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Bridging the Training—Application Gap in Kohn-Sham
Hamiltonian Learning through Dual-Space Supervision

Abstract

Predicting the Kohn—Sham Hamiltonian in density functional theory (DFT) via machine learning
offers a promising pathway toward efficient electronic structure modeling. Existing models are typi-
cally trained by directly minimizing element-wise Hamiltonian matrix errors, yet a significant training—
application gap has been observed between Hamiltonian-space loss and errors in derived electronic
properties, limiting their utility in practical applications. Noting that these properties are functions
on the state space obtained by solving the Hamiltonian eigenvalue problem, this gap can be traced to a
misalignment of the error metrics on the Hamiltonian space and its induced state space. The operator-to-
state mapping is highly anisotropic, such that Hamiltonian errors of comparable numerical magnitude
can induce markedly different downstream property errors. Motivated by the Hamiltonian—state varia-
tional duality rooted in Lieb’s convex formulation of DFT, we introduce Dual-Space Loss (DSLoss) to
bridge this training—application gap. By leveraging error metrics in both spaces, DSLoss allows Hamil-
tonian optimization to account for errors in both the predicted operator and its induced state. Across
molecular benchmarks, DSLoss consistently improves a broad range of derived properties over con-
ventional element-wise supervision. On the challenging V2DFT benchmark, electron density and total
energy errors are reduced by factors of 40 and 500, respectively, relative to the strongest competing
method. The resulting model also extrapolates robustly to molecules containing up to twice as many
heavy atoms as those encountered during training, achieving more than an order-of-magnitude lower
errors for multiple properties and substantially outperforming direct density prediction models and end-
to-end property predictors. Moreover, the model enables stable molecular dynamics simulations with
accurate energetics, forces, and vibrational dynamics. These results show that DSLoss addresses an
unrecognized bottleneck limiting operator-prediction models across diverse downstream tasks, thereby
advancing scalable and reliable electronic structure modeling.

1 Introduction

Accurate prediction of molecular properties is central to applications ranging from drug discovery to ma-
terials design [1, 2]. These properties are governed by the underlying electronic structure, making elec-
tronic structure theory a fundamental tool for molecular modeling. Among existing approaches, density
functional theory (DFT) [3-5] has become a computational workhorse because it provides a favorable bal-
ance between accuracy and cost, enabling broad scientific advances [6—8]. In the prevailing Kohn—Sham
formulation (KSDFT) [4], ground-state properties are obtained by solving the Kohn—Sham equations
through self-consistent field iterations. Despite its widespread success, this iterative procedure typically
scales as O(N?3) to O(N*) with the number of electrons N, creating a major computational bottleneck
for large-scale molecular simulations.

Machine learning has therefore emerged as a promising means of bypassing these expensive electronic
structure calculations. Substantial progress has been made in directly predicting task-specific properties,
such as energies, forces and band gaps [9—19]. However, such models are usually trained separately for
individual observables and do not explicitly preserve the underlying electronic structure, limiting their
transferability across downstream tasks. A more general alternative is to predict the converged Kohn—
Sham Hamiltonian (Fig. 1a), which in principle provides access to a broad range of ground-state observ-
ables without redefining the learning target for each property. This promise has stimulated growing in-
terest in Hamiltonian learning, from early kernel-based models for low-dimensional systems [20] to deep
neural networks for molecules or materials [21-23]. Because Hamiltonian matrix elements form geomet-
ric tensors that transform equivariantly under rotations, subsequent studies have developed symmetry-
preserving architectures based on equivariant local frames [24—28] or high-order spherical tensors with
Clebsch—Gordan tensor products [29-35].

Despite these advances in model architecture, prevailing Hamiltonian prediction methods are still typ-
ically trained by minimizing the mean absolute error (MAE) or mean squared error (MSE) between
predicted and reference matrix elements [29, 30] (Lyg in Fig. 1a). This choice is natural because the
converged Hamiltonian provides a direct and comparatively unambiguous training target. Its simplicity,
however, confines supervision only to Hamiltonian space, whereas downstream properties depend on the
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Figure 1: Overview of Dual-Space Loss for Hamiltonian learning. (a) Hamiltonian learning pipeline.
Given a molecular system M, an SE(3)-equivariant neural network predicts the ground-state Hamiltonian
matrix H. Conventional Hamiltonian learning minimizes element-wise Hamiltonian errors using Lyy. (b)
Schematic of DSLoss. Inspired by Hamiltonian-state variational duality, DSLoss further constrains the
electronic state induced by the predicted Hamiltonian by matching the reference density in the atomic
orbital (AO) basis through Lp and in real space through £, together with an orbital energy regularization
term L.. (c) Hamiltonian and total energy errors of QHNet across three benchmarks. Hamiltonian errors
are evaluated on 4,500, 13,084 and 9,345 test structures, respectively, whereas total energy errors are
evaluated on 50 test structures from each benchmark, except for V2DFT, which uses 200. (d) Pearson
correlations of Hamiltonian and electron density errors with total energy error, evaluated on 200 randomly
sampled molecules from V2DFT. (e)-(g) Pearson correlations of Hamiltonian, orbital energy and electron
density errors with errors in representative derived properties. All quantities are evaluated using QHNet
on 200 randomly sampled QH9 molecules. For each derived property, color intensity indicates the relative
ranking of its correlations with errors in H, € and p.

derived electronic state, which reside in a space nonlinearly related to the Hamiltonian through its eigen-
value problem (Eq. (1)). The resulting separation creates a fundamental training—application gap: the
operator-to-state mapping is highly anisotropic, such that Hamiltonian errors of comparable numerical
magnitude can induce markedly different state errors, and reducing matrix-level errors does not neces-
sarily yield commensurate improvements in downstream properties. This gap can become particularly
severe as molecular size increases. As shown in Fig. Ic, across three datasets spanning distinct molecular
scales, models trained with Ly achieve comparable Hamiltonian MAEs yet exhibit markedly different
total energy errors. While the resulting energies remain accurate for small molecules, errors in larger
systems exceed chemical accuracy by more than three orders of magnitude, severely limiting the practical
utility of the predicted Hamiltonians. This mismatch is further evidenced by the weak correlation between
Hamiltonian MAE and total energy MAE (Fig. 1d, left), with similarly inconsistent behavior observed for
other ground-state properties (Fig. 1e) and in independent studies [36]. Further analysis of the origin of
this mismatch is provided in Results 2.1 and Supplementary Sec. B.1.

Several recent studies have therefore explored supervision signals beyond element-wise Hamiltonian er-
rors. Ref. [37] proposed optimizing the total energy derived from the predicted Hamiltonian, whereas
ref. [38] introduced a self-consistency objective that minimizes the discrepancy between the predicted
Hamiltonian and the Hamiltonian reconstructed from its induced electronic state. These approaches lever-
age physical conditions satisfied by converged DFT solutions and provide informative supervision without
requiring explicit Hamiltonian labels. Nevertheless, evaluating total energies or reconstructing Hamiltoni-



ans during training introduces substantial computational cost, limiting their scalability to larger molecular
systems. More recently, WALoss was proposed to projects the predicted Hamiltonian onto the reference
molecular orbital basis and supervises the resulting diagonal elements as orbital energies [36]. While
effective for improving orbital energy prediction, these gains do not consistently transfer to downstream
properties (Supplementary Table S17), because WALoss primarily constrains the eigenvalue spectrum
rather than the electronic state that governs these observables.

In this work, we introduce a Dual-Space loss (DSLoss) to bridge this training—application gap by super-
vising the Hamiltonian prediction model from both the Hamiltonian space and the electronic state space.
This can be seen as supervising the model from dual spaces under the view of Lieb’s variational duality
between an effective potential and electron density [39], where the former constructs the Hamiltonian
and the latter is a representative of the state space. See Supplementary Sec. A.3 for detailed discussions.
Specifically, we complete Hamiltonian supervision with electronic-state supervision, where the latter is
implemented as the combination of losses on real-space density and on density matrix as the density rep-
resentation on atomic orbital basis. By differentiating through the eigensolution, these signals directly
align Hamiltonian optimization with the ground-state electronic structure used at evaluation while re-
taining computational efficiency. The effectiveness of this design is supported empirically by the strong
correlations between density errors and downstream property errors (Fig. 1d; Fig. 1g), and theoretically
by first-order perturbation analysis for the electronic state space (Supplementary Sec. B.1). A system-
atic comparison with alternative computationally efficient physical surrogates further demonstrates that
electron density provides the most consistent improvements across downstream properties (Fig. 2a). To
additionally constrain the eigenvalue spectrum, we incorporate supervision on differences between pre-
dicted and reference orbital energies, yielding the final DSLoss (Lpg in Fig. 1b). The resulting objective
is architecture-agnostic and can be integrated with general Hamiltonian predictors. Here, we instantiate it
with the widely used QHNet architecture [30] and refer to the resulting framework as DSHam.

We highlight the practical advantages of DSLoss across four aspects. (1) Across multiple benchmarks,
DSLoss consistently improves prediction accuracy of electron density, total energy and other derived
properties, with increasingly pronounced gains on more challenging datasets. On the V2DFT benchmark,
electron density and total energy errors are reduced by factors of 40 and 500, respectively, relative to
the strongest competing method. (2) DSHam extrapolates robustly to molecules containing up to twice
as many heavy atoms as those encountered during training. It also achieves substantially lower errors
than both Hamiltonian prediction baselines and end-to-end property predictors, including improvements
of more than an order of magnitude for several properties. (3) DSHam outperforms models that directly
predict electron densities or density matrices, underscoring the advantage of learning the Hamiltonian
while constraining its induced electronic state. (4) DSHam enables stable, DFT-consistent molecular
dynamics simulations and closely reproduces the DFT vibrational density of states, with a spectral overlap
of 95.3%. Together, these results establish dual-space supervision for Hamiltonian learning as a scalable
and physically grounded framework for molecular electronic structure modeling.

2 Results

2.1 Methodology of DSLoss

For a given molecular structure M := {Z X}, where Z := {Z,}/_, and X := {x,}2_, denote the
atomic numbers and Cartesian coordinates of A atoms, KSDFT determines the ground-state electronic
structure by minimizing the electronic energy with respect to a set of orthonormal one-electron orbitals
{¢:(r)}; (r is the electron coordinate). In practical calculations, each orbital is expanded in an atomic

orbital (AO) basis {1, (r)}5_, as ¢;(r) = Ele Caifa(r), where C is the molecular orbital (MO)

a=1
coefficient matrix. The corresponding electron density is written as p(r) =), 5 Pa 87 (r)ns(r), where
P.s = >, C,iCp; is the density matrix. The stationary condition of the Kohn—Sham energy leads to
the generalized eigenvalue problem

HC = SCe, (D

commonly referred to as the Kohn—Sham equation. Here, Hyg = [ No (r) Hnjg(r)dr is the Hamiltonian

matrix associated with the effective Kohn—Sham operator H, S, = [ 14 (r)ng(r)dr is the AO overlap
matrix, and € contains the orbital energies. In conventional DFT calculations, Eq. (1) is solved through
self-consistent field (SCF) iterations because the Hamiltonian depends on the electronic density. The
converged Hamiltonian H* and its induced ground-state electronic state then provide access to a broad
range of ground-state molecular properties. Further details are provided in Supplementary Sec. A.1.

Hamiltonian prediction aims to bypass costly SCF iterations by learning a direct map from M to H*
using a machine-learning model Hy o (Fig. 1a). Prevailing models are trained by minimizing element-
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Figure 2: Comparison of dual-space supervision with other physical objectives. The units of H
and Ey. are kcal/mol. (a) Performance obtained using different physical observables as auxiliary
losses. Larger and darker bubbles indicate better performance. Blue, green and orange bubbles denote
Hamiltonian-derived, density matrix-derived and molecule-level properties, respectively. (b) Performance
of different loss combinations on QH9. E\ . and S, are evaluated on 50 test molecules, whereas all other
quantities are evaluated on 13,084 test molecules. (c) Training curves of various Hamiltonian predictors
on QHOY, evaluated on 1,000 validation molecules. The outer shaded regions span the minimum and max-
imum values, while the inner shaded regions indicate 95% confidence intervals.

wise errors between the predicted Hamiltonian H and the reference Hamiltonian H*. While effective for
reproducing Hamiltonian matrices, supervision restricted to the operator space does not directly constrain
the electronic solution induced by the predicted Hamiltonian, and therefore may not provide sufficient
guidance for optimizing downstream observables.

To address this training—application gap, we leverage the variational duality between the Kohn—Sham
Hamiltonian and its ground-state density to extend supervision from the operator space to the induced
electronic state through two complementary density representations. (1) In the AO space, we minimize the
density matrix MAE, Lp = 3> ng |P.s—P% 5|> where P and P* are the density matrices induced by
the predicted and reference Hamiltonians, respectively. For fixed orbital occupations, the density matrix
is invariant to unitary rotations within the occupied orbitals, thereby providing a gauge-invariant represen-
tation of the occupied subspace. Minimizing Lp therefore directly penalizes distortions of the occupied

subspace (Supplementary Sec. B.1.1). (2) In real space, we minimize the normalized MAE (NMAE) of

density evaluated on irregular grids, £, = Zgggli("lgp):(: )(lrg)l where G = {rg}évjl denotes sampled grid

points around the molecule and w, denotes grid weights. This term is invariant under SE(3) transfor-
mations and provides spatially resolved supervision of the electron distribution, complementing the AO
density matrix representation. The strong correlations between density errors in both representations and
downstream property errors further support electron density as an effective supervisory signal (Fig. 1d;
Fig. 1g). To further characterize eigenspectrum of the eigensolution, we supervise differences between
the occupied orbital energies induced by the predicted and reference Hamiltonians. Unlike WALoss [36]
that constructs orbital-energy surrogates by projecting the predicted Hamiltonian onto reference orbitals,
we obtain & by directly solving the Kohn—Sham equation in Eq. (1). Empirically, this implementation
consistently outperforms WALoss across evaluated benchmarks (Supplementary Table S17). The final



Dual-Space Loss is defined as:
Lps =L+ pLle + AL, + AL, )

Ap, A, and A, are loss weights. Fig. 1b shows a schematic illustration. As shown in Fig. 2b, combining
these complementary terms yields the best empirical performance.

We would like to mention that the dual-space supervision gives a universal improvement over derived
properties than directly using auxiliary losses on specific targets. For comparison, we systematically
compare it with several computationally efficient auxiliary objectives, including orbital energies &, one-
electron energy Fqre, external-potential energy FEeyt, non-interacting kinetic energy 75, and dipole mo-
ment . Fig. 2a summarizes the performance rankings of these objectives across downstream properties,
with quantitative results reported in Supplementary Table S17. As expected, directly supervising a given
quantity generally provides the largest improvement for that specific quantity. However, such gains are
often localized to the supervised target and do not consistently transfer across other observables. Notably,
density-based objectives yield the most consistent gains across nearly all evaluated properties, including
total energy Fot and the SCF acceleration ratio S,.. This broad transferability supports electron density
as a general state-level supervisory signal rather than a surrogate tailored to any individual property.

Beyond empirical comparisons, we perform a gradient analysis to understand why density supervision
provides such broad benefits (Supplementary Sec. B.1), and find that: (1) Density-based losses propa-
gate errors through the eigensolution to directly constrain the induced electronic state while distributing
gradients across a broader range of Hamiltonian elements, thereby reducing gradient concentration and
improving optimization stability (Supplementary Fig. S1). (2) This broader coverage remains physically
structured, preferentially emphasizing valence and bonding interactions that strongly affect spatial elec-
tron distribution, whereas property-specific losses tend to concentrate gradients on limited AO interac-
tions, leading to larger gradient variance, less stable optimization, and weaker transfer across downstream
properties (Supplementary Fig. S2). We use the QHNet architecture [30] as the Hamiltonian prediction
backbone. Additional results with SPHNet [40] are reported in Supplementary Table S21, where the
advantage of DSLoss is consistently observed. Further implementation details are provided in Methods 4.

2.2 Performance of DSHam on Molecular Systems

We first evaluate DSHam on test molecules at comparable scales to those used for training. Three
benchmarks are considered to probe complementary aspects of generalization. MD17 contains molec-
ular dynamics trajectories of water, ethanol, malondialdehyde and uracil [41, 42] and is used to assess
generalization across conformational space. QH9, evaluated using the stable-random split, contains
molecules with 3-29 atoms and tests generalization across chemical space [30, 43]. The more chal-
lenging V2DFT dataset spans molecules with 8—62 atoms and evaluates Hamiltonian learning at larger
molecular scales [44, 45]. For each benchmark, all methods use identical training, validation and test
splits.

