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Generative Inverse Design of Shell Metamaterials through

Continuous-Latent Conditional Flow Matching

Sibo Zhanga, Yunlan Zhang∗a, and Krishna Kumar∗a

Abstract
Mechanical metamaterials derive programmable properties from a repeated unit cell’s geometry. A stress–strain curve sum-

marizes a three-dimensional shell geometry in a few numbers, so distinct geometries can share a curve and the inverse

map from curve to geometry is one-to-many. We develop a continuous-latent conditional flow-matching framework that

designs periodic shell unit cells for prescribed compressive responses. Each shell geometry is a continuous periodic func-

tion, and a function encoder learns a basis that compresses it into 32 coefficients. Conditional flow matching learns the

response-conditioned coefficient distribution and generates many candidate geometries. On 200 held-out targets, our 5.9-

million-parameter model reaches a mean best-of-20 NRMSE of 0.074 at 73% validity, against 0.118 and 48% for a 40-

million-parameter tokenized-diffusion baseline. Sampling requires 26.8 ms per candidate versus 2.03 s for the baseline.

Finite-element analysis of 981 shortlisted candidates yields a mean best-design NRMSE of 0.092, compared with a simulation-

to-simulation reproducibility of 0.016–0.063.

1 Introduction1

Mechanical metamaterials derive their effective properties2

from the geometry of a repeated unit cell, so the unit-cell geome-3

try is the design space [1–3]. Periodic shell metamaterials, such4

as triply periodic minimal surface (TPMS) metamaterials, are5

formed by smooth, continuous, and interconnected thin-walled6

surfaces that are periodic in three spatial dimensions [4,5]. These7

architectures can provide high stiffness, efficient load transfer,8

and substantial energy absorption at low relative density [6–8].9

Buckling and other structural transitions give them nonlinear re-10

sponses that include peak loads, stress softening, stress plateaus,11

and multistability [9–11]. These behaviors support applications in12

lightweight structures, energy absorption, adaptive systems, and13

biomedical devices [2,8,12–15]. Such applications specify their me-14

chanical requirement as a target stress–strain curve. An energy15

absorber needs an extended plateau at a prescribed stress, and a16

prosthesis needs compliance matched to the tissue it replaces [14].17

In this work, we address the inverse design of periodic thin-18

shell unit cells from prescribed compressive stress–strain re-19

sponses. Such responses characterize the unit cell’s initial stiff-20

ness, peak strength, and post-peak softening or plateau behav-21

ior [8,16]. Under compression, thin shells buckle, develop self-22

contact, and switch between instability modes, so a small change23

in geometry can reshape the stress–strain curve. A stress–strain24

curve is also a coarse summary of the geometry, one function of25

strain standing for a full three-dimensional field. Many distinct26

shells therefore produce nearly the same curve, and the inverse27

mapping from curve to geometry is one-to-many [17,18]. Gener-28

ating valid periodic shell unit cells directly from target nonlinear29

mechanical responses therefore remains a key challenge in gen-30

erative inverse design.31

Inverse design of mechanical metamaterials has evolved from32

simulation-based optimization toward data-driven approaches33

that learn structure–property relationships and design distribu-34

tions [3,19]. Topology optimization provides a systematic frame-35

work for distributing material within a design domain [20], but in-36

corporating geometric nonlinearity and structural instability gen- 37

erally requires repeated nonlinear analyses and specialized stabil- 38

ity treatments [21]. Data-driven studies have learned inverse or la- 39

tent representations of structure–property relationships for truss, 40

spinodoid, and cellular metamaterials [22–24], while surrogate- 41

assisted evolutionary methods have enabled the design of struc- 42

tures with prescribed nonlinear loading responses [25–27]. More 43

recently, generative adversarial networks, graph-based genera- 44

tive models, and diffusion models have extended inverse de- 45

sign toward learned design distributions and conditional gen- 46

eration [17,28–33]. These methods employ a variety of geomet- 47

ric representations, including parameter vectors, voxel grids, 48

graphs, and algebraic expressions [17,18,23,33,34]. For instance, 49

DiffuMeta represents periodic shell geometries as tokenized al- 50

gebraic expressions and uses a diffusion transformer to gener- 51

ate candidate structures conditioned on nonlinear compressive 52

responses [18], demonstrating that diffusion models can address 53

non-unique inverse-design problems. However, its generation re- 54

lies on discrete token sequences and requires conversion between 55

continuous representations and discrete expressions. Such dis- 56

crete geometric descriptions sever the continuity of the design 57

space, leaving interpolation between designs undefined. Simi- 58

larly, target responses are often represented by discrete values at 59

predefined strain levels, tying the conditioning input to a fixed 60

response discretization [17,18]. These limitations motivate gener- 61

ative inverse-design approaches that can continuously represent 62

complex periodic geometries while supporting more flexible re- 63

sponse representations. 64

To avoid restricting complex periodic geometries to predefined 65

parameters or discrete token representations, we represent the 66

shell geometry as a continuous function. The midsurface of each 67

shell is defined as the zero level set of a periodic implicit field 68

Ψ(x,y,z) on the unit cell, thereby transforming a complex three- 69

dimensional shape into a continuous function [35,36]. Under ap- 70

propriate regularity, these geometry fields form a family inside 71

a Hilbert space of square-integrable periodic functions. A func- 72

tion encoder learns a shared set of neural-network basis func- 73
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tions whose span covers this family [37], and projection onto this74

