-
ality of the code the Z sector behaves identically, and
simultaneous (Y-type) errors are not modeled. Because
the Hamiltonian is a sum of commuting stabilizers, the
dynamics in this sector reduces exactly to a classical
continuous-time Markov chain on error configurations
[12, 13]; we track the error frame e itself, not only its
syndrome, so that logical errors are decided by the an-
ticommutation of e plus correction with a logical opera-
tor. Flipping qubit g toggles the four Z stabilizers con-
taining it, changing the energy by AE = 4 — 2nyi01(q),
where nyio1(q) € {0,...,4} is the number of already vi-
olated stabilizers among them. We use Metropolis rates
Y(AE) = qomin(1,e #2F) [42, 43] and simulate with
the rejection-free Bortz—Kalos—Lebowitz algorithm [44],
the protocol of Ref. [12]. Time is measured in units of

1/7-

B. Three phenomenological environmental knobs

Reversible rate filters. A Davies generator sees a bath
only through the rates at the energy changes the code
allows, |AE| € {4,2,0}. We multiply the rates of each
channel by a factor sy, s2, so (pair creation and annihila-
tion, barrier crossing, and zero-energy hopping), scaling
forward and backward processes together so that detailed
balance and the Gibbs distribution over error configura-
tions are preserved exactly. The flat Metropolis bath
is (1,1,1). We use these filters as a phenomenological
model of a reversible bath with a structured response;
we do not construct the microscopic bath that realizes
a given triple, and we note that a thermal bosonic rate



near zero frequency behaves as J(w)/(fw), so a vanish-
ing J(0) (Ohmic) does not by itself give sy = 0; only a
super-Ohmic rate limit does [21].

Temporal correlations. To give the bath a correla-
tion time without changing its mean rates or the Gibbs
distribution, we let the diffusion rate fluctuate, so(t) =
explé(t) — 02/2], with € an Ornstein—Uhlenbeck process
[45] of correlation time 7. and stationary variance o2, so
that (so) = 1; £(0) is drawn from the stationary distribu-
tion. Rates are held piecewise constant over 7./20 while
zero-energy moves exist and ¢ is advanced with its exact
transition kernel otherwise. This is an external modula-
tion shared by all sites, not a derived thermal reservoir.

One-defect pseudomode model. A qubit with gap
A = 4 (the energy of one error) is coupled to one
damped mode, in the spirit of pseudomode embeddings
[39]: H=%0"+woala+g(cTa+o~al), with the mode
damped at rate x by the local thermal Lindblad pair
VEM+ 1) a, \/Enal, n = (e —1)71. The qubit then
sees a Lorentzian spectral density centered at wy with
width x and memory time 1/k; we use the model as a
minimal structured bath and do not claim that it is the
exact embedding, in the sense of the equivalence theo-
rem of Ref. [39] (Gaussian bosonic environment, match-
ing two-time correlation functions), of a specific contin-
uous thermal bath, and such embeddings are in any case
not unique [40]. We solve the Lindblad equation exactly
(dimension 2 x 13; the archived cutoff sweep from 8 to
28 shows no change at the 107° level; the two-defect
model uses 11 oscillator levels and is converged at the
10~!2 level) and compute separately the exact reduced
Gibbs state of qubit plus mode. Its bare-defect popula-
tion is the trace observable pyet = Tr[Il, e=#H /Z] with
II. = |e){e| ® I, which is basis-independent and continu-
ous through resonance.

C. Readout, memory time, and fit protocol

At readout we apply the renormalization-group de-
coder of Ref. [12]: defects are grouped into 2P-connected
clusters for p = 0,1,...; each cluster is tested for neu-
trality by solving, over Fo, for an X operator supported
on all lattice sites of the cubes in the cluster’s minimal
enclosing box, which is the 1-neighborhood of the box
in the sense of Definition 1 of Ref. [12], where a neutral
cluster is shown to be annihilated by an operator with
that support; neutral clusters are erased and the proce-
dure is repeated up to the code’s topological-order scale
Liqo = L — 2. Our neutrality test is the generic linear-
algebra version, not the broom algorithm of Ref. [12].
Following that reference, a trial decoding of a copy of
the syndrome is performed every T.. = ¢*%/100, and the
memory time of a run is the first trial at which the de-
coder either fails to clear all defects or returns a logical
error. The observable is therefore the first-failure time
of this specific decoder; a failed neutrality test does not
by itself prove that no recovery exists. For the fixed-

rate series the lifetimes are consistent with an exponen-
tial distribution (coefficient of variation 0.97 £ 0.09; the
modulated-rate point at 7. = 10'° has 1.72), and we
report the sample mean Ty, with its standard error
over n = 100 runs (n = 60 at 8 = 5). All filtered se-
ries use the same random-number seeds as the flat bath,
so differences between series are paired; because per-run
lifetimes are not archived the covariance between series
is unknown, and cross-series differences are quoted with
quadrature-combined errors whose direction of bias is not
established. The Ornstein—Uhlenbeck series use a differ-
ent seed sequence and are not paired with the flat bath.

Size exponents are obtained by weighted least squares
of InTyem on InL with weights (Tiem/SEM)? on the
common window L = 5-11, which excludes the point at
which the flat bath saturates; we report x?/dof, the error
scaled by y/max(1, x?/dof), and the window systematic
Apyin = |p(5-11) — p(7-13)|/2. A series is assigned an
exponent only if x?/dof < 10 on its window (a declared,
conventional cutoff; the strongest diffusion filter, with
x?/dof = 38, is not). Two exponents are called consis-
tent if they differ by less than a declared tolerance of 0.5,
which corresponds to a 4% change of 8 in the Bravyi-
Haah form. As an internal size diagnostic we also quote

Apassive(L) = Tmem(L + 2)/Tmem(L)7 (1)

with errors from both numerator and denominator. The
Bortz—Kalos—Lebowitz kernel is compiled with numba
and runs are distributed over 16 cores; the kernel was
validated against an exact uniformization solution of the
master equation on all 2'6 error configurations at L = 2
(Appendix A) and against the pure-Python implementa-
tion of the same decoder, with which it shares the code
construction and neutrality test and from which only the
kinetic inner loop differs (1.24(8) x 10® with n = 200
against 1.20(17) x 10® with n =40 at L = 9, 3 = 4.5).

