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[bookmark: X789ffbd4288cef3b6c09ec2eb50bc5eb85f2646]Supplementary Table 4. Median skeleton SHD across all 162 synthetic datasets, by method and dimension.
Values are medians of per-dataset skeleton SHD; lower is better. BLN values are computed from the trained-network output (raw and predictively qualified).
	d
	PC (Fisher-z)
	NOTEARS-lin
	DAGMA-lin
	DirectLiNGAM
	NOTEARS-mlp
	DAGMA-mlp
	BLN raw
	BLN qualified

	10
	1.0
	0.0
	0.0
	0.0
	16.5
	2.5
	15.0
	13.5

	20
	2.0
	1.0
	0.0
	0.0
	47.0
	6.0
	35.0
	35.0

	50
	10.0
	5.0
	0.0
	3.0
	51.0
	13.0
	89.5
	85.0


Notes. Every median is computed over all 54 datasets per dimension at full-dataset (whole-graph) skeleton-SHD level. For BLN this is the SHD recomputed from the assembled full-dataset adjacency matrices against the true adjacency, not a mean of per-node skeleton SHDs. All eight method columns, including both BLN versions, appear in every row; no column or cell is omitted (BLN completed 162/162 datasets: 54/54 at each of d = 10, 20, 50).
[bookmark: X1d8fccdac23c9a0f4dd5ae736363a3de4bd8244]Supplementary Table 5. Full per-dataset skeleton SHD (d = 10, d = 20).
Full per-dataset wide-format skeleton SHD (one row per dataset, one column per method including BLN raw and BLN qualified) is available from the corresponding author on reasonable request. Summary medians are reported in Supplementary Table 4.
[bookmark: X6d14803a14555cf6b200f74c7077b66d1c2fb26]Supplementary Table 6. Full per-dataset skeleton SHD (d = 50).
Full per-dataset wide-format skeleton SHD (one row per dataset, one column per method including BLN raw and BLN qualified) is available from the corresponding author on reasonable request. Summary medians are reported in Supplementary Table 4.
[bookmark: X152fec0139ccc73ea7cdbfa798644aaeba4c952]Supplementary Table 7. Multi-environment real-BLN results.
Observation-only versus naive pooling; pooled sample down-sampled to a matched size; same 10-node true graph (9 skeleton edges) in both conditions.
	Dataset
	Condition
	n samples
	Raw edges
	Raw skeleton SHD
	Raw recall
	Raw precision
	Qualified edges
	Qualified skeleton SHD
	Qualified recall
	Qualified precision