basis represents each complex periodic shell by a compact coef-75

ficient vector. The basis networks take integer-frequency Fourier76

features of the coordinates, so every basis function, and every77

field built from them, is exactly periodic across unit-cell bound-78

aries [38,39]. Inverse design can be viewed as a mapping from79

a target response to a geometry function, namely from a pre-80

scribed stress–strain function σ∗(ε) to a geometry field Ψ. Opera-81

tor learning addresses such maps [40–42], and basis-to-basis meth-82

ods reduce them to a deterministic map between coefficient vec-83

tors [43]. However, the inverse problem considered here is one-84

to-many. The same target response may correspond to multiple85

geometry coefficient vectors, and therefore cannot be represented86

by a single deterministic mapping. We instead learn the distribu-87

tion of geometry coefficients conditioned on the target response,88

so one target yields many candidate geometries.89

Conditional flow matching (CFM) provides a continuous gen-90

erative approach to this problem. Flow matching learns a contin-91

uous transport from a simple prior distribution to the data distri-92

bution by regressing a time-dependent velocity field [44]. Condi-93

tioned on the target response, CFM transports random samples94

from a Gaussian prior to the corresponding distribution of ge-95

ometry coefficients. Different initial samples are transported to96

different coefficients, so a single target response yields multiple97

geometrically distinct candidate shells. Related continuous-time98

formulations include rectified flow, stochastic interpolants, and99

optimal-transport paths [45–47]. Diffusion models define a for-100

ward noising process and learn its reverse through denoising or101

score estimation [48,49]. Flow matching instead learns the velocity102

field that connects the prior and target distributions and samples103

by solving the corresponding ordinary differential equation [44],104

which in practice takes tens of solver steps rather than thousands105

of denoising iterations. Flow matching has recently been applied106

to crystalline materials, three-dimensional shapes, airfoils, and107

structural design [50–55], while conditional continuous normaliz-108

ing flows have also been explored for porous-microstructure in-109

verse design [56]. To our knowledge, CFM has not previously been110

used to generate periodic shell metamaterial unit-cell geometries111

conditioned on nonlinear stress–strain responses within a learned112

continuous geometry space.113

Generative inverse design produces many candidate structures114

per target and ranks them with a learned forward surrogate. Pre-115

diction errors can alter this ranking, particularly for generated116

geometries containing local features that are difficult for the sur-117

rogate to resolve accurately [57]. Consequently, the candidate118

with the lowest surrogate-predicted error may not achieve the119

lowest error under high-fidelity evaluation. This discrepancy is120

particularly relevant to thin-shell metamaterials, whose buckling121

and post-buckling responses are sensitive to geometric imperfec-122

tions and small perturbations of the instability path [10,11,58,59].123

Mesh discretization and large-deformation contact also perturb124

the simulated response. We therefore measure how closely the125

finite-element workflow reproduces its own results and read ev-126

ery generated design against that reproducibility. These consid-127

erations motivate a hierarchical workflow in which a surrogate128

rapidly screens a large candidate set and finite-element analysis129

independently evaluates a fixed shortlist [60]. 130

We therefore develop a continuous-latent CFM framework for 131

the inverse design of periodic shell metamaterials. For a sin- 132

gle target response, it generates multiple response-compatible 133

geometries. A hierarchical evaluation procedure combines 134

surrogate-based candidate screening with independent finite- 135

element analysis (FEA) validation. We validate 981 shortlisted 136

candidates from the primary model through FEA and benchmark 137

five generative models on 200 target responses held out from both 138

our training split and the baseline’s released training set, under 139

a shared candidate budget, validity criterion, and forward sur- 140

rogate. Through controlled comparisons, we examine the roles 141

of geometry representation, response representation, and CFM 142

velocity-network capacity. The function-space formulation ad- 143

ditionally enables geometry interpolation and off-grid response 144

conditioning. 145

2 Results 146

2.1 Inverse-design framework 147

The proposed framework maps a prescribed nominal stress– 148

strain response of the unit cell under uniaxial compression along 149

the z direction to a distribution of periodic shell unit-cell geome- 150

tries. Spatial repetition of a unit cell defines the correspond- 151

ing metamaterial. All unit cells have the same relative density, 152

ρ = 0.1, so the shell wall occupies 10% of the unit-cell volume 153

and the wall thickness follows from the midsurface area. All de- 154

signs are evaluated up to a nominal compressive strain of 0.30. 155

As summarized in Fig. 1(a), each shell geometry is represented 156

by K = 32 coefficients over a learned periodic basis. The target 157

response is represented either by the raw 11-point stress vector 158

or by L = 4 coefficients over a learned continuous response ba- 159

sis. CFM learns the response-conditioned distribution of geometry 160

coefficients, so one target response yields multiple geometrically 161

distinct candidates. During inverse design [Fig. 1(b)], generated 162

coefficients are decoded into periodic shell fields and filtered by 163

the periodic-wrap validity criterion, which keeps a candidate only 164

if its zero level set forms a single connected surface after peri- 165

odic wrapping. Valid candidates are then evaluated by a frozen 166

3D-CNN surrogate and ranked by their predicted NRMSE rela- 167

tive to the prescribed response. The top-ranked valid design is 168

defined as Candidate 1, and up to the five highest-ranked valid 169

candidates form the predefined shortlist for FEA validation. The 170

primary model uses the learned K = 32 geometry representation, 171

raw 11-point response conditioning, and an eight-block, width- 172

512 velocity network, denoted Raw-11D CFM (8×512). 173

2.2 FEA validation of surrogate-ranked candidates 174

FEA validation shows that the candidate structures generated 175

by CFM reproduce the prescribed responses. For 200 evaluation 176

targets held out from both our training split and the released Dif- 177

fuMeta training set, FEA was performed on up to five top-ranked 178

valid candidates from the primary Raw-11D CFM (8×512) model. 179

Of the 985 submitted models, 981 completed. To assess the re- 180

liability of the adopted FEA workflow, we re-simulated 16 struc- 181

tures from the original dataset. The NRMSE between the repro- 182
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Fig. 1 Conditional flow-matching framework for inverse design of periodic shell metamaterials. (a) Continuous representations of shell geometry

and target response, together with the response-conditioned CFM training workflow. (b) Candidate generation, validity filtering, surrogate ranking,

and FEA evaluation of the predefined shortlist.