III. RESULTS
A. Markovian baseline

Figure 1 shows the memory time in a flat bath at
B =4.5 and 5.0. On the common window the exponents
are 2.7340.17 (x?/dof = 1.2, window systematic 0.37) at
B = 4.5 and 4.10+0.22 (x?/dof = 0.7) at 3 = 5.0, against
2.935—10.52 = 2.67 and 4.13 from the fit of Ref. [12] over
L < 33; at 8 = 4.5 the growth saturates at L = 13, con-
sistent with L* = 14.0. Two sizes beyond the optimum
confirm the turnover directly: Tem = 2.21(20) x 108
at L = 17, equal to the L = 13 value 2.26(22) x 108
(ratio 0.98 £ 0.13), and 1.35(15) x 10% at L = 19 (ra-
tio 0.61 £ 0.09 to L = 17), so the memory time has a
maximum between L = 13 and 17 and decreases beyond
it. A peak of the same kind, at a size that grows with
B, is seen in kinetic Monte Carlo of random layer codes
with a cluster decoder [17]. These two sizes are not used
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FIG. 1. The Markovian memory time of the cubic code
follows the Bravyi—Haah power law up to an optimal
size set by entropy. Memory time versus linear size L in a
flat Metropolis bath at 3 = 4.5 (blue, n = 100 runs per point)
and 8 = 5.0 (red, n = 60). The 8 = 4.5 points at L = 17
and 19 lie beyond the optimal size and are not used in fits.
Dashed lines: L?93#71952 normalized at L = 5 and drawn up
to L = 14; dotted vertical lines: L* = *78°=%37  Error bars
are standard errors of the mean.

in any fit; all 200 of their runs end in a decoder failure,
with 34 and 50 defects on average at failure against 7.5
at L = 9. In 499 of 500 runs the failure is the decoder’s
inability to annihilate a residual cluster and in one run
a logical error, as in Ref. [12]; the former is a decoder-
failure count, not a proof that the residual clusters are
intrinsically uncorrectable. The flat-bath size diagnostic
is Apassive = 1.69 £0.21 for L =9 — 11 and 1.12 £0.14
for L =11 — 13 at 8 = 4.5, decreasing toward unity as
L* is approached, as any finite polynomial growth must.

B. Which rate channel controls the memory time

Figure 2 and Table I decompose the bath into its three
channels at 8 = 4.5. Over the tested range s4 € [0.01, 10]
the pair-creation channel has no measurable effect: at
L = 9 the memory time is 1.14, 0.96, 1.20, 1.16 x 103
for s4 = 0.01,0.1,1,10, and the same holds at every
L > 7 (the L = 5 point at s4 = 0.01 is twice the flat
value, a small-lattice effect). This cannot hold for ar-
bitrarily small s4: no failure can precede the first er-
ror, 50 Tem > €*#/(2L370s4), and the memory becomes
creation-limited below s = 1/(Ne~##THat ) = 3.8x10~*
at L = 9. Two points below the plateau confirm this:
at s4 = 3 x 107* and 10~ the memory time rises to
2.89(26) x 108 and 5.56(57) x 10%, in agreement with the
additive form T2 + T (s4) = 2.7 x 10 and 5.7 x 10%
with Thet = e*/(2L37ps4) (Fig. 2b). Above s} the
plateau has a simple reading: scaling creation and an-
nihilation together leaves the equilibrium abundance of

four-defect clusters at its Boltzmann value, and failure
is caused by clusters that separate and become charged,
which proceeds through the other two channels. The
barrier channel is weakly relevant, with logarithmic sen-
sitivity dlnTiem/dInsy = —0.29 at L = 9 (—0.26 at
L = 13; three-point fits over s € {0.1,1,10}). The
zero-energy diffusion channel dominates, with sensitiv-
ity —0.60 (—0.66 at L = 13), and it has not saturated:
so = 0.1, 0.01, and 0.001 give 4.5, 30, and 103 times the
flat-bath memory time at L = 9 (the last value from a
single size).

Within the declared tolerance, the size exponent of ev-
ery series that a power law describes differs from the flat
bath by less than 0.5 on matched windows: so = 0.1 and
50 = 0.1 differ from the flat bath by 0.21 and 0.02, and on
the 7-13 window the two s4 series differ from it by 0.01
and 0.26. This is a statement about the fitted finite-size
exponent on a stated window, with a window systematic
(0.37 for the flat bath, twice its statistical error; 0.36 for
so = 0.1, comparable to its statistical error of 0.38); it
is not a determination of an asymptotic exponent, which
would require data on both sides of L* for each filter. For
so = 0.01 and sp = 0.001 the growth from L =7 to 13 is
weaker than in the flat bath (on the 7-13 window, where
a power law is acceptable, the exponents are 0.92 + 0.23
and 1.19£0.19 against 1.98+0.28), and the gain over the
flat bath at sg = 0.001 is 4045, 121417, 103+13, 80£11,
78 £10 for L = 5,7,9,11,13, so the gain from freezing
diffusion appears, on the present data, as a large prefac-
tor rather than as steeper size dependence. The prefactor
outlives the flat-bath optimum: at sg = 0.01 the memory
time is 6.49(54) x 10° at L = 17 and 6.05(65) x 10° at
L =19 (ratios 1.27+0.16 for 13 — 17 and 0.93+0.13 for
17 — 19; n = 100, flat-bath seeds; all runs end in decoder
failure with 11 and 14 defects on average), where the flat
bath has already fallen by 39%, so the gain grows from
225+30at L =13t029+4at L =17 and 45+ 7 at
L =19 (Fig. 2a). Suppressing diffusion therefore moves
the size at which the memory time peaks outward, from
between L = 13 and 17 to L > 17; the two sizes are
too few to fit the shifted optimum. This differs from the
interacting toric code of Ref. [21], where a super-Ohmic
bath improves the scaling because the anyon gap itself
grows with L; in the cubic code the gap and the logarith-
mic energy barrier are fixed by the code.

C. A bath correlation time adds a hazard average
with annealed and quenched limits

Figure 3 shows the effect of the correlation time. With
o = 1 the memory time changes by at most 20% for 7.
between 1072 and 10° hop times (0.9740.13, 1.1340.14,
1.20 £ 0.16, 0.92 £ 0.12, 1.17 & 0.16 relative to the flat
bath, errors including the flat-bath denominator). With
o = 21t grows to 1.60+0.21 at 7. = 1 and 2.124+0.30 and
1.97 £ 0.26 at 7. = 10% and 105; the difference between
7. = 1 and 10? is 2.00 (numerator errors only, since both



TABLE I. Among the plateau scans the zero-energy channel has the largest sensitivity, and no series that a
power law describes has a size exponent outside the declared tolerance on its stated window. Memory time at
B = 4.5 (n = 100; the so = 0.01 series extends to L = 17 and 19 in Fig. 2a), the exponent on L = 5-11 with scaled error and
x?/dof, the window systematic, and the three-point sensitivity at L = 9. For s4 the fit excludes the anomalous L = 5 point
(window 7-13). The so = 0.01 series is not described by a single power law (x?/dof = 38 on 5-11: a 9.5x jump from L = 5 to
7 followed by growth of only 1.8x from L = 7 to 13, against 3.2x for the flat bath) and is given no exponent; the sg = 0.001
series behaves in the same way (x?/dof = 41; 9.4x from L = 5 to 7, then 2.1x from L = 7 to 13).

