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Abstract 

In this paper, we apply the variable-coefficient (2+1)-dimensional Kadomtsev-Petviashvili (vcKP) 
equation by using a combination of Lie symmetry analysis and the generalized expansion method. 
First, by using the method of Lie symmetry analysis, three similarity transformations associated 
with three Lie symmetry generators are obtained, which reduce the original equation into three 
different (1+1)-dimensional nonlinear evolution equations. These reduced equations are then 
solved analytically by the Generalized Expansion Method (GEM). During the solution process, 
different admissible classes of the variable coefficients are obtained in a natural way without any 
a priori assumptions about their forms. The resulting classification establishes the correspondence 
between the chosen Lie symmetry generators, their similarity transformations, and the 
corresponding classes of variable coefficients. Based on this classification, several families of 
exact solutions are derived, including bright solitons, dark solitons, kink-like solitary waves, 
double-dark solitons, M-shaped bright solitons, and singular periodic solitons. The influence of 
the variable coefficients on the wave structures is analyzed, and the dynamical behavior of the 
obtained solutions is illustrated through two-dimensional, three-dimensional, and contour plots. 

Keywords: Variable-coefficient Kadomtsev-Petviashvili; Lie symmetry analysis; Similarity 
reduction; Soliton solutions; Generalized Expansion Method. Introduction  

1. Introduction   

In many scientific and engineering fields, complicated physical phenomena are described by 
Nonlinear Partial Differential Equations (NLPDEs) [1] �+ Recently, many researchers have focused 
on NLPDEs with variable coefficients due to their importance [2]. Although there are several 
different kinds of nonlinear evolution equations that can be studied, the Kadomtsev-Petviashvili 
(KP) equation is considered the most interesting since it describes the interaction and propagation 
of weakly nonlinear dispersive waves in two-dimensional media. The KP equation is a natural 
generalization of the classical Korteweg-de Vries (KdV) equation with nonlinearity, dispersion 
and weak transverse perturbations and it is a fundamental model in nonlinear wave theory [3]. The 
KP equation has been effectively used in several fields, including fluid dynamics, plasma physics, 
and nonlinear optics. Specifically, the variable coefficient Kadomtsev-Petviashvili (vcKP) 
equations describe the nonlinear waves in inhomogeneous media, where the system's physical 
parameters vary over time or space [4]. A crucial property of nonlinear evolution equations is the 
possibility to generate soliton solutions, Certain nonlinear evolution equations admit soliton 
solutions, namely localized waves that propagate while preserving their shape, amplitude, and 
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velocity. Due to their remarkable stability and robustness, solitons have widespread applications 
in optical communications, photonic devices, plasma physics, fluid dynamics and quantum 
systems [5]. The interaction between nonlinearity and dispersion leads to various classes of 
nonlinear wave solutions. Depending on the structure of the governing equation and its parameter 
values, these solutions may appear as bright and dark solitons, double-dark and M-shaped profiles, 
or as singular, periodic, and kink-type solitary waves with different propagation characteristics.  
The analytical investigation of these exact solutions provides valuable insight into the underlying 
dynamics of nonlinear wave propagation, energy localization, wave interactions, and stability in 
complex multidimensional systems [6]. 
Due to the inherent complexity of the NLPDEs with variable coefficients, many analytical methods 
have been developed to construct their exact and closed-form solutions, such as the Generalized 
Expansion Method (GEM) [7], the F-expansion method [8], multiple exp-function methods [9], 
the simplest equation method [10], the generalized (G'/G)-expansion method [11], the auxiliary 
equation method [12�@�����W�K�H���.�X�G�U�\�D�V�K�R�Y�¶�V���L�Q�W�H�J�U�D�W�L�R�Q���V�F�K�H�P�H���>��3,14], the Jacobi elliptic functions 
[15], and many other mathematical techniques. These methods have played an important role in 
the understanding of nonlinear wave phenomena and the construction of various classes of exact 
solutions. 

Motivated by the above theoretical and practical considerations, the present study 
investigates the vcKP equation 

�=�:�P�;�Q�ë
�6 
E �=�:�P�;�Q�Q�ë�ë
E �>�:�P�;�Q�ë�ë�ë�ë
F �?�:�P�;�Q�ì�ì 
E �Q�ë�ç
L �r�á (1) 

where �Q�:�T�á �U�á �P�;��denotes the wave amplitude with two scaled spatial variables and a temporal variable �T, 
���U and �P, and �=�:�P�;, ���>�:�P�; and �?�:�P�; are the functional parameters of the variable. This equation can 
be used to model long wavelength water waves with weak nonlinear restoring forces and dispersive 
effects and wave propagation in ferromagnetic and other inhomogeneous media [16]. Many 
analytical methods have been used to solve the KP equation and its extensions. The vcKP equations 
are of much current interest. Liu et al. [16] developed the interaction solutions for the vcKP 
equation and studied the effect of variable coefficients on nonlinear wave interactions. Their 
results showed that the changes of coefficients have a strong effect on the evolution and interaction 
behaviors of localized wave structures. Kumar et al. [17] studied two classes of vcKP equations 
by using the Lie symmetry analysis and obtained several exact solutions through similarity 
reductions. Their work highlighted the utility of symmetry-based methods in investigating 
nonlinear wave phenomena. Deka et al. [18] found a new exact solution of the vcKP equation 
using the generalized (G'/G)-expansion method. Their findings enhanced the family of analytical 
solutions and provided more additional insights into the complex dynamics of nonlinear wave 
propagation. Demirbilek et al. [19] investigated the generalized extended (2+1)-dimensional KP 
equation. They found some exact analytical solutions and performed sensitivity and stability 
analyses. They found different new wave structures. They also showed how the generalized KP 
models could be used in fluid dynamics and nonlinear wave theory. 
 Although the vcKP equations admit various exact solutions and symmetry reductions, the 
complete Lie group classification of their variable coefficients and the associated soliton dynamics 
remain insufficiently explored. This study aims to address this gap by employing Lie symmetry 
analysis combined with the GEM approach to establish a comprehensive group classification and 
derive new exact soliton solutions of Eq. (1). This paper is structured as follows: Section 2 presents 
the Lie symmetry analysis for Eq. (1) and obtains the corresponding symmetry generators. Section 
3 presents the similarity reductions of Eq. (1) obtained through the derived Lie symmetry 
generators. Section 4 introduces the analysis of the GEM and investigating the exact solutions of 
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the reduced equations by using GEM. Section 5 discusses the dynamic characteristics of the 
solutions graphically. Finally, Section 6 summarizes the conclusions of the study. 

2. Lie symmetry analysis 

To apply the Lie symmetry analysis method [20-22] to Eq. (1), we utilize the Lie group of 
�L�Q�I�L�Q�L�W�H�V�L�P�D�O���W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V���Z�L�W�K���R�Q�H���S�D�U�D�P�H�W�H�U���1���I�R�U���W�K�H���L�Q�G�H�S�H�Q�G�H�Q�W���D�Q�G���G�H�S�H�Q�G�H�Q�W���Y�D�U�L�D�E�O�H�V����
which are given by 

�T�§ 
L �T 
E �P���æ�:�T�á �U�á �P�á �Q�; 
E �*�:�P�6�;�á 
�U
$ 
L �U 
E �P���î�:�T�á �U�á �P�á �Q�; 
E �*�:�P�6�;�á 
�P�§
L �P 
E �P���ì�:�T�á �U�á �P�á �Q�; 
E �*�:�P�6�;�á 
�Q
$ 
L �Q 
E �P���ß�:�T�á �U�á �P�á �Q�; 
E �*�:�P�6�;�ä 

(2) 
(3) 
(4) 
(5) 

Then it is required that the set of solutions of Eq. (1) be invariant under the transformation Eqs. 
(2-5). This requirement results in the formation of a system of linear equations for the 
infinitesimals �æ�á �î�á �ì���ƒ�•�†���ß. The associated Lie algebra of infinitesimal symmetries is the set of 
infinitesimal generators of the form: 

�: 
L �æ
�ò
�ò�T


E �î
�ò
�ò�U


E �ì��
�ò
�ò�P


E �ß
�ò

�ò�Q
�ä 

 

(6) 

With the infinitesimal generator defined by Eq. (6), the invariance condition of Eq. (1) under the 
Lie group of point transformations 

�2�N�:�8�;�: �:�¿�;���¿�@�4
L �r�ä 
 

(7) 
Where �2�N�:�8�;�: �:�¿�; represents the fourth prolongation of the infinitesimal generator. This leads to a 
system of determining equations, whose solution yields  

�æ 
L
�B�ñ

�5
�:�P�;

�t�?�:�P�;
�U 
E �B�6�:�P�;�á 

�î 
L �B�5�:�P�;�á 
�ì 
L �r�á 
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L
�s

�=�:�P�;

m

�B�ñ�ñ
�5
�:�P�;

�t�?�:�P�;
�U 
F

�B�ñ
�5
�:�P�;�?�ñ�:�P�;

�t�?�6�:�P�;
�U
E�B�ñ�6�:�P�;
q�ä 

 

 
 
 

 
 

(8) 

After calculating these equations stated in the above Eq. (8), we derive the following infinitesimal 
generators listed as: 

�: �5 
L
�ò
�ò�T


E �?�5
�ò
�ò�U

���á 
 

(9) 

where, �?�5 are arbitrary constant. 

