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Abstract

The Mode-I crack-tip fields for an incompressible finite-strain viscoelastic solid with neo-Hookean equilibrium and
nonequilibrium branches are analyzed. The focus is on the branch where the viscous right Cauchy—Green tensor C,
shares the leading singularity of the total deformation, while the transformed internal variable D = F~7C,F~' remains
bounded. In this branch, the vertical crack-opening field y, retains the square-root radial dependence characteristic
of the incompressible neo-Hookean crack-tip field, with its amplitude determined by an asymptotic path integral
governed by the equilibrium shear modulus. The horizontal field y; ~ r°g(6, ) presents a distinct order-selection
problem, with mesh-refined calculations supporting the ¢ = 1 branch. The angular function of y; remains coupled
to the internal-variable evolution, rendering the finite-time angular field non-universal. In the fully relaxed limit, the
coupled equations simplify to the incompressible neo-Hookean crack-tip field. Fixed-stretch calculations reveal that
the opening amplitude p, and the angular root-mean-square (RMS) of the normalized horizontal field y;/r relax at
different rates.

Keywords: finite viscoelasticity, crack-tip fields, large-deformation fracture, asymptotic analysis, internal variables,
neo-Hookean solids

1. Introduction

Soft elastomers, gels, and biological tissues often fracture under large deformations, where the deformation gra-
dient near a crack tip may be far outside the range described by linear elastic fracture mechanics. A finite-strain
crack-tip field is therefore needed to characterize the local deformation and stress states that drive rupture.

The finite-deformation crack-tip problem has a long history in hyperelasticity. Classical asymptotic analyses
showed that near-tip fields in nonlinear elastic solids differ fundamentally from the Williams fields of linear elasticity
(Knowles and Sternberg, 1973; Knowles, 1977). Subsequent studies extended these results to plane-stress sheets,
generalized neo-Hookean solids, and strain-hardening soft materials (Geubelle and Knauss, 1994; Long et al., 2011).
More recently, Li and Moran (2025) examined the nested linear and nonlinear crack-tip regions that arise in a neo-
Hookean sheet at small far-field strain. That study concerns a purely elastic material, whereas the present problem
couples the crack-tip field to a time-dependent viscous internal variable. For a plane-stress crack in an incompressible
neo-Hookean solid, the leading-order y, field takes the form

0
y2 ~ por'/?sin > (1.1)

and the associated Cauchy stress has an r~! singularity, which is stronger than the »~!/? singularity of linear elasticity.

An asymptotic path-integral formulation for evaluating crack-tip amplitudes in an incompressible neo-Hookean
material is described by Liu and Moran (2020a). The same formulation has also been applied to fiber-reinforced
sheets (Liu and Moran, 2020b). We use it below to evaluate the amplitude p,.
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The corresponding finite-strain viscoelastic crack-tip problem is more subtle. From a constitutive perspective,
internal-variable formulations based on multiplicative kinematics and generalized standard materials are widely used
for finite viscoelasticity in elastomers and soft solids (Sidoroff, 1974; Le Tallec et al., 1993; Reese and Govindjee,
1998; Bergstrom and Boyce, 1998; Kumar and Lopez-Pamies, 2016). Recent studies have emphasized formulations
in which the viscous right Cauchy—Green internal variable C, is isochoric, det C,, = 1, with time-integration schemes
that preserve this constraint exactly (Wijaya et al., 2023; Lefevre et al., 2024). Fracture studies, on the other hand,
often focus on energy dissipation, cohesive-zone or phase-field descriptions, and rate-dependent fracture behavior
(Guo et al., 2020; Shen and Vernerey, 2020; Shrimali and Lopez-Pamies, 2022; Kamasamudram et al., 2023; Kamarei
et al., 2025). These works provide constitutive and energetic descriptions, but the local asymptotic structure of the
internal variable near a finite-strain crack tip is still not well characterized.