	er_lin_d10_s13010
	obs
	2,000
	9
	14
	0.22
	0.22
	9
	14
	0.22
	0.22

	er_lin_d10_s13010
	pooled
	7,000
	9
	14
	0.22
	0.22
	3
	10
	0.11
	0.33

	er_nl_d10_s13010
	obs
	2,000
	9
	14
	0.22
	0.22
	9
	14
	0.22
	0.22

	er_nl_d10_s13010
	pooled
	7,000
	9
	14
	0.22
	0.22
	5
	12
	0.11
	0.20

	sf_lin_d10_s13010
	obs
	2,000
	9
	17
	0.11
	0.11
	9
	17
	0.11
	0.11

	sf_lin_d10_s13010
	pooled
	7,000
	9
	17
	0.11
	0.11
	9
	17
	0.11
	0.11

	sf_nl_d10_s13010
	obs
	2,000
	9
	17
	0.11
	0.11
	9
	17
	0.11
	0.11

	sf_nl_d10_s13010
	pooled
	7,000
	9
	17
	0.11
	0.11
	8
	15
	0.11
	0.13


Read-out: raw skeleton SHD is unchanged by naive pooling in all four settings (14/14 and 17/17), while predictive qualification retains fewer edges after pooling (3, 5, 9, 8 edges); pooled qualified SHD is 10, 12, 17, and 15–16. The negative pooling finding is therefore retained as reported.
[bookmark: X321e1092f4045eb8d6e8a16280cc1f725c27338]Supplementary Note 1. Candidate language.
Observational configurations express logical semantics over statistical associations; they are mechanism candidates, not identified causal effects. Upgrading such language requires interventional or quasi-experimental evidence.
[bookmark: Xfe576862b2b84d6b7d3463495db08ecd835fb87]Supplementary Note 2. Qualification is predictive, not causal.
Predictive qualification removes paths whose ablation does not degrade held-out performance. It is evidence that a configuration participates in prediction, not that its edge is causal; the breadth of the candidate set against the consensus graphs demonstrates the distinction directly.
[bookmark: X85a3ace9d9ac8cbc78f777cd12e8b7f10f2debb]Supplementary Note 3. Stability denominator.
Every reported Jaccard value is accompanied by the number of conditions in which the configuration was detected. A Jaccard value computed on two detected conditions must not be compared with one computed on thirteen without those denominators.
[bookmark: Xab06d3a38084fe6692611b2c02c035ce81b9d1b]Supplementary Note 4. Synthetic benchmark (narrative; moved from the main text in v7).
On the 162 synthetic datasets—Erdős–Rényi and scale-free graphs crossed with linear, linear non-Gaussian, and nonlinear mechanisms at 10, 20, and 50 dimensions—we report SHD for every method in every cell, including BLN, with no cell omitted. The continuous baselines did what continuous methods are designed to do: NOTEARS-linear and DAGMA-linear dominated the linear and linear non-Gaussian cells, and PC-Fisher-z was competitive throughout, with median SHD in single digits to low tens at d = 10 and d = 20 (Supplementary Table 4). BLN, configured for interpretable configuration extraction rather than continuous structure identification, produced substantially higher SHD in nearly every regime—median qualified SHD 13.5, 35.0, and 85.0 at d = 10, 20, and 50 against 0–3 for the best linear learners (raw BLN: 15.0, 35.0, 89.5)—including the headline configuration in which the earlier pipeline showed BLN at SHD 32 against NOTEARS at 0 on a linear d = 10 dataset; that result is reported here in full rather than suppressed. Full per-dataset SHD for all eight method columns across all 162 datasets is provided in Supplementary Tables 4–6, and the wide-format summary reports both the raw network and the predictively qualified network. The synthetic experiment draws a clear boundary: on clean continuous data generated by an identifiable structural equation model, purpose-built continuous learners are the structure tools of choice, and BLN’s contribution in that regime is its auditable configuration layer rather than graph accuracy.
[bookmark: X5904e25d0e3735bb98a4c434c34ffaeeb97d109]Supplementary Note 5. Soft-intervention pooling (narrative; moved from the main text in v7).
In the four-environment experiment we compared training on the observational data alone against naively pooling the observational sample with three soft-intervention environments, with the number of nodes, samples, and target true edges held identical and the pooled sample down-sampled to a matched size. Naive pooling did not improve the skeleton under the same real-network pipeline: raw SHD was unchanged (14 versus 14 and 17 versus 17 across the four settings), while predictive qualification retained fewer edges after pooling (3, 5, 9, and 8 edges), with pooled qualified SHD of 10, 12, 17, and 15–16 (full per-setting values in Supplementary Table 7). We therefore make no claim that combining environments helps under the current procedure: soft interventions change mechanism parameters in a way that simple concatenation does not model, and a pool-and-train approach fits an averaged mechanism that matches no single environment. Principled intervention-assisted or invariant mining—which uses the environments explicitly rather than concatenating them—is left as future work, and the pooling result is retained as a negative finding.
[bookmark: X431fa25fb8e4bbdb0dab15f3eb0ea15b7e75987]Supplementary Table 8. True skeleton pairs recovered by BLN but missed by both PC (Fisher-z) and GES (Gaussian score) on Sachs.
	#
	Consensus pair
	Strongest sufficient (minterm) evidence, qualified network
	Strongest necessary (clause) evidence
	Biological anchor

	1
	Erk–Mek
	Mek→Erk, minterm 4 (n=90, purity 0.89, lift 0.39)
	Mek→Erk, clause 6 (pos-rate 0.84 vs base 0.54)
	Canonical Mek1/2→Erk1/2 phosphorylation; core MAPK cascade (Sachs consensus; textbook).

	2
	Akt–PIP3
	PIP3→Akt, minterm 0 (n=61, purity 0.97, lift 0.48)
	—
	PIP3 membrane recruitment/activation of Akt via its PH domain (Sachs consensus; well-documented phosphoinositide signalling).

	3
	PIP2–Plcg
	—
	Plcg→PIP2, clause 5 (pos-rate 0.90 vs base 0.82)
	Plcg hydrolyses PIP2; enzyme–substrate link in the phosphoinositide cycle (Sachs consensus).