�: �6 
L �B�5�:�P�;
�ò
�ò�T


E �?�5
�ò
�ò�U


E �B�6�:�P�;
�ò

�ò�Q
���á 

 

(10) 

where, �=�:�P�; 
L
�Ù�ò

�-�:�ç�;

�Ù�. �:�ç�;
. 

�: �7 
L �:�?�5�U 
E �?�6�;
�ò
�ò�T


E �B�5�:�P�;
�ò
�ò�U

���á 
 

(11) 

where, �?�:�P�; 
L
�Ù�ò

�-�:�ç�;

�6�Ö�-
. Using the symmetry generators provided in Eqs. (9-11), Eq. (1) is reduced to 

three distinct (1+1)-dimensional NLPDEs with variable coefficients. 
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3. Similarity  reductions of the variable-coefficient KP equation 

In this section, we perform symmetry generators from the previous section, we derive three 
separate similarity reductions. Each reduction reduced the original (2+1)-dimensional vcKP 
equation into a (1+1)-dimensional nonlinear evolution equation while keeping its essential 
nonlinear characteristics. 

3.1. Reduction of the vcKP equation using �„ 
Ú  

The characteristic equation is in the following form for �: �5�ã 
�@�T
�?�6


L
�@�U
�?�5


L
�@�P
�r


L
�@�Q
�r

�ä 
 

(12) 

The corresponding results for the specified variable are as follows: 

�V 
L

F�?�5�T 
E �?�6�U

�?�6
�á�������Q 
L �R�:�V�á �P�;�á�������?�6 
L �s�ä 

 

(13) 

according to Eq. (13), Eq. (1) can be reduced to the following form 
 

�?�5�6�=�:�P�;���R�í �6 
F �?�5���R�x�r
F �?�:�P�;���R�x�x
E �?�5�6���=�:�P�;���R���R�x�x
E �?�5�8���>�:�P�;���R�x�x�x�x
L �r�ä  (14) 

3.2. Reduction of the vcKP equation using  �„ 
Û  

The characteristic equation is in the following form for �: �6�ã 
�@�T

�B�5�:�P�;

L

�@�U
�?�5


L
�@�P
�r


L
�@�Q

�B�6�:�P�;
�ä 

 

(15) 

The corresponding results for the specified variable are as follows: 

�V 
L �U 
F
�?�5�T

�B�5�:�P�;
�á�������ð 
L

�T
�B�5�:�P�;

���á�������Q 
L �B�6�:�P�;�ð 
E �R�:�V�á �P�;�á���������=�:�P�; 
L
�B�ñ

�5
�:�P�;

�B�6�:�P�;
�á 

 
 

(16) 

 
according to Eq. (16), Eq. (1) can be reduced to the following form 
 
�B�6

�ñ�:�P�;

�B�5�:�P�;

F

�?�5���B�5
�ñ�:�P�;���R�í

�B�5
�6�:�P�;


E
�?�5�6���B�5

�ñ�:�P�;���R�í �6

�B�5
�6�:�P�;���B�6�:�P�;


F
�?�5���R�í�ç
�B�5�:�P�;


E
�?�5�6���R���B�5

�ñ�:�P�;���R�í�í
�B�5

�6�:�P�;���B�6�:�P�;

E

�?�5�8���>�:�P�;���R�x�x�x�x

�B�5
�8�:�P�;


L �?�:�P�;���R�x�x�ä 

  
 
 

(17) 
Where �R 
L �R�:�V�á �P�;�á �B�5�:�P�;�á��and �B�6�:�P�; are arbitrary function with respect to �P. 

3.3. Reduction��of the vcKP equation using �„ 
Ü 

The characteristic equation is in the following form for �: �7�ã 
�@�T

�?�5�U 
E �?�6

L

�@�U
�B�5�:�P�;


L
�@�P
�r


L
�@�Q
�r

�ä 
 

(18) 

The corresponding results for the specified variable are as follows: 

�V 
L
�?�5�U�6 
F �t�T�B�5�:�P�; 
E �t�?�6 
E �U

�t�B�5�:�P�;
�á���������Q 
L �R�:�V�á �P�;�á���������?�:�P�; 
L

�B�ñ
�5
�:�P�;

�t�?�5
�á 

 

(19) 

according to Eq. (19), Eq. (1) can be reduced to the following form 
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�B�5
�ñ�:�P�;�F�v���R�í 
E

�:�s 
F �z���?�5���?�6�;���R�í�í
�?�5���B�5

�ñ�:�P�;
�G 
L ���z�B�5�:�P�;�:
F�R�í�ç
E �=�:�P�; �:�R�í �6 
E �R�R�í�í�; 
E �>�:�P�;�R�í�í�í�í�;�ä 

  

(20) 

Where �R 
L �R�:�V�á �P�;�á�� �?�5���ƒ�•�†���?�6 are arbitrary constants and �B�5�:�P�; is an arbitrary function with 
respect to t. 

4. Investigating solutions using Generalized Expansion Method (GEM) 

Consider a general (1+1) dimensional nonlinear evolution equation with variable coefficients in 
the form [7, 23]. 

�* �:�R�á �R�ç�á �R�í�á �R�í�ç�á �R�í�í�á �å�; 
L �r�á 
 

(21) 
Where �R 
L �R�:�V�á �P�; denotes the dependent variable, z and t are independent variables.  
Assume that Eq. (21) has a solution of the form 

�R�:�V�á �P�; 
L �#�4�:�V�á �P�; 
E �� 
Í �# �Ü�:�V�á �P�;���ñ�Ü
�á

�Ü�@�5

�á���������E 
L �s�á �t�á �å 

 

 

(22) 

Where �#�Ü�:�V�á �P�;�á �E 
L �r�ä �s�á �t�á �å are unknown functions and �J is a positive integer to be determined by 
balancing the highest order derivative terms with the nonlinear terms in Eq. (21). The auxiliary 
function �ñ 
L �ñ�:�æ�; is assumed to satisfy the following ODE: 


l
�@���ñ
�@���æ


p
�6


L �N�4 
E �N�5�ñ 
E �N�6���ñ�6 
E �N�7���ñ�7 
E �N�8���ñ�8�á���������������������������������������N�8 
M �r 

 

 

(23) 

Inserting Eqs. (22) and (23) into Eq. (21) and setting the coefficients of each power of �ñ�Ý to zero, 
an overdetermined system of partial differential equations is obtained for the unknown functions 
�#�Ü�:�V�á �P�;�á �E 
L �r�á �s�á �å �á �J, and �æ�:�V�á �P�;. The solution of this system determines the explicit forms of these 
functions and imposes the corresponding compatibility constraints on the governing parameters. 

4.1 Exact Solutions of Equation (14) 

In Eq. (14), utilizing the balancing principle between �R�x�x�x�x and �R�í �6 we get 

�t�J 
E �t 
L �J 
E �v����
��

�œ �����J 
L �t (24) 

Then the solution of Eq. (14) is given by: 

�R�:�V�á �P�; 
L �#�4�:�V�á �P�; 
E �#�5�:�V�á �P�;�ñ 
E �#�6�:�V�á �P�;���ñ�6�á  �#�6 
M �r (25) 

where���ñ�� 
L �ñ�:�æ�;�á��and���æ 
L �Ù�:�P�;�V�� 
E ���Ú�:�P�; 
E ���Ð.  

Inserting Eq. (25) with Eq. (23) into Eq. (14), and setting the coefficients of �ñ�Ü and �ñ�Ü  


¨ 
Í �N�Ý���ñ�Ý
�8

�Ý�@�4
�� to zero�á a system of algebraic equations is derived. By solving this system, four 

results were obtained. Result (1 and 3) produced a dark, bright and singular periodic solutions, 

results (2 and 4) produced a singular periodic and kink-like solitary solutions. Each solution is 

presented as follows: 
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Result (1): 

�N�5 
L �N�7 
L �r�á �Ù�:�P�; 
L
�@�6

�@�5 
F �ì �=�:�P�;�@�P
�á �>�:�P�; 
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k�@�5 
F �ì �=�:�P�;�@�P
o�á 

�#�6�:�V�á �P�; 
L 
�?�5

�Ô�:�ç�;

k�s�t���?�5�6�N�8���>�:�P�;�Ù�6�:�P�;
o�á �#�5�:�V�á �P�; 
L �r, and 

�#�4�:�V�á �P�; 
L
�5

�8�Ö�-�. �å�0�Ô�:�ç�;�� �:�ç�;
 �@�v�N�8�?�:�P�;�Ù�:�P�; 
F�s�x�?�5�8�N�6�N�8�>�:�P�;�Ù�:�P�;�7 
E �v�?�5�N�8
k�V�Ù�ñ�:�P�; 
E

�Ú�ñ�:�P�;
o�A�ä 
 

 
 

 
 

 
 
 

 
(26) 

Where�á �é���‹�•���…�‘�•�•�–�ƒ�•�–�á �@�5���ƒ�•�†���@�6���ƒ�”�‡���ƒ�•���‹�•�–�‡�‰�”�ƒ�–�‹�‘�•���…�‘�•�•�–�ƒ�•�–�•�ä 