In this work, we study Mode-I crack-tip fields in an incompressible finite-strain viscoelastic solid. The material
is modeled as the finite-strain analogue of a standard viscoelastic solid, consisting of a neo-Hookean equilibrium
branch in parallel with a neo-Hookean nonequilibrium branch with constant viscosity (Kumar and Lopez-Pamies,
2016; Wijaya et al., 2023; Lefevre et al., 2024). Writing F for the deformation gradient and C = FT F for the right
Cauchy-Green tensor, the leading crack-opening field produces an O(r~!) contribution to C near the crack tip. We
characterize the viscous internal state relative to this singular deformation through the transformed internal variable

D=FTc,F. (1.2)

The subsequent asymptotic analysis is developed for the bounded- D branch. The resulting asymptotic problem deter-
mines the leading y, field, its path-integral amplitude, and the admissible radial orders of y;. The field y, is represented
locally as y; ~ r°g(6, r), with ¢ denoting its radial order. At ¢ = 1, the equilibrium and nonequilibrium stress contribu-
tions enter at the same leading order, while g remains coupled to the evolution of D. The coupled equations recover
the incompressible neo-Hookean crack-tip field in the fully relaxed state. The analytical results are examined using
mesh-refined finite element calculations under continuous loading and after the applied stretch is held fixed.

The remainder of the paper is organized as follows. Section 2 introduces the constitutive model. Section 3 gives
the behavior of y, and y; at the crack tip, the asymptotic J-integral, the coupled equations for g and D, and the fully
relaxed crack-tip field. Section 4 presents the numerical results and comparisons. Section 5 concludes the paper.
The necessary higher-order condition associated with the interval 1 < ¢ < 3/2 and the asymptotic consistency of the
bounded-D branch are discussed in the appendices.

2. Constitutive model

Let X denote the reference position and y(X, f) the current position. The deformation gradient and right Cauchy—
Green tensor are defined as

dy T
F=—, C=F'F. 2.1
e 2.1
The material is assumed to be incompressible, so that
detF = 1. 2.2)

Under plane-stress conditions, the in-plane deformation gradient is
Yir o Y12
Fp=|" 1, 2.3
Y21 Y22 23)
and incompressibility determines the out-of-plane stretch as

1

Fy=1= .
33 det Fap

2.4)

To model viscoelastic effects, we adopt the two-potential finite-viscoelastic framework (Kumar and Lopez-Pamies,
2016; Wijaya et al., 2023; Lefevre et al., 2024), which belongs to the broader class of multiplicative internal-variable

2



models (Sidoroff, 1974; Le Tallec et al., 1993; Reese and Govindjee, 1998; Bergstrom and Boyce, 1998). Its rheolog-
ical representation is shown in Fig. 1(a). An equilibrium branch acts in parallel with a dissipative branch consisting
of a nonequilibrium elastic element and a viscous element. This arrangement is the finite-deformation counterpart of
the classical Zener, or standard solid model. The equilibrium and nonequilibrium elastic elements store the energies
Weq and Wyeq, respectively, while viscous dissipation is characterized by the potential ¢,.

(a) UEQ (b)
— AAAA— )
T AAAA— (O
o UNEQ E,

Figure 1: (a) Rheological representation of the two-potential finite-viscoelastic model. The equilibrium branch is connected in parallel with
a nonequilibrium Maxwell branch composed of an elastic element and a viscous element in series. (b) Multiplicative decomposition of the
nonequilibrium branch.

As shown in Fig. 1(b), the nonequilibrium branch is modeled through the multiplicative decomposition
F=F,F,, (2.5)

where F, and F, are the elastic and viscous parts of the deformation gradient. Both parts are taken to be isochoric, so
that det F, = det F, = 1, consistent with det F = 1. We define

C.=F'F,=F,"CF;!,

(2.6)
C,=F'F,,  detC,=1.

The free energy is written as
Y(C,C,) = Peq(€) + Prneg(Co). 2.7

In this work, both elastic branches are neo-Hookean, with y and y; denoting the shear moduli of the equilibrium and
nonequilibrium branches, respectively:

¥eo(C) = B (rC-3),

i (2.8)
\Pneq(ce) = 7 (trC, -3).
The first invariant of C, in the dissipative branch is
[ =tC, =tr(C,'C). (2.9)

Differentiating the free energy with respect to C gives the second Piola—Kirchhoff stress, and the first Piola—Kirchhoff
stress follows from P = FS:
S = pol + w C;" = pC™',

(2.10
P = uyF +u, FC;' — pFT. )