duced and stored responses ranged from 0.016 to 0.063, provid-183

ing an empirical measure of numerical reproducibility. We define184

FEA-best as the completed candidate with the lowest FEA NRMSE185

within the predefined shortlist. Across the 200 targets, FEA-best186

achieved a mean NRMSE of 0.0917, a median of 0.0793, and a187

p90 of 0.1464, against a simulation-to-simulation reproducibility188

of 0.016 to 0.063. This high-fidelity agreement extended across189

distinct types of nonlinear response. The three representative tar- 190

gets in Fig. 2(a) exhibit post-peak softening, plateau response, 191

and post-peak softening followed by hardening, with FEA-best 192

NRMSE of 0.045, 0.040, and 0.056, respectively. For the same 193

target, shortlisted candidates can also exhibit distinct geometries 194

[Fig. 2(b)], which is direct FEA evidence that the inverse mapping 195

is one-to-many. 196
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Fig. 2 FEA validation of surrogate-ranked candidates. (a) Prescribed target responses, the surrogate prediction for Candidate 1, and the FEA

responses of the shortlisted candidates for three representative targets. (b) Corresponding candidate geometries with their surrogate and FEA NRMSE

values.

FEA results also show that high-fidelity evaluation of the short-197

list can improve final candidate selection. The surrogate-selected198

Candidate 1 was also FEA-best for 46 of the 200 targets. Its mean199

FEA NRMSE was 0.1192, whereas the mean NRMSE of FEA-best200

was 0.0917, corresponding to a 23.1% reduction. The median201

decreased from 0.1085 to 0.0793, and the p90 from 0.1841 to202

0.1464. The representative cases in Fig. 2(b) show the same be-203

havior. For IDs 04366 and 19052, Candidates 3 and 2 achieved204

lower FEA errors than Candidate 1, respectively, whereas Candi-205

date 1 was also FEA-best for ID 18765. These results show that206

the surrogate produces useful candidate shortlists, while FEA im-207

proves final selection within those shortlists.208

2.3 Inverse-design performance209

The unified benchmark shows that the continuous-latent CFM210

framework outperformed the published DiffuMeta baseline, with211

the primary Raw-11D CFM (8 × 512) achieving the lowest212

response-matching error and the highest candidate validity. Ta-213

ble 1 compares four CFM configurations with DiffuMeta [18].214

Natural–Fourier CFM and Raw-11D CFM (4× 256) compare the215

Natural–Fourier 33D and learned K = 32 geometry representa-216

tions. Stress-conditioned CFM (L = 4) compares the continuous217

L = 4 and raw 11-point response representations. Raw-11D CFM218

(8× 512) increases the velocity-network capacity while keeping219

both representations fixed and serves as the primary model. Dif- 220

fuMeta is included as an external baseline. All methods were 221

evaluated on the same 200 doubly held-out targets, with 20 can- 222

didates generated per target and scored using the same frozen 223

3D-CNN surrogate. 224

The primary model achieved mean, median, and p90 best-of-20 225

NRMSE values of 0.0739, 0.0604, and 0.1328, respectively, to- 226

gether with a candidate validity of 73.0%. In comparison, Dif- 227

fuMeta achieved a mean NRMSE of 0.1182 and a validity of 228

47.9%. The primary model generated at least one valid candi- 229

date for all 200 targets, whereas DiffuMeta yielded neff = 186. 230

Target-level paired comparisons supported this advantage. The 231

primary model achieved lower error on 68.0–76.9% of the com- 232

mon evaluable targets, and the 95% confidence intervals for the 233

mean paired error differences relative to the other four methods 234

were all above zero (Supplementary Information S3.4). 235

The performance improvement was also reflected in the over- 236

all error distribution, candidate validity, and sampling efficiency. 237

As shown in Fig. 3(a,b), the NRMSE distributions of the CFM 238

models were generally shifted toward lower errors, with the pri- 239

mary model achieving both the lowest p90 and the highest candi- 240

date validity, indicating fewer high-error targets. The representa- 241

tive cases in Fig. 3(c,d) are consistent with the aggregate trend. 242

The primary model achieved the lowest error for IDs 16675 and 243
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Table 1 Inverse-design benchmark results on 200 doubly held-out target responses with 20 candidates generated per target. Accuracy statistics

summarize the per-target best-of-20 NRMSE, and neff is the number of targets for which at least one valid candidate was generated. Parameter

counts refer to the generative network. Sampling times were measured on an NVIDIA Tesla T4 using a batch size of 20. CFM timings are reported

as mean ± standard deviation over four repeated sampling runs using 50-step Heun integration; the DiffuMeta timing was obtained from a complete

4,000-candidate run using its 2,000-step reverse diffusion process.