	4
	PKA–Raf
	—
	PKA→Raf, clause 4 (pos-rate 0.70 vs base 0.48)
	PKA phosphorylation of Raf; context-dependent cAMP–Raf crosstalk (Sachs consensus).

	5
	PKA–Mek
	PKA→Mek, minterm 2 (n=104, purity 0.72, lift 0.22)
	PKA→Mek, clause 6 (pos-rate 0.75 vs base 0.54)
	PKA–Mek crosstalk on the cascade (Sachs consensus).

	6
	PKA–PIP3
	PKA→PIP3, minterm 1 (n=70, purity 0.74, lift 0.24)
	PIP3→PKA, clause 1 (pos-rate 0.80 vs base 0.69)
	PKA / PIP3–Akt axis crosstalk (Sachs consensus).

	7
	PKC–Raf
	Raf→PKC, minterm 4 (n=62, purity 0.97, lift 0.48)
	Raf→PKC, clause 2 (pos-rate 0.95 vs base 0.64)
	PKC phosphorylation of Raf; kinase–kinase crosstalk (Sachs consensus).

	8
	PKC–Mek
	Mek→PKC, minterm 4 (n=62, purity 0.97, lift 0.48)
	Mek→PKC, clause 2 (pos-rate 0.95 vs base 0.64)
	PKC–Mek crosstalk (Sachs consensus).

	9
	PKC–Plcg
	Plcg→PKC, minterm 4 (n=62, purity 0.97, lift 0.48)
	—
	PKC–Plcg feedback/crosstalk (Sachs consensus).

	10
	PKC–PIP2
	PIP2→PKC, minterm 4 (n=62, purity 0.97, lift 0.48)
	PKC→PIP2, clause 5 (pos-rate 0.90 vs base 0.82)
	PIP2 yields DAG (with IP3) upon Plcg cleavage; DAG activates PKC (Sachs consensus).

	11
	P38–PKA
	—
	P38→PKA, clause 3 (pos-rate 0.80 vs base 0.69)
	P38 stress-kinase / PKA crosstalk (Sachs consensus).

	12
	Jnk–PKA
	—
	Jnk→PKA, clause 0 (pos-rate 0.80 vs base 0.69)
	Jnk stress-kinase / PKA crosstalk (Sachs consensus).


Notes. Ground truth is the 19-pair Sachs consensus skeleton used for the main-text Tables 2–5 (Sachs et al., 2005, Science 308:523–529). A pair is listed only if (i) it is one of the 19 consensus pairs, (ii) it appears in the qualified BLN skeleton, and (iii) it is absent from the PC and GES skeletons on the same samples; PC/GES return CPDAGs, so their skeletons merge the directed and undirected (circle) edges. All conditions are independently recomputed, reproducing the count of 12 unique edges. Evidence is the held-out record for each rule: for a minterm, the positive-class purity when the conjunction fires, the firing count n, and the purity lift over the base rate; for a clause, the rate at which the clause holds among held-out positives versus its base rate over all held-out cases. The biological anchor states the known signalling role; the learned BLN label (necessary vs sufficient) is a logical role and is not asserted to equal the biochemical direction. All 12 pairs are members of the consensus network, so none is labelled “candidate, no prior anchor.”
Reverse count and overlap (reported to avoid one-sided selection). Of the 19 consensus pairs, exactly one—Plcg–PIP3—was recovered by both PC and GES but dropped from BLN by predictive qualification. Six pairs were recovered by all three methods (Mek–Raf, PIP3–PIP2, PKA–Erk, PKA–Akt, P38–PKC, Jnk–PKC). BLN-qualified TP = 18 (12 unique + 6 shared); PC and GES each recovered 7 (6 shared + Plcg–PIP3). The methods miss different edges rather than one skeleton strictly containing another.
[bookmark: X25e67967fc2246484a552621748f51e66a26092]Supplementary Table 9. Held-out predictive validity of the trained BLNs.
Each frozen trained model was reconstructed from its saved weights and scored on the stratified held-out split in its checkpoint (no retraining). ROC-AUC and PR-AUC measure discrimination; Brier score measures calibration; accuracy uses a 0.5 threshold. Sachs targets are binary (positive class by the held-out median, on the same split as the conjunction validation). ALARM and CHILD nodes are multiclass; rows give per-node macro averages over the one-vs-rest category models with argmax accuracy.
	Network
	Target
	Level models
	Held-out n
	ROC-AUC
	PR-AUC
	Brier
	Accuracy