Case 1: If  �N�4 
L
�å�t

�t��

�v�N�v
�á �N�t 
O �r�á �ƒ�•�†���N�v 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�6�å�0

 �P�=�J�D
l
§
�?�å�.
�6

���æ
p�ä 

 

 

 

(27) 

When �?�6 
L �s���ƒ�•�†���V 
L
�?�Ö�-�ë�>�Ö�. �ì

�Ö�.
. We have dark solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L
�×�. �Ö�:�ç�;�>�Ö�-�	

�ò�:�ç�;
k�×�-�?�ì �Ô�:�ç�;�×�ç
o

�Ö�-�. �×�. �Ô�:�ç�;

E

�Ö�-
�Ö�-�. 
k�×�-�?�ì �Ô�:�ç�;�×�ç
o

�L
F�?�5�T 
E �U 
F �v�?�5
�7�@�6

�6�N�6�é 
E

�x�?�5�7�@�6
�6�N�6�é�P�=�J�D�6
m
§

�?�N�t
�6

�@
�×�. �:�?�Ö�5�ë�>�ì�;

�×�-�?�ì �Ô�:�ç�;�×�ç

E �Ú�:�P�; 
E �à�A
q�M�ä  

 
 

 
 
 
 

(28) 

Case 2: If  �N�4 
L �r�á�N�v 
O �r�á �N�t 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�D�:�¾���N�6���æ�;�ä 

 

 

 

(29) 

When �?�6 
L �s���ƒ�•�†���V 
L
�?�Ö�-�ë�>�Ö�. �ì

�Ö�.
. We have bright solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L
�×�. �Ö�:�ç�;�>�Ö�-�	

�ò�:�ç�;
k�×�-�?�ì �Ô�:�ç�;�×�ç
o

�Ö�-�. �×�. �Ô�:�ç�;

E

�Ö�-
�Ö�-�. 
k�×�-�?�ì �Ô�:�ç�;�×�ç
o


m
F�?�5�T 
E �U 
F �v�?�5
�7�@�6

�6�N�6�é 
E

�s�t�?�5�7�@�6
�6�N�6�é�O�A�?�D�6�F�¾�N�t �@

�×�. �:�?�Ö�5�ë�>�ì�;

�×�-�?�ì �Ô�:�ç�;�×�ç

E �Ú�:�P�; 
E �à�A�G
q�ä  

 
 

 
 
 
 

(30) 

Case 3: If  �N�4 
L �r�á�N�t 
O �r�á �N�v 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�:�¾
F�N�6���æ�;�ä 
 

(31) 

When ���?�t 
L �s���ƒ�•�†���V 
L
F�?�s�T
E�?�t�U
�?�t

. We have singular periodic solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L 
�×�. �Ö�:�ç�;�>�Ö�-�	

�ò�:�ç�;
k�×�-�?�ì �Ô�:�ç�;�×�ç
o

�Ö�-�. �×�. �Ô�:�ç�;

E

�Ö�-
�Ö�-�. 
k�×�-�?�ì �Ô�:�ç�;�×�ç
o


m
F�?�5�T 
E �U 
F �v�?�5
�7�@�6

�6�N�6�é 
E

�s�t�?�5�7�@�6
�6�N�6�é�O�A�?�6�F�¾
F�N�t �@

�×�. �:�?�Ö�5�ë�>�ì�;

�×�-�?�ì �Ô�:�ç�;�×�ç

E �Ú�:�P�; 
E �à�A�G
q�ä 

 
 

 
 
 
 

(32) 

 
 



7 
 

Result (2): 

�N�6 
L
�N�7�u
E �z�N�5�N�8�t

�v�N�7�N�8
�á �Ù�:�P�; 
L

�@�t

�@�s 
F �ì�=�:�P�;�@�P
�á �>�:�P�; 
L �é�=�:�P�;
k�@�s 
F �ì�=�:�P�;�@�P
o�á 

�#�6�:�V�á �P�; 
L 
�?�5

�Ô�:�ç�;

k�s�t���?�5�6�N�8���>�:�P�;�Ù�6�:�P�;
o�á �#�5�:�V�á �P�; 
L ��

�?�5

�Ô�:�ç�;

k�x���?�5

�6�N�7���>�:�P�;�Ù�6�:�P�;
o, and 

�#�4�:�V�á �P�; 
L
�5

�8�Ö�-�. �å�0�Ô�:�ç�;�� �:�ç�;
 �@�v�N�8�?�:�P�;�Ù�:�P�; 
E �?�5�8�:�u�N�7�6 
F �s�x�N�6�N�8�;�>�:�P�;�Ù�:�P�;�7 
E

�v�?�5�N�8
k�V�Ù�ñ�:�P�; 
E �Ú�ñ�:�P�;
o�A�ä 
 

 
 

 
 

 
 

 
 

 

(33) 

Case 1: If  �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �z 
F �I�6�á �N�7 
L �t�:�I �6 
F �v�;�á �N�8 
L �t�:�t 
F �I �6�;�á Eq. (23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�O�J�:�æ�á �I�; 
E�?�J�:�æ�á �I�;
�ä 

 

(34) 

When �I 
L �r�á �?�6 
L �s���ƒ�•�†���V 
L
�?�Ö�-�ë�>�Ö�. �ì

�Ö�.
. We have singular periodic solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L 
�×�. �Ö�:�ç�;�>�Ö�-�	

�ò�:�ç�;
k�×�-�?�ì �Ô�:�ç�;�×�ç
o

�Ö�-�. �×�. �Ô�:�ç�;

E

�Ö�-�F�?�Ö�-�ë�>�ì�?�6�4�Ö�-
�/ �×�.

�. ���>
k�?�Ö�-�ë�>�ì�>�8�Ö�-
�/ �×�.

�. �� 
o�æ�Ü�á�@
�.�Ï �. �:�7�Î�-�ã�6�ä�;
�Ï �-�7�ì �Ì �:�ß�;�Ï�ß

�>�6�	�:�ç�;�>�6���A�G

�Ö�-�. 
k�×�-�?�ì �Ô�:�ç�;�×�ç
o�F�Ö�â�æ�@
�Ï �. �:�7�Î�-�ã�6�ä�;
�Ï �-�7�ì �Ì �:�ß�;�Ï�ß

�>�	�:�ç�;�>���A�>�æ�Ü�á�@
�Ï �. �:�7�Î�-�ã�6�ä�;
�Ï �-�7�ì �Ì �:�ß�;�Ï�ß

�>�	 �:�ç�;�>���A�G
�. �ä  

 
 

 
 

(35) 

Case 2: If   �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �w 
F �x�I 
F �I�6�á �N�7 
L �t�:�I �6 
E �x�I 
F �s�;�á �N�8 
L �I �:�v�I �6 
E �y�I 
F �t�;�á Eq. 
(23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�s 
E�O�J�:�æ�á �I�; 
E �I���O�J�6�:�æ�á �I�;
�ä 

 

 

 

(36) 

When �I 
L �s�á �?�6 
L �s���ƒ�•�†���V 
L
�?�Ö�-�ë�>�Ö�. �ì

�Ö�.
. We have kink-like solitary wave solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L 
�Ö�-
k�?�Ö�-�ë�>�ì�>�6�4�Ö�-

�/ �×�.
�. �� 
o

�Ö�-�. 
k�×�-�?�ì �Ô�:�ç�;�×�ç
o

E

�×�. �Ö�:�ç�;�>�Ö�-�	
�ò�:�ç�;
k�×�-�?�ì �Ô�:�ç�;�×�ç
o

�Ö�-�. �×�. �Ô�:�ç�;

F

�;�6�Ö�-
�. �×�.

�. ���ç�Ô�á�Û�@
�Ï �. �:�7�Î�-�ã�6�ä�;
�Ï �-�7�ì �Ì �:�ß�;�Ï�ß

�>�	 �:�ç�;�>���A


k�×�-�?�ì �Ô�:�ç�;�×�ç
o�F�5�>�ç�Ô�á�Û�@
�Ï �. �:�7�Î�-�ã�6�ä�;
�Ï �-�7�ì �Ì �:�ß�;�Ï�ß

�>�	�:�ç�;�>���A�>�ç�Ô�á�Û�. �@
�Ï �. �:�7�Î�-�ã�6�ä�;
�Ï �-�7�ì �Ì �:�ß�;�Ï�ß

�>�	 �:�ç�;�>���A�G

F

�5�4�<�Ö�-
�. �×�.

�. ���ç�Ô�á�Û�. �@
�Ï �. �:�7�Î�-�ã�6�ä�;
�Ï �-�7�ì �Ì �:�ß�;�Ï�ß

�>�	 �:�ç�;�>���A


k�×�-�?�ì �Ô�:�ç�;�×�ç
o�F�5�>�ç�Ô�á�Û�@
�Ï �. �:�7�Î�-�ã�6�ä�;
�Ï �-�7�ì �Ì �:�ß�;�Ï�ß

�>�	�:�ç�;�>���A�>�ç�Ô�á�Û�. �@
�Ï �. �:�7�Î�-�ã�6�ä�;
�Ï �-�7�ì �Ì �:�ß�;�Ï�ß

�>�	 �:�ç�;�>���A�G
�.�ä  

 
 

 
 
 
 
 

 

(37) 

Result (3): 
�N�5 
L �N�7 
L �r �á�Ù�:�P�; 
L �ä�á �>�:�P�; 
L �ã�=�:�P�;�á 

�#�6�:�V�á �P�; 
L 
F�s�t�?�s�t�N�v�ã�ä�t�á�� �#�5�:�V�á �P�; 
L  �r, and 

�#�4�:�V�á �P�;= 
�5

�Ö�-�. �� �=�:�P�;
��
k
F�v�?�5�8�N�t�ã�ä�7�=�:�P�; 
E�ä�?�:�P�; 
E �?�5�Ú�ñ�:�P�;
o. 