Filter Timem (9)/108 Timem (13) /108 exponent x2/dof; Apyin 412 Tmem
flat 1.20(11) 2.26(22) 2.73(17) 1.2;0.37 -
54 =0.01 1.14(12) 2.66(26) 1.97(22)* 1.2; - +0.04
54 =10 1.16(10) 2.77(27) 2.24(23)* 1.3; -
so=0.1 2.62(26) 5.49(53) 2.51(18) 1.0; 0.07 —0.29
s2 =10 0.69(7) 1.63(19) -
so=0.1 5.37(50) 12.6(12) 2.70(38) 5.4; 0.36 —0.60
so = 0.01 35.5(36) 51.0(47) none 38; 1.20
so = 0.001 124(11) 176(15) none 41; 1.32
so = 10 0.35(3) 0.61(6) -
*window L = 7-13; the flat bath on the same window gives 1.98(28).
(a) (b) ]
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FIG. 2. Reversible rate filtering acts through the zero-energy and barrier channels on the plateau s; € [0.01, 10];
below the creation-limited crossover the pair-creation channel takes over. (a) Memory time versus L at § = 4.5
for each channel filter (s4, $2,50). (b) Memory time at L = 9 versus the filter factor of a single channel, with the other two at
unity; the dotted line is the naive kinetic scaling « 1/s, the dashed line the flat-bath value, and the thin solid line the additive
creation-limited form T,ﬁiﬁn + Thrst (54), with the crossover s; = 3.8 x 104 marked; the two leftmost s4 points were added to
test it. Error bars are standard errors over n = 100 runs.

share the flat-bath denominator), so the data locate the
onset of the effect at or below one hop time and only
marginally resolve a crossover. Twem __h(1)

Tt (h(so))’

with h(so) = 1/Tmem(s0) the single-rate hazard. For a
power law h x s& with a = 0.6 (the diffusion sensitivity)

stationary distribution of sg before a failure occurs, so

Teluster K Te K Tmem, (2)

The correlation times 7. = 1-10° satisfy Touster S Te <K

Tmem: a defect cluster lives for of order one to a hundred
hop times, while Tiem ~ 10%, so the bath is renewed
many times before a failure (the point 7. = 1072 lies
below the cluster lifetime and is included only to bound
the fast limit). In this annealed regime each cluster sees
a fixed rate sg but the failure hazard is averaged over the

this gives e?(1=07°/2 = 113 (¢ = 1) and 1.62 (o = 2);
using the measured hazard curve of Table I (including the
sg = 0.001 point) and log-log interpolation gives 1.18 and
1.78, against the measured 1.1-1.2 and 2.0-2.1 (7. = 102~
10%). Two independent checks support the annealed as-
signment: the opposite, quenched limit 7. > T,em would



give (1/h)/(1/h(1)) = e*(1+@)9*/2 = 68 for o = 2, ex-
cluded by the data at 7. = 10° (1.97 & 0.26), and a
quenched mixture of exponentials would have a coeffi-
cient of variation of 2.7, whereas the measured value is
0.94 £ 0.09 (the error being the sampling standard devi-
ation of a sample CV at n = 100 under an exponential
law). To test the opposite limit directly we ran 7. = 1019,
twelve times the resulting memory time, with £ drawn
from its stationary distribution (n = 200): the gain is
7.0+ 1.1, against the quenched power-law prediction 6.8,
and the coefficient of variation of the lifetimes rises to
1.72. Three further quenched points (n = 200 each) test
the dependence on ¢ and on size: at ¢ = 1, L = 9 the
gain is 1.63 +0.20 against the predicted e*(1+®)/2 = 1,62,
and at 0 = 2 it is 109+ 2.0 at L = 7 and 6.1 £ 0.8 at
L = 11 against 6.8. With the single exponent a = 0.6
the four points give x? = 5.1 (no fitted parameter), the
L = 7 point lying 2.1 standard errors above the predic-
tion. The long-correlation points therefore have means
consistent with the quenched power-law estimate. Its
coefficient of variation must be compared with the sam-
pling distribution of a sample CV at n = 200, not with
the population value: under the fully quenched power-
law model the sample CV has median 2.14 with 5-95%
range [1.62,3.58], so the measured 1.72 is compatible
with the quenched law (at its 11th—12th percentile) and
incompatible with an exponential law (probability below
10~?; Appendix B5). The measured-hazard version of
the quenched average, 10.5 when the archived sy = 0.001
point is included (13.6 without it), overshoots the obser-
vation; the measured hazard is not a single power law (lo-
cal slopes 0.54-0.82 between successive decades), and the
instantaneous-hazard approximation, finite 7./Tinem, and
finite-sample tail fluctuations remain candidate explana-
tions that the present data do not separate. Equation (2)
and its quenched counterpart (Appendix B) are condi-
tional explanations, not theorems. The gain at 0 = 2,
7. = 1001is 1.96+£0.24, 1.754+0.27, 2.124+0.30, 1.69+0.21,
1.36 £ 0.18 for L = 5,7,9,11,13, with a weighted slope
dIn(gain)/dIn L = —0.29 £+ 0.18: a mild decrease with
size is neither established nor excluded.

D. A locally damped structured mode: populations
by identity, rates by dynamics

For the one-defect pseudomode model the excitation
number Q = oto~ + afa commutes with the rotating-
wave Hamiltonian at any detuning, and the product state
py o e~ P*0@ is annihilated by the local thermal dissipa-
tor; it is therefore an exact stationary state of this gener-
ator for every g and k. At resonance its qubit marginal is
the bare Boltzmann state, and the numerical steady state
reproduces this to 10=7 over g € [0.05,1], k € [0.03, 10],
B € {2,4.5} (Fig. 4a); the numerics add only that this
fixed point is the attractor. Off resonance the same iden-
tity gives a qubit population ratio e #“0 rather than
e~ P2 which is the well-known failure of a local thermal
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FIG. 3. A bath correlation time adds a factor of two
while the bath renews within a memory time and a
factor of seven at the longest correlation time sam-
pled, consistent with the annealed and quenched haz-
ard averages. Memory time relative to the flat bath at
L =9, B =4.5, versus the correlation time 7. of a log-normal
Ornstein—Uhlenbeck modulation of the diffusion rate with
mean one and log-variance o®. Dashed lines: annealed limit of
Eq. (2) with h o s3-%; dotted horizontal line: quenched limit
(55%) for o = 2; dotted vertical line: the flat-bath memory
time. Error bars include the flat-bath denominator; n = 100
runs per point (200 at 7. = 10'°).