We evaluate occupied orbital energies ..., frontier orbital energies eyonmo and er,umo, the HOMO-
LUMO gap €4, the density matrix P, the real-space electron density p, the dipole moment g and the total
energy Ey... Errors are measured relative to KSDFT references using MAE, except for p, which is eval-
uated using normalized MAE. We also assess the utility of the predictions for accelerating DFT calcula-
tions. The SCF acceleration ratio Sy, is defined as the number of SCF iterations required when initialized
with the model prediction relative to that required with the standard MINAO initialization. Further details
on datasets, metrics and implementation are provided in Methods 4 and Supplementary Secs. B.3-B.5.

We begin by examining the training behavior of DSHam and QHNet, with QHNet trained using con-
ventional element-wise Hamiltonian supervision. As expected, Fig. 2c shows that QHNet maintains a
slight advantage in Hamiltonian MAE because its training objective directly targets element-wise matrix
accuracy. This advantage, however, does not translate into superior downstream performance. During the
early stages of training, QHNet exhibits large errors and substantial variance in downstream properties
whereas DSHam converges more smoothly, yields more stable validation performance, and maintains
lower density matrix and total energy errors throughout training. These results demonstrate that dual-
space supervision provides more effective optimization toward physically consistent Hamiltonians.

We next compare DSHam with QHNet and the orbital-energy-supervised QHNet-WALoss. On QH9,
DSHam substantially reduces errors in properties that are not directly supervised during training, in-
cluding the dipole moment g, total energy E',; and SCF acceleration ratio S,.. (Fig. 3a). For several
properties, the errors are more than an order of magnitude lower than those of both baselines, indicating
that DSLoss aligns Hamiltonian prediction more effectively with downstream physical observables. This
advantage becomes increasingly pronounced as molecular size and complexity increase (Fig. 3b). For
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Figure 3: Performance of DSHam against baseline methods. Shaded regions and error bars indicate
95% confidence intervals. The units of H, £,.. and Fi. are kcal/mol. (a) Properties derived from
predicted Hamiltonians on QH9. Results for i and S, are evaluated on 50 test structures, whereas
all other quantities are evaluated on 13,084 test structures. (b) Performance across datasets spanning
different molecular scales. E} is evaluated on 50 structures per dataset, except for V2DFT, which uses
200. All other quantities are evaluated on 4,500, 13,084 and 9,345 test structures from ethanol, QH9
and V2DFT, respectively. (¢) Extrapolation to larger PubChemQC molecules. All models are trained on
QH9 molecules containing no more than nine heavy atoms and evaluated on PubChemQC molecules of
increasing size. Each value is computed from 50 PubChemQC molecules.

total energy, DSHam achieves MAEs of 5 X 10~%, 0.06 and 5.29 kcal /mol on ethanol, QHY and V2DFT,
respectively. Relative to the strongest competing method, these results correspond to error reductions of
19.8%, 78.9% and 99.8% on ethanol, QH9 and V2DFT, respectively. The result on V2DFT is equivalent
to a 500-fold error reduction, whereas the total energy MAE of QHNet reaches 2,920 kcal/mol. For



the dipole moment, DSHam similarly reduces the error by approximately 300-fold on V2DFT (Supple-
mentary Table S13). Although WALoss improves orbital energy and total energy prediction for smaller
molecules, its advantage largely disappears on the more complex V2DFT systems. Because most of
these properties are not directly supervised during training, the broad performance gains indicate that
DSLoss addresses a critical bottleneck shared across diverse downstream tasks. Additional results across
properties, datasets and split settings are provided in Supplementary Sec. C.

Finally, we compare DSHam with two representative density learning models: QHNet-DM, which di-
rectly predicts the density matrix using the QHNet architecture, and SCDP, a leading model for real-space
electron density prediction [46]. All methods are evaluated under matched experimental settings. As
shown in Fig. 3a, DSHam outperforms both density learning baselines in real-space density prediction
and density-derived quantities. Although QHNet-DM achieves competitive density matrix accuracy, this
advantage does not translate into more accurate density-related observables such as g and E\¢. This
result indicates that a low element-wise density matrix error alone is insufficient to ensure reliable down-
stream predictions. Further discussion are provided in Results 2.4 and Supplementary Sec. C.5.

2.3 Extrapolation of DSHam to Larger-Scale Molecules

To wield the advantage of DSHam for a more meaningful impact, we evaluate its extrapolation perfor-
mance on molecules larger than those seen during training. For this purpose, we train all models on QH9
molecules containing no more than 9 heavy atoms and test them on PubChemQC molecules containing
10-17 heavy atoms. The test molecules are grouped by the number of heavy atoms Nycayy, With 50
structures sampled from each group to mitigate statistical bias and enable a reliable comparison across
molecular sizes. To isolate the effect of molecular size, we retain only molecules composed of H/C/N/Om
elements and exclude radicals and uncommon isotopes, thereby aligning the elemental composition of the
test set with that of QH9 (Methods 4.3, Supplementary Sec. B.3). Reference labels are computed at the
same B3LYP/def2-SVP level used for QH9.

The extrapolation results are shown in Fig. 3¢, with additional properties reported in Supplementary
Sec. C.3. Across all molecular sizes, DSHam consistently achieves substantially lower property errors
than QHNet, and the gap grows to several orders of magnitude as Nycayy increases, despite the two
methods retain similar Hamiltonian MAEs. Notably, although QHNet predicts the residual between the
MINAO initial guess and the reference Hamiltonian, its predicted Hamiltonians become less effective than
the MINAQ baseline for SCF initialization when Nyeayy > 14. By contrast, DSHam maintains more
robust total energy accuracy and SCF acceleration across larger molecules. These results demonstrate
that dual-space supervision facilitates the scalability of Hamiltonian learning and enables more reliable
size extrapolation.

The conventional paradigm for molecular property prediction is to train a dedicated end-to-end (e2e)
model for each target quantity [47, 11, 14, 17, 15, 18, 19]. Hamiltonian learning instead provides a shared
electronic structure representation from which many properties can be derived using a single model. To
examine whether this advantage persists under size extrapolation, we compare egonmo, ELumo and ea
derived from the predicted Hamiltonians with direct predictions from dedicated e2e models. We consider
three representative architectures, EquiformerV2, MACE and GotenNet [15, 18, 19]. Each e2e model
is trained separately for one target property using the same training data as the Hamiltonian predictors
(Supplementary Sec. B.2). As shown in Fig. 3c, direct e2e predictors exhibit a pronounced generalization
gap as molecular size exceeds the training range. With dual-space supervision, DSHam achieves the best
performance for all three orbital energy quantities, reducing MAEs by one to two orders of magnitude
relative to the e2e models. Additional results are provided in Supplementary Table S14. These results
highlight Hamiltonian learning, particularly when trained with DSLoss, as a promising route to more
reliable out-of-distribution molecular property prediction.

2.4 DSHam Unifies Hamiltonian and Electron Density Learning

As discussed in Results 2.1, dual-space supervision jointly constrains the predicted Hamiltonian and its
induced electronic solution with two complementary density-based representations. An alternative way
to exploit density information is to predict either representation directly from molecular structure, an
approach increasingly explored in recent studies [46, 48—54]. To compare these two learning paradigms,
we benchmark DSHam against two representative density-prediction methods, QHNet-DM and SCDP.
As discussed in Results 2.2, DSHam outperforms both methods in downstream property prediction on
molecules within the training scale. When extrapolated to larger molecules, QHNet-DM and SCDP retain
substantially better density accuracy than QHNet and QHNet-WALoss (Fig. 3¢), indicating that density
labels may be easier to extrapolate than Hamiltonian matrices. This behavior may partly arise from the
more bounded numerical range of density targets, which is more amenable to generalization by machine
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densities for molecules randomly sampled from QHO9. The left panels show the ground-truth density, and
the right panels show the prediction error, with the NMAE indicated on each prediction.

learning models [55, 56]. However, this advantage in density extrapolation does not translate into better
downstream properties, such as total energy and dipole moment (Supplementary Fig. S8).

We next qualitatively compare the predicted electron densities for representative molecules. As shown
in Fig. 4c, for the C7H100O2 molecule from QHY, the virtual nodes introduced by SCDP improve overall
density accuracy but produce localized artifacts near the node positions. QHNet-DM exhibits a pro-
nounced spatial bias, with systematic overestimation and underestimation in different molecular regions.
By contrast, both Hamiltonian predictors recover densities that more closely resemble the KSDFT ref-
erence. Results on larger molecules from PubChemQC and V2DFT are provided in Supplementary
Sec. C.5. These results highlight the value of retaining the Hamiltonian as a structured intermediate
representation while constraining its induced density through dual-space supervision, thereby linking
transferable state information to reliable downstream observables.

To further understand the limitation of direct density prediction, we compare sample-wise density ma-
trix and total energy errors on QHO test molecules. As shown in Fig. 4a, QHNet-DM achieves lower
density matrix errors than QHNet but substantially larger total energy errors, indicating that reducing the
density matrix error does not necessarily ensure physical fidelity. One possible explanation is that di-
rect regression does not explicitly enforce essential density matrix constraints, including electron number
conservation and generalized idempotency in a non-orthogonal AO basis [57]. These constraints are natu-
rally satisfied when the density matrix is constructed from the occupied eigenspace of a Hamiltonian. By
constraining the Hamiltonian through dual-space supervision, DSHam further leverages this advantage
thereby achieving superior performance in both P and F. Developing direct density matrix predictors
that rigorously preserve these constraints remains an important direction for future work. Direct real-space
density regression faces related limitations because unconstrained models do not guarantee nonnegative
densities throughout space. Moreover, deriving energies or initializing SCF calculations from a grid den-
sity generally requires an additional and potentially ill-posed projection onto an AO basis, limiting the
practical utility of purely real-space density predictors such as SCDP.
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Figure 5: Molecular dynamics simulations results. Five randomly selected flexible molecules from
the V2DFT test set are used as case studies. (a) Temperature profiles of trajectories generated by DFT
and DSHam. The shaded region denotes the 250-350 K interval. All five DFT-DSHam trajectory pairs
are shown, with two randomly selected pairs highlighted and the remaining three displayed with reduced
opacity. (b) Energy and force errors of DSHam relative to DFT, evaluated on the same 100 configurations
sampled from DFT-generated trajectories. Marginal error distributions are shown along the top and right
axes. (c) Evaluation results along the DSHam-generated trajectory of C18H2oN2O3S. Representative
structures are shown with force vectors evaluated by DSHam, QHNet and DFT on the same geometries.
QHNet force vectors are scaled by a factor of 0.05 for visualization due to their substantially larger
magnitudes. Relative energies E..; from the three methods are also shown along the trajectory. (d)
VDOS obtained from trajectories generated by DFT and DSHam for C15H5oN2O3S.

For a comprehensive comparison of the two learning paradigms, we further benchmark computational
cost and model size by reporting their relative ratios over QHNet in Fig. 4b. Built on the same backbone,
QHNet-WALoss and DSHam introduce only marginal additional training memory consumption. Their
per-iteration training runtimes increase by 17% and 35% over QHNet, respectively, representing moder-
ate training-only overheads given the substantial improvements in density, energy and SCF acceleration
performance. The additional runtime primarily arises from Hamiltonian diagonalization, with a detailed
breakdown provided in Supplementary Sec. B.2.4. Importantly, DSHam retains the same Hamiltonian
prediction cost as standard QHNet at inference time because the additional physical objectives are evalu-
ated only during training. On large molecules in V2DFT, Hamiltonian prediction can provide more than
a 100-fold computational speedup over DFT under the same hardware configuration. SCDP requires sub-
stantially more training memory and runtime even with a smaller batch size, limiting its applicability to
larger molecular systems.

2.5 DFT-Consistent Molecular Dynamics with DSHam

Having established the accuracy and extrapolation capability of DSHam, we next examine whether these
advantages translate to molecular dynamics (MD) simulations. We use DSHam and QHNet models
trained on V2DFT to simulate five flexible test molecules containing 32—44 atoms. All simulations follow
an NVT protocol at 300 K with a time step of 0.5 fs (Supplementary Sec. B.4). This setting provides a
stringent test of conformational generalization because the V2DFT training set offers only sparse con-
formational coverage, typically no more than five geometries per molecule, whereas MD continuously
explores a much broader region of conformational space. Errors in the derived forces can therefore accu-
mulate during propagation and rapidly destabilize the simulation.

We first assess simulation stability by monitoring temperature fluctuations and structural validity across
all simulated trajectories. Structural validity is determined by whether any simulated bond length exceeds



a predefined threshold [58]. The DSHam trajectories remain largely within 250-350 K, comparable to
DFT, and fluctuate around the target temperature of 300 K (Fig. 5a), with no invalid structures observed.
By contrast, QHNet trajectories rapidly heat to above 10,000 K and collapse into nonphysical configura-
tions. We further evaluate DSHam on configurations sampled from DFT-generated trajectories, thereby
testing its accuracy on unseen geometries without confounding effects arising from the divergence of
independently propagated trajectories. As shown in Fig. 5b, both energy and force errors remain concen-
trated in the low-error regime, with MAEs of 0.008 eV/atom and 0.09 eV/A, respectively. These results
demonstrate that DSHam generalizes robustly across a substantially broader conformational space than
that sparsely sampled during training.

We next assess whether DSHam maintains DFT-consistent energetics and forces along its own generated
trajectory using a 20-ps simulation of C15Ho9N2O3S. At sampled configurations, energies and forces are
recomputed with DSHam, QHNet and DFT at the same geometries. As shown in Fig. 5c, DSHam closely
follows the DFT references throughout the trajectory, yielding approximately 500-fold and 200-fold lower
energy and force errors than QHNet, respectively. We also compare the vibrational dynamics of indepen-
dently generated DFT and DSHam trajectories through their vibrational density of states (VDOS), which
provides a spectral characterization of intramolecular vibrational motion [59]. The DSHam VDOS closely
reproduces the DFT reference, with a spectral overlap of 95.3% across the frequency range (Fig. 5d). No-
tably, this trajectory-level fidelity is achieved without force supervision during training, showing that the
electronic-structure accuracy of DSHam translates into accurate energy, forces and vibrational dynamics,
bridging Hamiltonian prediction with practical molecular simulation.

3 Conclusions

We have developed DSHam, a Hamiltonian learning framework that uses dual-space supervision to
bridge the training—application gap between operator prediction and eigensolution-based evaluation while
retaining favorable computational efficiency. By leveraging the Hamiltonian-state variational duality,
DSHam combines Hamiltonian prediction with direct supervision of its induced electronic state, con-
sistently improving downstream physical properties across molecular benchmarks. These advantages
become increasingly pronounced for larger and more challenging systems and persist when extrapolat-
ing well beyond the molecular scales encountered during training. DSHam also enables stable, DFT-
consistent molecular dynamics and accurately reproduces vibrational dynamics. These results establish
dual-space supervision as a physically grounded strategy for improving the reliability and scalability of
electronic structure modeling. The general principle may inform other Al-for-science problems in which
models predict physical operators but are ultimately evaluated through their induced solutions.

An important limitation of current Hamiltonian learning methods is their dependence on a predefined
atomic orbital basis, which restricts direct transfer across basis sets. Using a sufficiently expressive com-
mon basis could provide a unified representation across different levels of theory, but would increase both
reference calculation costs and learning complexity. Developing representations that can be transferred
or systematically adapted across basis sets therefore remains an important direction for future research.

Although DSHam improves size extrapolation, reliable generalization across broader chemical and con-
formational spaces remains challenging. Extending the framework to more diverse molecular and ma-
terials systems, together with longer and more complex dynamical simulations, will help establish its
practical scope. Hamiltonian predictors also involve higher-order tensor operations and can therefore be
more computationally demanding than machine learning interatomic potentials. Improving model and
eigensolver efficiency will be essential for scaling physically consistent Hamiltonian learning to large-
scale molecular simulations.

4 Methods

This section provides methodological and experimental details for DSHam. We first describe the design
of the Dual-Space loss function (Methods 4.1) and the construction of Hamiltonian prediction models
(Methods 4.2). We then present the dataset preparation protocol (Methods 4.3) and evaluation metrics
(Methods 4.4) used in the empirical studies. Additional implementation details are provided in Supple-
mentary Sec. B. Atomic units are used throughout the paper unless otherwise specified.

We briefly summarize the main technical components here. Element-wise Hamiltonian supervision is
insufficient to constrain the induce ground-state electronic state used for evaluation hence leading to a
training—deployment gap. To address this mismatch, we propose the DSLoss and systematically compare
it with alternative computationally efficient physical surrogates (Methods 4.1). Because Hamiltonian ma-
trix in an AQ basis transforms equivariantly under molecular rotations, we employ an SE(3)-equivariant
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architecture for Hamiltonian prediction and introduce several technical treatments for stable and efficient
optimization (Methods 4.2).