Method Geometry representation Response representation Generator
Generator

params Validity neff Mean Median p90

Sampling time

per candidate

Raw-11D CFM (8×512) Learned geometry basis, K = 32 Raw 11-point CFM, 8×512, 50 steps 5.87M 73.0% 200 0.0739 0.0604 0.1328 26.76±0.56 ms
Raw-11D CFM (4×256) Learned geometry basis, K = 32 Raw 11-point CFM, 4×256, 50 steps 0.991M 61.8% 199 0.0891 0.0694 0.1482 15.85±0.24 ms
Stress-conditioned CFM (L = 4) Learned geometry basis, K = 32 Continuous L = 4 CFM, 4×256, 50 steps 0.990M 61.4% 200 0.0904 0.0746 0.1813 15.31±0.30 ms
Natural–Fourier CFM Natural–Fourier coefficients, 33D Raw 11-point CFM, 4×256, 50 steps 0.992M 51.6% 199 0.0972 0.0828 0.1723 15.97±0.37 ms

DiffuMeta [18] Algebraic tokens Raw 11-point DiT, 2,000 steps 40.48M 47.9% 186 0.1182 0.0864 0.2118 2.03 s

Fig. 3 Comparison of generative inverse-design methods. (a) Distributions of per-target best-of-20 NRMSE over the evaluable targets for each

method. (b) Candidate validity and aggregate best-of-20 NRMSE statistics. (c) Target responses and surrogate predictions for Candidate 1 from each

method for three representative targets. (d) Corresponding generated geometries and surrogate NRMSE values.

18461, whereas multiple methods matched the target response244

well for ID 18065. On an NVIDIA Tesla T4, the primary model re-245

quired 26.76±0.56 ms per candidate on average, compared with 246

2.03 s for DiffuMeta, a 76-fold difference under the evaluated 247
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implementations and hardware. The overall ordering of the five248