 
 

 
 

 
 
 

(38) 

Where�á�ä���=�J�@���ã���ƒ�”�‡���ƒ�•���‹�•�–�‡�‰�”�ƒ�–�‹�‘�•���…�‘�•�•�–�ƒ�•�–�•�ä 

Case 1: If  �N�4 
L
�å�t

�t��

�v�N�v
�á�N�t 
O �r�á �N�v 
P �r�á Eq. (23) has the solution 
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�ñ�:�æ�; 
L 
§
�?�å�.
�6�å�0

 �P�=�J�D
l
§
�?�å�.
�6

���æ
p�ä 
 

(39) 

When �?�6 
L �s���ƒ�•�†���V 
L
�?�Ö�-�ë�>�Ö�. �ì

�Ö�.
. We have dark solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L
�s

�?�s�t�ä�=�:�P�;
�F
F�v�?�s�v�N�t�ã�ä�u�=�:�P�; 
E�ä�?�:�P�; 
E �?�s�Ú

�"�:�P�;�G
E

�x�?�s�t�N�t�ã�ä�t�P�=�J�D�t

l
§


F�N�t
�t

�:�ä�:
F�…�s�T 
E �U�; 
E �Ú�:�P�; 
E �à�;
p�ä  

 
 

 
 
 

(40) 
Case 2: If  �N�4 
L �r�á�N�v 
O �r�á �N�t 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�D�:�¾���N�6���æ�;�ä 
 

 

(41) 

When �?�6 
L �s���ƒ�•�†���V 
L
�?�Ö�-�ë�>�Ö�. �ì

�Ö�.
. We have bright solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L
�5

�Ö�-�. ���Ô�:�ç�;

k
F�v�?�5�8�N�6�ã�ä�7�=�:�P�; 
E�ä�?�:�P�; 
E �?�5�Ú�ñ�:�P�;
o
E

�s�t�?�5�6�N�6�ã�ä�6�O�A�?�D�6
k�¾�N�6�:�ä�:
F�…�s�T 
E �U�; 
E �Ú�:�P�; 
E �à�;
o�ä  

 
 

 
 

(42) 

Case 3: If  �N�4 
L �r�á�N�t 
O �r�á �N�v 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�:�¾
F�N�6���æ�;�ä 
 

(43) 

When ���?�t 
L �s���ƒ�•�†���V 
L
F�?�s�T
E�?�t�U
�?�t

. We have singular periodic solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L 
�5

�Ö�-�. ���Ô�:�ç�;

k
F�v�?�5�8�N�6�ã�ä�7�=�:�P�; 
E�ä�?�:�P�; 
E �?�5�Ú�ñ�:�P�;
o
E

�s�t�?�5�6�N�6�ã�ä�6�O�A�?�6
k�¾
F�N�6�:�ä�:
F�?�s�T 
E �U�; 
E �Ú�:�P�; 
E �à�;
o�ä 

 
 

 
 

 (44) 

Result (4): 

�N�6 
L �å�/
�u
E�z�å�-�å�0�t

�v�å�/ �å�0
 �á�Ù�:�P�; 
L �ä�á �>�:�P�; 
L �ã�=�:�P�;�á 

�#�6�:�V�á �P�; 
L 
F�s�t�?�s�t�N�v�ã�ä�t�á�� �#�5�:�V�á �P�; 
L 
F�x�?�s�t�N�u�ã�ä�t, and 

�#�4�:�V�á �P�; 
L 
F
�5

�8�å�/ �å�0

k�?�s�t�:�N�7�7 
E�u�t�N�5�N�8�6�;�ã�ä�6
o
E 

�5

�Ö�-�. �� �=�:�P�;
��
k�ä�?�:�P�; 
E �?�5�Ú�ñ�:�P�;
o�ä 

 

 
 

 
 

 
 

 

(45) 

Case 1: If  �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �z 
F �I�6�á �N�7 
L �t�:�I �6 
F �v�;�á �N�8 
L �t�:�t 
F �I �6�;�á Eq. (23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�O�J�:�æ�á �I�; 
E�?�J�:�æ�á �I�;
�ä 

 

(46) 

When �I 
L �r�á �?�6 
L �s���ƒ�•�†���V 
L
�?�Ö�-�ë�>�Ö�. �ì

�Ö�.
. We have singular periodic solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L 
F�t�r�?�5�6�ã�ä�6 
E
�5

�Ö�-�. ���Ô�:�ç�;

k�ä�?�:�P�; 
E �?�5�Ú�ñ�:�P�;
o
E

�8�<�Ö�-
�. ���� �. �æ�Ü�á�:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;

�Ö�â�æ�:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;�>�æ�Ü�á�:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;

F

�8�<�Ö�-
�. ���� �. �æ�Ü�á�. �:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;


k�Ö�â�æ�:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;�>�æ�Ü�á�:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;
o
�.�ä  

 
 

 
(47) 

Case 2: If  �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �w 
F �x�I 
F �I�6�á �N�7 
L �t�:�I �6 
E �x�I 
F �s�;�á �N�8 
L �I �:�v�I �6 
E �y�I 
F �t�;�á Eq. 
(23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�s 
E�O�J�:�æ�á �I�; 
E �I���O�J�6�:�æ�á �I�;
�ä 

 

 

(48) 
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When �I 
L �s�á �?�6 
L �s���ƒ�•�†���V 
L
�?�Ö�-�ë�>�Ö�. �ì

�Ö�.
. We have kink-like solitary wave solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L �t�r�?�5�6�ã�ä�6 
E
�5

�Ö�-�. ���Ô�:�ç�;

k�ä�?�:�P�; 
E �?�5�Ú�ñ�:�P�;
o
F

�;�6�Ö�-
�. ���� �. �ç�Ô�á�Û�:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;

�5�>�ç�Ô�á�Û�:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;�>�ç�Ô�á�Û�. �:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;

F

�5�4�<�Ö�-
�. ���� �. �ç�Ô�á�Û�. �:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;


k�5�>�ç�Ô�á�Û�:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;�>�ç�Ô�á�Û�. �:�� �:�?�Ö�5�ë�>�ì�;�>�	 �:�ç�;�>���;
o
�.���ä  

 
 
 
 

 

(49) 

4.2 Exact Solutions of Equation (17) 

Following the same procedures described in the previous subsection, in this case four results were 

obtained. Result (1 and 3) produced a dark, bright and singular periodic solutions, and results (2 

and 4) produced a singular periodic and kink-like solitary wave solutions. Each result is presented 

as follows: 

Result (1): 
�N�5 
L �N�7 
L �r �á �Ù�:�P�; 
L �é��, ���B�6�:�P�; 
L �ä���á �ð 
L

�ë

�Ù�-�:�ç�;
�á �=�:�P�; 
L

�5

��
�B�5

�ñ�:�P�;�á 

�>�:�P�; 
L �ã���B�5�:�P�;���B�5
�ñ�:�P�;�á �#�5�:�V�á �P�; 
L �r�á �#�6�:�V�á �P�; 
L 
F

�5

�Ù�-�:�ç�;
�:�s�t�?�5

�6�N�8�ã�ä�é�6�;, and 

�#�4�:�V�á �P�; 
L 
�5

���Ö�-
�. �Ù�-�:�ç�;�Ù�-

�ò�:�ç�;

l���ä �@�é�?�:�P�;�B�5

�7�:�P�; 
F �v�?�5�8�N�6�ã�é�7���B�5
�ñ�:�P�; 
E �?�5�B�5

�6�:�P�;
k�V�Ù�ñ�:�P�; 
E

�Ú�ñ�:�P�;
o�A
p�ä 

 
 

 
 

 
 
 

 
 

(50) 

Where�á�é�á �ä���=�J�@���ã���ƒ�”�‡���ƒ�•���‹�•�–�‡�‰�”�ƒ�–�‹�‘�•���…�‘�•�•�–�ƒ�•�–�•�ä 

Case 1: If  �N�4 
L
�å�t

�t��

�v�N�v
�á�N�t 
O �r�á �N�v 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�6�å�0

 �P�=�J�D
l
§
�?�å�.
�6

���æ
p�ä 
 

(51) 

When �V 
L �U 
F
�?�s�ë

�B�s�:�P�;
. We have dark solution 

�Q�:�T�á �U�á �P�; 
L �ð�B�6�:�P�; 
E �R�:�V�á �P�; 
L 
���ë

�Ù�-�:�ç�;

E

�5

�Ö�-�. ���Ù�-�:�ç�;�Ù�-
�ò�:�ç�;


l�ä �@�é�?�:�P�;�B�5
�7�:�P�; 
F �v�?�5�8�N�6�ã�é�7�B�5

�ñ�:�P�; 
E

�?�5�B�5
�6�:�P�;�Ú�ñ�:�P�;�A
p 
E

�:�Ö�-
�. �å�. ���� �� �.