4.1 Loss Function Design

As discussed in Results 2.1, for a molecular structure M := {Z,X}, DSHam predicts the reference
mean-field Hamiltonian H* through the model output H. Given H, the molecular orbital coefficient

matrix C and orbital energies € are obtained by solving the generalized Kohn—Sham eigenvalue problem
in Eq. (1). The Hamiltonian is represented in an AO basis containing B basis functions, and solving the
corresponding B-dimensional eigenvalue problem requires a complete set of B molecular orbitals. For
a closed-shell system with N electrons, K = N/2 orbitals are occupied, while the remaining B — K
unoccupied orbitals complete the single-particle space spanned by the AO basis. The density matrix is
then constructed from the occupied orbitals as

Paﬁ = Z ficaiéﬁia
i=1

where f; denotes the occupation number of orbital ¢;. In the closed-shell KSDFT setting considered here,
fi = 2 for occupied orbitals and f; = 0 for unoccupied orbitals.

Density matrix loss. To align the occupied eigenspace induced by H with that induced by H*, we
introduce a density-matrix loss defined as the MAE between P and P*:

1 B
EP:? Z

a,B=1

Paﬁ - P;ﬁ .

Evaluating Lp requires differentiating through the eigensolver used to obtain C. We implement this step
using the differentiable eigensolver provided by PyTorch [60]. However, backpropagation through the
eigensolution can lead to numerically unstable gradients when orbital energies are nearly degenerate. We
discuss this issue and the stabilization strategy in Methods 4.2 and Supplementary Sec. B.1.3.

Real-space density loss. Although the density-matrix loss directly constrains the electronic state, su-
pervision in the AO basis may not fully capture fine-grained spatial features of the electron density. We
therefore introduce a real-space density loss evaluated on the Lebedev-type irregular grid G := {r,} ;Vfl
around each molecule, providing spatially resolved supervision over the electron distribution [46]. Specif-
ically, we use the NMAE

Zg wg|p(rg) — p*(rg)]
Zg wg|p*(rg)| ’

where w, denotes the weight of g-th grid point. Compared with Lp, which is defined in a basis-dependent
representation, £, is invariant to global rotations and translations of the molecule when evaluated on
consistently transformed real-space grids. This invariant spatial supervision helps reduce unnecessary
gradient variance and provides a complementary constraint to the AO-basis density-matrix loss.

c,=

Orbital-energy loss. To further constrain the predicted Hamiltonian at the spectral level, we introduce

an orbital-energy loss defined as the MAE between K occupied orbital energies derived from H and those
derived from H*:

| K
Lie:?;bi—ei\. 3)

This implementation differs from WALoss [360], which evaluates orbital-energy discrepancies after pro-
jecting the predicted Hamiltonian onto the ground-truth eigenvectors C*:

Lwa = Y [(CHTHC] — €7 + X2 ) () THC] — €7 |3,
i€T i¢T

where Z denotes the set of orbital indices below the lowest unoccupied molecular orbital (LUMO), and
A1 and A5 are tunable weights with Ay > Ao. In preliminary experiments, £, consistently outperformed
Lwa across several benchmarks (Supplementary Table S17). We therefore adopt Eq. (3) for eigenvalue-
level supervision in DSLoss.
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One-electron energy losses. Ref. [37] showed that the total energy Ei.; can provide informative su-
pervision for Hamiltonian learning. However, evaluating E.¢ from the predicted Hamiltonian requires
computationally expensive integrals and matrix operations, which introduces substantial training over-
head. We therefore consider several computationally efficient one-electron energy terms as alternative
physical surrogates, including the non-interacting kinetic energy 7§, the external-potential energy Eeyi,
and their sum, the one-electron energy Fioro := Ts + FEex. These quantities can be computed directly
from the density matrix and the corresponding AO integral matrices.

The non-interacting kinetic energy can be expressed as Ts = _,(¢;|T|#;), where T' := —1V? is the
kinetic energy operator. In the AO basis, the kinetic-energy integral matrix is

1
Top = [ 0 (6)(=5 Vs (r)d.
Thus, the kinetic energy can be evaluated as

Ts = PosTap. )
af

Similarly, the external-potential integral matrix is

(Vext)ag = —/ (Z e f(:(a)u) 5(r)dr,

where Z(® and x(*) denote the atomic number and Cartesian coordinates of atom a, respectively. The
external-potential energy is then computed as

Eew =Y Pop(Vext)ap- ©)
The one-electron energy is defined as
Ecorc - TS + Eext = Z Paﬁ(Taﬁ + (cht)aﬁ)' (6)
af

Dipole-moment loss. The dipole moment g is a fundamental molecular property that characterizes the
response of an electron distribution to an external electric field. Using the electronic density, the electronic
contribution to the dipole moment can be written as

HPelec = —/ r)dr = — Zpaﬂ/ r) rng(r)dr.

The total molecular dipole moment additionally includes the nuclear contribution,

A
B = Z Z(a)x(a) + Helec- @)

We define the dipole-moment loss as the component-wise MAE between the predicted and reference
dipole moments, £,, = 23:1 |y — pyl-

As discussed in Results 2.1, we systematically evaluate different physical surrogates O as auxiliary train-
ing losses:

Liot = Lu + AoLo,

where Ao is tuned separately for each observable according to overall downstream performance. All mod-
els in this comparison are trained on QH9. The downstream-property rankings are summarized in Fig. 2a,
with additional quantitative results provided in Supplementary Table S17. More technical details and
discussions are provided in Supplementary Sec. A and Supplementary Sec. B.1.

4.2 Model Specification

Geometric equivariant neural networks. The Hamiltonian matrix in an AO basis transforms system-
atically under geometric transformations of the molecular structure. Translations leave the Hamiltonian
matrix unchanged, whereas rotations induce a corresponding change of basis determined by the angular
components of the atomic orbitals. This transformation property motivates the use of SE(3)-equivariant
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neural networks for Hamiltonian prediction, allowing the model to respect the geometric symmetry of
the electronic-structure problem and thereby improve data efficiency and training stability. Formally, a
function h(-) is SE(3)-equivariant if, for any group element g € SE(3),

h(g - x) = D(g)h(x),
where x denotes the input geometric features and D(g) is the representation of the group action on the
output. For the Hamiltonian matrix, rotational equivariance can be expressed as

Hyy =D'(R)HuD(R),

where M’ = {Z,RX} (R is arbitrary rotation action) and D(R) denotes the rotation representation
acting on the AO space. Many SE(3)-equivariant graph neural networks have been developed for Hamil-
tonian learning by explicitly preserving rotation, translation and permutation symmetries [29-31, 33, 40].
A common building block in these models is the Clebsch—-Gordan tensor product, which combines two
irreducible representations u‘* and v** into an output representation of order ¢3:

1 52 (£3,m3) Oy, lo
( ®v Z Z MCG /1 m1), ([27m2)’um11)m/2,

my=—~{1 mao=—4L2

where |01 — lo| < l3 < {1 + {5, and m indexes the components of an irreducible representation with
—¢ < m < £. Using these tensor products, atomic features {h, }: 4= can be updated through equivariant

message passing:
~ lo
hj> = Z Zwel,efe (he QY (¢, )) ;

bEN €i by

where flﬁo is the updated feature of atom a at rotation order £,, Wy, ¢ 1.6, denotes learnable weights,

and Y!r (f4p) is the spherical-harmonic filter constructed from the normalized relative position fp, :=
rap/||ras||2. Here, £;, £ and £, denote the rotation orders of the input feature, geometric filter and output
feature, respectively, and N, is the neighbor set of atom a. Further details on the construction of SE(3)-
equivariant neural networks can be found in refs. [29, 30].

Note that DSLoss is architecture-agnostic by design. We therefore adopt the widely used QHNet [30]
architecture as the main backbone for empirical evaluation. Additional results using the SPHNet [40]
architecture are reported in Supplementary Table S21.

Given the learned atomic representations, QHNet first constructs pairwise irreducible representations f,;,
and then predicts the Hamiltonian matrix block by block through tensor expansion and filtering operations.
The tensor expansion is defined as

L3
AN (CR2) (€1,m1),(L2,m2)
(®w 3)(7n1,'m2) - Z (MC )(53 mg) ’ wm37

m3:7£3

where ® denotes the tensor expansion operation. Each pair block Hy;, consists of tensor components with
different angular (rotation) orders and channels. For example, in the considered MD17 dataset, both C
and O atoms contain 1s, 2s, 3s, 2p, 3p and 3d basis functions (Supplementary Sec. B.2.2). As a result, a
pair block C — O can contain multiple channels for the same angular-order pair, such as nine channels with
(Lo, ,4o,) = (0,0) and four channels with (¢,,,%,,) = (1,1). In practice, QHNet introduces an atomic-

number-dependent filter to generate weights for each valid path (4,,, 45, ¢;), denoted as u (%’1’ erht)

U(Z4, Zbyloys Loy, Li)). The corresponding Hamiltonian block is then constructed as

5 (Coy boy) oy, £
D DLl e

£i,¢’
where ¢’ and ¢; denote the channel index and the angular-momentum order of the input features, respec-
tively; ¢ denotes the channel index of the output features. Additional model configuration details are
provided in Supplementary Sec. B.2.1.

Gradient stabilization. As discussed in Results 2.1, DSLoss contains terms derived from the orbital
coefficient matrix C, and therefore requires backpropagation through the generalized eigenvalue problem
in Eq. (1). Consequently, the gradients of Lp and L, with respect to the Hamiltonian matrix involve the
Jacobian VP, which can be written as

0P.s fi
0H,ﬂ; o i g;

: ? C,iCp;C;:Cs; (8)
J
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where €; is the orbital energy of the i-th orbital and f(e;) denotes its occupation number. For the deriva-
tion of the gradients, see Supplementary Sec. B.1.3. The denominator in Eq. (8) indicates that the gradient
depends on inverse orbital-energy gaps. Equivalently, this dependence can be summarized by the matrix

G, = {1/<f=‘i —ej), ifijand f; £ f;,
ij —

0, else,

so near-degenerate orbital energies with |e; — ;| =~ 0 can produce numerically unstable gradients. To
mitigate this instability, we apply gradient truncation to Vi P during backpropagation [38]. Specifically,

we replace G with a truncated matrix G:

- T -sgn(e; —g;), if % > T,
ij = . o
Gy, if 720172 <.

where sgn(-) denotes the sign function. The threshold 7 is set to the 60th percentile of the absolute
values of all entries in G. In addition, if exact eigenvalue degeneracy occurs within a batch, we skip the
parameter update for that batch to avoid ill-defined eigensolver gradients.

Warm-up initialization. The evaluation of DSLoss requires solving the generalized eigenvalue prob-
lem in Eq. (1). At the early stage of training, a randomly initialized Hamiltonian may yield unphysical
eigenvalues or unstable eigenvectors, making DSLoss difficult to optimize. To improve training stability,
we follow previous work [40, 38] and use the MINAO initialization [61] as a baseline electronic-structure
guess, with the model learning a residual correction on top of it. The MINAO density matrix P™ina° jg
obtained directly from PySCF [61] and converted into an initial Hamiltonian guess for prediction. This
residual learning strategy is applied for all models considered in this paper.

Numerical precision. When downstream properties are derived from the predicted Hamiltonian, nu-
merical errors from the eigensolver and subsequent matrix operations can propagate into the target quan-
tities and affect the quality of supervision. This effect is particularly pronounced for small molecules,
where numerical errors can become comparable in magnitude to the model prediction errors; see Supple-
mentary Table S19 in Supplementary Sec. C.6 for further discussion. To reduce precision-induced errors,
we use double precision (FP64) for experiments on the MD17 dataset and single precision (FP32) for the
other datasets. For all Hamiltonian models, downstream properties and the SCF acceleration ratio are
computed in FP64 during evaluation.

4.3 Dataset Preparation

To demonstrate the effectiveness of DSHam, we conduct experiments on MD17 and QH9, two repre-
sentative benchmarks widely used to assess the generalization of Hamiltonian learning methods in con-
formational and chemical spaces, respectively. To evaluate scalability and out-of-scale extrapolation, we
adopt the V2DFT and PubChemQC datasets. For comparisons with electron-density learning methods,
we use the MD and QM9 datasets, where QH9 is constructed on molecular structures from QM9. For each
dataset, unless otherwise noted, we follow the default split used in the original work to divide molecu-
lar structures into training, validation, and test sets; detailed split statistics are provided in Supplementary
Table S8. Supplementary information and data generation details are provided in Supplementary Sec. B.3.

MD17. To evaluate conformational-space generalization, we adopt the MD17 dataset [41, 21] and fo-
cus on four molecules: water (H20), ethanol (CoHsOH), malondialdehyde (CHy(CHO)2) and uracil
(C4H4N20O5). Hamiltonian matrices are computed using the PBE [5] exchange—correlation (XC) func-
tional with the def2-SVP basis set [62].

MD. The MD dataset is used to benchmark electron-density prediction. It contains molecular confor-
mations of six small molecules: ethanol (CoH;OH), benzene (CgHg), phenol (CgHsOH), resorcinol
(C¢H4(OH)32), ethane (C2Hg) and malondialdehyde (CH2(CHO)5). The first four molecules are taken
from ref. [63], with 1,000 sampled geometries per molecule, while ethane and malondialdehyde are taken
from ref. [48], with 2,000 sampled geometries per molecule. Models are trained separately for each
molecule. Because the original datasets provide only density labels computed at the PBE level with a
plane-wave basis set, we regenerate Hamiltonian labels using PySCF with the PBE functional and the
def2-SVP basis set for training Hamiltonian models. The electron density is evaluated on the Lebedev-
type numerical integration grid used in PySCF, with the grid level set to 3. We further investigate the
sensitivity of model performance to the grid level in Supplementary Sec. C.6.

14



QHI9. QMDY is a widely used benchmark for predicting quantum-chemical properties with deep learn-
ing methods [64]. It contains 130,831 equilibrium geometries of small organic molecules with up to
nine heavy atoms, composed of H/C/N/0/F elements. For benchmarking Hamiltonian learning meth-
ods, ref. [43] regenerated Hamiltonian matrices for these molecules at the B3LYP/def2-SVP level [65].
The resulting dataset, QH9-stable, is used to evaluate generalization across chemical space. We use
the stable-random split for the main results reported in Results 2, and provide additional results on
other split settings in Supplementary Sec. C.2. Notably, the stable-randomn split is by default adopted
for experimental results on QH9 unless specified. To further evaluate conformational space generaliza-
tion, QH9 provides Hamiltonian matrices for 2,998 molecular dynamics trajectories generated from QM9
molecules, forming the QH9-dynamic dataset. For experiments involving electron density prediction,
real-space densities are evaluated on the Lebedev-type numerical integration grid used in PySCEF, with the
grid level set to 3. For the largest SCDP model, the grid level is set to 2 to avoid GPU memory overflow.

V2DFT. To evaluate the scalability of Hamiltonian learning on larger and more diverse molecular sys-
tems, we use the V2DFT dataset [44, 45]. This dataset contains 12,676,264 conformations of drug-like
molecules with heavy-atom counts ranging from 8 to 27 and includes multiple chemical elements, in-
cluding H/C/N/0/F/S/C1/Br. Hamiltonian matrices and other atomic and molecular properties were
computed at the wB97X-D/def2-SVP level [66]. The dataset is divided into a training split and three test
splits. Both the training split and the conformational test split contain five progressively larger subsets. In
this work, we train models on the medium-sized training subset, which includes 9,689 unique molecules
with 49,725 conformations. Evaluation is performed on the corresponding medium-sized conformational
test split, which contains unseen geometries of molecules present in the training subset.

PubChemQC. To evaluate extrapolation beyond the molecular scale observed during training, we con-
struct an out-of-distribution benchmark based on PubChemQC [67]. We select molecules composed
of H/C/N/0 elements with heavy-atom counts ranging from 10 to 17. For each heavy-atom count, 50
molecules are randomly sampled to mitigate statistical bias and enable a reliable comparison across
molecular sizes. Statistical information is provided in Supplementary Fig. S6. Open-shell systems, rad-
icals and molecules containing uncommon isotopes are excluded. Reference Hamiltonian matrices are
computed using PySCF at the B3LYP/def2-SVP level, consistent with the setting used for QHO.

4.4 Evaluation Metrics

To compare DSHam with baseline methods for Hamiltonian and electron density prediction, we evaluate
three categories of physical quantities in addition to the MAE over all Hamiltonian matrix elements. For
conciseness, Results 2 reports only representative metrics, while complete results are provided in Supple-
mentary Sec. C. Additional technical background is provided in Supplementary Sec. A, and a compre-
hensive description of all metrics is given in Supplementary Table S10.

Orbital-energy quantities. To assess spectral accuracy, we report MAEs relative to KSDFT reference
for four orbital-energy quantities: (1) occupied orbital energies €,.c, which measure the overall quality
of the occupied electronic spectrum; (2) the highest occupied molecular orbital (HOMO) energy eromo,
which is closely related to chemical reactivity and molecular stability; (3) the lowest unoccupied molec-
ular orbital (LUMO) energy er,umo, Which is relevant to electron affinity and chemical response; and
(4) the HOMO-LUMO gap e, which characterizes frontier-orbital separation and is associated with
electronic excitation and transport-related properties.