methods was unchanged when candidates were rescored using249

an independent coefficient-space MLP surrogate or when validity250

was evaluated using the DiffuMeta-style criterion (Supplementary251

Information S3.2 and S3.3).252

Comparisons within the CFM framework show that the learned253

geometry representation and increased velocity-network capacity254

both improve inverse-design performance, with network capac-255

ity producing the largest improvement. At the same 4× 256 net-256

work capacity and with the raw 11-point response representation,257

replacing the Natural–Fourier 33D geometry representation with258

the learned K = 32 representation reduced the mean NRMSE from259

0.0972 to 0.0891 and increased validity from 51.6% to 61.8%.260

With the geometry and response representations fixed, increas-261

ing the velocity network from 4× 256 to 8× 512 further reduced262

the mean NRMSE to 0.0739 and increased validity to 73.0%. In263

comparison, the raw 11-point and continuous L = 4 response rep-264

resentations produced similar mean NRMSE values at the smaller265

network capacity (0.0891 and 0.0904, respectively). Thus, per-266

formance within the CFM framework reflects the combined effects267

of geometry representation, response representation, and model268

capacity (Section 2.4).269

2.4 Effects of representation and CFM model configuration270

To explain the performance differences observed in the preced-271

ing benchmark, we conducted controlled comparisons to examine272

the effects of geometry coefficient dimension, geometry represen-273

tation, response representation, and velocity-network capacity on274

inverse-design performance (Fig. 4). As shown in Fig. 4(a), in-275

creasing K from 8 to 32 reduced the reconstruction error by sev-276

eral orders of magnitude and progressively recovered the princi-277

pal surface features of the original geometries. At K = 32, the278

mean, median, and p90 reconstruction errors were all approxi-279

mately 10−3. Increasing the dimension to K = 64 provided lit-280

tle additional reconstruction benefit. For matched Raw-11D CFM281

(4×256) generators, however, candidate validity decreased from282

61.8% to 34.4%, and the mean best-of-20 NRMSE increased from283

0.0891 to 0.1381. We therefore selected K = 32 as the geometry284

coefficient dimension. Complete numerical results are provided285

in Supplementary Information S3.5.286

At fixed CFM capacity, the learned geometry representation im-287

proved both response-matching accuracy and candidate validity.288

Figure 4(b) compares the 33-dimensional Natural–Fourier repre-289

sentation with the learned K = 32 geometry representation, both290

using the raw 11-point response representation and a 4 × 256291

CFM. After standardization, the learned coefficients followed the292

standard-normal reference more closely, whereas the Natural–293

Fourier coefficients remained more concentrated near zero with294

broader tails. The validation flow-matching loss decreased from295

0.713 to 0.674, the mean best-of-20 NRMSE decreased by ap-296

proximately 8.3% from 0.0972 to 0.0891, and candidate validity297

increased by 10.2 percentage points from 51.6% to 61.8%.298

Compressing the original response into a continuous response299

representation largely preserved inverse-design performance.300

The four learned response basis functions provided a compact301

continuous representation of the stress–strain response family, 302

and the three representative reconstructions in Fig. 4(c) retained 303

major nonlinear features, including pronounced peaks, post-peak 304

softening, and plateau behavior, with reconstruction NRMSE val- 305

ues of 0.008–0.017. Complete reconstruction results are provided 306

in Supplementary Information S1.2. At the same learned K = 32 307

geometry representation and 4× 256 CFM capacity, the raw 11- 308

point and continuous L = 4 response representations produced 309

similar results, with mean best-of-20 NRMSE values of 0.0891 310

and 0.0904 and candidate validities of 61.8% and 61.4%, re- 311

spectively [Fig. 4(d)]. Thus, the L = 4 representation largely 312

preserved average inverse-design performance while providing a 313

continuous conditioning representation that can be evaluated at 314

off-grid strain locations, as examined in Section 2.5. 315

Increasing the velocity-network capacity produced the largest 316

improvement in average inverse-design accuracy. With the 317

learned K = 32 geometry representation and raw 11-point re- 318

sponse representation fixed, increasing the velocity network from 319

4× 256 to 8× 512 reduced the mean best-of-20 NRMSE by ap- 320

proximately 17.1%, from 0.0891 to 0.0739, while candidate va- 321

lidity increased by 11.2 percentage points, from 61.8% to 73.0% 322

[Fig. 4(e)]. 323

2.5 Continuous geometry interpolation and off-grid re- 324

sponse conditioning 325

The learned coefficient spaces support interpolation between 326

designs and response conditioning at strain locations outside the 327

training grid. 328

Linear interpolation in the learned geometry coefficient space 329

produced a continuous geometric transition between two valid 330

structures, accompanied by smoothly varying mechanical re- 331

sponses. We interpolated between the encoded coefficients of 332

Design A (ID 3483) and Design B (ID 10153) as 333

c(α) = (1−α)cA +αcB, α ∈ [0,1]. (1)

All eight structures sampled along the interpolation path sat- 334

isfied the periodic-wrap validity criterion, while their pore ar- 335

rangement and surface morphology changed gradually with α 336

[Fig. 5(a)]. The corresponding surrogate-predicted stress–strain 337

responses also varied continuously, although nonlinearly, along 338

the interpolation path [Fig. 5(b,c)]. The peak stress increased 339

markedly toward Design B, whereas the terminal stress at ε = 0.30 340

changed more moderately. To maintain ρ = 0.1, the shell thick- 341

ness was recalculated from the midsurface area of each decoded 342

structure and gradually decreased from approximately 0.425 to 343

0.263 mm. Thus, the learned coefficient space connected the two 344

valid geometries through a continuous structural path. 345

The continuous response representation enabled conditioning 346

at alternative strain-sampling locations without retraining, while 347

maintaining inverse-design performance comparable to that ob- 348

tained on the fixed training grid. We evaluated the trained Stress- 349

conditioned CFM (L = 4, 4×256) on 20 target responses, includ- 350

ing 17 held-out validation responses and three additionally de- 351

signed responses. Each target was sampled at both off-grid strain 352

locations and the fixed 11-point dataset grid and projected onto 353
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Fig. 4 Effects of representation and CFM model configuration. (a) Geometry reconstruction across coefficient dimensions K = 8, 16, 32, and 64.

(b) Standardized Natural–Fourier and learned K = 32 geometry-coefficient distributions and their matched CFM results. (c) Four learned response

basis functions and representative reconstructions using the continuous L = 4 response representation. (d) Comparison of raw 11-point and continuous

L = 4 conditioning at the same 4×256 CFM capacity. (e) Comparison of 4×256 and 8×512 CFM architectures using the learned K = 32 geometry

representation and raw 11-point conditioning.

the same learned L = 4 response basis, with 20 candidates gen-354

erated under each condition. The two conditioning schemes pro-355

duced similar results [Fig. 5(d)]. The mean best-of-20 NRMSE356

values were 0.181 and 0.182 for off-grid and fixed-grid condition-357

ing, respectively, while candidate validity was 51.0% and 53.0%.358

Each scheme achieved the lower NRMSE for 10 of the 20 targets,359

indicating no systematic performance difference associated with360

changing the strain-sampling locations. Figure 5(e) also presents361

representative results for additionally designed and held-out val-362

idation targets spanning different response types, including soft-363

ening and plateau–hardening behavior. Across these cases, off-364

grid conditioning generated valid candidates whose NRMSE val-365

ues were comparable to or lower than those obtained with fixed-366

grid conditioning.367

3 Discussion368

From a methodological perspective, the proposed framework369

extends basis-to-basis operator learning from deterministic coef-370

ficient mappings to one-to-many generative mappings. The tar- 371

get response and shell geometry are represented separately in 372

their respective function spaces. Deterministic regression can- 373

not capture the relationship between their coefficients, because 374

distinct geometries can produce similar responses. We there- 375

fore model this relationship as a response-conditioned distribu- 376

tion, with CFM acting as the generative operator between the 377

two coefficient spaces. In principle, the same factorization could 378

also accommodate other conditional generative models. The 379

benchmark and ablation results support the effectiveness of the 380

proposed continuous-latent CFM framework and show that the 381

learned geometry representation contributes directly to its per- 382

formance. Under the shared evaluation protocol, the complete 383

framework achieved lower best-of-20 error and higher candidate 384

validity than DiffuMeta. The two pipelines differ, however, in ge- 385

ometry representation, generator architecture, and decoding pro- 386

cedure, so this comparison should be interpreted at the frame- 387
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Fig. 5 Continuous geometry interpolation and off-grid response conditioning. (a) Linear interpolation between Design A (ID 3483) and Design

B (ID 10153) in the learned geometry coefficient space. (b) Surrogate-predicted stress–strain responses along the sampled interpolation path. (c)

Peak stress, terminal stress at ε = 0.30, and shell thickness along the interpolation path. (d) Paired aggregate comparison of off-grid and fixed-grid

conditioning over 20 target responses. (e) Selected examples of target responses, surrogate predictions, and Candidate 1 geometries obtained using

off-grid and fixed-grid conditioning.