Lindblad term to thermalize a detuned dressed system;
a locally damped mode therefore cannot be used to ask
whether a detuned structured bath changes defect pop-
ulations, and we do not draw conclusions about general
quantum baths from it. What the model does deter-
mine is the kinetics: the population relaxation rate is the
golden-rule value 4g%/k to within 0.5% for k > 50g, devi-
ates by 4% at k = 10g, and saturates at /2 for g 2 /3,
when the excitation is shared coherently between qubit
and mode. A finite bath memory time thus caps the rates
in this model without changing its stationary population.

The equilibrium question can be asked without dynam-
ics through the exact reduced Gibbs state of qubit plus
mode. Its bare-defect population pqer (Fig. 4b) is not be-
low the Boltzmann value at any sampled parameter: for
spectral weight above the gap it follows the second-order
shift of the qubit-like level, pqet/pp =~ P9/ (wo=2) (1.96
measured against 2.25 predicted at wg = 6, ¢ = 0.6,
B = 4.5), while for spectral weight below the gap it is
strongly enhanced (1.2 x 103 at wy = 2, g = 0.6; 2.4 x 105
at wo = 1, g = 1), because a thermally populated sub-gap
mode admixes the excited qubit into eigenstates of low
energy. The qubit-like eigenvalue itself shifts by the exact
Jaynes-Cummings amount %[/D? + 4g> — |D|]sgn(D)
with D = A —wy (Appendix B7) (0.044, 0.166, 0.414 for
g = 0.3,0.6,1.0 at D = 2; the second-order value g?/D
overestimates the last by 20%), which is a renormaliza-
tion of the spectrum, not of the population. Whether



TABLE II. A gapped structured mode does not act as
a uniform energy rescaling: the mean-force defect en-
ergy shifts with the wrong sign below the gap and a
shared mode induces defect—defect interactions. Two
defect qubits (gap A = 4) coupled with rotating-wave cou-
pling g to one shared pseudomode of frequency wo, 8 = 4.5;
single-defect mean-force shift ¢; — A, induced interaction Uiz,
and the Jaynes—Cummings shift of the qubit-like level for com-
parison. With independent modes U1z = 0 and €1 — A changes
by less than 0.25.

wo g €1 — A Uio JC level shift
2 0.3 —1.22 —0.14 +0.04
2 0.6 —1.68 —0.11 +0.17
2 1.0 —2.23 —0.03 +0.41
6 0.3 —0.04 +0.00 —0.04
6 0.6 —0.18 +0.05 -0.17
6 1.0 —0.54 +0.22 —0.41

the defects relevant to the code’s kinetics are the bare or
the dressed ones, and whether the admixture is removed
at readout, are questions this one-defect model cannot
answer. A two-defect extension tests the minimal con-
dition for the environment to act as a uniform energy
rescaling, namely that the mean-force energy of a defect
shifts additively with no induced interaction. With two
defect qubits coupled to one shared mode (or to two in-
dependent modes), we compute the sector free energies
Fi; = =B 'InTr[l;;e #H] and from them the single-
defect shift e — A = Fjg — Foo — A and the induced
interaction Uys = Fy1 — Fi9 — Fo1 + Foo (Table II). For
sub-gap spectral weight the shift is negative and large,
—1.2 to —2.2 defect energies at wy = 2, opposite in sign to
the Jaynes—Cummings level shift, so in mean-force terms
a sub-gap bath makes defects cheaper, not dearer; for
spectral weight above the gap the shift follows the level
shift in sign and roughly in magnitude (—0.18 against
—0.17 at wg = 6, g = 0.6). A shared mode induces an
interaction Ujp between —0.14 and +0.22 for g > 0.3,
attractive below and repulsive above the gap, while inde-
pendent modes give U1 = 0 to numerical precision. The
sampled models therefore do not realize the positive uni-
form rescaling assumed in the benchmark of Sec. IITE:
with a shared mode the shift is non-additive, and with
independent modes it is additive but negative below the
gap. These are statements about occupation-sector free
energies of gap-4 toy defects, not about the equilibrium
of the code, whose coupling operators and syndrome
constraints are absent here. A related caveat is that a
counter-rotating coupling with the same local damping
converts the ground-state dressing e = g/(A + wp) into
real excitations at rate xe?, giving a spurious population
ke? /T of 105 times the Boltzmann value at 3 = 4.5; any
quantitative study of populations in such models must
use a thermalizing global generator.

E. Uniform energy rescaling as a cooling
benchmark

If an environment renormalized every code energy by
a common factor ¢ = 1 4 §/A with unchanged kinetic
prefactors, the Davies rates would be those of the flat
bath at 3’ = ¢B. The two-defect calculation above shows
that the gapped pseudomode does not provide such a
rescaling (the mean-force shift has the wrong sign be-
low the gap and a shared mode induces interactions), so
the following is a benchmark of what a uniform rescal-
ing would buy if some environment provided it, not a
demonstration that one does. Figure 5 and Table IIT
show the flat-bath memory time at 8’ = 4.70, 4.875,
5.06, i.e. 6 = 0.18, 0.33, 0.50 (in defect-energy units;
12.5% of the four-defect gap for the largest). On the
common window the exponent rises from 2.73 £+ 0.17
to 4.34 £ 0.25, within 0.60 of the Bravyi-Haah form
2.933" — 10.52 at every ', and Timem (13)/Tmem (5) grows
from 9.9 to 87. The size diagnostic for L = 11 — 13
rises from 1.12 + 0.14 to 2.80 £ 0.35. We quote the
active-memory value A,ctive = 2.14 of Ref. [1] in Fig. 5b
only as a numerical reference: the two quantities are not
commensurable, since Apassive is a finite-difference of a
polynomial that decays to one as L — L* (L* = 21.7
at 8/ = 5.06, four size steps beyond our data), a step
L — L + 2 costs 1732 physical qubits at L = 11 against
64 for a surface-code step d =7 — 9, and the two mem-
ories are evaluated with different noise models, clocks,
and success criteria. No conclusion about passive versus
active performance follows from Table III.

IV. DISCUSSION

Three statements summarize the benchmark, each
with its scope.