Electron-density quantities. To assess the accuracy of the predicted electronic state, we report errors
relative to KSDFT references for the density matrix P and real-space electron density p. The density
matrix P is evaluated using MAE, while the real-space density p is evaluated using NMAE. We addition-
ally report the cosine similarity between predicted and reference molecular-orbital coefficient matrices C
to quantify agreement at the eigenvector level. Because molecular orbitals are non-unique in degenerate
subspaces and highly sensitive to perturbations in near-degenerate subspaces, cosine similarity of C is
reported only as a supplementary diagnostic; density-based metrics are used as the primary measures of
electronic-state accuracy.

Molecular observables. To evaluate how well the predicted Hamiltonian supports downstream physical
prediction, we report MAEs relative to KSDFT references for several molecular observables, including
total energy Eio¢ (Eq. (S8)), kinetic energy Ts (Eq. (4)), external-potential energy Fex (Eq. (5)), one-
electron energy E ..o (Eq. (6)), the LDA-based density functional quantity Et1,pa, and dipole moment
. We also assess the practical utility of the predicted Hamiltonian for accelerating DFT calculations by
measuring the relative SCF iteration cost required for convergence. Specifically, we define

Te

minao

Sice 1= x 100%,
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where Tp and Thinao denote the number of SCF iterations required when using the prediction-derived

density matrix P and the standard MINAO initialization, respectively. A smaller S,.. indicates stronger
SCF acceleration. The LDA-based density functional quantity is computed as

Erpa = /CFP(r)S/Sdr,

where Cf is a constant. This metric is evaluated only on PubChemQC when comparing with real-space
density predictors.

Code Availability

The source code for implementing the proposed method, trained neural network model checkpoints, and
evaluation datasets are available in an anonymous Zenodo repository. The source-code archive also in-
cludes usage instructions, train/test splits, and a sample PySCF input file to facilitate reproducibility.
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Appendix

A Mechanism of Density Functional Theory

A.1 Formulation of Density Functional Theory

Quantum chemistry provides a fundamental framework for computing molecular properties by describing
the interactions among electrons and nuclei. Because nuclei are much heavier than electrons, molecular
electronic-structure calculations commonly adopt the Born—Oppenheimer approximation, in which the
nuclei are treated as fixed classical particles and the electronic problem is solved for a given nuclear con-
figuration. For a molecular structure with A nuclei and N electrons, the nuclear configuration is specified
by the atomic numbers Z := {Z,}/_, and nuclear coordinates X := {x,}2_,, while the electronic
state is described by an antisymmetric many-electron wavefunction 1 (ry,--- ,ry). Under the Born—
Oppenheimer approximation, the stationary electronic states are determined by the time-independent
Schrodinger equation,

Hl/f(l”h"‘ 7rN) :qub(rlv"’ arN)a

where H is the electronic Hamiltonian operator, and E and 1) are the corresponding electronic energy and
eigenstate. In atomic units, the electronic Hamiltonian is

H=- Z vz ZZHQ_X” anz =T + Vex + Vee,

i=1 a=1 =1l

where 7' is the electronic kinetic-energy operator, Vexd is the electron—nuclear attraction operator, and Vee
is the electron—electron repulsion operator. The total molecular energy additionally includes the nuclear—

. A
nuclear repulsion energy Enue = ),y ﬁ, so that

FEiot = E + Enye- (S1)
Many ground-state molecular properties are determined by the electronic ground state, namely the eigen-
state with the lowest electronic energy. The ground-state energy can therefore be obtained through the
variational principle,

E* = min H|y), S2)
w:antisym,<w|¢):1<w| |w> (

where (V| H|¢p) = i ¢*(r)H¢(r)dr denotes the many-electron inner product with operator H.

Although many approaches have been developed to parameterize the many-electron wavefunction 1 and
minimize the electronic energy, directly optimizing a function on R3" suffers from the exponential growth
of the many-electron configuration space, making wavefunction-based approaches computationally de-
manding for large systems. Density functional theory (DFT) addresses this challenge by reformulating
the ground-state problem in terms of the electron density p(r), a function defined on R3. For an N-
electron wavefunction v, the electron density is the one-electron marginal

:N/.../|¢(I‘7I‘2,...,I‘N)‘2dl‘2...dI‘N.

The central foundation of DFT is provided by the Hohenberg—Kohn (HK) theorems [3]. The first HK the-
orem states that, for a non-degenerate ground state, the external potential Vi, is uniquely determined by
the ground-state density p(r) up to an additive constant. Since Ve specifies the electronic Hamiltonian,
the ground-state density determines ground-state observables in principle. The second HK theorem estab-
lishes a variational principle over densities: there exists a universal energy functional such that the exact
ground-state energy is obtained by minimizing this functional over physically admissible densities, and
the minimizing density is the exact ground-state density. The external-potential contribution is already an
explicit density functional because Vixis a one-body operator:

<w|‘7ex1|1/1> = /P[q/;] (1) Vex(r) dr = Eext[p[w]]~

Accordingly, the wavefunction variational problem in Eq. (S2) can be written in the constrained-search
form,

E* = i i T+ Ve Ee,
p:}(),fn;}(lrl'; dr=N (w:antisI;rlri,I;[w]:p<w‘ + ee|w>) + ¢ t[p]

= o A= vl + B} (s3)

p:20, [ p(r) dr=N
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Supplementary Table S1: Main notations. These notations are used consistently throughout the paper.

Notation Description

reR3 Electron coordinate

N Number of electrons in the molecular system
(flg) = [ f(x)g( Standard inner product in function space
fl0lg f r)dr Function-space inner product associated with operator O
(fl9)=[ Hr Hr -~ drdr Coulomb integral between two charge distributions

x € R3 Nucleus coordinate

X = {x(“)} _ Molecular geometry specified by nuclear coordinates

Z {Z (a) }A_ Molecular composition specified by atomic numbers

={Zz, X? Molecular structure

’(/J(I'l, ro,...,I'n) N-electron wavefunction.

{&:(r) }2111 Molecular orbitals

i,j€{1,2,...,N} Indices for molecular orbitals

{Na (r)}f:1 Atomic orbital basis functions

a,B,6,v€{1,2,...,B} Indices for atomic orbital basis functions

H.,z = <na ‘ﬁ ’ 77g> Hamiltonian matrix in the atomic orbital basis

Sas = Nalng) Overlap matrix of the atomic orbital basis

C.i Coefficient of molecular orbital 7 on atomic orbital «

Density matrix

€ Orbital energies

p(r) Electron density (function)

G:= {rg}évfl Spatial grid points for evaluating real-space quantities

S SCF iteration index

Here, the inner constrained-search problem defines the universal density functional

Ulp] == min <w\T+17ee|w>,

P antisym, pry) =

which is universal in the sense that it does not depend on the specific molecule M or external potential
Vexe- It contains the electronic kinetic energy and the electron-electron interaction energy associated with
all wavefunctions yielding the density p. The ground-state problem is therefore formally transformed from
a variational optimization over many-electron wavefunctions to a variational optimization over electron
densities, as shown in Eq. (S3).

Because the exact analytical form of the universal functional is unknown, practical DFT calculations rely
on approximations. A useful formal decomposition is

Ulp] = Tslp] + Eulp] + Exclpl,

where Ts[p] denotes the kinetic-energy density functional, Ey[p| denotes the classical electron—electron
repulsion energy, also known as the Hartree energy, and Fxc[p] collects the remaining exchange—
correlation effects. The Hartree energy is given by

1 [ p(r)p(r’) /
2/7\\r—r’|| drdr’,

which captures the dominant classical contribution to the electron—electron interaction but neglects ex-
change, correlation and self-interaction corrections. The kinetic energy density functional (KEDF) can be
formally defined through a constrained search over antisymmetric wavefunctions that yield the prescribed
density:

Tslpl = ooin  T1Y).
P antisym, ppy) =
The exchange—correlation (XC) functional Exc[p] is then introduced to account for the residual part of
the universal functional. Over the past decades, many successful XC approximations have been devel-
oped [5, 65, 66], while constructing accurate explicit kinetic-energy density functionals remains a grand
challenge [68, 69].
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A.2 Kohn-Sham DFT

To avoid directly approximating the KEDF, the Kohn—Sham (KS) formulation maps the interacting N-
electron system onto a virtual non-interacting reference system composed of N single-particle auxiliary
orbitals ® := {¢;}V, [4], where the ground-state density of the original interacting system is equal to

that of the chosen non-interacting system, p(r) = Zfil | (r)|. Under this formulation, the dominant
kinetic energy contribution is represented by the non-interacting kinetic-energy functional

N
Tslp] = min T min T\
S[p] {¢i}§v=1:0”h0“0rmala<w[q>]| |1/’[<I>]> {431 j—1 :orthonormal, ;<¢ | |¢ >
Ple]=pP Pl =P —

The original density minimization problem in Eq. (S3) is then converted into an orbital optimization
problem,

N
E* = min {E[(I)} = Z<¢Z‘T|¢l> + EH[/)[@]] + EXC[P[@]] + Eext[ﬂ[<1>]]}~

{#i}_, :orthonormal =1

Using the variational principle, the electronic energy is minimized with respect to the KS orbitals under
the orthonormality constraint (¢;|¢;) = J;;. This can be written through the Lagrangian

)
5¢i(r) ZE” (@ildj) = dij) | (r) = 0.

where g;; are Lagrange multipliers enforcing orbital orthonormality. Taking the functional derivative with
respect to each orbital and diagonalizing the multiplier matrix yields the canonical KS equations,

0 Exc

T Viwt | 0i(r) = €5 (r). S4

+/” 5p()+ 0i(r) = €0,(r) (s4)
—VH —ch(l‘)

Introducing the effective KS Hamiltonian operator (also called KS Fock operator) H:=T+4Vy+Vxc+
Vext» the stationarity condition can be written compactly as

Hoi(r) = €;¢;(x). (S5)

Because the effective Hamiltonian F depends on the electron density constructed from its own eigenfunc-
tions {¢;}, the Kohn-Sham equations must be solved self-consistently. In practice, self-consistent field
(SCF) iterations are used to update the orbitals {¢; } and the corresponding density until the Kohn—Sham
stationarity condition is satisfied.

Although the Kohn—Sham equation in Eq. (S5) provides an iterative route to the molecular ground state,
optimizing continuous single-particle orbitals remains nontrivial because their explicit forms are unknown
a priori. To make the problem computationally tractable, each orbital can be expanded using a finite basis

set {na(r)}E_1: ¢i(r) = Zle Cyina(r), which converts the original functional optimization problem
into the optimization of a finite coefficient matrix C. The electron density specified by C can then be
written as:

=YY CaiCaina(r)ns(r ZPaaﬁa r)ns(x), (S6)

i=1 af

where P,g := ZZ C,iCg; is the density matrix in the chosen basis. Substituting the basis expansion
into the Kohn—Sham equation gives

B B
Z sins(r) =€; Y _ Cping(r)
B=1 =1

Projecting both sides onto each basis function n,,(r) yields

XB:C/% (e || ms ) =€zz (alns) -
A=1

Sy}
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By denoting <77a H ‘ 7]ﬁ> = H,s and (n4|ns) = Sap. the differential Kohn—Sham equation is trans-

formed into the generalized eigenvalue problem: Zle H.3Cgy, = &; Z?:l S.3Cgi, or, in compact
matrix form: HC = SCe, corresponding to Eq. (1). The Hamiltonian is represented in an AO ba-
sis containing B basis functions, and solving the corresponding eigenvalue problem therefore requires
a complete set of B molecular orbitals (MOs). For a closed-shell system with N electrons, K = N/2
orbitals are occupied, while the remaining B — K unoccupied orbitals complete the single-particle space
spanned by the AO basis. The density matrix can be reformulated as P,g := Z? fiCaiCgi, where f;
is the occupation number for the ¢-th orbital. According to Eq. (S4), we can construct the Hamiltonian
matrix by:

H=T+ Vy + Vxc + Ve,

where Tap z/na(r)(—%VQ)nB(r)dr7

P, ()ns(r)
Vihos = lVitns) = [ [ ety =252 50D
:ZDaﬁ 'ytiP'yEv
o / I.l ,
where D3 45 : //77 ||r—r(/||) s )dr dr,
(Vxc)ap = {1l Viclns) = / Viee ()10 ()75 (x) dr,
(a) ( )
(Vexdas = {1l Veul15) = ZZ ||r x<a>|| dr. (s7)

The total energy of the system corresponding to Eq. (S1) can be written as:

Eiot(C) := Eiot[pc] = Ts(C) + Eu(C) 4+ Exc(C) + Eext(C) + Enue, (S8)
N

where Ts(C) := Z<¢i,C|T|¢i,C> = Z PosTap,

i=1

EH(C) EH[PC Z PaﬁDaﬁ’yéP’yéa
aﬂ75
Exc(C) := Exclpc] = Exc {Zpaﬁnam&}, (89
apf

Eext(C) =k ext PC ZPQB ext ()157

A typical SCF procedure, as implemented in quantum chemistry packages such as PySCF [61], proceeds
as follows:

1. Initial guess. An initial density matrix P(%) is constructed using an approximate scheme, such as the
minimal atomic orbital basis (MINAQ) guess.

2. Hamiltonian construction. At iteration s, the KS Hamiltonian matrix H(*) = H[P(®)] is constructed
from the current density matrix P(*). This step evaluates the one-electron terms, the Hartree poten-
tial through electron-repulsion integrals, and the exchange—correlation potential Vxc on numerical
integration grids.

3. Solving the KS equations. The generalized eigenvalue problem H(*)C(s+1) = SCs+Dg(st+1) jg
solved to obtain updated MO coefficients C**+1) and orbital energies 1),

4. Density update. A new density matrix is constructed from the occupied orbitals: PS; bV o_

Y oic1 f,-CEfi'H)CgSiH). In practical implementations, density mixing or damping may be applied
to improve convergence.

5. Convergence Check. The procedure is repeated until the change in the density matrix, total energy,
or Hamiltonian matrix falls below a predefined threshold.
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Traditional SCF iterations typically scale as O(N?) to O(N*) with system size and constitute a major
computational bottleneck in large-scale molecular simulations. Hamiltonian learning aims to bypass these
expensive iterative updates by directly predicting the converged Hamiltonian H* from the molecular
structure M.

A.3 An Extension of Lieb’s Variational Duality

Lieb’s convex formulation of DFT establishes a variational duality between the local one-body potential
v(r) and the ground-state electron density p(r). With the natural pairing

(w) = [ o(x)pe)ar,
the concave ground-state energy E[v] and the convex density functional F'[p] satisfy
Flpl =sup{E[v] = {v,p)},  [39. Eq. G.17)
Efv] = mf {Flo] + {v,)}.  [39, Thm. 3.5] (S10)

For a ground-state density p, attaining the minimum in Eq. (S10), the potential and density satisfy the
corresponding equality condition of these two variational problems. In this sense, v and its induced
ground-state density p,, form a variationally conjugate pair.

The Hamiltonian—state relation considered in this work follows by extending the variable local potential
in Lieb’s construction to a general finite-dimensional one-body operator. This is a finite-dimensional one-
body extension of the original potential-density duality, rather than a relation stated explicitly in Lieb’s
formulation. Such an extension is natural because the eigenvalue problem of a one-body Hamiltonian
determines its ground-state occupied subspace, which is directly characterized by the corresponding one-
particle density matrix. Lieb also discusses admissible one-particle density matrices as an alternative
basic variable [39, Secs. 2 and 4B].

To make this relation explicit, we choose a real orthonormal one-particle basis of dimension M the varia-
tional conjugacy derived below is independent of this choice. A one-body Hamiltonian is then represented
by a symmetric matrix H € S, where

SI\/[:{AERMXM|AT:A}

The natural operator—state pairing is the trace pairing (H, P) = Tr(HP), which is the finite-dimensional
analogue of (v,p) = [wv(r)p(r)dr. For N electrons in a spin-orbital representation, the admissible
one-particle density matrices satisfy

Dy={PesSY|[0xP =<1 Tr(P)=N}.

For a closed-shell spin-summed spatial-orbital density matrix, the corresponding conditions are 0 < P <
2T and Tr(P) = N.. We retain the spin-orbital convention in the following derivation. For a fixed
kinetic-energy matrix T € SM, let V € SM denote a variable one-body potential matrix. We define the
non-interacting kinetic-energy density functional as

Tr(TP), P € Dy,

Fs(P) = {JFOO’ P ¢ Dy,

and the corresponding ground-state energy as

E(V) = PinSf {Fs(P)+Tr(VP)}. (S11)
= M
The reverse variational relation is
Fs(P) = sup {&(V)—Tr(VP)}. (S12)
vesM

Eq. (S11) and Eq. (S12) establish the finite-dimensional analogue of Lieb’s potential-density duality
between V and P under the trace pairing. Since T is fixed, the change of variables H = T 4 V is an
affine reparameterization of the same one-body operator space. Defining

Ex(H): =& (H-T)

N
= fnin Tr(HP) = Zl ;(H), (S13)
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where e1(H) < --- < )/ (H) are the eigenvalues of H, the reverse relation becomes

1oy (P) = ;:54 {Eny(H) — Tr(HP)}.