Here p enforces incompressibility.
For constant viscosity, the evolution equation for C, is (Kumar and Lopez-Pamies, 2016; Wijaya et al., 2023;
Lefevre et al., 2024)

. I
TQ=C—§Q, £ = tu(C;'0), .11



where 7 = n/u; is the relaxation time. The evolution preserves det C, because

d .
5 IndetC, = tr(C;'C,)

| (2.12)
== [w(C;'0) - 1] = 0.
.
In the fully relaxed state, Eq. (2.11), together with detC = detC, = 1, gives
C,=C, C. =1 (2.13)
The stress then becomes
P =pF —(p-u)F". (2.14)
The relaxed response is therefore that of an incompressible neo-Hookean solid with shear modulus py.
The small-strain limit gives the standard linear solid. If
C=1+2E, C,=1+2E,, trE=trE, =0, (2.15)
then, to first order,
s =2poE + 2, (E - E,),
. 1 (2.16)
E,=—-(E-E)).
T
For a step strain, the shear relaxation modulus is
t
G(t) = po + 1 exp (—;). 2.17)

Accordingly, the instantaneous and long-time shear moduli are o + p; and po, respectively.

3. Crack tip fields

3.1. Asymptotic behavior of y, at the crack tip

For the local radial asymptotics at a fixed time, assume that the leading deformed coordinates have the form

)’2(”, 07 t) ~ rmf(g’ l),

' 3.1
y1(r,60,1) ~ r°g(6, ). (3.1)

For a traction-free Mode-I crack, we assume that the gradient of y; is singular and asymptotically dominates that of

yi-
O<m<1, c>m, V2.l > V1ol asr— 0. (3.2)

We consider the plane-stress case in which the thickness stretch satisfies 4 — 0.
For the crack-tip branch considered here, C, carries the same leading singular factor as C. Equivalently, we write

C,=F'DF, D=FTC,F', (3.3)

where D = O(1) and D! = O(1). We refer to this as the bounded-D crack-tip branch. The factorization in Eq. (3.3)
separates the singular deformation associated with F from the bounded asymptotic viscous state represented by D.
Since det F = detC, = 1, Eq. (3.3) gives

detD =1, C;'=F'D'FT, [ =tuD". (3.4)

The stress can be written as
P=pF + (D™ - pI)F". (3.5)
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For plane stress, write

|4 diz 0 B
D=\|dy d»n Of, (= (dndzz —dfz) : (3.6)
0o 0 ¢
The condition P33 = 0 gives
p=pod* + . (3.7)
Thus p = O(1) provided that D is bounded and A — 0.
For the general orders in Eq. (3.1),
det Fop ~ "2 (cgfo —mfgo). (3.8)
and hence
A~ e, (3.9)

The condition A — 0 requires ¢ + m < 2. The rows of the in-plane inverse transpose then have the orders
Fil =0¢'™),  Fil =o0¢'"™). (3.10)
Consequently, the second term in Eq. (3.5) is subdominant in the second row of the nominal stress, so that
Poy ~ foY2.0- (3.11)
The leading equilibrium equation and crack-face condition are
Y200 = 0, Yao(r, +m, 1) = 0. (3.12)

Mode-I symmetry gives
f(6, 1) = pa(t) sin(mb). (3.13)

The traction-free condition requires cos(mm) = 0. Together with 0 < m < 1, this selects

1
m= = 2 ~ p2(Or

6
5 172 §in 5 (3.14)

Combining m = 1/2 with ¢ > m in Eq. (3.2) and ¢ + m < 2 following Eq. (3.9) restricts the radial order of y, to

3
§<C<§. (315)

3.2. Asymptotic J-integral
The leading-order stress components are

0
P21 = _/«l_02pZ r_l/z sin E,
Lop 0 (3.16)
_ HoP2 12
Py =22 =
22 > r COS )
The corresponding contribution to the strain-energy density and the associated nominal stress are
Ho
W= (51 +95,). PP =Py (3.17)
For a contour 1111(1) I'c surrounding the crack tip, the corresponding path integral is defined by
€
TP (e) = fr (W®6,; = PPyy 1) n; dr. (3.18)
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The divergence of the integrand is

2
(W(2)51j - P; )y2,l>’j = poy2k1y2k — Pojjya1 — Pajyaij (3.19)