�Ù�-�:�ç�;
�P�=�J�D�6
m
§

�?�å�.
�6

�@�é �@�U 
F
�Ö�-�ë

�Ù�-�:�ç�;
�A 
E �Ú�:�P�; 
E �à�A
q�ä  

 
 

 
 

 

(52) 

Case 2: If  �N�4 
L �r�á�N�v 
O �r�á �N�t 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�D�:�¾���N�6���æ�;�ä 
 

 

(53) 

When �V 
L �U 
F
�?�s�ë

�B�s�:�P�;
. We have bright solution 

�Q�:�T�á �U�á �P�; 
L �ð�B�6�:�P�; 
E �R�:�V�á �P�; 
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L
�ä�T

�B�5�:�P�;

E

�s

�?�5�6�é�B�5�:�P�;�B�5
�ñ�:�P�;


l�ä �@�é�?�:�P�;�B�5
�7�:�P�; 
F �v�?�5�8�N�6�ã�é�7�B�5

�ñ�:�P�; 
E �?�5�B�5
�6�:�P�;�Ú�ñ�:�P�;�A
p


E
�s�t�?�5�6�N�6�ã�ä�é�6

�B�5�:�P�;
�O�A�?�D�6
m
¥�N�6
l�é 
l�U 
F

�?�5�T
�B�5�:�P�;


p 
E �Ú�:�P�; 
E �à
p
q�ä 

 
 
 

 

(54) 

Case 3: If  �N�4 
L �r�á�N�t 
O �r�á �N�v 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�:�¾
F�N�6���æ�;�ä 
 

(55) 

When ���V 
L �U 
F�Ö�-�T
�Ù�-�:�ç�;

. We have singular periodic solution 

�Q�:�T�á �U�á �P�; 
L �ð�B�6�:�P�; 
E �R�:�V�á �P�; 
L 
���ë

�Ù�-�:�ç�;

E

�5

�Ö�-�. ���Ù�-�:�ç�;�Ù�-
�ò�:�ç�;


l�ä �@�é�?�:�P�;�B�5
�7�:�P�; 
F �v�?�5�8�N�6�ã�é�7�B�5

�ñ�:�P�; 
E

�?�5�B�5
�6�:�P�;�Ú�ñ�:�P�;�A
p 
E

�5�6�Ö�-
�. �å�. ���� �� �.

�Ù�-�:�ç�;
�O�A�?�6�F�¾
F�N�6�@�é �@�U 
F

�Ö�-�ë

�Ù�-�:�ç�;
�A 
E �Ú�:�P�; 
E �à�A�G�ä 

 
 

 
 

 

 (55) 

Result (2):  

�N�6 
L �å�/
�u
E�z�å�-�å�0�t

�v�å�/ �å�0
 �á �Ù�:�P�; 
L �é��, ���B�6�:�P�; 
L �ä���á �ð 
L

�ë

�Ù�-�:�ç�;
�á �=�:�P�; 
L

�5

��
�B�5

�ñ�:�P�;�á 

�>�:�P�; 
L �ã���B�5�:�P�;���B�5
�ñ�:�P�;�á �#�5�:�V�á �P�; 
L 
F

�5

�Ù�-�:�ç�;
�:�x�?�5

�6�N�7�ã�ä�é�6�;�á �#�6�:�V�á �P�; 
L 
F
�5

�Ù�-�:�ç�;
�:�s�t�?�5

�6�N�8�ã�ä�é�6�;, 

and 

�#�4�:�V�á �P�; 
L 
F
�5

�8�N�u�N�v�Ù�-�:�ç�;
�:�?�s�6�:�N�u�7 
E�u�t�N�s�N�v�6�;�ã�ä�é�6�; 
E

�5

�?�s�. ���Ù�-
�ò�:�ç�;

�@�ä�?�:�P�;�B�5
�6�:�P�;�A 
E

�5

�?�s�����Ù�-
�ò�:�ç�;


k�ä�B�5�:�P�;�Ú�ñ�:�P�;
o�ä 

 

 
 

 
 

 
 
 

 
 

 
(56) 

Case 1: If  �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �z 
F �I�6�á �N�7 
L �t�:�I �6 
F �v�;�á �N�8 
L �t�:�t 
F �I �6�;�á Eq. (23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�O�J�:�æ�á �I�; 
E�?�J�:�æ�á �I�;
�ä 

 

(57) 

When �I 
L �r�á �V 
L �U 
F
�?�s�ë

�B�s�:�P�;
. We have singular periodic solution 

�Q�:�T�á �U�á �P�; 
L �ð�B�6�:�P�; 
E �R�:�V�á �P�; 
L 
���ë

�Ù�-�:�ç�;

F

�6�4�Ö�-
�. ���� �� �.

�Ù�-�:�ç�;

E

���Ö�:�ç�;�Ù�-
�. �:�ç�;

�Ö�-�. �Ù�-
�ò�:�ç�;


E
���Ù�-�:�ç�;�	

�ò�:�ç�;

�Ö�-���Ù�-
�ò�:�ç�;


E

�8�<�Ö�-
�. ���� �� �. �æ�Ü�á�@���@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A�>�	�:�ç�;�>���A

�Ù�-�:�ç�;�F�Ö�â�æ�@���@�ì�?
�Î�-�ã

�Ñ�-�:�ß�;
�A�>�	�:�ç�;�>���A�>�æ�Ü�á�@���@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A�>�	�:�ç�;�>���A�G

F

�8�<�Ö�5�. ���� �� �. �æ�Ü�á�. �@���@�ì�?
�Î�-�ã

�Ñ�-�:�ß�;
�A�>�	�:�ç�;�>���A

�Ù�-�:�ç�;�F�Ö�â�æ�@���@�ì�?
�Î�-�ã

�Ñ�-�:�ß�;
�A�>�	�:�ç�;�>���A�>�æ�Ü�á�@���@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A�>�	�:�ç�;�>���A�G
�.�ä  

 
 

 
 
 
 

 
 

(58) 

Case 2: If �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �w 
F �x�I 
F �I�6�á �N�7 
L �t�:�I �6 
E �x�I 
F �s�;�á �N�8 
L �I �:�v�I �6 
E �y�I 
F �t�;�á Eq. 
(23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�s 
E�O�J�:�æ�á �I�; 
E �I���O�J�6�:�æ�á �I�;
�ä 

 

 

(59) 

When �I 
L �s�á �V 
L �U 
F
�?�s�ë

�B�s�:�P�;
. We have kink-like solitary wave solution 
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�Q�:�T�á �U�á �P�; 
L �ð�B�t�:�P�; 
E �R�:�V�á �P�; 
L ���ë

�Ù�-�:�ç�;

E

�6�4�Ö�-
�. ���� �� �.

�Ù�-�:�ç�;

E

���Ö�:�ç�;�Ù�-
�. �:�ç�;

�Ö�-�. �Ù�-
�ò�:�ç�;


E
���Ù�-�:�ç�;�	

�ò�:�ç�;

�Ö�-���Ù�-
�ò�:�ç�;


F

�;�6�Ö�-
�. ���� �� �. �ç�Ô�á�Û�@���@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A�>�	�:�ç�;�>���A

�Ù�-�:�ç�;�F�5�>�ç�Ô�á�Û�@���@�ì�?
�Î�-�ã

�Ñ�-�:�ß�;
�A�>�	�:�ç�;�>���A�>�ç�Ô�á�Û�. �@���@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A�>�	�:�ç�;�>���A�G

F

�5�4�<�Ö�-
�. ���� �� �. �ç�Ô�á�Û�. �@���@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A�>�	�:�ç�;�>���A

�Ù�-�:�ç�;�F�5�>�ç�Ô�á�Û�@���@�ì�?
�Î�-�ã

�Ñ�-�:�ß�;
�A�>�	�:�ç�;�>���A�>�ç�Ô�á�Û�. �@���@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A�>�	�:�ç�;�>���A�G
�.�ä  

 
 
 
 

 
(60) 

Result (3): 

�N�5 
L �N�7 
L �r�����á �=�:�P�; 
L 
�Ù�-

�ò�:�ç�;

�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o
�.���á ���B�6�:�P�; 
L �â
k�@�6 
E �@�5�B�5�:�P�;
o

�6
�á�� 

�ð 
L
�T

�B�5�:�P�;
�á �Ù�:�P�; 
L �@�6 
E �@�5�B�5�:�P�;�á �>�:�P�; 
L

�Û�B�5�:�P�;�B�5
�ñ�:�P�;


k�@�6 
E �@�5�B�5�:�P�;
o
�7�á 

���#�5�:�V�á �P�; 
L �r�á �#�6�:�V�á �P�; 
L 
F
�5

�Ù�-�:�ç�;
�� �@�s�t�Û�â�?�5

�6�N�8
k�@�6 
E �@�5�B�5�:�P�;
o�A�á and 

�#�4�:�V�á �P�; 
L 
�5

�Ö�-�. �Ù�-�:�ç�;�Ù�-
�ò�:�ç�;


m�â
k�@�6 
E �@�5�B�5�:�P�;
o �F
F�v�?�5
�8�N�6�Û�B�5

�ñ�:�P�; 
E �B�5
�6�:�P�;
l�?�:�P�;�B�s�:�P�;
k�@�6 
E

�@�5�B�5�:�P�;
o 
E �?�5�@�@�5�V�B�5
�ñ�:�P�; 
E �Ú�ñ�:�P�;�A
p�G
q�ä  

 
 