work level rather than as a generator-only comparison between388

CFM and diffusion.389

The learned geometry representation provides benefits beyond390

reducing the coefficient dimension. Natural–Fourier coefficients391

are sparse by construction, because each symbolic geometry ac-392

tivates only a small subset of predefined trigonometric terms.393

By contrast, the learned basis functions are dense and periodic394

across the unit cell, allowing geometric information to be dis-395

tributed more broadly across the coefficient dimensions. The396

resulting latent distribution is smoother and more Gaussian-like397

than the sharply concentrated, heavy-tailed Natural–Fourier co-398

efficient distribution. CFM transports samples from a Gaussian399

prior, so this reduced distributional mismatch may simplify the400

conditional flow. The lower validation flow-matching loss and401

improved inverse-design performance are consistent with this in-402

terpretation. This benefit appears to arise from the learned co-403

ordinate system rather than from simple linear post-processing.404

Increasing the latent dimension to K = 64 did not improve re- 405

construction but reduced candidate validity. Whitening and field- 406

based PCA did not reduce the flow-matching loss, while the Ma- 407

tryoshka representation had a lower loss without improving gen- 408

eration performance. These results show that reconstruction ac- 409

curacy and flow-matching loss alone do not identify a useful gen- 410

erative representation. Validity of the decoded structures must be 411

measured as well. 412

The stress function encoder is useful because the 11 sam- 413

pled stress values are discrete observations of one smooth re- 414

sponse curve and are therefore correlated. The response fam- 415

ily can therefore be viewed as lying on an approximately low- 416

dimensional manifold parameterized by a few correlated mechan- 417

ical descriptors, such as initial stiffness, peak stress, and plateau 418

stress. The learned L = 4 basis provides coordinates for this man- 419

ifold. More importantly, the basis functions are continuous in 420

strain, so responses sampled at different strain locations project 421
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into the same coefficient space rather than being tied to a fixed422

11-point grid. This property may be useful in multi-objective423

inverse design, where stress curves and other target properties424

could be combined within a common conditioning representation.425

The appropriate embedding dimension nevertheless depends on426

the complexity of the response family, because an overly compact427

basis may smooth localized features that are not captured by the428

dominant manifold coordinates. Compact response conditioning429

did not eliminate the need for sufficient velocity-network capac-430

ity. Within the tested configurations, velocity-network capacity431

had a greater influence on inverse-design performance than re-432

ducing the condition dimension. The inverse mapping remains433

one-to-many under either response representation, so a lower-434

dimensional condition does not necessarily reduce the complexity435

of the response-conditioned geometry distribution.436

The difference between surrogate and FEA evaluation is ex-437

pected because nonlinear shell responses are sensitive to local438

geometry. Small changes in curvature or level-set topology can439

affect buckling, contact, and the post-buckling response, even440

when the corresponding low-dimensional coefficients are similar.441

The 3D-CNN achieved lower validation error than the coefficient-442

space MLP, which may reflect its direct access to local spatial443

information in the reconstructed field. Nevertheless, the surro-444

gate remains an approximation of the FEA response and is there-445

fore used to construct a compact candidate shortlist, while FEA446

evaluates the shortlisted designs. Candidate 1 is the predefined447

surrogate-ranked output, whereas the FEA-best candidate indi-448

cates that a better design may exist within the same shortlist.449

Several limitations define the scope of the present study. The450

geometries are restricted to the symbolic family represented in the451

DiffuMeta dataset, and the held-out targets are drawn from the452

same dataset distribution as the training samples. The physical453

setting is also limited to a fixed material model, relative density,454

loading direction, and strain range. In addition, the periodic-455

wrap criterion verifies periodic connectivity but does not guaran-456

tee manufacturability, insensitivity to geometric imperfections, or457

experimental feasibility, and we did not fabricate or test any gen-458

erated design. The benchmark is primarily surrogate-based, with459

large-scale FEA applied only to the shortlist generated by the pri-460

mary model. A controlled comparison between diffusion and CFM461

using the same representation and model capacity also remains462

to be performed. Future work should therefore examine out-of-463

distribution targets, multi-property conditioning, manufacturing-464

aware constraints, and more efficient selection of candidates for465

FEA validation.466

Overall, the proposed framework provides a strategy for gen-467

erative inverse design in function space. The target response468

and shell geometry are encoded separately in their respective469

function spaces, while CFM learns their non-unique relationship470

as a response-conditioned distribution in coefficient space. The471

surrogate model and high-fidelity simulation then serve comple-472

mentary roles in candidate screening and high-fidelity numerical473

validation. By separating representation, CFM-based generation,474

and validation into modular components, the framework can be475

adapted to other inverse-design problems that map a target phys-476

ical response function to a family of feasible design fields.477

4 Methods 478

4.1 Dataset and inverse-design task 479

This study uses the publicly available DiffuMeta dataset [18], 480

which contains 23,534 periodic shell unit cells. The ith design 481

is represented by a periodic implicit scalar field Ψi(x,y,z) defined 482

over the normalized unit cell Ω = [0,1]3, with the zero level set 483

Ψi = 0 defining the shell midsurface. The original symbolic ex- 484

pressions were evaluated on a uniform 64× 64× 64 grid over Ω 485

to obtain the discrete geometry fields used in this work. The me- 486

chanical response of each design is represented by its nominal 487

stress–strain curve under uniaxial compression along the z direc- 488

tion. Each response vector σ i ∈R
11 contains nominal stress values 489

at 11 equally spaced strain levels from 0.03 to 0.30. All unit cells 490

have a prescribed relative density of ρ = 0.1 and are evaluated up 491

to a maximum nominal compressive strain of 0.30. 492

The dataset was divided into training and validation subsets. 493

From the validation subset, 200 structures that were also ex- 494

cluded from the released DiffuMeta training set were selected as 495

the common doubly held-out evaluation targets. The complete 496

partitioning and target-selection procedure is provided in Supple- 497

mentary Information S1. 498

Let G denote the forward mechanical mapping from a periodic 499

geometry field to its discrete stress response. For a prescribed 500

target σ∗ ∈ R
11, the inverse-design task is to generate candidate 501

fields {Ψ̂( j)}N
j=1 satisfying 502

G

(
Ψ̂( j)