First, within a reversible bath the equilibrium abun-
dance of defect clusters is set by the code and the tem-
perature, and over the tested range the spectral weight
at the pair-creation energy, the quantity a phononic band
gap would most naturally suppress, does not change the
memory time. The scope is the escape-limited regime
s4 > s;; below s the two additional points show the
memory time rising as the first-error time, consistent
with an additive form that we use as an interpolation,
not as a derived law. For self-correcting memories with
parity-check redundancies the syndrome sector equili-
brates rapidly within a logical sector under a quasi-local
Gibbs sampler [46]; we note that rapid equilibration does
not by itself fix first-passage times, and that the cubic
code is outside the class treated there. Conversely, for
expander-based low-density parity-check codes without
redundant checks the Metropolis mixing time diverges
below a critical temperature while the free energy re-
mains analytic [47]: there slow mixing is itself the pro-
tection and no thermodynamic transition is needed. The
cubic code, whose lifetime is finite at any 7" > 0 because
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FIG. 4. A locally damped resonant mode leaves the defect population at its Boltzmann value by an exact
stationary-state identity; the reduced Gibbs population of a bare defect is enhanced, not suppressed, by sub-
gap spectral weight. (a) Steady-state excited population of a defect qubit (gap A = 4) with rotating-wave coupling g to a
resonant mode damped at rate k, relative to the Boltzmann value, versus k = 1/7.. (b) Bare-defect population Tr[Ilepcibbs] of
the exact reduced Gibbs state of qubit plus mode, relative to Boltzmann, versus the mode frequency wo; the resonant point is
included. Dashed and solid curves: g = 2 and 4.5.

TABLE III. A uniform rescaling of the code energies moves the size exponent along the Bravyi—Haah line.
Flat-bath memory time at the effective inverse temperature 8 = B(1 + §/A), B = 4.5, n = 100; exponent on L = 5-11 with
scaled error, x?/dof and window systematic; the Bravyi-Haah value 2.933" — 10.52 (BH); and the size diagnostic of Eq. (1).

) B exponent x?/dof; Apwin BH Apassive(9—11) Apassive(11—13)

0 4.50 2.73(17) 1.2; 0.37 2.67 1.69(21) 1.12(14)
0.18 470 3.33(17) 0.7; 0.03 3.25 2.29(33) 1.64(23)
0.33 4.875 3.88(22) 1.9; 0.08 3.76 2.77(35) 1.77(24)
0.50 5.06 4.34(25) 2.7, 0.45 4.31 2.89(38) 2.80(35)
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FIG. 5. A uniform energy rescaling of 12% raises the size exponent from 2.7 to 4.3, as the Bravyi—-Haah form
predicts. (a) Memory time versus L at the effective inverse temperatures 3’ = 8(1 + §/A); dotted vertical lines mark L*(3").
(b) Size diagnostic Apassive = Tmem (L +2)/Tmem (L) versus L; the dashed line is the surface-code value Aactive = 2.14 of Ref. [1],
shown as a numerical reference only (see text). Error bars are standard errors over n = 100 runs.



of entropic effects, belongs to neither class, and the first-
failure times of Figs. 1 and 2 are the finite-size kinetics
of that intermediate case.

Second, the kinetic lever is the zero-energy rate, and
on the present data it acts as a prefactor. That a vanish-
ing zero-frequency thermal rate freezes anyon diffusion
was established for the toric code in Ref. [21], where,
with engineered long-range repulsion, it also improved
the size scaling; in the cubic code the same mechanism
buys a factor of 78-121 for L = 7-13 (40 at L = 5)
over three decades of sg; for sg < 0.01 the size depen-
dence is not a single power law and is weaker than in
the flat bath beyond L = 7, so the gain is a prefac-
tor and not a steeper size law (Fig. 2a). This is consis-
tent with the mechanism that caps translation-invariant
fractal codes, the multiplicity of low-energy paths along
which a defect cluster can spread [19], which has been
formalized for stabilizer Hamiltonians as a free-energy
barrier that bounds the thermalization time [48]: a fil-
ter on the zero-energy rate slows every such path by the
same factor without changing their number or the bar-
rier, and the bound of Ref. [48], which is asymptotic and
holds the kinetic rates between fixed constants, neither
predicts nor excludes the finite-size turnover of Fig. 1. A
bath correlation time adds a factor of two in the annealed
regime and about seven at the longest correlation time
sampled, consistent with Eq. (2) and its quenched coun-
terpart with the same exponent, the lifetime distribution
at that point being compatible with the quenched law at
the level of its sampling distribution; we are not aware
of a previous treatment of a self-correcting memory in
a temporally correlated bath (the closest works concern
active correction in correlated environments [26, 49] and,
most recently, continuous measurement-based correction
of small codes, where a bath memory improves the fi-
delity through a Zeno regime [50]; a passive memory has
no measurement, and the gain in Fig. 3 has the different,
kinetic origin of Eq. (2)).

Third, a uniform rescaling of the code energies moves
the exponent along the Bravyi—Haah line, so any environ-
ment that produced such a rescaling would act as cool-
ing. Bath-induced anyon penalties are known: massless
bosons give a penalty growing with L [24, 25], gapped
bosons a finite one [14], and a finite-size memory en-
hanced by an inverse Boltzmann factor is a resource even
when it fails the criteria for self-correction [14]. Our pseu-
domode models show a finite spectral shift of the qubit-
like level but also that the occupation-sector free energy
of a bare toy defect decreases, and that a shared mode
induces defect—defect terms, for sub-gap spectral weight;
the sampled models therefore do not realize the posi-
tive rescaling of Table III, and whether a gapped struc-
tured bath cools or heats the code itself is not deter-
mined by them. Non-equilibrium routes, such as driven-
dissipative ancillas that trap defects [28], a continuously
running cellular-automaton decoder [30], or dissipative
phases that do not rely on detailed balance [32], and
disorder-induced localization [51, 52], lie outside the re-

versible class studied here.

The limitations delimit these statements. All lifetimes
are first-failure times of one RG decoder with a generic
neutrality test; efficient decoders for fracton codes are
largely unknown, and even the code-capacity threshold of
the cubic code is at present only conjectured, from an en-
tropy duality, to lie near 0.11 [53], so the failure counts re-
ported here characterize this decoder, not the code. The
fitted series reach L = 13, below L* at every temperature
(L* = 14.0 at 8 = 4.5), so exponents are finite-window
quantities with a window systematic of 0.03-0.45; only
the flat bath and the sy = 0.01 series extend beyond the
optimum, and only at 8 = 4.5; for the strongest diffusion
filter no single power law describes the data. The filters
are phenomenological reversible rate multipliers in the
X sector; the correspondence to a microscopic spectral
density is stated only at the level of the thermal rate,
and simultaneous-Pauli or spatially correlated noise [26]
is not modeled. The Ornstein—Uhlenbeck modulation is
an external, spatially uniform rate process with a fixed
time step 7./20 whose refinement has not been tested.
The pseudomode model has one defect, one mode and
a local damping whose bare qubit marginal is thermal
only at resonance; it contains neither defect—defect inter-
actions nor a readout channel, and the two-defect exten-
sion shows that its spectral shift does not translate into a
uniform rescaling of the code energies. Finally all filtered
series share random seeds with the flat bath and per-run
lifetimes are not archived, so the covariance between se-
ries is unknown and cross-series differences are reported
with quadrature-combined errors whose direction of bias
is not established. The computations that would remove
these limitations are: a many-defect mean-force calcu-
lation with the code’s coupling operators, extending the
two-defect test of Table II; sizes L = 15—-17 at the highest
B3’ to reduce the window systematic; and a comparison of
failure syndromes against a stronger recovery to separate
decoder failure from loss of logical information.