Thus, £x and vp,, are related by Fenchel duality under the trace pairing between one-body Hamilto-
nians and one-particle density matrices. A minimizer Pyy in Eq. (S13) is the ground-state one-particle
density matrix induced by H, thereby identifying the dual density-matrix variable with the electronic
state obtained from the Hamiltonian eigensolution. For a general finite-dimensional one-body Hamil-
tonian, the full one-particle density matrix P is therefore the natural conjugate state variable. Restrict-
ing the Hamiltonian variation to local potentials recovers Lieb’s original potential-density pairing, since
Tr(V[v]P) = [v(r)pp(r) dr. We accordingly refer to the finite-dimensional relation between H and
P as a Hamiltonian—density-matrix variational duality, or more broadly a Hamiltonian—state variational
duality (Introduction 1). This construction is a finite-dimensional one-body extension of Lieb’s potential—
density duality and applies specifically to one-body Hamiltonians.

B DSHam Technical Details

In this section, we provide additional technical details of the proposed DSHam framework. We first
present an in-depth gradient analysis of the supervision signals discussed in the main text and elaborate
on the design motivation of DSLoss in Supplementary Sec. B.1. We then describe the configurations
of the employed SE(3)-equivariant graph neural network (SEGNN) models for Hamiltonian prediction,
electron density prediction and physical property prediction in Supplementary Sec. B.2. Finally, we pro-
vide additional implementation details for data preparation (Supplementary Sec. B.3), DFT calculations
(Supplementary Sec. B.5), MD simulations (Supplementary Sec. B.4), hardware configuration (Supple-
mentary Sec. B.6) and error analysis (Supplementary Sec. B.7).

B.1 Analysis for Dual-Space Loss
B.1.1 Perturbation Analysis

As discussed in Results 2.1, supervision restricted to the Hamiltonian space does not directly constrain
the electronic solution induced by the predicted Hamiltonian, and therefore may not provide sufficient
guidance for optimizing downstream observables. Here we first understand this mismatch by examining
how a perturbation to the Hamiltonian propagates to its electronic solution. Unless otherwise stated, we
consider only responses to first order in the Hamiltonian perturbation throughout this section.

We first transform the generalized Kohn—Sham eigenvalue problem into an orthonormal representation.

Let the overlap matrix have the eigendecomposition S = QAQT, and define the symmetric orthogonal-
ization matrix as Q = QA~/2Q". With H = Q"HQ and C = QU, Eq. (1) becomes

HU=Ue, U'U=L
Thus, the original generalized eigenvalue problem can be analyzed using standard symmetric eigenvalue

perturbation theory.

Consider a predicted Hamiltonian H = H* + AH. Since the overlap matrix is fixed for a given
molecular geometry and AO basis, Q does not respond to AH, and the corresponding perturbation is

AH = QTAHQ. Let U* denote the eigenvectors of H* and C* = QU* the corresponding MO
coefficients. Expressing the perturbation in the reference MO basis gives

AHyo = U*TAHU* = C*T AHC*. (S14)

Let f = diag(f1,..., fB) denote the orbital occupation matrix and P = UfU" the density matrix in the

orthogonalized AO basis. We express its response in the reference MO basis as Af’Mo = U*TAPU"*.
Assuming no degeneracies between orbitals of different occupations, first-order perturbation theory gives

Ag; = (AHmO)iis (AISMO)ij = ;2 : JECJ* (AHwmo)i; (i #j). (S15)
i &

These relations separate two distinct responses of the electronic solution. The diagonal components of
AH) o shift the orbital energy spectrum directly. By contrast, changes in the density matrix arise from
couplings between orbitals with different occupations. Under the usual fixed integer occupations, these
are the couplings between occupied and virtual orbitals, which rotate the occupied subspace and thereby
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Supplementary Table S2: Gradients of various physical observables.

Quantity | Gradient Reference
P gg—i‘; = Z” %C C[g]CWC(;J Supplementary Sec. B.1.3
P (’)P o5 = [ Nalr Supplementary Sec. B.1.4
€ 8?1615 = CWC(;Z Supplementary Sec. B.1.6
Ts Q%Tjﬂ = fna V277g (r)dr = Typ Supplementary Sec. B.1.7
Eext (.;9{?—; =>. fna Hr—xal\ na(r)dr = (Vex)ap  Supplementary Sec. B.1.7
Eecore %%O; =Tuos+ (Vext)ap Supplementary Sec. B.1.7
Iz 3Pa3 = [ na(r)rng(r)dr Supplementary Sec. B.1.5

modify the ground state electron distribution. Importantly, the density response depends not only on
the magnitude of AHy;o but also on the occupation differences and inverse orbital energy separations
in Eq. (S15). Hamiltonian perturbations of comparable magnitude can therefore produce very different
changes in the occupied subspace. In particular, couplings across smaller occupied—virtual energy gaps
induce larger state responses, whereas perturbations along directions that preserve the occupied subspace
can have little effect on the density, even though conventional element-wise supervision assigns equal
weight to both types of perturbations. This anisotropic response provides a perturbative explanation for
why numerical Hamiltonian accuracy alone does not determine physical fidelity.

The density matrix in the original AO representation satisfies P = Qf’QT and therefore AP =

QAPQ. Since this transformation is fixed, the state response identified above is carried directly from
the orthogonalized representation to the AO density matrix used in our supervision. Accordingly, Lp
constrains this state response in the AO representation, while £, further constrains its real-space electron
distribution. Together with orbital energy supervision L¢ of the spectral response, these objectives ex-
tend supervision from the Hamiltonian itself to complementary components of its induced eigensolution,
realizing our dual-space supervision. In contrast, conventional element-wise Hamiltonian supervision
weights matrix errors solely by their numerical magnitudes, without accounting for their strongly nonuni-
form effects on the eigensolution. Density supervision instead propagates electronic-state errors back
to the Hamiltonian through a physically structured sensitivity map, providing the basis for the gradient
reweighting analyzed below.

B.1.2 Gradient Analysis

Dual-space supervision through £p and £, in Eq. (2) directly constrains the electronic solution induced
by the predicted Hamiltonian. Empirical comparisons with several computationally efficient auxiliary
objectives further show that density supervision provides the most consistent improvements across down-
stream properties (Results 2.1). To understand the origin of this broad transferability, we trace the gradi-
ent pathways of different supervision signals back to the Hamiltonian and analyze the resulting sensitivity
maps from both optimization and chemical perspectives. These maps characterize how each objective
distributes its corrective signal across Hamiltonian elements.

For an auxiliary quantity O that depends differentiably on the density matrix, its loss gradient with respect
to the Hamiltonian follows the chain

0Lo Lo 00 OP

OH 00 0P OoH'

This decomposition separates the Hamiltonian-to-state response, 0P /OH, from the objective-specific
reweighting, 0O /0P. Different auxiliary objectives therefore propagate through the same underlying
electronic response while assigning different weights to its Hamiltonian directions. We visualize these
patterns using a randomly sampled molecule from QH9, C4O;NH?~, as an illustrative example (Supple-
mentary Fig. Sla).

The Jacobian of the density matrix with respect to the Hamiltonian is

P\ "
{5}
3H76 aBys
which is derived in Eq. (8) and summarized in Supplementary Table S2. This Jacobian is the AO-space
differential counterpart of the occupied-subspace response established in Supplementary Sec. B.1.1. For
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Supplementary Figure S1: Gradient of different observables used as auxiliary losses. (a) Structure
of the example molecule C¢O2NH; used for gradient visualization in (b)-(i). White, gray, blue, and
red spheres denote H, C, N, and O atoms, respectively. (b)-(c) Heat maps of the Hamiltonian matrix
and density matrix. (d) Aggregated gradient map of the density matrix with respect to the Hamiltonian
matrix. (e)-(i) Aggregated gradient maps of density-matrix-derived quantities with respect to the density
matrix. (j) Distributions of the Jacobian entries of different observables with respect to Hamiltonian

matrix elements. The corresponding gradient variance o2 is annotated above each distribution.
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visualization, we reduce the four-dimensional Jacobian to a two-dimensional sensitivity map, Vg P, by
aggregating over the density-matrix indices « and (8 while retaining the Hamiltonian indices «y and 0. The
resulting map measures how strongly individual Hamiltonian elements can influence the density matrix
and therefore identifies the directions through which Lp provides corrective supervision.

As shown in Supplementary Fig. S1d, Hamiltonian elements associated with core-like AOs, such as
deeply bound 1s orbitals, exhibit substantially lower sensitivities than those involving valence orbitals.
This behavior is consistent with the perturbative picture above: deeply bound core orbitals generally have
larger energy separations from virtual states and undergo weaker mixing, whereas valence orbitals par-
ticipate more strongly in bonding and in density variations relevant to molecular properties [70]. Our
empirical results further show that core-related Hamiltonian elements can already be fitted accurately us-
ing element-wise Hamiltonian supervision alone, consistent with observations in [43]. Thus, Lp comple-
ments Ly by assigning greater corrective sensitivity to Hamiltonian directions that more strongly modify
the occupied subspace, many of which involve valence and bonding interactions. Additional analysis is
provided in Supplementary Sec. B.1.3.

To compare alternative physical surrogates derived from the density matrix, we further evaluate their Jaco-
bians Vp O (Supplementary Table S2) and visualize the corresponding aggregated maps Vp O in Supple-
mentary Figs. Sle—i, where O includes quantities such as p and Ts. Several property-specific objectives
exhibit sensitivities that are strongly concentrated to a limited subset of AO pairs. When propagated
through VP, this concentration produces larger variation across Hamiltonian gradients (Supplementary
Fig. S1j), leaving other directions comparatively weakly constrained. This behavior is consistent with
less stable optimization and with the limited improvements observed for properties beyond the directly
supervised one in Fig. 2a.

Real-space density supervision instead produces a broader and smoother reweighting across AO pairs

while retaining chemically meaningful selectivity. For a fixed AO basis, gg(r; = na(r)ng(r). The

density Jacobian therefore weights each AO pair according to the spatial distribution of its corresponding
pair density. Because £, aggregates density deviations over spatial grid points, these contributions are
integrated across the molecular electron distribution, producing a less sharply concentrated sensitivity
pattern than objectives derived from individual scalar properties (Supplementary Fig. Sle). At the same
time, the weighting remains nonuniform and preferentially responds to AO pairs with substantial spatial
contributions to the density.

In the localized AO representation used here, these high-sensitivity components are enriched in valence
and o-bonding regions (Supplementary Fig. S2d). Real-space density supervision therefore complements
the AO-space density-matrix objective Lp by smoothly reweighting density matrix deviations according
to their consequences for the spatial electron distribution. Together, Lp and L, provide broad gradi-
ent coverage without treating all Hamiltonian directions equivalently, thereby combining optimization
stability with chemically structured supervision.

Orbital-energy supervision targets the complementary spectral component of the eigensolution. Under our
formulation, the corresponding aggregated Hamiltonian sensitivity map of the occupied orbital energies,
VHEocc, reduces to the density matrix P; see Supplementary Sec. B.1.6. This complementary role is also
reflected in the distinct first-order response of the orbital energies: unlike the density response, which is
governed by occupied—virtual mixing and the associated inverse energy gaps, the orbital-energy response
depends directly on diagonal Hamiltonian perturbations in the MO basis. L. therefore provides a com-
plementary signal for constraining the spectrum induced by the predicted Hamiltonian and empirically
improves optimization stability in near-degenerate cases encountered when backpropagating through the
density matrix loss (Methods 4.2; Supplementary Sec. B.1.6).

Together, these analyses explain the complementary optimization mechanisms underlying DSLoss. The
AO-space density matrix objective propagates state errors over a broad set of Hamiltonian directions ac-
cording to their influence on the occupied subspace. The real-space density objective further introduces
a smooth and spatially informed reweighting that preferentially emphasizes chemically relevant valence
and bonding interactions. Orbital energy supervision complements these state constraints by directly tar-
geting the eigenvalue spectrum. These mechanisms connect the perturbative response of the eigensolution
to the gradient structure encountered during training and explain why dual-space supervision yields more
consistent improvements across downstream molecular properties. Further discussions of the individual
auxiliary objectives are provided in Supplementary Secs. B.1.3-B.1.7.
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B.1.3 Density Matrix

As described in Methods 4.2 and Supplementary Sec. B.1.1, evaluating Lp requires the MO coefficients
C obtained by solving the generalized Kohn—Sham eigenvalue problem in the nonorthogonal AO basis
(Eq. (1)). Backpropagating through this eigensolver therefore involves the Jacobian Vi P. Here, we pro-
vide a detailed derivation of Vi P. We first introduce an infinitesimal perturbation §H to the Hamiltonian
while keeping S fixed. In the orthogonalized representation, this perturbation becomes dH = QT §HQ.
For non-degenerate eigenvalues and fixed occupations, the first-order response of the eigenvector Uj; is

UT(SHU
U=y U ——
J#i
Transforming this response back to the AO basis gives
~ ~__UIQT/HQU; CJSHC;
6C; = QOU; = ZQUj—J Q °HQ y o —L—,

— E; — Ej — €j

J#i J#i
where C; denotes the i-th column of C. The first-order variation of the density matrix is therefore

=> i (6CiC] + Ci6C)) = Z fizlig, c/ (c/sHC)), (S16)
- ! €, —€j

where the ¢ = j term is understood as zero for fixed occupations.

Writing the scalar perturbation term element-wise, C, SHC,; = Y 5 C+i0H,5Cj;, we obtain

Pop = Zf’ ffcmcmcwcg7 6H.,5.

¥6 | 4
Thus, the Jacobian of the density matrix with respect to the Hamiltonian matrix is

0P.s fi
8H.Y5 i g;

—Ji CaiCps;C,;Csj,
ey

which gives the expression in Eq. (8).

To connect the AO-space response derived above with the MO-space response in Supplementary Eq. S15,
we identify C SHC ; in Supplementary Eq. S16 as the Hamiltonian perturbation projected onto the MO
basis according to Supplementary Eq. S14:

(6Hn0);; = C 6HC;. (S17)
Substituting Eq. (S17) into Supplementary Eq. S16 gives

P=>" Lfcicj (6Hno)

277
Ei_j J

ij
Using the equivalent representation P = C6PyoCT, we obtain, for i # 7,

(5f’Mo)__ _fi= T

ij € —&j

(5HMO)U ’

which is aligned with Supplementary Eq. S16.

According to the aggregated gradient map Vi P, the gradient of the density matrix with respect to the
Hamiltonian is strongly suppressed for Hamiltonian elements associated with core-like AO basis func-
tions. Specifically, when the AO indices « and § correspond to heavy-atom 1s basis functions, their
coefficients are mainly concentrated in the lowest Nyeavy MOs, where Nypeayy denotes the number of
heavy atoms in the molecule. These low-lying orbitals are typically core-like and are dominated by lo-
calized 1s atomic orbitals, making the corresponding coefficient patterns highly sparse (Supplementary
Fig. S2b). Moreover, nonzero contributions in Eq. (8) require the orbital indices ¢ and j to have different
occupations, namely one occupied and the other unoccupied. For core-like AO indices, however, C.;
and Cgs; are appreciable mainly within the occupied core subspace and are negligible for unoccupied or-
bitals. Consequently, the products C.,;Cs; that connect occupied and unoccupied orbitals are nearly zero,
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leading to an approximately vanishing aggregated gradient ) 5 gga’; , as illustrated in Supplementary
v

Fig. S2c.

We also observe that density matrix supervision can introduce optimization instability through the factor
1/|e; — €;] in Eq. (8), which becomes large for nearly degenerate orbital energies. In practice, we tackle
this issue by applying the gradient truncation technique described in Methods 4.2.

As discussed in Results 2.2 and Results 2.4, we compare Hamiltonian learning methods with approaches
that directly predict the density matrix. Direct density matrix prediction exhibits stronger generalization
in terms of density matrix MAE (Fig. 3). This behavior may be partly attributable to the more bounded nu-
merical range of density labels, which can lead to better controlled optimization and generalization under
the MAE objective [71]. However, improved density matrix MAE does not necessarily translate into more
accurate downstream physical properties. As discussed in Results 2.4, direct density matrix regression
does not explicitly enforce the structural constraints of physically valid density matrices, such as electron-
number conservation and generalized idempotency in a nonorthogonal AO basis. Consequently, a density
matrix with a low element-wise error may still fail to correspond to a valid occupied electronic subspace,
leading to systematic errors in derived quantities such as total energy and dipole moment (Supplementary
Fig. S8).