 
 
 
 
 
 
 
 

(61) 

Where�á�â�á �@�s���=�J�@���@�t���ƒ�”�‡���ƒ�•���‹�•�–�‡�‰�”�ƒ�–�‹�‘�•���…�‘�•�•�–�ƒ�•�–�•�ä 

Case 1: If  �N�4 
L
�å�t

�t��

�v�N�v
�á�N�t 
O �r�á �N�v 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�6�å�0

 �P�=�J�D
l
§
�?�å�.
�6

���æ
p�ä 
 

(62) 

When �V 
L �U 
F
�?�s�ë

�B�s�:�P�;
. We have dark solution 

�Q�:�T�á �U�á �P�; 
L �ð�B�6�:�P�; 
E �R�:�V�á �P�; 
L  
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o

�Ö�-�. �Ù�-�:�ç�;�Ù�-
�ò�:�ç�;


l�?�:�P�;�B�5
�7�:�P�;
k�@�6 
E �@�5�B�5�:�P�;
o
E �?�5�B�5

�ñ�:�P�;�@�?�5�@�6�T 
F

�v�?�5�7�N�6�Û 
E �@�5�U�B�5
�6�:�P�;�A 
E �?�5�B�5

�6�:�P�;�Ú�ñ�:�P�;
p 
E
�:�Ö�-

�. �å�. �
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o

�Ù�-�:�ç�;
�P�=�J�D�6
m
§

�?�å�.
�6

�F�@�U 
F

�Ö�-�ë

�Ù�-�:�ç�;
�A
k�@�6 
E �@�5�B�5�:�P�;
o
E �Ú�:�P�; 
E �à�G
q�ä 

 
 

 
 
 
 

 
(63) 

Case 2: If  �N�4 
L �r�á�N�v 
O �r�á �N�t 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�D�:�¾���N�6���æ�;�ä 
 

 

(64) 

When �V 
L �U 
F
�?�s�ë

�B�s�:�P�;
. We have bright solution 
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�Q�:�T�á �U�á �P�; 
L �ð�B�6�:�P�; 
E �R�:�V�á �P�; 
L
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o

�Ö�-�. �Ù�-�:�ç�;�Ù�-
�ò�:�ç�;


l�?�:�P�;�B�5
�7�:�P�;
k�@�6 
E �@�5�B�5�:�P�;
o
E �?�5�B�5

�ñ�:�P�;�@�?�5�@�6�T 
F

�v�?�5�7�N�6�Û 
E �@�5�U�B�5
�6�:�P�;�A 
E �?�5�B�5

�6�:�P�;�Ú�ñ�:�P�;
p 
E
�5�6�Ö�-

�. �å�. �
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o

�Ù�-�:�ç�;
�O�A�?�D�6
m�¾�N�6�F�@�U 
F

�Ö�-�ë

�Ù�-�:�ç�;
�A
k�@�6 
E

�@�5�B�5�:�P�;
o
E �Ú�:�P�; 
E �à�G
q�ä  

 
 

 
 
 
 
 
 
 

(65) 

Case 3: If  �N�4 
L �r�á�N�t 
O �r�á �N�v 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�:�¾
F�N�6���æ�;�ä 
 

(66) 

When ���V 
L �U 
F�Ö�-�T
�Ù�-�:�ç�;

. We have singular periodic solution 

�Q�:�T�á �U�á �P�; 
L �ð�B�6�:�P�; 
E �R�:�V�á �P�; 
L 
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o

�Ö�-�. �Ù�-�:�ç�;�Ù�-
�ò�:�ç�;


l�?�:�P�;�B�5
�7�:�P�;
k�@�6 
E �@�5�B�5�:�P�;
o
E �?�5�B�5

�ñ�:�P�;�@�?�5�@�6�T 
F

�v�?�5�7�N�6�Û 
E �@�5�U�B�5
�6�:�P�;�A 
E �?�5�B�5

�6�:�P�;�Ú�ñ�:�P�;
p 
E
�5�6�Ö�-

�. �å�. �
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o

�Ù�-�:�ç�;
�O�A�?�6
m�¾
F�N�6�F�@�U 
F

�Ö�-�ë

�Ù�-�:�ç�;
�A
k�@�6 
E �@�5�B�5�:�P�;
o
E �Ú�:�P�; 
E �à�G
q�ä  

 
 

 
 
 
 
 

 

 (67) 

Result (4): 

�N�6 
L �å�/
�u
E�z�å�-�å�0�t

�v�å�/ �å�0
���á �=�:�P�; 
L 

�Ù�-
�ò�:�ç�;

�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o
�.���á ���B�6�:�P�; 
L �â
k�@�6 
E �@�5�B�5�:�P�;
o

�6
�á�� 

�ð 
L
�T

�B�5�:�P�;
�á �Ù�:�P�; 
L �@�6 
E �@�5�B�5�:�P�;�á �>�:�P�; 
L

�Û�B�5�:�P�;�B�5
�ñ�:�P�;


k�@�6 
E �@�5�B�5�:�P�;
o
�7�á 

���#�5�:�V�á �P�; 
L 
F
�5

�Ù�-�:�ç�;
�� �@�x�Û�â�?�5

�6�N�7
k�@�6 
E �@�5�B�5�:�P�;
o�A �á �#�6�:�V�á �P�; 
L 
F
�5

�Ù�-�:�ç�;
�� �@�s�t�Û�â�?�5

�6�N�8
k�@�6 
E

�@�5�B�5�:�P�;
o�A�á and 

�#�4�:�V�á �P�; 
L 
�5

�8�N�u�N�v�Ö�-
�. �Ù�-�:�ç�;�Ù�-

�ò�:�ç�;
 �F�â
k�@�6 
E �@�5�B�5�:�P�;
o
l�v�N�u�N�v�?�:�P�;�B�5

�7�:�P�;
k�@�6 
E �@�5�B�5�:�P�;
o 
F

�@�?�s�8�:�N�u�7 
E�u�t�N�s�N�v�6�;�Û 
F �v�?�s�@�5�N�u�N�v�V�B�5
�6�:�P�;�A �B�5

�ñ�:�P�; 
E �v�?�s�N�u�N�v�B�5
�6�:�P�;�Ú�ñ�:�P�;
p�G�ä 

 
 
 
 
 
 
 
 
 
 

 
(68) 

Case 1: If  �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �z 
F �I�6�á �N�7 
L �t�:�I �6 
F �v�;�á �N�8 
L �t�:�t 
F �I �6�;�á Eq. (23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�O�J�:�æ�á �I�; 
E�?�J�:�æ�á �I�;
�ä 

 

(69) 

When �I 
L �r�á �V 
L �U 
F
�?�s�ë

�B�s�:�P�;
. We have singular periodic solution 
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�Q�:�T�á �U�á �P�; 
L �ð�B�6�:�P�; 
E �R�:�V�á �P�; 
L 
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o

�Ö�-�. �Ù�-�:�ç�;�Ù�-
�ò�:�ç�;


l�?�:�P�;�B�5
�7�:�P�;
k�@�6 
E �@�5�B�5�:�P�;
o
E �?�5�B�5

�ñ�:�P�;�@�?�5�@�6�T 
F

�t�r�?�5�7�Û 
E �@�5�U�B�5
�6�:�P�;�A 
E �?�5�B�5

�6�:�P�;�Ú�ñ�:�P�;
p 
E

�8�<�Ö�-
�. �
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o�æ�Ü�á�F�@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	�:�ç�;�>���G

�Ù�-�:�ç�;
m�Ö�â�æ�F�@�ì�?
�Î�-�ã

�Ñ�-�:�ß�;
�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	�:�ç�;�>���G�>�æ�Ü�á�F�@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	 �:�ç�;�>���G
q


F

�8�<�Ö�-
�. �
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o�æ�Ü�á�. �F�@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	�:�ç�;�>���G

�Ù�-�:�ç�;
m�Ö�â�æ�F�@�ì�?
�Î�-�ã

�Ñ�-�:�ß�;
�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	�:�ç�;�>���G�>�æ�Ü�á�F�@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	 �:�ç�;�>���G
q

�.�ä  
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Case 2: If  �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �w 
F �x�I 
F �I�6�á �N�7 
L �t�:�I �6 
E �x�I 
F �s�;�á �N�8 
L �I �:�v�I �6 
E �y�I 
F �t�;�á Eq. 
(23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�s 
E�O�J�:�æ�á �I�; 
E �I���O�J�6�:�æ�á �I�;
�ä 

 

 

(71) 

When �I 
L �s�á �V 
L �U 
F
�?�s�ë

�B�s�:�P�;
. We have kink-like solitary wave solution 

�Q�:�T�á �U�á �P�; 
L �ð�B�t�:�P�; 
E �R�:�V�á �P�; 
L �� 
k�×�. �>�×�-�Ù�-�:�ç�;
o

�Ö�-�. �Ù�-�:�ç�;�Ù�-
�ò�:�ç�;


l�?�:�P�;�B�5
�7�:�P�;
k�@�6 
E �@�5�B�5�:�P�;
o
E

�?�5�B�5
�ñ�:�P�;�@�?�5�@�6�T 
E�t�r�?�5�7�Û 
E �@�5�U�B�5

�6�:�P�;�A 
E �?�5�B�5
�6�:�P�;�Ú�ñ�:�P�;
p 
F

�;�6�Ö�-
�. �
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o�ç�Ô�á�Û�F�@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	�:�ç�;�>���G

�Ù�-�:�ç�;
m�5�>�ç�Ô�á�Û�F�@�ì�?
�Î�-�ã

�Ñ�-�:�ß�;
�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	�:�ç�;�>���G�>�ç�Ô�á�Û�. �F�@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	�:�ç�;�>���G
q


F

�5�4�<�Ö�-
�. �
�� 
k�×�. �>�×�-�Ù�-�:�ç�;
o�ç�Ô�á�Û�. �F�@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	 �:�ç�;�>���G

�Ù�-�:�ç�;
m�5�>�ç�Ô�á�Û�F�@�ì�?
�Î�-�ã

�Ñ�-�:�ß�;
�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	�:�ç�;�>���G�>�ç�Ô�á�Û�. �F�@�ì�?