V. CONCLUSION

We have measured, for Haah’s cubic code, how the
memory time of a passive three-dimensional memory re-
sponds to each of three phenomenological environmental
controls, providing to our knowledge the first channel-
resolved benchmark of this kind for a three-dimensional
code. The memory time responds to the zero-energy rate
with logarithmic sensitivity —0.6 over three decades and
to a bath correlation time by a factor of two (annealed)
to seven (quenched) consistent with a hazard average,
while the pair-creation rate is invisible on the plateau
s4 € [0.01,10] and takes over below the creation-limited
crossover, and a uniform energy rescaling of 12% raises
the fitted size exponent from 2.7 to 4.3 along the Bravyi-
Haah line. Compared with the interacting toric code of
Ref. [21], where the same zero-frequency mechanism im-
proves the scaling, the cubic code gains a factor of 13-45



at sop = 0.01 over L = 5-19 (and 40-121 at so = 0.001
over L = 5-13) with no change of exponent beyond the
tolerance for the series a power law describes and no
steeper growth for those it does not; compared with a
flat Markovian bath, a locally damped resonant mode
changes rates but, by an exact identity, not populations.
For the broader effort to build memories that do not need
a decoder, these numbers locate the environment among
the design variables: at fixed code and temperature the
zero-frequency spectral weight is the lever worth engi-
neering, temporal correlations are worth a factor of two
to seven at the sampled amplitudes, and among the con-
trols tested, only a uniform rescaling of the code energies
moved the fitted size exponent of a series that a power law
describes (the strongest diffusion filter, which no power
law describes, grows more slowly than the flat bath on
L = 7-13), and no bath in the reversible class studied
here, including the gapped structured mode of the two-
defect model, has been shown to provide one. On the
present data a bath correlation time is worth a factor
of two (annealed) to six to eleven (quenched, L = 7-
11), and a suppressed zero-frequency thermal rate, as in
a super-Ohmic phonon bath, is worth up to two orders
of magnitude, and at sy = 0.01 the gain survives and
grows beyond the flat-bath optimum, which the flat bath
crosses between L = 13 and 17 at 8 = 4.5 while the
filtered bath still grows to L = 17; whether a bath corre-
lation time also does is open. A many-defect mean-force
calculation with the code’s coupling operators, and the
location of the shifted optimum under a suppressed dif-
fusion rate, are the immediate next steps. Beyond the
cubic code, the same channel decomposition applies to
any code with a classical Davies reduction, including the
layer codes [16, 17] and the translation-invariant fami-
lies obtained by compactifying fracton models [54], whose
thermal stability is so far conjectural.
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DATA AVAILABILITY

The code construction, decoder, simulation scripts
with seed and decoder-cap arguments, all result files
with a provenance manifest, the figure scripts, and a
test suite that regenerates the derived numbers, the
figures, and two archived Monte Carlo points bit for
bit are available at https://github.com/WakauraH/
haah-cubic-bath-benchmark.
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Appendix A: Validation of the simulation

Ezact master equation at L = 2. For N = 16 the
classical Davies chain on all 2'® error configurations
can be integrated exactly by uniformization, P(t) =
>, Pois(n; At) (I + W/A)"P(0) with A = N~vp. In this
check the Hamiltonian is written as —Ag) . S. with
eigenvalues +/Ag per stabilizer, so that a single flip, which
violates four stabilizers, costs 8Ag, and Glauber rates
Y0/ (14 €AY are used. With a minimum-weight lookup
decoder the Gillespie simulation reproduces the exact
success probability with maximum deviation 0.014-0.040
over 3 = 0.5-1.5, and the memory time scales as e7-85%s
consistent with the 8Ag single-flip barrier; the mem-
ory times themselves agree exactly on the time grid at
B = 0.5, 1.0 and 1.25 and differ by 23% at 8 = 0.75
and 1.5, where the threshold crossing falls between grid
points; this check uses a minimum-weight lookup decoder
and the first grid time at which the success probability
drops below 1 — 1/e, not the trial-decoding protocol of
the main text.

Decoder. At L = 5 every single-qubit error is corrected;
at L =9 all of 100 random weight-two and 100 weight-
three errors are corrected with Liqo = L — 2 (96% of the
weight-three errors with Lyqo = L/2, where three nearby
errors can merge into a cluster whose box exceeds the
cap; both settings are exposed as a script argument).
With Ly, = L/2 the memory times at L = 7 and 9 are
identical to those with L — 2 for the same random seeds
and differ only from L = 11 upward.

Time resolution and statistics. The trial-decoding pe-
riod Ty = ¢*#/100 must be small compared with Tyem;
at 8 = 4.0 the archived ratio is only 1521 (L = 5,7;
n = 10), too coarse for the per-size comparisons made
here, which is why the many-body scans are reported
for g > 4.5, where Tem/Tec ranges from 34 (L = 5) to
8.8x10% (L =13, 8’ = 5.06). An independent-seed rerun
of the flat bath (n = 60, seeds offset by 5 x 10°, archived
as tmem beta4.5 reviewA flat.json) gave 8.0(11)x 107
at L = 7 and 1.20(14) x 10% at L = 9, against the tab-
ulated 7.1(8) and 1.20(11) x 10%. Two result files were
overwritten by later runs and regenerated with the same
seeds, as recorded in the manifest: the L = 9 entry of
the sp = 0.01 series reproduced its logged value exactly,
and the ¢ = 2 Ornstein—Uhlenbeck records at 7. = 1
and 102 did likewise, while 7, = 10% moved from 2.44 to
2.36 x 10® because the initial value £(0) is now drawn
from the seeded generator; the earlier records (and the
7. = 1019 run) drew £(0) from an unseeded generator
and are statistically valid but not bit-reproducible. The
oscillator cutoff sweeps of both pseudomode models and
the o — 0 self-test of the modulated kernel are archived
with the results.


https://github.com/WakauraH/haah-cubic-bath-benchmark
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Appendix B: Derivations used in the text

Each derivation lists its inputs (starting equations with
their primary sources) and then numbered steps, so that
every result used in the main text can be followed without
external material.

1. Classical reduction of the Davies dynamics

Inputs. (I1) The Davies generator [41, 55], in the form
used in Ref. [12], Eqs. (1)-(3): p = —i[H,p] + L(p)
with £(p) = 3, , h(e, w) (AawpAl o, —5{AL A w. p}),
where A, , is the component of the coupling operator A,
that lowers the energy by w and the rates obey detailed
balance h(a, —w) = e #“h(a,w). (12) The code Hamilto-
nian H = —J Y (GX + GZ) with mutually commuting
stabilizers, J = 1/2 [11, 12]. (I3) Coupling operators
A = X4, one per qubit.