These observations suggest that the Hamiltonian serves as a crucial intermediate representation for pre-
serving the physical structure of molecular electronic states. At the same time, density matrix supervision
provides a complementary signal that emphasizes electronically important regions and helps align Hamil-
tonian learning with downstream physical observables.

B.1.4 Real-space Density

As discussed in Supplementary Sec. A.2, given an AO basis {1, (r)}2_;, the real-space electron density

can be reconstructed from the density matrix through Eq. (S6). The gradient of £, with respect to P is
given by

oL, [ 0L,
0P, | Doty I

which shows that AO pairs with larger spatial overlap receive stronger supervision. Such AO pairs are of-
ten associated with chemically important bonding regions, particularly o-bonding regions (Supplementary
Fig. S2a,d). Because o bonds constitute a major component of the molecular electron-density backbone,
errors in these regions can substantially affect downstream molecular properties. Therefore, supervising
the real-space electron density naturally emphasizes electronically important regions in downstream prop-
erty prediction. A schematic comparison between ¢ and 7 bonds using ethene as an example is provided
in Supplementary Fig. S2a.

To empirically validate the importance of the AO pairs emphasized by £,, we selected 500 molecules
from the stable-random split of QH9 and applied small perturbations to their reference density matrices.
Specifically, uniform noise was added to density matrix elements that receive large weights from the real-
space density loss. To preserve Hermiticity, the perturbation matrix was constrained to be Hermitian.
Because strictly maintaining both idempotency and electron-number conservation under perturbation is
nontrivial, we used zero-mean noise with small variance and kept all diagonal elements unchanged to
minimize global changes to the density matrix. For comparison, we generated a control perturbation by
simultaneously permuting the rows and columns of the same noise matrix, thereby preserving Hermiticity
and the noise magnitude distribution while removing its correlation with AO spatial overlap. As shown
in Supplementary Fig. S4a, perturbations concentrated on AO pairs with large spatial overlap induce
substantially larger total-energy errors than the permuted control, confirming the importance of these AO
pairs in molecular property determination.

In addition, we observe that incorporating £, improves training stability by reducing the frequency
of near-degenerate orbital events. We define a near-degenerate orbital event during training as
|éromo — éLumol| < 0.1]emomo — eLumo|- After introducing L,, the number of such events de-
creases markedly from 68 to 5 (Supplementary Fig. S3), suggesting that real-space density supervision
helps regularize the induced electronic state during Hamiltonian optimization.

B.1.5 Dipole Moment

We also explore the dipole moment as an auxiliary supervision target because of its relevance to molecular
polarity and its low computational cost. According to Eq. (7), differentiating the dipole moment with
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Supplementary Figure S2: Gradient visualization of density supervision. The visualization is based
on the same CsO2NH; molecule used in Supplementary Fig. S1. (a) Schematic illustration of o- and
mw-bonds in ethene (CoHy). White and gray spheres denote H and C atoms. Sticks and the blue region
indicate the o- and 7-bonding regions, respectively. (b) Heat map of the orbital coefficient matrix. AOs
and MOs are reordered according to their angular momenta and orbital energies, respectively. The upper-
left block corresponds to the nine core MOs associated with the nine heavy atoms, each of which is
dominated by a 1s AO. (c) Aggregated gradient map of the density matrix with respect to the Hamiltonian
matrix. AOs are reordered according to their angular momentum orders. Elements associated with core-
like AOs receive smaller gradient weights, reflecting the localized and 1s-dominated character of core
orbitals. (d) Aggregated gradient map of the electron density with respect to the density matrix. AOs are
reordered according to their angular momentum orders. The highlighted upper-left region corresponds
to AOs in the minimal-basis description, showing that density-based supervision primarily emphasizes
AOQ pairs associated with o-bonding regions. The o-bond map in the lower-left region is obtained using
valence bond theory.
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Supplementary Figure S3: Frequency of near-degeneracy events during training. Incorporating den-
sity supervision markedly reduces the frequency of near-degenerate orbital events, indicating improved
training stability.
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respect to the density matrix yields the AO-basis representation of the position operator:

8/1' o a;U'elec _
T = o - / e (r)en(r)dr,

where only the electronic contribution pee. depends on P, while the nuclear contribution is fixed for

a given molecular geometry. This expression can be interpreted as a position-weighted aggregation of

the density response 83‘) - As shown in Supplementary Fig. S1i, the aggregated gradient map Vppu

is substantially sparser than Vpp. A possible explanation is that when the pair function 7, (r)ng(r) is
nearly symmetric with respect to the origin or an inversion center, its contribution to the position-weighted
integral can cancel out, leading to a small gradient for the corresponding AO pair. This selective sensitivity
is also reflected in the significantly larger variance of Vp p compared with Vp p (Supplementary Fig. S1j).
As a result, dipole-moment supervision can introduce a biased and sparse optimization signal for the
density matrix, leaving many density-matrix directions weakly constrained and potentially destabilizing
training. As shown in Fig. 3a, a model can achieve low dipole-moment error while still failing to recover
a physically consistent density matrix.

B.1.6 Orbital Energy

As discussed in Results 2.1, to further characterize the electronic structure at the eigenvalue level, we
also introduce the occupied orbital-energy supervision. The first-order variation of the eigenvalue ¢;
under a Hamiltonian perturbation H is de; = C,iT SHC;. Since 6Hyo = CTJHC is the perturbation
projected onto the fixed MO basis, the expression above is equivalently de; = (6Hn0 )44, which recovers
Ae, = (AHpo0)pp in Supplementary Eq. S15. Therefore, when Hamiltonian matrix elements are treated
as independent entries, we have

8€i
OH.,5

Summing over occupied orbitals with their occupation numbers gives
Oe;
g = iCaiCpi = Pog.
Z UFTee Z fiCaiCyp 8

Thus, occupied orbital energy supervision naturally weights Hamiltonian elements according to the den-
sity matrix in the AO basis. To further understand this mechanism, we perform a perturbation analy-
sis analogous to that in Supplementary Sec. B.1.4. We randomly select 500 molecules from QH9 and
identify the Hamiltonian elements emphasized by occupied orbital energy supervision according to the
magnitudes of the corresponding density matrix entries. Uniform noise is then added to the selected
off-diagonal Hamiltonian elements. As a random baseline, we apply the same perturbation matrix after
randomly permuting its element locations while preserving Hermiticity, thereby keeping the perturbation
strength and sparsity unchanged while removing the density matrix guidance. The perturbed Hamiltoni-
ans are used to compute total energy. As shown in Supplementary Fig. S4b, perturbations concentrated
on Hamiltonian elements associated with large density matrix entries induce substantially larger total en-
ergy errors than random perturbations. This confirms that occupied orbital energy supervision naturally
emphasizes Hamiltonian elements that are more relevant to downstream molecular properties.

= C,iCg;.

B.1.7 One-electron Energy

As discussed above, element-wise Hamiltonian errors are poorly aligned with the electronic state and
downstream observables. Although total energy supervision provides a physically meaningful global
objective, it introduces substantial computational overhead. We therefore investigate several one-electron
energy components, including the kinetic energy 7s, the external potential energy Ey and their sum
Ecore, as computationally efficient alternatives for global supervision.

To understand the behavior of these energy-based supervision signals, we analyze their gradients with
respect to the density matrix. As discussed in Methods 4.1, each one-electron energy component is linear
in the AO density matrix. Therefore, differentiating each component with respect to a density matrix
element yields the corresponding one-electron operator in the AO basis:

8Ts 8Eexl al?core

= Lag, :onc7
OP 5 P 0P (VexJap OP 5

The gradient induced by FE. is determined by the external potential matrix in Supplementary Eq. S7.
Because the nuclear attraction potential has the largest magnitude near nuclei, this supervision tends to

= (T + Vext)aﬁ-
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Supplementary Figure S4: Energy errors induced by Hamiltonian and density matrix perturbations.
Results are evaluated on 500 randomly selected molecules from the stable-random split of QH9. (a)
Results of density matrix perturbations. AO pairs emphasized by the density gradient are selected accord-
ing to [gag — G| > 0.50,4, where g, denotes the corresponding value in Vpp, and § and o4 denote its
mean and standard deviation, respectively. Uniform noise scaled by 0.01op is then added to the selected
off-diagonal elements, where op denotes the standard deviation of density matrix entries. As a random
baseline, we use the same noise matrix but randomly permute its element locations while preserving
matrix symmetry, thereby keeping the perturbation strength and sparsity unchanged while removing the
gradient-guided structure. (b) Results of Hamiltonian matrix perturbations. AO pairs emphasized by the
orbital energy gradient Ve, are selected analogously to panel (a), and the random baseline is con-
structed using the same procedure.

assign large weights to density matrix elements associated with near-nuclear basis functions. These re-
gions are already strongly emphasized by element-wise Hamiltonian supervision due to their large matrix
magnitudes, making additional supervision on them largely redundant for learning valence-dominated
chemical variations. This trend is also reflected in the qualitative gradient analysis in Supplementary
Fig. S1b. Moreover, the gradients induced by one-electron energy losses exhibit excessively large nu-
merical ranges and variances, leading to unbalanced gradient allocation (Supplementary Fig. S1f-h) and
thereby limiting effective learning in some chemically important regions. The issue is particularly severe
for the kinetic energy loss: many interatomic or off-diagonal kinetic energy matrix elements are close to
zero (Supplementary Fig. S1f), resulting in sparse gradients that provide limited supervision for orbital
interactions. Consequently, despite their clear physical interpretation and low computational cost, these
one-electron energy losses fail to provide consistently effective learning signals and ultimately lead to
inferior molecular property prediction performance (Fig. 2a).

B.2 Model Specification

In this section, we first provide the implementation details of the neural network models employed in the
main paper (Supplementary Sec. B.2.1), then detail the configurations of training hyperparameters for the
reproducibility of our empirical results (Supplementary Sec. B.2.3), and finally discuss the computational
complexity of the DSHam framework in Supplementary Sec. B.2.4.

B.2.1 Model Configuration

Here we provide the configuration details of the neural network models used for Hamiltonian prediction,
electron density prediction and physical property prediction. All models follow the settings specified
in their official implementations, with task-specific adjustments when necessary. We summarize key
hyperparameters below. All neural network models in this paper are implemented using PyTorch [60] and
PyTorch Geometric [72].

Hamiltonian Prediction Models. To respect the geometric symmetry of the Hamiltonian, which is
invariant to translations and equivariant to rotations in the AO basis, we build DSHam on the QHNet
architecture, a widely used SEGNN for Hamiltonian prediction [30]. QHNet consists of four main mod-
ules: node-wise interaction, diagonal pair , non-diagonal pair and expansion. Given atom types Z and
nuclear positions X as inputs, QHNet first applies five node-wise interaction layers to extract SE(3)-
equivariant atomic features. The features of diagonal and non-diagonal atom pairs are then processed by
the corresponding pair modules to construct pairwise representations h,, and h;, respectively, where a
and b index atoms. Finally, the expansion module maps these pairwise representations to blocks of the
Hamiltonian matrix. Further details can be found in the original paper [30]. To evaluate the generality of
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Supplementary Table S3: Hyperparameters of Hamiltonian learning backbones for different
datasets. The top and bottom panels summarize the model configurations and training setups, respec-
tively. L ax denotes the maximum degree of irreducible spherical harmonic representations used in the
equivariant features. For SPHNet, both sparse node interactions and sparse tensor products are disabled
because they degrade downstream property performance in our experiments.

Hyperparameter MD17 (QHNet) MD (QHNet) QH9 (QHNet) QH9 (SPHNet) V2DFT (QHNet)

interaction layers 5 5 5 4 5
Lmax 4 4 4 4 4
hidden size 128 128 128 128 128
bottle hidden size 32 32 32 32 32
reference basis set def2-SVP def2-SVP def2-SVP def2-SVP def2-SVP
batch size 16 16 8 32 4
gradient clipping 1.0 1.0 5.0 5.0 N/A
training steps 200k 200k 260k 200k 160k
precision FP64 FP32 FP32 FP64 FP32
initial LR 5x107* 5x107* 5x 107" 1x107° 5x 107"
warmup steps 1,000 1,000 1,000 1,000 1,000
LR schedule Polynomial Polynomial Polynomial Polynomial Polynomial

Supplementary Table S4: Hyperparameters of the e2e predictors. The top and bottom panels sum-
marize the model configurations and training setups, respectively. Ly,,x denotes the maximum degree of
irreducible spherical harmonic representations used in the equivariant features.

Hyperparameters EquiformerV2 MACE GotenNet

interaction layers 12 2 6
hidden size 128 256 128
Linax 6 3 2
batch size 8 8 8
training steps 260k 260k 260k
precision FP32 FP32 FP32
gradient clipping 5.0 10.0 10.0
initial LR 5x 1074 5x107*  5x107*
warm up steps 1,000 1,000 1,000
LR scheduler Polynomial Polynomial Polynomial

DSLoss, we also use the recently proposed SPHNet as an alternative backbone architecture [40]. SPHNet
introduces two sparse gates to selectively suppress noncritical interaction combinations, thereby improv-
ing computational efficiency. In our preliminary analysis, we found that sparse Hamiltonian predictors
can fail to preserve global electronic consistency, leading to degraded accuracy in density matrices and
total energies. Therefore, we disable sparsification in our implementation by setting the sparsity degree to
zero. Both of these two architectures are implemented based on their official codebases', and the detailed
configurations for different datasets are summarized in Supplementary Table S3.

Density prediction models. To compare with density learning methods, we adopt SCDP?, a state-of-
the-art (SOTA) model for electron density prediction [46]. SCDP represents charge density using atomic
and virtual orbitals and predicts the corresponding orbital coefficients with the equivariant eSCN architec-
ture [73]. Due to its substantial GPU memory requirements, SCDP is restricted to a batch size of 4 on the
MD dataset and 1 on the QH9 dataset under our experimental settings. All SCDP models are trained with
virtual nodes and without the finetuning stage. The model configurations are reported in Supplementary
Table S5.

End-to-end property prediction models. To demonstrate the advantage of DSHam as a general prop-
erty predictor, we compare it with three representative end-to-end (e2e) equivariant property predictors:
EquiformerV2 [15], MACE [18] and GotenNet [19]. We adopt their architectures following the origi-

'The codebases are released at https://github.com/divelab/AIRS/tree/main/0OpenDFT/QHNet and
https://github.com/microsoft/SPHNet, which are available under the terms of the GPL-3.0 and MIT licenses,
respectively.

*https://github.com/kyonofx/scdp, the code is available under the terms of the MIT license.
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Supplementary Table S5: Hyperparameters of the SCDP model. The top and bottom panels summarize
the model configurations and training setups, respectively. Lax and my,ax denote the maximum degree
and maximum magnetic quantum number of irreducible spherical harmonic representations used in the
equivariant features, respectively. [pqsis denotes the exponent scaling factor that controls the size of the
atomic orbital basis set.

Hyperparameter QH9 MD
interaction layers 8 4
Lmax 6 3
Mmax 2 2
hidden size 128 128
ﬁbasis 1.3 1.5
reference basis set  def2-QZVPPD  def2-QZVPPD
batch size 1 4

grid level 2 3
training steps 500k 250k
precision FP32 FP32
gradient clipping 0.5 0.5
initial LR 1x1073 1x1073
warm up steps 1,000 1,000
LR scheduler Exponential Exponential

nal codebases?, while aligning the training protocols with our experimental settings; see Supplementary
Table S4 for configuration details. To adapt MACE for orbital energy prediction, we replace its default
summation readout with an averaging readout, which produces size-normalized molecular-level predic-
tions and improves performance.

B.2.2 Atomic Orbital Basis Specification

As discussed in Methods 4.2, quantum tensors expressed in an AO basis, such as the Hamiltonian matrix,
inherit the angular momentum structure of the underlying basis functions. For example, in the def2-SVP
basis set, the basis functions for carbon are specified as 3s2p1d, meaning that the corresponding expan-
sion contains three type-0, two type-1 and one type-2 tensor channels. The detailed orbital compositions
used for different atom types and basis settings are summarized in Supplementary Table S6. To rigor-
ously preserve geometric equivariance, SEGNN-based predictors need to construct equivariant atomic
pair features that cover the maximum rotation order of the corresponding basis functions and their tensor
product couplings in equivariant message passing; see L,,x in Supplementary Table S3 and Supplemen-
tary Table S5. Notably, the orbital composition assigned to the same element may differ across methods,
depending on the basis used for Hamiltonian representation or density fitting. Even when two elements
share the same nominal orbital composition, their actual basis functions can still differ because of differ-
ent exponents and contraction coefficients. In our experiments, methods built on the same backbone and
target representation use identical orbital compositions to ensure fair comparison.