)
≈ σ∗, j = 1, . . . ,N, (2)

while requiring each decoded zero level set to satisfy the pre- 503

scribed geometric-validity criterion. Geometrically distinct struc- 504

tures can exhibit similar mechanical responses, so the inverse 505

mapping is non-unique and is formulated as a conditional gen- 506

erative problem. 507

4.2 Continuous representations of geometry and stress re- 508

sponse 509

Both shell geometry and stress–strain response are treated as 510

functions defined over continuous coordinate domains. Following 511

the function-encoder formulation [37,43], functions within each 512

space are represented using shared learned basis functions. For 513

a function fi sampled at coordinates {xm}
M
m=1, the reconstruction 514

and ridge-regularized coefficient projection are 515

f̂i(x) =
K

∑
k=1

aikgk(x),

ai = argmin
a∈RK

[
∥Φa− fi∥

2
2 +λ ∥a∥2

2

]
.

(3)

Here, Φmk = gk(xm) and fi = [ fi(x1), . . . , fi(xM)]T. The learned ba- 516

sis functions span a finite-dimensional subspace of the Hilbert 517

space of square-integrable functions on each domain, and ai col- 518

lects the coordinates of fi in this subspace [37]. The projection 519

is differentiable with respect to the basis-network parameters, so 520

the shared basis functions are learned by minimizing reconstruc- 521

tion error. After basis training, the projected coefficient vectors 522
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Fig. 6 Geometry function encoder and learned function-space representation. Periodic geometry fields are represented by coefficient vectors over

a shared learned basis, with distinct coefficient vectors corresponding to distinct shell geometries.

are standardized dimension-wise using training-set statistics. Ba-523

sis architectures, reconstruction objectives, optimization settings,524

and checkpoint selection are provided in Supplementary Informa-525

tion S1.2.526

4.2.1 Continuous geometry representation527

The geometry basis network maps spatial coordinates x =528

(x,y,z) ∈ [0,1]3 through fixed integer-frequency Fourier features.529

The ith geometry field is represented as530

Ψ̂i(x) =
K

∑
k=1

cikgk(x), ci ∈ R
K . (4)

Geometry coefficients are obtained by ridge projection onto the531

shared learned basis. During basis training, the reconstructed532

fields are compared with the original fields, and the reconstruc-533

tion error is backpropagated through the differentiable projection534

to update the basis network. After training, the frozen basis is535

evaluated on the 643 grid for coefficient projection. The primary536

inverse-design model uses K = 32. Generated standardized co-537

efficients are transformed back to their original scale before re-538

construction of the implicit field. The geometry function encoder539

representation and training procedure are shown in Fig. 6.540

4.2.2 Continuous stress-response representation541

The primary model uses the raw response vector σ i ∈ R
11 di-542

rectly as its conditioning input. As a compact continuous alter-543

native, the stress function encoder represents the response using544

four learned basis functions: 545

σ̂i(ε) =
4

∑
ℓ=1

βiℓϕℓ(ε), β i ∈ R
4. (5)

The coefficients are obtained through the same ridge-regularized 546

projection and standardized using training-set statistics. The basis 547

functions ϕℓ(ε) can be evaluated at arbitrary strain coordinates 548

within the studied range. Target responses sampled at the fixed 549

11-point grid or at off-grid locations therefore project into the 550

same four-dimensional condition space. 551

4.3 Conditional flow matching (CFM) 552

CFM models the response-conditioned distribution of geometry 553

coefficients through a learned time-dependent velocity field. Let 554

c1 ∈ R
K denote a standardized geometry coefficient vector and q 555

its paired response condition. The condition is obtained either 556

from the raw response vector σ ∈ R
11 or from the continuous 557

response coefficients β ∈ R
4. 558

Following a linear conditional flow-matching formula- 559

tion [44,47], an independent Gaussian prior sample and a training 560

geometry coefficient are connected through 561

c0 ∼ N (0,IK), t ∼ U (0,1), ct = (1− t)c0 + tc1. (6)

The corresponding target velocity is c1 − c0. The conditional ve- 562

locity network vθ is trained using 563

LFM = E(c1,q)∼pdata,c0∼N (0,IK), t∼U (0,1)

[
∥vθ (ct , t | q)− (c1 − c0)∥

2
2

]
.

(7)
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For generation, a new sample is drawn from the Gaussian prior564

and transported from t = 0 to t = 1 by integrating565

dct

dt
= ṽθ (ct , t | q∗) , (8)