Steps. (1) Since all G# commute, the joint eigenbasis of
{G?#} diagonalizes the Z-stabilizer part of H; an X-error
configuration e € {0,1}"V applied to a code state gives
the eigenstate |e) with energy E(e) = > [GZ(e) = —1]
in defect units. T'wo frames that differ by an X-stabilizer
give the same state, so the chain on frames e is a lift of
the physical dynamics; the lift is harmless because the
energy, the syndrome, and the logical class of e depend
only on e modulo the stabilizer group, and readout uses
only those. (2) X, maps |e) to |e ® ¢) and flips exactly
the four stabilizers containing ¢, so E(e ® q) — E(e) =
4 — 2nyici(q); hence the spectral component of X, with
frequency w = —AFE is X, restricted to the configura-
tions with the corresponding nyiei(q). (3) For p diagonal
in the |e) basis, [H, p] = 0 and each term of £ maps |e){e]
to a combination of |e){e| and |e @ ¢) (e ® ¢|; the genera-
tor therefore preserves diagonality and its restriction to
populations P(e) is a classical master equation with tran-
sition rate W(e — e®q) = h(q, —AFE). (4) Choosing the
Metropolis form h(q, —AFE) = vy min(1,e #AF) [42, 43]
satisfies (I1)’s detailed balance, W(e — ¢')/W(e/ —
e) = e PLEE)=E@)] (5) The rejection-free BortzKalos
Lebowitz algorithm [44] samples this chain exactly: with
total rate R =3 W(e — e @ ¢) the waiting time is ex-
ponential with mean 1/R and the flipped qubit is drawn
with probability W/R. Ergodic decompositions of Davies
generators for CSS codes, which justify treating the X
sector alone, are given in Ref. [13].

2. Invariance of the Gibbs distribution under
channel filters

Inputs. (I1) The classical chain of Appendix B1 with
detailed balance w(e)W(e — €') = w(eY\W(e — e),
m(e) o< e"AE(€) (12) The filter definition: W — sjamW
for both directions of every transition with energy change
+AE.
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Steps. (1) Multiplying both sides of the detailed-
balance identity by the same sjag| > 0 leaves it valid
with the same 7. (2) Hence = is stationary for the fil-
tered chain and, the chain being irreducible for s > 0,
unique. (3) This fixes stationary occupation probabili-
ties only; first-passage times (the memory time) are not
determined by m, as the bound of Appendix B 3 shows.

3. First-error bound and creation-limited crossover

Inputs. (I1) From the code state every qubit has
Nviol = 0, so every flip has AE = +4 and rate sgyoe*?
(Appendix B 1, step 2 and 4). (12) The readout protocol
can count a failure only if at least one error is present,
since a zero syndrome with e = 0 decodes trivially.

Steps. (1) The first flip occurs after a random time
Thrst, exponential with mean Tgs = 1/(Nsgyoe™?),
N = 2L3. (2) By (I2) no failure precedes the first flip,
so the memory time dominates 7gst in distribution and
ETmem > Thrst- (3) Defining s} by Thpst(s)) = T8t

mem

gives sj = 1/(Ne *8yTlat )y = 3.8 x 107* at L = 9,

mem

B = 4.5. (4) The additive form Tyem =~ TH8 4 Tho
used in Sec. III B is an interpolation motivated by the

two limits, not a consequence of steps 1-3.

4. Uniform energy rescaling as a temperature
change

Inputs. (I1) The Metropolis rates y(AE) =
7o min(1, e #AF) of Appendix B1. (I2) The hypothe-
sis H — c¢H + const with ¢ = 1 4+ §/A and unchanged
jump operators and prefactor 7.

Steps. (1) Under (12) every AE — cAE, so BAE —
¢BAE = ['AE with 8/ = ¢f. (2) The chain at (H, )
with the original energies is therefore identical to the
chain at (cH, (), transition by transition. (3) Step 1 re-
quires that all channels, |AFE| = 2 and 4, are rescaled by
the same ¢ and that no configuration-dependent terms
are added; Sec. IIID and Table II test and reject this
hypothesis for the pseudomode models.

5. Hazard averages for a modulated diffusion rate

Inputs. (I1) At fixed diffusion rate sg the lifetime is
taken to be exponential with hazard h(sp) = 1/Timem (S0)
(empirical, Sec. IIC: coefficient of variation 0.97 + 0.09
over the 79 fixed-rate points). (I2) The modulation
so(t) = exp[é(t) — 02 /2] with € a stationary Ornstein—
Uhlenbeck process [45], £(0) ~ N(0, 02), correlation time
Te; hence (sg) = 1. (I3) The instantaneous-hazard ap-
proximation: conditional on a rate history the survival
probability is exp[— fot h(so(w)) dul], the survival func-
tion of a process with time-dependent hazard [56], and
the unconditional survival is its average over histories,
S(t) = Eexp|— fg h(sp(u)) du]. This treats the failure



hazard as a function of the instantaneous rate alone,
which is an approximation for a process whose failures
are built up over a cluster lifetime.

Steps. (1) Annealed limit Teuster < Te <€ Tmem: DY
ergodicity of the stationary process the time average
t—! fot h(so(u))du converges to (h) for t > 7, (homog-
enization of the hazard), so S(t) =~ e~ ("' on the scale
of Tmem and ET = 1/{(h(sp)), which is Eq. (2). (2)
Quenched limit 7. > Tyem: So is constant during a run
and drawn from its stationary law, S(t) = (e~"(*0)t) and
ET = [;°Sdt = (1/h(s0)). (3) Log-normal moments:
for so = e$=7°/2 with £ ~ N(0,02), (%) = e?’o’/2
gives (s?) = e*(@=17"/2 With h o« s& anncaled gain
1/(sg) = e“(l’“)”2/2, quenched gain (s, ) = e“(H“)"z/z;
for a = 0.6, 0 = 2 these are 1.62 and 6.82. (4)
Quenched coefficient of variation: ET? = 2(h=2), so
CV? = 2(s52) /(5592 — 1 = 27" — 1, i.e. CV = 2.73
for a = 0.6, 0 = 2; the annealed limit has CV = 1.
(5) Measured-hazard version: h(sg) is taken at sg €
{0.001,0.01,0.1,1,10} (L = 9), interpolated linearly in
log h versus log sg and extrapolated with the end slopes;
the averages are Monte Carlo integrals over 2 x 10°
samples of & (script protocol f.py). Including the
archived sp = 0.001 point lowers the quenched measured-
hazard value from 13.6 to 10.5, so the extrapolation ac-
counts for part but not all of the overshoot discussed
in Sec. IITC. (6) Sampling distribution of the CV: for
the fully quenched model with a = 0.6, 0 = 2 and
n = 200, 4 x 10° replicas of T exponential with mean
x Sg¢ (the constant cancels in the CV), with indepen-
dent ’1og—norma1 50,i, give a sample CV with median 2.14
and 5-95% range [1.62, 3.58]; for an exponential law the
sample CV at n = 200 never reaches 1.72 in the same
number of replicas, and its sampling standard deviation
at n = 100 is 0.095, quoted as 0.09 in Sec. IITC (script
protocol_f.py).