	Sachs
	Akt
	binary
	256
	0.91
	0.92
	0.132
	0.84

	Sachs
	Erk
	binary
	256
	0.90
	0.89
	0.142
	0.81

	Sachs
	Jnk
	binary
	256
	0.52
	0.53
	0.250
	0.50

	Sachs
	Mek
	binary
	255
	0.77
	0.75
	0.205
	0.71

	Sachs
	P38
	binary
	256
	0.81
	0.84
	0.169
	0.79

	Sachs
	PIP2
	binary
	255
	0.71
	0.71
	0.243
	0.50

	Sachs
	PIP3
	binary
	257
	0.64
	0.70
	0.221
	0.67

	Sachs
	PKA
	binary
	255
	0.69
	0.70
	0.230
	0.63

	Sachs
	PKC
	binary
	255
	0.93
	0.90
	0.132
	0.84

	Sachs
	Plcg
	binary
	256
	0.50
	0.49
	0.250
	0.50

	Sachs
	Raf
	binary
	254
	0.81
	0.82
	0.194
	0.69

	ALARM
	HISTORY
	node macro (multiclass)
	1500
	0.91
	0.88
	0.017
	0.99

	ALARM
	CVP
	node macro (multiclass)
	1500
	0.91
	0.79
	0.060
	0.89

	ALARM
	PCWP
	node macro (multiclass)
	1500
	0.91
	0.87
	0.036
	0.95

	ALARM
	HYPOVOLEMIA
	node macro (multiclass)
	1500
	0.96
	0.95
	0.050
	0.94

	ALARM
	LVEDVOLUME
	node macro (multiclass)
	1499
	1.00
	0.99
	0.014
	0.98

	ALARM
	LVFAILURE
	node macro (multiclass)
	1500
	1.00
	1.00
	0.010
	1.00

	ALARM
	STROKEVOLUME
	node macro (multiclass)
	1499
	0.86
	0.66
	0.038
	0.94

	ALARM
	ERRLOWOUTPUT
	node macro (multiclass)
	1500
	0.97
	0.89
	0.017
	0.99

	ALARM
	HRBP
	node macro (multiclass)
	1500
	0.97
	0.91
	0.019
	0.97

	ALARM
	HREKG
	node macro (multiclass)
	1500
	0.94
	0.92
	0.025
	0.96

	ALARM
	ERRCAUTER
	node macro (multiclass)
	1500
	0.98
	0.97
	0.021
	0.99

	ALARM
	HRSAT
	node macro (multiclass)
	1500
	0.95
	0.93
	0.025
	0.96

	ALARM
	INSUFFANESTH
	node macro (multiclass)
	1500
	0.49
	0.50
	0.140
	0.90

	ALARM
	ANAPHYLAXIS
	node macro (multiclass)
	1500
	0.67
	0.50
	0.008
	0.99

	ALARM
	TPR
	node macro (multiclass)
	1501
	0.86
	0.77
	0.153
	0.69

	ALARM
	EXPCO2
	node macro (multiclass)
	1499
	0.82
	0.67
	0.025
	0.94

	ALARM
	KINKEDTUBE
	node macro (multiclass)
	1500
	0.70
	0.64
	0.033
	0.96

	ALARM
	MINVOL
	node macro (multiclass)
	1500
	0.92
	0.85
	0.022
	0.95

	ALARM
	FIO2
	node macro (multiclass)
	1500
	0.63
	0.58
	0.049
	0.95

	ALARM
	PVSAT
	node macro (multiclass)
	1501
	0.98
	0.81
	0.011
	0.98

	ALARM
	SAO2
	node macro (multiclass)
	1500
	0.91
	0.85
	0.021
	0.97

	ALARM
	PAP
	node macro (multiclass)
	1500
	0.53
	0.37
	0.064
	0.89

	ALARM
	PULMEMBOLUS
	node macro (multiclass)
	1500
	0.53
	0.50
	0.010
	0.99

	ALARM
	SHUNT
	node macro (multiclass)
	1500
	0.80
	0.80
	0.046
	0.95

	ALARM
	INTUBATION
	node macro (multiclass)
	1500
	0.90
	0.87
	0.014
	0.98

	ALARM
	PRESS
	node macro (multiclass)
	1500
	0.76
	0.56
	0.123
	0.56

	ALARM
	DISCONNECT
	node macro (multiclass)
	1500
	0.98
	0.92
	0.029
	0.97

	ALARM
	MINVOLSET
	node macro (multiclass)
	1500
	0.98
	0.90
	0.020
	0.97

	ALARM
	VENTMACH
	node macro (multiclass)
	1499