�Î�-�ã
�Ñ�-�:�ß�;

�A
k�×�. �>�×�-�Ù�-�:�ç�;
o�>�	�:�ç�;�>���G
q

�.�ä  

 
 
 
 

 
 

 
(72) 

4.3 Exact Solutions of Equation (20) 

In this case, two results were obtained. Result (1) produced a double- dark soliton, M-shaped bright 

soliton and singular periodic solutions, and result (2) produced a singular periodic and double-dark 

soliton solutions. Each result is presented as follows: 

Result (1): 

�N�5 
L �N�7 
L �r���� �á �Ù�:�P�; 
L �ß�á �>�:�P�; 
L 
���Ô�:�ç�;


¥�Ù�-�:�ç�;
�á �?�:�P�; 
L

�Ù�-
�ò�:�ç�;

�6�?�s
�á 

�#�6�:�V�á �P�; 
L 
F
�5�6�å�0���� �.


¥�Ù�-�:�ç�;
���á �#�5�:�V�á �P�; 
L  �r���á and 

�#�4�:�V�á �P�; 
L 
F
�5


§�B�s�:�P�;
�:�v�N�t�ß�6�å�; 
E

�5

�<�?�s�Ô�:�P�;�B�s
�t�:�P�;

�@�:�s 
F �z�?�s�?�t�;�B�s
�"�:�P�;�A 
E

�5

���Ô�:�P�;

k�Ú�ñ�:�P�;
o���ä 

 
 

 
 

 
 
 
 

(73) 

Where�á�ß���=�J�@���å���ƒ�”�‡���ƒ�•���‹�•�–�‡�‰�”�ƒ�–�‹�‘�•���…�‘�•�•�–�ƒ�•�–�•�ä 

Case 1: If  �N�4 
L
�å�t

�t��

�v�N�v
�á�N�t 
O �r�á �N�v 
P �r�á Eq. (23) has the solution 
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�ñ�:�æ�; 
L 
§
�?�å�.
�6�å�0

 �P�=�J�D
l
§
�?�å�.
�6

���æ
p�ä 
 

(74) 

When �V 
L
�Ö�-�ì �. �?�6�ë�B�s�:�P�;
E�t�Ö�. �>�ì

�6�B�s�:�P�;
. We have double-dark soliton solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L
�Ú�"�:�ç�;
�ß�=�:�ç�;


E �B�s
�"�:�ç�;

�z�?�s�=�:�ç�;�B�s
�t�:�ç�;


F �?�t�B�s
�"�:�ç�;

�=�:�ç�;�B�s
�t�:�ç�;


F �v�ß�t�å�N�t


§�B�s�:�ç�;

E

�x�ß�t�å�N�t


§�B�s�:�ç�;
�P�=�J�D�t


m
§

F�N�t

�t

l
F�ß�T
E�ß
k�t�?�t
E�U
E�?�s�U�t
o

�t�B�s�:�ç�;

E �Ú�:�P�; 
E �à
p
q�ä  

 
 

 
 

 
(75) 

Case 2: If  �N�4 
L �r�á�N�v 
O �r�á �N�t 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�D�:�¾���N�6���æ�;�ä 
 

 

(76) 

When �V 
L
�Ö�-�ì �. �?�6�ë�B�s�:�P�;
E�t�Ö�. �>�ì

�6�B�s�:�P�;
. We have M-shaped bright soliton solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L 
F�v�ß�t�å�N�t


§�B�s�:�ç�;

E �Ú�"�:�ç�;

�ß�=�:�ç�;

E �B�s

�"�:�ç�;

�z�?�s�=�:�ç�;�B�s
�t�:�ç�;


F �?�t�B�s
�"�:�ç�;

�=�:�ç�;�B�s
�t�:�ç�;


E

�s�t�ß�t�å�N�t


§�B�s�:�ç�;
�O�A�?�D�t

�F�¾�N�t 
l
F�ß�T
E�ß
k�t�?�t
E�U
E�?�s�U�t
o
�t�B�s�:�ç�;


E �Ú�:�P�; 
E �à
p�G�ä  

 
 

 
 

 
(77) 

Case 3: If  �N�4 
L �r�á�N�t 
O �r�á �N�v 
P �r�á Eq. (23) has the solution 

�ñ�:�æ�; 
L 
§
�?�å�.
�å�0

 �O�A�?�:�¾
F�N�6���æ�;�ä 
 

(78) 

When ���V 
L�?�s�U
�t
F�t�T�Ù�-�:�ç�;�>�6�?�t
E�U

�t�Ù�-�:�ç�;
. We have singular periodic solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L 
F�v�ß�t�å�N�t


§�B�s�:�ç�;

E�Ú�"�:�ç�;

�=�ß

E �B�s

�"�:�ç�;

�z�?�s�=�:�ç�;�B�s
�t�:�ç�;


F �?�t�B�s
�"�:�ç�;

�=�:�ç�;�B�s
�t�:�ç�;


E

�s�t�ß�t�å�N�t


§�B�s�:�ç�;
�O�A�?�t �F�¾
F�N�t 
l
F�ß�T
E�ß
k�t�?�t
E�U
E�?�s�U�t
o

�t�B�s�:�ç�;

E �Ú�:�P�; 
E �à
p�G�ä  

 
 

 
 

 
  
(79) 

Result (2): 

�N�6 
L �å�/
�u
E�z�å�-�å�0�t

�v�å�/ �å�0
���� �á �Ù�:�P�; 
L �ß�á �>�:�P�; 
L 

���Ô�:�ç�;


¥�Ù�-�:�ç�;
�á �?�:�P�; 
L

�Ù�-
�ò�:�ç�;

�6�?�s
�á 

�#�6�:�V�á �P�; 
L 
F
�5�6�å�0���� �.


¥�Ù�-�:�ç�;
���á �#�5�:�V�á �P�; 
L  
F

�:�å�/ ���� �.


¥�Ù�-�:�ç�;
���á and 

�#�4�:�V�á �P�; 
L 
F
�5

�8�N�v��
§�B�s�:�P�;
�:�N�u�6�ß�6�å�; 
F

�5

�N�u��
§�B�s�:�P�;
�:�z�N�s�N�v�ß�6�å�; 
E

�5

�<�?�s�Ô�:�P�;�B�s
�. �:�ç�;

�@�B�s
�"�:�P�;�A 
F

�5

�Ô�:�P�;�B�s
�. �:�ç�;

�@�?�t�B�s
�"�:�P�;�A 
E

�5

���Ô�:�P�;

k�Ú�ñ�:�P�;
o�ä 

���ä 

 
 

 
 

 
 
 
 

 
 
(80) 

Case 1: If  �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �z 
F �I�6�á �N�7 
L �t�:�I �6 
F �v�;�á �N�8 
L �t�:�t 
F �I �6�;�á Eq. (23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�O�J�:�æ�á �I�; 
E�?�J�:�æ�á �I�;
�ä 

 

(81) 
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When �I 
L �r�á �V 
L
�Ö�-�ì �. �?�6�ë�B�s�:�P�;
E�t�Ö�. �>�ì

�6�B�s�:�P�;
. We have singular periodic solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L 
�	 �ò�:�P�;

���Ô�:�P�;

E

�Ù�-
�ò�:�P�;

�<�Ö�-�Ô�:�P�;�Ù�-
�. �:�P�;


F
�Ö�. �Ù�-

�ò�:�P�;

�Ô�:�P�;�Ù�-
�. �:�P�;


F
�6�4�� �. ��


¥�Ù�-�:�P�;�L�Ö�â�æ�F

� �@�.�Î�. �6�ä�6�Î�-�ä�. �7�.�ã�Ñ�-�:�P�;�A

�.�Ñ�-�:�P�;
�>�	 �:�P�;�>���G�>�æ�Ü�á�F


� �@�.�Î�. �6�ä�6�Î�-�ä�. �7�.�ã�Ñ�-�:�P�;�A

�.�Ñ�-�:�P�;
�>�	 �:�P�;�>���G�M

�. 
E

�8���. ���æ�Ü�á
l�?�6���ë�>

�
k�.�Î�. �6�ä�6�Î�-�ä

�. 
o
�Ñ�-�:�P�;

�>�6�	�:�P�;�>�6��
p


¥�Ù�-�:�P�;�L�Ö�â�æ�F

� �@�.�Î�. �6�ä�6�Î�-�ä�. �7�.�ã�Ñ�-�:�P�;�A

�.�Ñ�-�:�P�;
�>�	 �:�P�;�>���G�>�æ�Ü�á�F


� �@�.�Î�. �6�ä�6�Î�-�ä�. �7�.�ã�Ñ�-�:�P�;�A

�.�Ñ�-�:�P�;
�>�	 �:�P�;�>���G�M

�. .  