B.2.3 Training Hyperparameters

We first summarize the training protocols and loss configurations adopted in DSHam. The hyperparam-
eters associated with the dual-space loss are listed in Supplementary Table S7. Compared with QH9 and
V2DFT, molecules in the MD and MD17 datasets generally contain fewer heavy atoms and exhibit less
extensive electronic delocalization. As discussed in Supplementary Sec. B.1.4, the real-space density
loss primarily emphasizes local o-bonding regions, which constitute a larger fraction of the electronic
structure in these smaller molecules. Accordingly, we reduce the relative weights of density matrix and
orbital energy supervision in DSLoss and place greater emphasis on the real-space density term. For other
molecular property-based auxiliary losses, the weighting coefficients are selected empirically according to
training stability and validation performance (Supplementary Table S18). Other training hyperparameters
are provided in Supplementary Tables S3-S5.

3The codebases of the three models are released at https://github.com/atomicarchitects/equiformer_
v2,https://github.com/ACEsuit/mace and https://github.com/sarpaykent/GotenNet, respectively. All
the code is available under the terms of the MIT license.
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Supplementary Table S6: Atomic orbital compositions for the def2-QZVPPD and def2-SVP basis
sets. For SCDP, virtual nodes are assigned the same atomic orbital basis as oxygen, following the original
setting.

Atom type | def2-QZVPPD (SCDP)  def2-SVP (QHNet/SPHNet)

H 4s3p2d 2slp
C Ssd4p3d2f 3s2pld
N S5s4p3d2f 3s2pld
o Ssd4p3d2f 3s2pld
F S5s4p3d2f 3s2pld
Virtual node S5s4p3d2f N/A
S N/A 4s3pld
Cl N/A 4s3pld
Br N/A 5s4p3d

Supplementary Table S7: Loss combination weights of DSLoss for different datasets.

Dataset | A Ap Ap

MD 0.001 0.001 0.02
MD17 | 0.001 0.001 0.02
QH9 0.02 0.03 0.02
V2DFT | 0.02 0.03 0.02

B.2.4 Computational Complexity

As described in Methods 4.1, evaluating DSLoss requires constructing several additional physical observ-
ables, which introduces extra computational overhead. All observables in our framework are computed

from the orbital coefficients C or orbital energies € derived from the predicted Hamiltonian H, and
the dominant cost comes from solving the generalized eigenvalue problem in Eq. (1). For a basis set
containing B atomic orbitals, this eigendecomposition scales as O(B?). Once the orbital coefficients are
obtained, the density matrix can be constructed from the occupied MOs with complexity O(B2K), where
K is the number of occupied orbitals; since K scales linearly with B in typical molecular systems, this
cost is O(B?). Evaluating the real-space electron density on N spatial grid points requires computing
AO-pair contributions on the grid, leading to a complexity of O(NgB?). In practice, both the basis size
B and the number of grid points N scale approximately linearly with the system size N, so the overall
asymptotic complexity of evaluating DSLoss is O(/N?). Because these additional computations mainly
consist of highly parallel matrix operations, they can be efficiently accelerated on modern GPUs.

As discussed in Results 2.4, we further analyze the practical training cost by comparing the per-iteration
runtime breakdown of DSHam with two counterparts using the same architecture: QHNet and QHNet-
WALoss. All models are evaluated using a density grid level of 2 under the same hardware configuration
(Supplementary Sec. B.6). Runtime statistics are averaged over 500 training iterations on the QH9 dataset
for each model. As shown in Supplementary Fig. S5, standard QHNet requires 0.48s per iteration, whereas
QHNet-WALoss and DSHam require 0.56s and 0.65s per iteration, corresponding to training overheads
of approximately 17% and 35%, respectively. For both QHNet-WALoss and DSHam, the additional cost
mainly arises from Hamiltonian diagonalization, which accounts for around 11% of the total per-iteration
training time. During Hamiltonian prediction at inference time, DSHam and QHNet-WALoss have the
same computational cost as standard QHNet, since the additional loss terms are used only during training.

B.3 Data Preparation

This section provides supplementary information on the datasets used in our experiments, including
dataset statistics and train/validation/test split settings. For MD17, QH9 and V2DFT, we adopt the origi-
nal data splits defined in their respective works [41, 43, 44]. Detailed statistics for all datasets and splits
are summarized in Supplementary Table S8.

MD17 consists of molecular dynamics trajectories of small molecules, including water, ethanol, malon-
dialdehyde and uracil. The MD dataset is used for comparison with the SCDP baseline and contains
molecular dynamics trajectories for density prediction. For this dataset, we perform additional electronic-
structure calculations to generate Hamiltonian matrices using the def2-SVP basis set, enabling direct
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QHNet | 73% 0.48 s/iteration
QHNet-WALoss | 64% 0.56 s/iteration
DSHam mn 55% 0.65 s/iteration

Bl Model inference Bl Hamiltonian diagonalization Backward
Hamiltonian reconstruction m Loss computation

Supplementary Figure S5: Per-iteration training runtime breakdown of different methods. The to-
tal length of each right-aligned bar represents the overall training time per iteration, while the colored
segments indicate the relative time spent on model inference, Hamiltonian reconstruction, Hamiltonian
diagonalization, loss computation and backpropagation.

Supplementary Table S8: Dataset statistics.

Dataset Train Validation Test

MD17-water 500 500 3,900
MD17-ethanol 25,000 500 4,500
MD17-malondialdehyde 25,000 500 1,478
MD17-uracil 25,000 500 4500

MD-ethanol 950 50 1,000
MD-benzene 950 50 1,000
MD-phenol 950 50 1,000
MD-resorcinol 950 50 1,000
MD-ethane 1,900 100 2,000
MD-malondialdehyde 1,900 100 2,000
QH9-stable-random 104,664 13,083 13,084
QHOY-stable-ood 104,001 17,495 9,335
QH9-dynamic-geo 239,840 29,980 29,980
QH9-dynamic-mol 239,840 29,900 30,100
V2DFT 44,752 4973 9,345

comparison between Hamiltonian learning and electron density prediction methods. QH9 is a quantum
chemistry dataset constructed from molecules containing only H/C/N/0/F elements, with no more than
nine heavy atoms and provides multiple evaluation settings, including stable-random and stable-ood
for chemical space evaluation, as well as dynamic-geo and dynamic-mol for conformation space eval-
uation. For the extrapolation experiments described in Results 2.3, we construct a custom benchmark
derived from PubChemQC, as described in Methods 4.3. The statistical distribution of this benchmark is
shown in Supplementary Fig. S6.

B.4 MD Simulation Details

As described in Results 2.5, we evaluate the practical utility of DSHam through MD simulations. Here,
we provide details of the test systems, simulation settings, and evaluation protocols.

Simulated molecular systems. We perform MD simulations on five molecules selected from the
medium-sized V2DFT test split. Their molecular formulas and dataset identifiers are summarized in Sup-
plementary Table SO.

MD simulation setup. The initial geometries were taken directly from the dataset without prior geome-
try optimization. MD simulations were carried out using the Atomic Simulation Environment (ASE) [74],
with either a Hamiltonian prediction model or DFT serving as the calculator that supplied energies and
atomic forces at each integration step. For each molecule, the same set of initial velocities was sampled
from a Maxwell-Boltzmann distribution at 300 K, rescaled to exactly 300 K, and used to initialize both
the model- and DFT-driven simulations. The resulting trajectories were then propagated independently in
the canonical ensemble using the Langevin integrator implemented in ASE, with a target temperature of
300K, a time step of 0.5 fs, and a friction coefficient of 0.01 fs~1.
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Supplementary Figure S6: Statistics of the selected PubChemQC molecules. (a) Distribution of molec-

ular sizes. (b) Distribution of molecular unsaturation degrees. Shaded violin envelopes represent kernel
density estimates. Internal bars indicate medians, and thick vertical lines denote interquartile ranges.

Supplementary Table S9: Molecular systems used in the MD experiments.

Test index Molecular formula MOSES ID
10 C14H15N305S 1582087

100 C18HooN2038S 360897
3000 Ca0H17NO4 1647689
7000 C13Hi5N30285 619820
7500 C10H14N20459 137258

Single-point evaluation. To disentangle errors in the predicted Hamiltonian from the divergence of
independently propagated trajectories, all energy and force comparisons were performed on the same
molecular geometries. For Fig. 5c, conformations were sampled every 1 ps from the 20-ps trajectory
generated by DSHam. Molecular structures and force vectors are visualized at 5-ps intervals, with force
arrows shown only for heavy atoms. For each sampled conformation M?, the relative energy from calcu-
lator w (w € {DSHam, QHNet, DFT}) is defined using the DSHam energy of the initial conformation
as a common reference:

;le)l [Mt} = Ey [Mt] — EpsHam [MO} .

For Fig. 5b, we performed a complementary evaluation using structures sampled from five 1.5-ps trajec-
tories generated by DSHam. Conformations were extracted every 150 fs from each trajectory.

Structural validity. We also monitored the structural validity of every conformation along all simula-
tion trajectories. Following Ref. [58], a conformation x(t) sampled at time ¢ was classified as structurally
unstable if the maximum deviation of any monitored bond length from its reference value exceeded a
prescribed threshold:
(0)
a t) —xp(t)||y — > Obond,

(;I,};)é{B l[xa(t) = xp(t)[lg — €4 bond
where BB denotes the set of bonds included in the evaluation, x,(t) is the Cartesian position of atom «a at
simulation time ¢, and &ponqa = 0.5 A. e((l(;)) = [|%4(0) — x5(0)]|,, is the corresponding bond length in the
initial equilibrium conformation. No conformation along any of the five DSHam-generated trajectories
exceeded this threshold.

Vibrational density of states. Following previous work, we assess the quality of DSHam-generated
trajectories by comparing their vibrational density of states (VDOS) with the DFT reference [75, 760].
The VDOS shown in Fig. 5d was computed from trajectories of C1gH29N2O3S generated independently
by DSHam and DFT. At each time step, we remove the center-of-mass motion from the atomic velocities:

2 Myve(t)
S My

where M, and v, (t) denote the mass and instantaneous Cartesian velocity vector of atom a, respectively.

Vo (t) = vo(t)
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For each atom a and Cartesian component o € {x,y, z}, the velocity power spectral density was es-
timated using Welch’s method with a Hann window [77]. The mass-weighted spectrum was then con-

structed as
I(f):ZMa Z Paa(f)a

oc{z,y,z}

where f is the linear frequency and P, (f) denotes the Welch power spectral density of the center-of-
mass-corrected velocity component v, (t). Frequencies were converted to wavenumbers according to

v = %, where ¢ = 2.99792458 x 10'° cm/s. We retained the range 0 < 7 < Upax, With Dpax =

4000 cm™!. Any residual negative values arising from numerical roundoff were clipped to zero. For each
trajectory w € {DSHam, DFT'}, the resulting spectrum was normalized to unit area over this interval:

Tu@) = @

/ I,(v")dv’
0

where fw denotes the normalized VDOS obtained from the trajectory generated by method w. The re-
ported VDOS overlap was calculated as

Ovpos =/ min {fDSHam(;)afDFT(E) dv.
0

Because both spectra are non-negative and normalized to unit area, Oypos € [0, 1] and is reported as a
percentage.

B.5 DFT Implementation Details

All DFT calculations, including those for dataset generation (Methods 4.3) and evaluation of the SCF
acceleration ratio (Methods 4.4), are performed using PySCF [61]. Unless otherwise specified, all calcu-
lations use the default PySCF settings. The SCF energy convergence threshold is set to 10~8 Hartree.

B.6 Hardware Configurations

To facilitate reproducibility and provide context for runtime benchmarks, we summarize the hardware
configurations used in this work. All neural network models are trained and evaluated on a workstation
equipped with an NVIDIA A100 GPU with 80 GiB memory and a 24-core CPU. DFT calculations are
conducted on the same platform. For consistency, all runtime and GPU memory measurements reported
in Fig. 4b are benchmarked under this hardware configuration.

Supplementary Table S10: Description of evaluation metrics.

Symbol Description

H Hamiltonian matrix.
Eoce Occupied molecular orbital energy.
C Molecular orbital coefficient matrix.

epmomo  Energy of the highest occupied molecular orbital.
erLumo Energy of the lowest unoccupied molecular orbital.
EA HOMO-LUMO energy gap, defined as the difference between epono

and e LUMO-
P Density matrix.
p(r) Real-space electron density evaluated on numerical spatial grids.
Ts Non-interacting kinetic energy.
Eext External potential energy of electrons under the nuclear attraction field.
FEeore One-electron energy, including Ts and Fley,.
FEiot Total molecular energy.
n Total molecular dipole moment.
Sace SCF acceleration ratio when using model outputs as the initial guess, com-

puted relative to the semi-empirical initial guess.
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Supplementary Figure S7: Scatter plots of Hamiltonian, orbital energy and electron density errors
against representative derived property errors. (a—c) Correlations between representative derived
property errors and errors in the Hamiltonian, orbital energies and electron density, respectively, extend-
ing the analysis in Fig. le—g. The analysis is performed on 200 randomly sampled QH9 molecules. Black
lines show linear fits in log—log space, with Pearson correlation coefficients annotated. Shaded regions

indicate 95% confidence intervals.
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B.7 Correlation between Property Errors

In Fig. 1b, we analyze the Pearson correlation between prediction errors for different molecular properties.
The Pearson correlation coefficient is defined as

o i (@i —2) (yi — §)
VI =) S (- 9)°

where x; and y; denote the prediction errors of sample ¢ for properties x and y, respectively, and £ and
4 denote the corresponding mean errors across all samples. In addition to the correlation coefficients be-
tween different molecular property errors, we provide the detailed sample distributions in Supplementary
Fig. S7.

C Additional Empirical Results

This section provides supplementary empirical results for the experiments reported in Results 2. We first
summarize the evaluation metrics used throughout this work (Supplementary Sec. C.1), then provide com-
prehensive results across datasets and tasks (Supplementary Secs. C.2-C.3), and finally present ablation
studies in Supplementary Sec. C.6.

C.1 Evaluation Metrics

Before presenting the detailed experimental results, we summarize the evaluation metrics used in this
work. The complete list of molecular properties and electronic structure quantities is provided in Supple-
mentary Table S10. Unless otherwise specified, all quantities are evaluated using the mean absolute error
(MAE) with respect to the KSDFT reference. There are two exceptions: the orbital coefficient matrix C,
which is evaluated using cosine similarity Cy;,,,, and the real-space electron density p, which is evaluated
using normalized MAE (NMAE). Cosine similarity Cgiy,, density NMAE and the SCF acceleration ratio
Sacc are reported as percentages (%). For the remaining quantities, energy-related errors are reported in
units of kcal /mol and 10~% Hartree (;2F},) in the main text and supplementary information, respectively;
density matrix errors are reported in units of 10~%; and dipole moment errors are reported in units of 10~°
Debye (uD).

C.2 Performance on Molecular Systems

As discussed in Results 2.2, DSHam achieves superior prediction accuracy for downstream physical ob-
servables across both conformational space (MD17) and chemical space (QH9 and V2DFT). Here, we re-
port quantitative results covering a broader set of evaluation metrics, molecular systems and data split set-
tings. Results on additional MD17 molecules are listed in Supplementary Table S11, where DSHam out-
performs QHNet across molecular benchmarks and almost all metrics. Moreover, as molecular com-
plexity increases, the performance gap between DSHam and QHNet becomes increasingly pronounced,
consistent with the trend observed in Fig. 3a.

As described in Supplementary Sec. B.3, QH9 provides four split settings for evaluating generalization
across chemical space (stable-random and stable-ood) and conformational space (dynamic-geo and
dynamic-mol). The results in Supplementary Table S12 show that DSHam maintains its advantage over
QHNet across all split settings. When transferred to the more complex V2DFT dataset, DSHam continues
to provide accurate downstream physical quantities, whereas the two baseline methods exhibit substan-
tially degraded performance. In particular, the total energy MAEs of both baselines are three orders of
magnitude larger than that of DSHam. These results further demonstrate the advantage of DSLoss in
aligning the predicted Hamiltonian with downstream physical fidelity.

C.3 Extrapolation Results

We provide supplementary results for the extrapolation experiments in Results 2.3. The complete extrapo-
lation results for all physical quantities are shown in Supplementary Fig. S8. All models are trained on the
stable-random split of QH9 and evaluated on larger PubChemQC molecules containing 10-17 heavy
atoms. For each quantity, results are grouped by the number of heavy atoms Npeayy. Consistent with
Results 2.3, DSHam exhibits strong extrapolation performance across all physical quantities, benefiting
from dual-space supervision.

Although QHNet-DM shows reasonable robustness in density matrix prediction, its predicted density
matrices do not explicitly satisfy physical constraints such as electron-number conservation and gener-
alized idempotency, which limits the accuracy of derived energies. Similarly, SCDP directly constrains
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Supplementary Table S11: Results on the MD17 dataset, as an extension to the results narrated in
Results 2.2. Results are computed over 3,900, 4,500, 1,478 and 4,500 test structures of each MD17
molecule, respectively.