where q∗ is the standardized target condition and ṽθ is the566

classifier-free-guided velocity field [61]. For the learned-geometry567

models, the terminal coefficient vector is transformed back to568

its original scale and decoded through Eq. (4). The Natural–569

Fourier CFM baseline applies the same flow-matching formula-570

tion to the standardized 33-dimensional coefficient vector of the571

original symbolic Fourier representation and reconstructs the field572

using the corresponding fixed Fourier terms. Velocity-network573

architectures, classifier-free guidance, optimization settings, and574

numerical integration details are provided in Supplementary In-575

formation S1.3.576

4.4 Candidate generation, validity assessment, and surro-577

gate ranking578

For each target response, each benchmark method generated579

20 candidates. For the CFM models, 20 independent sam-580

ples were drawn from the standard Gaussian prior and trans-581

ported through the learned conditional ODE. The terminal co-582

efficient vectors were transformed back to their original scales583

and decoded using the corresponding learned-basis or Natural–584

Fourier representation. DiffuMeta candidates were generated us-585

ing the released pretrained diffusion-transformer checkpoint and586

decoded from the sampled algebraic expressions [18]. All decoded587

candidates were evaluated as implicit fields on the same 643 grid.588

Candidate validity was assessed using the periodic-wrap crite-589

rion. Each reconstructed implicit field was periodically wrapped590

before extraction of its zero-level surface, and the candidate591

was classified as valid when the extracted surface formed a sin-592

gle connected component. An alternative evaluation using the593

DiffuMeta-style procedure is reported in Supplementary Informa-594

tion S3.3.595

Each valid candidate was evaluated using the same frozen 3D-596

CNN surrogate, which maps the reconstructed 643 implicit field to597

an 11-point stress response. The surrogate was trained indepen-598

dently of the generative models and applied without modification599

to all candidate sets. Candidates were ranked by their surrogate-600

predicted NRMSE relative to the prescribed target response. The601

surrogate architecture and training procedure are provided in602

Supplementary Information S1.4, and the cross-surrogate assess-603

ment is reported in Supplementary Information S3.2.604

For each target with at least one valid candidate, the valid can-605

didates were ranked in ascending order of surrogate-predicted606

NRMSE. The top-ranked candidate was defined as Candidate 1607

and retained as the predefined surrogate-selected inverse-design608

output. For the primary Raw-11D CFM (8×512) model, a prede-609

fined shortlist containing up to the five highest-ranked valid can-610

didates was submitted to FEA. If fewer than five valid candidates611

were available, all valid candidates were retained. FEA-best was612

defined as the completed candidate with the lowest FEA NRMSE613

within this fixed shortlist. It represents the lowest high-fidelity er-614

ror identified within the predefined shortlist and does not replace 615

Candidate 1 as the surrogate-selected inverse-design output. 616

4.5 FEA validation 617

The predefined candidate shortlists generated by the primary 618

Raw-11D CFM (8 × 512) model were evaluated using the FEA 619

protocol adopted in the DiffuMeta reference simulations [18]. For 620

each candidate, the zero-level midsurface was extracted from the 621

reconstructed 643 implicit field and scaled to a cubic unit cell with 622

side length a = 10 mm. The surface was remeshed and discretized 623

using three-node reduced-integration shell elements (S3R), and a 624

uniform shell thickness was assigned to maintain the prescribed 625

relative density of ρ = 0.1. The shell material followed the same 626

isotropic elastoplastic description used in the reference simula- 627

tions. Each unit cell was compressed between two rigid plates 628

under lateral periodic boundary conditions, with general contact 629

included. The analyses were performed in Abaqus/Standard us- 630

ing an implicit dynamic procedure to a maximum nominal com- 631

pressive strain of 0.30. Nominal stress and strain were calculated 632

from the reaction force and displacement of the upper plate, and 633

the resulting responses were interpolated onto the common 11- 634

point strain grid. Surface processing, meshing, thickness assign- 635

ment, periodic constraints, contact settings, response extraction, 636

and numerical reproducibility are detailed in Supplementary In- 637

formation S2. 638

4.6 Evaluation metrics and statistical analysis 639

Response-matching accuracy was quantified using the normal- 640

ized root-mean-square error (NRMSE). For a predicted response 641

σ̂ ∈ R
J and a target response σ∗ ∈ R

J , 642

NRMSE(σ̂ ,σ∗) =
∥σ̂ −σ∗∥2

∥σ∗∥2

. (9)

The primary evaluations use J = 11, and the same metric is ap- 643

plied to surrogate-predicted and FEA responses. 644

For target i and method m, let V
(m)

i denote the indices of the 645

valid candidates among the 20 generated samples. When V
(m)

i is 646

nonempty, the best-of-20 error is defined as 647

e
(m)
i = min

j∈V
(m)

i

NRMSE
(

σ̂
(m)
i j ,σ∗

i

)
. (10)

The per-target errors are summarized over evaluable targets using 648

their mean, median, and 90th percentile, denoted p90. If all 20 649

candidates generated for a target are invalid, the corresponding 650

best-of-20 error is treated as missing. The effective target count, 651

neff, is defined as the number of targets for which at least one 652

valid candidate is generated. Candidate validity is calculated as 653

the fraction of all generated candidates that satisfy the periodic- 654

wrap criterion. 655

Target-level paired comparisons between the primary Raw-11D 656

CFM (8×512) model and the alternative methods are performed 657

over common evaluable targets. The paired-difference definition, 658

bootstrap confidence-interval procedure, and win-fraction calcu- 659

lation are provided in Supplementary Information S3.4. 660

Geometry-representation accuracy is quantified using the rel- 661
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ative L2 reconstruction error on held-out geometry fields, and662

validation flow-matching loss is obtained by evaluating Eq. (7)663

on held-out samples. Fixed-grid and off-grid conditioning are664

compared on the same underlying target curves using equal665

candidate budgets and target-level pairing. Multi-seed robust-666

ness, cross-surrogate evaluation, alternative-validity assessment,667

paired benchmark comparisons, and geometry-dimension sensi-668

tivity are reported in Supplementary Information S3. Additional669

geometry-representation diagnostics are provided in Supplemen-670

tary Information S4.671
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