= i AZdys (2211 = yayana) + Afw (G = £7) = o] G2y = yriy2ia).-

Here, the equilibrium equation gives P,;; = 0, while the leading-order contribution ugy;, j to P; cancels the first term.
With m = 1/2, we have

A=0079),  yig =00, 3 =007, yaas =00, (3.20)

For the bounded-D branch, the two terms in Eq. (3.19) are at most of order O@r~<"Y2y and O(r™1), respectively. Since
¢ < 3/2 by Eq. (3.15), their integral over a crack-tip neighborhood gives

f (W®s,; - Pf)yz,l)jdA =0 )+ 06 — 0 ase— 0. (3.21)
Ae :
It follows that the opening contribution is asymptotically path independent in the crack-tip limit. Evaluating the path
integral with the leading-order opening field gives
2
J@ _ THoPy (3.22)
: 4

This relation is akin to the neo-Hookean case (Liu and Moran, 2020a), with the equilibrium shear modulus g gov-

erning the opening contribution.

3.3. Asymptotic behavior of y| at the crack tip

We now determine the order of y;. Write

yi ~reg(6.1). (3.23)
Using the leading opening field,
det Fyp ~ % (Cg cos g _ ggsin g) yeo312, (3.24)
so that 5 ; e
A~ E (cg cos 3~ go sin 5) 7. (3.25)

Writing H = u; D™' — pI in Eq. (3.5), the three contributions to the first row of P scale as

poF1a = 00", HuFl =00",  HpF; =0@'"). (3.26)

la

The two subintervals in Eq. (3.15) lead to different dominant balances.

i) 1/2 < ¢ < 1. In this interval, the elastic contribution is the only singular leading term in the first row of the stress.
The leading equilibrium problem is therefore

Viy, =0, yio(r, £7,1) = 0. (3.27)

Substitution of y; = r°g(6, r) gives
g +c’g=0,  go(xm,1)=0. (3.28)

Mode-I symmetry requires g(—6,t) = g(6, t), and hence
g(6,1) = q.(t) cos(ch), sin(crr) = 0. (3.29)
Thus ¢ =0, 1,2,..., and there is no nontrivial Mode-I eigenfunction with 1/2 < ¢ < 1.
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ii) 1 < ¢ < 3/2. In this interval, H|| F I‘QT is more singular than the elastic contribution. At leading order, equilibrium
and the traction-free condition can therefore be satisfied only if the leading coefficient of this term vanishes.
Removing this more singular contribution does not determine the admissible radial order. A nontrivial field
in this interval must therefore also satisfy an additional higher-order radial condition, whose necessary form is
derived in Appendix A.

Mesh-refinement results in Section 4.4 reveal no stable exponent within 1 < ¢ < 3/2, supporting the ¢ = 1 branch.
Thus, we adopt
c=1. (3.30)

In the corresponding neo-Hookean elastic problem, the order ¢ = 1 directly follows from the Mode-I eigenvalue
problem.

3.4. Asymptotic equations for g and D
With this result, the asymptotic y; field takes the form

yi ~ rg(6,1). (3.31)
Define
0 .0 1
A(6,1) = gcos 5 8 sin > K@©,1) = 1y ((dzz -7 ) (3.32)
Then )
A~ —pl2, 3.33
A (333)
Moreover,
FT = A(ya2,=y21) l(cosg sing) (3.34)
la = 2,2, =Y2,1 2 3 5) .
The asymptotic P, ; are therefore
a/2
P11 ~ po (gcos @ — ggsin6) + KCOS( / ),
A (3.35)
. sin(6/2)
Py~ po(gsinf + ggcos ) + K 1
They satisfy
—Sil‘l@(P“)g +COS€(P12)3 =0, Piy(xm, 1) = 0. (3.36)
Using Eqgs. (3.3) and (2.11), we obtain
. L. tr D! .
t(D+L"D+DL)=1- - —D. (3.37)
Here L = FF~! is the velocity gradient.
For the crack-tip fields, the velocity gradient satisfies
A .
Lip = 0(r'?), Ly =0, Ly = T Ly = %, L3z = —(L11 + Lpo). (3.38)
2

The velocity gradient in Eq. (3.38) contains no negative powers of r. This property holds throughout the admissible
range 1/2 < ¢ < 3/2, and the resulting asymptotic consistency of the bounded-D branch is discussed in Appendix B.
Retaining all three independent in-plane components of D in Eq. (3.6), substitution into Eq. (3.37) gives

. T
T(dll +2L11d11) =1- Edll’

; T
T(d22 + 2L22d22) =1- gdzz, (339)
; T
T [d12 + (L + Lzz)dn] = _§d12,
7



where .