H Csim Eocc P . P Etot Sacc
(BEn) (%) (LER) (1079 (%) (WEn) (%)

QHNet 2.90 99.99 12.92 5.29 0.0014 0.02 42.48
DSHam 2.35 99.99 13.37 4.81 0.0013 0.02 42.53

QHNet 7.38 99.99 35.95 64.47 0.0085 1.15 42.74
DSHam 7.25 99.99 36.23 51.03 0.0072 0.79 42.54

Malondial- | QHNet 541 99.98 25.03 103.84 0.0068 1.70 43.96
dehyde DSHam 5.72 99.98 25.93 84.59 0.0057 1.36 43.04

Uracil QHNet 5.54 99.98 42.45 142.62 0.0095 6.84 39.80
DSHam 5.67 99.97 41.28  113.20 0.0074 4.50 38.43

Dataset Methods

Water

Ethanol

EHOMO ELUMO EA n Ecore Ts Eext
(uER)  (wER)  (uEp) (uD) (1ER) (uEr) (nEp)

QHNet 9.92 16.29 15.15 93.93 211.85 202.55 412.15
DSHam 10.98 15.75 16.75 81.64 215.28 208.25 421.27

QHNet 38.21 95.64 96.84 1502.74 1245.05 79839  1958.99
DSHam 39.26 86.43 87.38 1285.62 1070.09 732.94 1743.96

Malondial- | QHNet 19.84 17.52 20.32 191192 107693  793.16  1800.31
dehyde DSHam 20.82 18.63 19.92  1676.66  987.64 723.99 1651.59

QHNet 39.48 29.02 41.59  3696.57 173587 1298.66 2774.46
DSHam 39.89 29.31 40.07 3063.92 1486.09 1079.71 2377.38

Dataset Methods

Water

Ethanol

Uracil

Supplementary Table S12: Results on the QH9 dataset, as an extension to the results narrated in
Results 2.2. Results are computed over 13,084, 9,335, 29,980 and 30,100 QH9 test molecules from the
stable-random, stable-ood, dynamic-geo and dynamic-mol splits, respectively.

H Csim €occ P P Etot Sacc

D Meth _
ataset | Methods — py (@) (uE)  (107°) %) (uEn) %)
stable- QHNet 38.44 98.76 275.52 16678.08 0.0604 455.51 60.84
random DSHam 46.84 99.24 192.75 384.37 0.0266 104.40 57.44
stable- QHNet 33.50 98.00 153.74 1306.77 0.0466 163.48 59.52
ood DSHam 40.60 98.31 148.04 336.92 0.0267 67.96 58.73
dynamic- | QHNet 51.05 98.26 325.35 16673.62 0.0919 938.01 64.37
geo DSHam 65.11 99.11 271.93 428.51 0.0388 147.51 59.25
dynamic- | QHNet 68.94 96.32 884.97 48886.73 0.1761 896.74 63.10
mol DSHam 78.98 98.22 536.44 685.74 0.0596 205.86 60.00
€EHOMO  ELUMO AN n Ecore Ts FEext

D Methods

paset | MethodS gy @B @B @D B @B (B

stable- QHNet 362.97  1627.63 182448  24836.92 33489.75 8315.24 39140.70
random | DSHam  256.42 1189.70 1316.70  10595.87 6738.70 4074.39 9960.43

stable- QHNet 21843  968.71 1037.64 13774.80 14197.74 5274.90 16125.89
ood DSHam 17098  2291.69 2259.71 8437.57 7081.01 3587.67 9764.66

dynamic- | QHNet 495.61  2536.39 2726.68  48884.23 78882.55  27486.70  105753.59
geo DSHam  359.56 1488.64 1689.33 15113.99 9971.72 5905.88 14854.85

dynamic- | QHNet 855.81 667322 6695.07 133227.26 184003.34 39460.36  221944.56
mol DSHam 52477 1688.68 1943.32  31927.62 17462.77 9038.69 24675.04
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Supplementary Figure S8: Results on the selected PubChemQC molecules, as an extension to the
results narrated in Results 2.3. All models are trained on QH9 molecules containing no more than
nine heavy atoms and evaluated on PubChemQC molecules with increasing molecular size. Each value
is computed over 50 PubChemQC molecules. Shaded regions denote the 95% confidence intervals of the

mean C€Irors.
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Supplementary Table S13: Results on V2DFT dataset, as an extension to the results narrated in
Results 2.2. Results are computed over 9,345 V2DFT test molecules.

Model 1 €occ P P Etot Sace 7
(LEp) (nEn) (107°) (%) (nEn) (%) (uD)
QHNet 102.40 21118.75 837873.34 3.21 465319490 122.77 25011278.15
QHNet-WALss | 102.12 20297.54 845204.17 3.26 4687292.17 120.70 24071252.82
DSHam 132.39 907.64 820.29 0.08 8431.23 70.70 77604.87

Supplementary Table S14: Results on orbital energy prediction, as an extension to the results nar-
rated in Results 2.3. All e2e models are trained separately for each target property. The MAE of each
property is listed in pFE},. Results are computed over 13,084 and 30,100 QH9 test molecules from the
stable-random and dynamic-mol splits, respectively.

Dataset | Methods EHOMO  ELUMO EA
DSHam 256.42 1189.70 1316.70

stable-random | EquiformerV2  899.78  627.88  1540.17
MACE 2859.80 1689.62 3285.74
GotenNet 1051.96  738.48 1592.44
DSHam 524.77 1688.68 1943.32

dynamic-mol | EquiformerV2 563291 3560.54 8197.24
MACE 6333.38 6081.95 8403.72
GotenNet 647040 3554.21 9984.05

the real-space electron density but does not guarantee a physically consistent underlying electronic state.
Moreover, projecting a real-space density back to the AO representation is generally ill-posed, further
limiting its applicability for deriving Hamiltonian-based properties. These results highlight the advan-
tage of using the Hamiltonian as a structured intermediate representation while incorporating dual-space
supervision to improve physical consistency.

C.4 Comparison with End-to-End Predictors

As discussed in Results 2.3, DSHam leverages the advantage of Hamiltonian learning as a general prop-
erty prediction framework and achieves substantially better extrapolation accuracy for orbital energy
prediction on molecules beyond the training scale (Fig. 3c). To further evaluate the effectiveness of
DSHam, we provide additional in-scale results on the QH9 dataset in Supplementary Table S14. The
stable-random and dynamic-mol splits are used to benchmark generalization across chemical and
conformational spaces, respectively. Following the comparison in Fig. 3, we compare DSHam with three
representative e2e property predictors: EquiformerV2, MACE and GotenNet. All e2e models are trained
separately for each target quantity, and their model configurations are kept the same as those used in Fig. 3;
see Supplementary Table S4.

Consistent with the observations in Results 2.3, DSHam achieves substantially better accuracy across
nearly all split settings and orbital energy properties. The only exception is epuymo on the
stable-random split, where DSHam still attains performance competitive with e2e predictors. A possi-
ble explanation is that DSLoss directly supervises orbital energies only in the occupied space, while un-
occupied orbital energies are constrained indirectly through the learned Hamiltonian. This interpretation
is supported by the result that DSHam achieves an order-of-magnitude lower MAE for epyonmo than the
e2e baselines. Overall, these findings demonstrate the effectiveness of DSHam as a general Hamiltonian-
based property prediction framework for generalization in both chemical and conformational spaces.

C.5 Comparison with Electron Density Learning Methods

As discussed in Results 2.4, DSHam outperforms direct electron density learning methods, highlighting
the benefit of using the Hamiltonian as a structured intermediate representation. For a comprehensive
evaluation, we report additional results on real-space density prediction in Supplementary Table S15
and density matrix prediction in Supplementary Table S16. Following the original implementation [46],
we introduce virtual nodes in SCDP to enhance model expressivity. The fine-tuning stage is omitted
because we observed severe training instability in preliminary experiments. To ensure fair comparison,
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Supplementary Table S15: Results for real-space density prediction, as an extension to the results
narrated in Results 2.4. Electron density errors are reported as NMAE percentages. The density is
evaluated on Lebedev grids generated by PySCF with grid level 2. All methods are trained in single
precision. For fair comparison, we additionally train SCDP to predict the residual between the reference
density and the electron density obtained from the MINAO initial guess; this variant is denoted as SCDP*.
By contrast, SCDP refers to the model directly supervised by the KSDFT density. Results are computed

over 1,000, 1,000, 1,000, 1,000, 2,000, 2,000 and 13,084 test structures of each dataset, respectively.

Dataset | DSHam QHNet SCDP* SCDP
MD-ethanol 0.0127 0.0168 0.0504 0.1030
MD-benzene 0.0034 0.0059 0.0122 0.0560
MD-phenol 0.0064 0.0101 0.1403 0.1504
MD-resorcinol 0.0081 0.0130 0.0297 0.0728
MD-ethane 0.0049 0.0153 0.0055 0.0759
MD-malonaldehyde | 0.0114 0.0146 0.1697 0.4052
QH9 0.0271 0.0591 0.0890 0.2538
NMAE
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Supplementary Figure S9: Visualization of predicted real-space densities for molecules sampled from
PubChemQC and V2DFT, as an extension to the results narrated in Results 2.4 and Fig. 4. The left
panels show the ground-truth density, and the right panels show the prediction error, with the NMAE
indicated on each prediction.

all methods are trained using residual targets defined as the difference between the ground-truth labels
and the corresponding quantities computed from the MINAO initial guess. As shown in Supplementary
Table S15, DSHam achieves the best density NMAE across all datasets, consistent with the conclusion
in Fig. 3.

The qualitative comparison in Fig. 4c shows that DSHam recovers real-space electron densities that more
closely resemble the DFT references. To further examine this advantage, we provide visualizations for
larger molecules in Supplementary Fig. S9. For the C15H;150N molecule randomly selected from Pub-
ChemQC, we examine the contributions of individual components of DSLoss. QHNet exhibits substan-
tial errors in regions dominated by AOs with higher principal quantum numbers. Adding £, reduces the
overall density error but is less effective in delocalized regions of the aromatic rings, consistent with its
stronger sensitivity to AO pairs with substantial spatial overlap. In comparison, Lp directly constrains
the occupied subspace and complements £, in capturing delocalized electronic contributions. Combin-
ing these two state-space signals substantially reduces the density across both localized and delocalized
regions, including higher-shell contributions. For the more complex C;7H;503N3S molecule randomly
selected from V2DFT, QHNet similarly exhibits substantially larger higher-shell errors than DSHam, con-
sistent with its poor downstream property accuracy, whereas dual-space supervision markedly suppresses
these errors.
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Supplementary Table S16: Results on density matrix prediction, as an extension to the results nar-
rated in Results 2.4. We additionally report molecular properties derived from the predicted density
matrices. Results are computed over 13,084 QHO test molecules. For fair comparison, QHNet-DM is
trained to predict the residual between the reference density matrix and the density matrix obtained from
the MINAO initial guess.

Methods | P (107% p(r) (%) Eior (WER)  Sace (%)

DSHam 384.37 0.0266 104.40 57.44
QHNet 16678.08  0.0604 455.51 58.73
QHNet-DM | 769.74 0.2601 44640.19 77.30

Supplementary Table S17: Results of different auxiliary loss combinations, as an extension to the
results shown in Fig. 2a. \o denotes loss weight for observable O. Bold and underlined values denote
the best and second-best results, respectively. Results are computed over 13,084 QHO test molecules. For
each setting, \o is selected according to the overall validation performance across downstream properties.
The detailed weighting coefficients for each auxiliary loss combination are provided in Supplementary
Table S18.

No Loss H €occ P P Flot Sace

‘ (uEn) (uEn) (1079 (%) (uEn) (%)

1 Ly (QHNet) 38.44 275.52 16678.08 0.0604 455.51 60.84
2 Ly + ML)y 39.86 194.16 698.77 0.0268 183.02 58.04
3 Lua+ A pLp 44.30 230.40 555.21 0.0394 164.88 58.56
4 L+ AeLe 40.57 184.75 1260.20 0.0491 437.94 60.24
5 La + Awa Lwa 40.53 195.52 6938.54 0.0633 603.03 60.64
6 LE + AEeore £ Beone 5397 306.64 1756.67 00799  813.54 64.65
7 Ly + Ay L1 76.94  828455.57 2276967.79  28.80  19526279.65 164.35
8 L + AE LEex 53.05 317.54 3077.05 0.0800 836.69 64.61
9 Lu+ ALy 51.36 388.71 3403.92 0.0796 730.52 62.87
10 Ly + ALy + ApLp 46.89 227.90 397.77 0.0274 109.03 57.26
11 Lu+ Lo+ ApLp +AcLe 4684 192.75 384.37 0.0266 104.40 57.44

We further compare DSHam with QHNet-DM on the QH9 dataset, where QHNet-DM adopts QHNet as
the backbone but directly predicts the density matrix. Although QHNet-DM achieves competitive den-
sity matrix accuracy, it fails to produce reliable real-space densities, total energies and SCF acceleration
performance. As discussed in Results 2.4, a potential direction for improving QHNet-DM is to embed
essential physical constraints, such as electron-number conservation and generalized idempotency, into
the model, thereby encouraging more physically valid density matrix predictions.

C.6 Additional Ablation Results

Alternative training objectives. As discussed in Results 2.1, we systematically benchmark
DSLoss against a range of computationally efficient physical surrogates used as alternative training ob-
jectives. As a quantitative extension of the ranking results shown in Fig. 2, we report the corresponding
numerical results in Supplementary Table S17. All loss weights are selected according to validation
performance, and the final weights used for different loss combinations are provided in Supplementary
Table S18.

Precision. As mentioned in Methods 4.2, numerical precision can have a non-negligible effect on the
training and evaluation of Hamiltonian models. Here, we report ablation results for models trained with
FP64 and FP32 in Supplementary Table S19. The results show that although FP64 brings a marginal
improvement over FP32 on ethanol conformations, the performance gain becomes negligible on the larger
malondialdehyde conformations. Therefore, we adopt FP64 only for MD17 experiments, while using
FP32 for all other datasets to balance accuracy and computational efficiency.

Grid resolution. We next investigate the sensitivity of DSHam to the grid resolution used for real-space
density evaluation. Following the procedure described in Methods 4.3, we use PySCF to evaluate the
electron density on numerical integration grids generated at different grid levels. We conduct experiments
with grid levels ranging from 1 to 4, and summarize the results in Supplementary Table S20. The results
show that grid resolution has only a minor impact on model performance. Therefore, to balance predictive
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Supplementary Table S18: Loss combination weights corresponding to the auxiliary loss combina-
tions in Supplementary Table S17.

No. | Loss combination weights
2 Ly +0.02L,
3 Ly +0.03Lp
4 Ly +0.02L,
5 Ly + 0.02Lwa
6 Ly +0.0001Lg,,,,
7 Lz + 0.0002L 1
8 Ly +0.0007Lg,,
9 Ly +0.0005L,,
10 Ly +0.02£, +0.03Lp
11 | Lg+0.02£, 4 0.03Lp + 0.02L,

Supplementary Table S19: Sensitivity of DSHam to numerical precision. Results are evaluated over
4,500 ethanol test molecules and 1,478 malondialdehyde test molecules.

H €occ P . P Etot Sacc
(ER)  (uEp) (1079 (%) (uBp) (%)

FP32 841  40.72 5793 0.0082 1.04 43.64
FP64 725 3623 51.03 0.0072 0.79 42.54

FP32 6.18 3033 91.04 0.0064 133 44.11
FP64 572 2593 8459 0.0057 136 43.04

Dataset Precision

Ethanol

Malondialdehyde

Supplementary Table S20: Sensitivity of DSHam to grid resolution. All models are trained with only
the real-space density loss £, as auxiliary supervision. Results are reported on 30,100 QH9 test molecules
from the dynamic-mol split.

. H Eo P 14 Eiot Sace
l 1 CcC
Grdlevel | gy (uEw) 106 (%) uEn (%)
1 70.34 52941 1161.11 0.0620 325.30 60.00
2 72.02 55199 1153.34 0.0635 332.48 60.00
3 71.25 538.28 1255.03 0.0636 321.46 60.00
4 71.03 544.17 1133.23 0.0624 320.52 60.00

Supplementary Table S21: Performance with the SPHNet backbone on QH9. Both models are trained
in double precision, and results are evaluated on 13,084 QH9 test molecules.

Model | H(uEp) P A07%  Eiow (uBn)  Sace (%)

SPHNet 41.47 22793.59 866.66 68.15
DSHam (SPHNet) 57.17 464.70 183.26 64.48
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accuracy and computational efficiency, we use a grid level of 3 throughout Results 2, unless otherwise
specified.

Backbone architecture. Finally, to assess the generality of DSHam across different Hamiltonian learn-
ing architectures, we replace the QHNet backbone with SPHNet. As shown in Supplementary Table S21,

DSHam continues to deliver consistent and substantial performance improvements with the new back-
bone, demonstrating that the proposed supervision strategy is not tied to a specific network architecture.
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