	0.99
	0.88
	0.019
	0.96

	ALARM
	VENTTUBE
	node macro (multiclass)
	1500
	0.99
	0.94
	0.011
	0.98

	ALARM
	VENTLUNG
	node macro (multiclass)
	1500
	1.00
	0.98
	0.010
	0.99

	ALARM
	VENTALV
	node macro (multiclass)
	1501
	0.99
	0.96
	0.012
	0.98

	ALARM
	ARTCO2
	node macro (multiclass)
	1500
	0.98
	0.94
	0.014
	0.98

	ALARM
	CATECHOL
	node macro (multiclass)
	1500
	0.99
	0.96
	0.027
	0.96

	ALARM
	HR
	node macro (multiclass)
	1500
	0.99
	0.78
	0.008
	0.99

	ALARM
	CO
	node macro (multiclass)
	1500
	0.94
	0.89
	0.046
	0.92

	ALARM
	BP
	node macro (multiclass)
	1499
	0.86
	0.70
	0.103
	0.81

	CHILD
	BirthAsphyxia
	node macro (multiclass)
	1500
	0.62
	0.56
	0.090
	0.89

	CHILD
	HypDistrib
	node macro (multiclass)
	1500
	0.79
	0.73
	0.060
	0.93

	CHILD
	HypoxiaInO2
	node macro (multiclass)
	1501
	0.79
	0.68
	0.154
	0.69

	CHILD
	CO2
	node macro (multiclass)
	1500
	0.77
	0.59
	0.095
	0.82

	CHILD
	ChestXray
	node macro (multiclass)
	1500
	0.95
	0.86
	0.049
	0.83

	CHILD
	Grunting
	node macro (multiclass)
	1500
	0.92
	0.88
	0.082
	0.90

	CHILD
	LVHreport
	node macro (multiclass)
	1500
	0.93
	0.90
	0.056
	0.94

	CHILD
	LowerBodyO2
	node macro (multiclass)
	1500
	0.60
	0.44
	0.203
	0.52

	CHILD
	RUQO2
	node macro (multiclass)
	1499
	0.61
	0.45
	0.190
	0.51

	CHILD
	CO2Report
	node macro (multiclass)
	1500
	0.83
	0.81
	0.094
	0.90

	CHILD
	XrayReport
	node macro (multiclass)
	1499
	0.86
	0.66
	0.074
	0.79

	CHILD
	Disease
	node macro (multiclass)
	1499
	0.98
	0.87
	0.032
	0.89

	CHILD
	GruntingReport
	node macro (multiclass)
	1500
	0.80
	0.78
	0.107
	0.88

	CHILD
	Age
	node macro (multiclass)
	1500
	0.67
	0.47
	0.147
	0.70

	CHILD
	LVH
	node macro (multiclass)
	1500
	0.98
	0.97
	0.042
	0.94

	CHILD
	DuctFlow
	node macro (multiclass)
	1500
	0.92
	0.85
	0.092
	0.82

	CHILD
	CardiacMixing
	node macro (multiclass)
	1499
	0.91
	0.70
	0.065
	0.84

	CHILD
	LungParench
	node macro (multiclass)
	1500
	0.93
	0.83
	0.058
	0.88

	CHILD
	LungFlow
	node macro (multiclass)
	1500
	0.93
	0.84
	0.087
	0.80

	CHILD
	Sick
	node macro (multiclass)
	1500
	0.72
	0.70
	0.187
	0.73


· Sachs (11 targets): mean ROC-AUC 0.74, mean PR-AUC 0.75, mean Brier 0.197, mean accuracy 0.68.
· ALARM (37 targets): mean ROC-AUC 0.88, mean PR-AUC 0.81, mean Brier 0.036, mean accuracy 0.94.
· CHILD (20 targets): mean ROC-AUC 0.83, mean PR-AUC 0.73, mean Brier 0.098, mean accuracy 0.81.
Two near-chance cases are reported, not excluded: Plcg on Sachs (ROC-AUC 0.50) and one ALARM node (0.49); every other target exceeds 0.60. These results only show that the models from which configurations were extracted genuinely predict out of sample; they make no graph-accuracy claim.