6. Stationary state of the locally damped
rotating-wave model

Inputs. (11) H = 50* + woala + g(oTa + o~ al) [57].
(I2) The local thermal dissipator of a damped oscillator,
D(p) = k(n + 1)D[a]p + knD[a’]p with Dc]p = cpc’ —
1{c'c,p} and n = (e”*° —1)~!, whose unique stationary
state for the oscillator alone is the thermal state py,
e~Bwoa'a [55] (I13) Q = oFo~ + ala.

Steps. (1) Each term of (I1) conserves @, so
[H,Q] = 0 at any detuning. (2) p. = e P«0Q/7 =
(e‘ﬁwwﬂ; /Zq) ® pen with Zq = 1+ e P40 factorizes
because oto~ and aa commute. (3) [H, p.] = 0 by step
1, and D acts only on the oscillator factor, which it an-
nihilates by (I12); hence L(p.) = 0 exactly for every g,
k>0, wy>0and 0 < f < oo. (4) The qubit marginal
has excited-to-ground ratio e=#“°, which for finite pos-
itive B equals the Boltzmann ratio e #2 if and only if
wo = A. (5) Uniqueness (that p, is the attractor) is not

12

implied by steps 1-4; it was checked numerically over the
sampled grid (8 € {2,4.5}, g € [0.05,1], x € [0.03,10],
cutoff 12): each Liouvillian has exactly one eigenvalue
with [A] < 10710 and a spectral gap of at least 5.0e — 04
(script pseudomode_uniqueness.py).

7. Jaynes—Cummings level shift

Inputs. (I1) H of Appendix B 6 restricted to the one-
excitation subspace {le,0),|g,1)}, where it is the 2 x 2
matrix with diagonal (A/2, —A/2+wyp) and off-diagonal
g [57].

Steps. (1) With D = A — wy the two eigenvalues
are wo/2 & 11/D? +4g%. (2) For D # 0 the eigenvalue
that continues |e,0) as g — 0 is shifted from A/2 by
1[\V/D? +4¢g? — |D|] sgn(D), ie. upward for D > 0
(mode below the gap) and downward for D < 0. At
D = 0 no branch continues |e,0) and the levels split
symmetrically by +g¢g, which is why the resonant point
is excluded from the shift comparison. (3) Expanding
for ¢ < |D| gives ¢g2/D, the second-order value quoted
in Sec. IIID; at ¢ = 1, D = 2 the exact shift is 0.414
against 0.500.

8. Two-defect sector free energies

Inputs. (I1) Two qubits of gap A coupled to one shared
mode, H = £(07 +03) +woala+ g, (0 a+ o7 al), or
to two independent modes with the corresponding two-
mode Hamiltonian. (I2) The occupation projectors II;; =
I © 1'% © Lnodes, 15 € {0, 1}

Steps. (1) Define sector free energies F;; =
—B~ InTr[IL;je~PH]; these are the free energies of the
bare occupation sectors, not the spectrum of the Hamil-
tonian of mean force —f~1In Tryoqese X (the poten-
tial of mean force of Ref. [58]; see Ref. [59] for its use
in strong-coupling thermodynamics), which may carry
off-diagonal terms in the one-excitation sector. (2) The
single-defect cost is ¢ = Fj9 — Fyo and the induced
two-body term Ujo = Fy; — Fig — Fo1 + Foo. (3) For
independent modes H and e #H factorize over the two
qubit-mode pairs, so Tr[Il;je~#H] factorizes and Ujs = 0
identically. (4) A uniform rescaling of the code energies
would require € = €2 = A(1+ 6/A) with § > 0 and
U2 = 0; Table II tests both.

9. Fit protocol

Inputs. (I1) Sample means T; and standard errors o;
at sizes L;. (I2) The model InT =c+pln L.

Steps. (1) To first order in o;/T; (delta method)
the standard error of InT; is o;/T;; the observations
at different L are treated as uncorrelated; weights are
w; = (T;/0;)?. (2) Weighted least squares gives (c,p)



and the covariance (X TWX)™4 x2 =3 w;(InT; — ¢ —
plnL;)? with dof = n — 2. (3) Following the Parti-
cle Data Group convention [60], the error of p is scaled

max(1, x2/dof). (4) The window systematic is
|p(5-11) — p(7-13)|/2. (5) The declared tolerance |Ap| <
0.5 is a descriptive criterion on point estimates; it is not
an equivalence test, and covariance between series shar-
ing seeds is unknown (Sec. IIC). (6) Apassive = Ti+1/T;
with error Apassive\/(ai-i-l/Ti—i-l)z + (O'Z‘/Ti)z, again as-
suming zero covariance.

10. Exact solution at L = 2 by uniformization

Inputs. (I1) The classical generator W constructed as
in Appendix B 1 on all 2'6 configurations, but with the
Glauber rates vo/(1 + ¢’2F) and the energy convention
+A per stabilizer of Appendix A. (I2) The uniformiza-
tion identity [61]: for any A > max. )., W(e — ¢€'),
et =3, Pois(n; At) (I + W/A)", where I + W/A is
a stochastic matrix.

Steps. (1) With A = N~y (each of the N qubits con-
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tributes at most ) the series has non-negative terms; it
is summed past the Poisson mode until every remain-
ing weight is below 107! and since the weights de-
crease monotonically beyond the mode the omitted mass
is bounded by 10~!* times the number of omitted terms,
which is negligible at the precision reported. (2) The suc-
cess probability at ¢ is the sum of P(e,t) over configura-
tions decoded correctly by the minimum-weight lookup
decoder.

Appendix C: Ornstein—Uhlenbeck kernel

Between events £ evolves by the exact Ornstein—
Uhlenbeck transition &(t + At) = e AT 4
oV1 — e 2At/7e ) with 7 standard normal [62]. When
no qubit has nyio = 2 the diffusion rate is irrelevant and
¢ is advanced exactly over the event gap; otherwise the
total rate is held fixed over min(Ateyent, 7./20), which
is exact for piecewise-constant rates. The limit o — 0
reproduces the flat-bath memory time at L = 7 within
errors.
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