 
 

 
 
 
 

 
 

 
(82) 

Case 2: If  �N�4 
L �s�á �N�5 
L 
F�v�á �N�6 
L �w 
F �x�I 
F �I�6�á �N�7 
L �t�:�I �6 
E �x�I 
F �s�;�á �N�8 
L �I �:�v�I �6 
E �y�I 
F �t�;�á Eq. 
(23) has the solution 

�ñ�:�æ�; 
L
�O�J�:�æ�á �I�;

�s 
E�O�J�:�æ�á �I�; 
E �I���O�J�6�:�æ�á �I�;
�ä 

 

 

(83) 

When �I 
L �s�á �V 
L
�Ö�-�ì �. �?�6�ë�B�s�:�P�;
E�t�Ö�. �>�ì

�6�B�s�:�P�;
. We have double-dark soliton solution 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 
L 
�6�4�� �. ��


¥�Ù�-�:�ç�;

E

�	 �ò�:�ç�;

���Ô�:�ç�;

E

�Ù�-
�ò�:�ç�;

�<�Ö�-�Ô�:�ç�;�Ù�-
�. �:�ç�;


F
�Ö�. �Ù�-

�ò�:�ç�;

�Ô�:�ç�;�Ù�-
�. �:�ç�;


F

�;�6�� �. ���ç�Ô�á�Û�F

��@�.�Î�. �6�ä�6�Î�-�ä

�. �7�.�ã�Ñ�-�:�ß�;�A

�.�Ñ�-�:�ß�;
�>�	 �:�ç�;�>���G


¥�Ù�-�:�ç�;�L�5�>�ç�Ô�á�Û�F

��@�.�Î�. �6�ä�6�Î�-�ä�. �7�.�ã�Ñ�-�:�ß�;�A

�.�Ñ�-�:�ß�;
�>�	 �:�ç�;�>���G�>�ç�Ô�á�Û�. �F


��@�.�Î�. �6�ä�6�Î�-�ä�. �7�.�ã�Ñ�-�:�ß�;�A

�.�Ñ�-�:�ß�;
�>�	 �:�ç�;�>���G�M


F

�5�4�<�� �. ���ç�Ô�á�Û�. �F

��@�.�Î�. �6�ä�6�Î�-�ä

�. �7�.�ã�Ñ�-�:�ß�;�A

�.�Ñ�-�:�ß�;
�>�	�:�ç�;�>���G


¥�Ù�-�:�ç�;�L�5�>�ç�Ô�á�Û�F

��@�.�Î�. �6�ä�6�Î�-�ä�. �7�.�ã�Ñ�-�:�ß�;�A

�.�Ñ�-�:�ß�;
�>�	 �:�ç�;�>���G�>�ç�Ô�á�Û�. �F


��@�.�Î�. �6�ä�6�Î�-�ä�. �7�.�ã�Ñ�-�:�ß�;�A

�.�Ñ�-�:�ß�;
�>�	 �:�ç�;�>���G�M

�.�ä  

 
 
 
 

 
 
 
(84) 

The analytical procedure developed in this study leads naturally to a number of admissible cases 
for the variable coefficients �=�:�P�;�á �>�:�P�;, and �?�:�P�;�á as summarized in Table 1. These cases are not 
obtained through a separate classification procedure; rather, they emerge progressively during the 
analytical treatment. The Lie symmetry determining equations impose certain constraints on the 
variable coefficients, while additional restrictions may arise from the compatibility conditions 
obtained through the GEM. Their combination leads to the admissible coefficient regimes and 
corresponding group-invariant reductions listed in Table (1). 

Table (1). Admissible variable-coefficient regimes and corresponding group-invariant reductions. 

Case �‡�:�š�; �‰�:�š�; �ˆ�:�š�; Generator Group invariant solution 

1 �Ê �Ê 
�é�=�:�P�;
k�@�5

F �ì �=�:�P�;�@�P
o 

�: �5 
�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�;�á 

�V 
L 
F�?�5�T 
E �U 

2 �Ê �Ê �ã�=�:�P�; �: �5 
�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�;�á 

�V 
L 
F�?�5�T 
E �U 



16 
 

3 
�s
�ä

�B�5
�ñ�:�P�; �Ê �Ê �: �6 

�V 
L �U 
F
�?�5�T

�B�5�:�P�;
�á 

�ð 
L
�T

�B�5�:�P�;
���á 

�Q�:�T�á �U�á �P�; 
L �B�6�:�P�;�ð 
E �R�:�V�á �P�; 

4 
�B�5

�ñ�:�P�;

�â
k�@�6 
E �@�5�B�5�:�P�;
o
�6 �Ê 

�Û�B�5�:�P�;�B�5
�ñ�:�P�;


k�@�6 
E �@�5�B�5�:�P�;
o
�7 �: �6 

�V 
L �U 
F
�?�5�T

�B�5�:�P�;
�á 

�ð 
L
�T

�B�5�:�P�;
���á 

�Q�:�T�á �U�á �P�; 
L �B�6�:�P�;�ð 
E �R�:�V�á �P�; 

5 �Ê 
�B�5

�ñ�:�P�;

�t�?�s
 

�å�=�:�P�;


¥�B�5�:�P�;
 �: �7 

�V


L
�?�5�U�6 
F �t�T�B�5�:�P�; 
E �t�?�6 
E �U

�t�B�5�:�P�;
�á 

�Q�:�T�á �U�á �P�; 
L �R�:�V�á �P�; 

Here, �@�5, �@�6, �é, �?�5, �?�6, �ä, �ã, �â, �Û, �=�J�@���å are arbitrary constants. 

5. Results and discussion 

We present a comprehensive graphical representation of the newly obtained soliton solutions for 
Eq. (1). To provide deeper physical insight into the results, it is essential to interpret the graphical 
plots, as the geometric composition of each wave determines its propagation characteristics and 
nonlinear behavior. In this section, several distinct types of soliton solutions are illustrated, 
including bright soliton, dark soliton, singular periodic, kink-like solitary wave, double-dark, and 
M-shaped bright soliton structures.  
The bright soliton solutions, derived from Eqs. (30), (42), (54), and (65), and shown in Fig. (1), 
exhibit smooth, localized, bell-shaped profiles with a well-defined amplitude and spatial 
localization during propagation, reflecting the characteristic structure of bright solitary waves. The 
dark soliton solutions, derived from Eqs. (28), (40), (52), and (63), and shown in Fig. (2), exhibit 
smooth, localized intensity dips embedded within a continuous nonzero background, forming 
characteristic dark solitary-wave profiles. The singular periodic solutions, derived from Eqs. (32), 
(35), (44), (47), (55), (58), (67), (70), (79), and (82), and shown in Fig. (3), exhibit periodic wave 
profiles with singular behavior at specific points, resulting in repeated wave patterns separated by 
singularities. The kink-like solitary wave solutions, derived from Eqs. (37), (49), (60), and (72), 
and shown in Fig. (4), exhibit monotonic transition profiles connecting two different asymptotic 
states, producing characteristic kink-shaped structures. 
In addition to these wave structures, the analytical procedure also yields double-dark and M-
shaped bright soliton solutions, which represent further forms of localized nonlinear wave profiles. 
The double-dark solutions, derived from Eqs. (75), and (84), and shown in Fig. (5), exhibit two 
distinct localized intensity depressions within a nonzero background, whereas the M-shaped bright 
soliton solution, derived from Eq. (77), and shown in Fig. (6), exhibits a localized profile 
consisting of two prominent peaks separated by a central depression, resulting in a characteristic 
M-shaped structure. Overall, the graphical analysis demonstrates that Eq. (1) admits a diverse 
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range of nonlinear wave structures, including localized, periodic, singular, and kink-like profiles. 
The obtained graphical results are consistent with the analytical forms of the solutions and 
illustrate the influence of the variable coefficients and solution parameters on the resulting wave 
profiles. 
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Fig.1: (a) 3D,(b) 2D and (c) contour visualizations of Eq. (65) �B�5�:�P�; 
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Fig.2: (a) 3D,(b) 2D and (c) contour visualizations of Eq. (40)  �=�:�P�; 
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Fig.3: (a) 3D,(b) 2D and (c) contour visualizations of Eq. (58)  �B�5�:�P�; 
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Fig.4: (a) 3D,(b) 2D and (c) contour visualizations of Eq. (37)  �=�:�P�; 
L �A�ç�á �Ú�:�P�; 
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Fig.5: (a) 3D,(b) 2D and (c) contour visualizations of Eq. (75) �=�:�P�; 
L �A�ç�á �Ú�:�P�; 
L �P�á �B�5�:�P�; 
L �P�6�á �P 
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