T=uD'={(d+dp)+{",  {=(dudn-dj,) . (3.40)

Equations (3.36) and (3.39) form a coupled system for g(6, t) and the asymptotic internal state. In general, no closed-
form solution for g is available.

3.5. Crack-tip field in the fully relaxed state
In the fully relaxed state, C,, = C, so that

Do=1  Ku=0. (3.41)

With K, = 0, the leading first-row stress in Eq. (3.35) reduces to its equilibrium contribution, and the angular equation
for y; becomes
80,00 + 8o = 0, 80,0(0) = goop(mm) = 0. (3.42)

The corresponding Mode-I crack-tip fields are

0
r,0,1) — paoor'/?sin =,
y2(r,6,1) — po, 7 [ > oo, (3.43)

y1(r,0,1) — q1.cF cOs 0,

with 5
@ _ Tpo(pre)
Ji = — (3.44)
The amplitudes p; , and g, are determined by the outer boundary-value problem and are the same as those for an
incompressible neo-Hookean solid with shear modulus g under the same final boundary displacement.

4. Numerical results and discussion

4.1. Set-up and finite element model

As shown in Fig. 2(a), we consider a long plane-stress strip of length Ly and height Hy, with Ly = 4H,. An edge
crack of length a = Hj lies along the midline. Length, stress, and time are normalized by Ly, (o, and 7, respectively,
so that Hy/Ly = a/Ly = 0.25 and u;/up = 1 unless otherwise stated. Overbars are omitted from normalized spatial
quantities below. Let 7. denote the duration of a linear ramp from A, = 1 to 4, = 2. We introduce

ot aC, I
f==, De=-, » - -, @.1)
T t, ot 3
During the ramp, the applied stretch is prescribed as
_ _ 1
A;=1+Dei, 0<f< —. 4.2)
De

The stretch is applied in the x,-direction through the top and bottom boundaries, while the x; displacement is con-
strained on these boundaries. The crack faces are traction free, and the crack remains stationary throughout the
simulation.

The quasi-static equilibrium equations and constitutive evolution are solved using a total Lagrangian finite element
formulation. The nonlinear algebraic equations are solved by Newton—Raphson iterations. Eight-node quadrilateral
elements with four Gauss integration points are used. As shown in Fig. 2(b), the mesh is concentrically refined toward
the crack tip. The primary mesh is level 1, with a minimum crack-tip mesh size of approximately 10~°a. Levels 2 and
3 are generated recursively by adding a self-similar annulus and reducing the inner mesh scale by a factor of 0.1 at
each level; their minimum mesh sizes are approximately 10~’a and 10784, respectively. Unless otherwise stated, field
comparisons use level 1, while levels 2 and 3 are used to assess the crack-tip order under mesh refinement. General
details of nonlinear finite element formulations are given in Belytschko et al. (2014).
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(a) (b) Meshin r <1 x 10™*Hy and r < 1 x 10~%H,

Ho/2

Z2

—————— ] Hy

(IZHQ

Ho/2

Lo =4H,

Figure 2: Geometry and finite element model: (a) the long cracked strip; (b) the concentrically refined meshes near the crack tip.

At the beginning of each simulation, the body is undeformed and stress free, with C,,(X,0) = I. The constitutive
evolution is then integrated implicitly at the Gauss points, following the constrained formulation of Le Tallec et al.
(1993), with the isochoric constraint det C,, = 1 enforced throughout the calculation.

The numerical cases used for the comparisons are summarized in Table 1. Cases V1-V3 use the same ramp with
different De, spanning slow, intermediate, and fast loading relative to the constitutive relaxation time. Cases Hy and
H,, reach the same applied stretch through rapid and moderate ramps and are then held at fixed displacement. Case
R is calculated separately using the static neo-Hookean formulation on the same mesh and provides the equilibrium
reference at the same stretch.

Table 1: Numerical cases for the crack tip field comparisons.

Case pui/up De Loading history

Vi 1 002 A;,=1+Def,0<7<1/De

V2 1 0.2 As=1+Def,0 <7< 1/De

V3 1 2 As=1+Def,0 <7< 1/De

Hy 1 20 Linear ramp to A, = 2, followed by hold
H,, 1 2 Linear ramp to A, = 2, followed by hold
R 0 - Static neo-Hookean solution at A, = 2

4.2. Numerical validation of the asymptotic y; field
The asymptotic analysis in Section 3 gives

2
@ _ THopP;
s = T “3)

For the comparisons below, the amplitude p,(R, 7) is evaluated using a circular domain of radius R,

.
Py ~ HoY2,05 v ~ pa(t)r'/* sin >

1/2
2R 0]

TTHo

PR, 1) =2 4.4

We use the reference radius ry = 2.5 x 10~ = 10~*a, which lies within the concentrically refined crack-tip mesh, and
write p,(f) for the corresponding domain-integral value p,(ro, f).
Figure 3 compares the numerical y, field along 6 = 7/2 with the prediction

6
y2 = pa(t)r'/? sin > (4.5)

At each De, the states A, = 1.2, 1.4, 1.6, and 1.8 are sampled at f = (1; — 1)/De. The numerical profiles approach the
predicted r'/? field as r decreases for all three values of De. The amplitude p, increases with the applied stretch. At
fixed stretch, larger De gives a larger p,, reflecting the greater retention of the nonequilibrium response.
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o Numerical, A\, = 1.2
o Numerical, A = 1.4
[ Numerical, \; = 1.6
A Numerical, A, = 1.8
Asymptotic
AT Y BT BT AT R BT TN Y BT BT P
104 1073 102 101 103 102 101 103 102
r/a r/a r/a

Figure 3: Numerical y; field (symbols) and the asymptotic field (solid lines) along 6 = m/2 at A, = 1.2, 1.4, 1.6, and 1.8: (a) De = 0.02; (b)
De = 0.2; (c) De = 2. The amplitudes of the solid lines are evaluated from the domain integral.

The angular dependence at A; = 1.8 is examined using

a(r, 6,1)
AORE

Figure 4 shows y; on three circles with different radii. The numerical curves agree closely with sin(6/2) over the full
angular range at all three radii, supporting the predicted angular dependence.

Yo(r,0,1) = (4.6)

1t 3
(a)
0.5+
& 0
-0.5¢ r/a=10"°
o r/a=10""
A r/a=10""
Asymptotic
-14
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
0/ 0/ 0/

Figure 4: Angular variation of the normalized y; field at 1, = 1.8 on three crack-tip circles: (a) De = 0.02; (b) De = 0.2; (c) De = 2. The solid line
is sin(6/2).

To assess the dependence on the integration-domain radius, we use concentric circular domains with outer radius
R. Taking ry as the reference, we define

4.7

5pa(R) = 100[M - 1].

p2(ro)

Figure 5 illustrates 0p,>(R) at A, = 1.8. Within 107 < R/a < 1073, the variation in p, remains below 1.4% for all
De values. This result, alongside prior field comparisons, confirms the dominance of the asymptotic y, field over the
considered radial range and validates the asymptotic crack-tip integral as a reliable method for evaluating p;.
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1
1 —6—— De =0.02

—+H— De=0.2
—b— De =2

S O T R T
=
A | ;
-0.5 |
I
1 |
I
| A
1075 1074 1073
R/a

Figure 5: Percentage difference in ps relative to its value at rp/a = 107, plotted against the outer radius R of the integration domain at 1, = 1.8.
The vertical dashed line marks the reference radius.

4.3. Numerical verification of the leading stress balance for y,

The asymptotic field y; is based on the leading stress balance Py, ~ poy2,. We quantify its residual using the

annular RMS residual
P2 — ,u()y2,a||rms

| |,u0y2,a | |rms

Figure 6 shows the radial variation of R, at A, = 1.8. At the innermost resolved radius, R, is below 2% for all three
values of De. This provides numerical support for the leading stress balance assumed in Eq. (4.3).

Ro(r, 1) = (4.8)
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10° p '

1071 E
A A A A A
1072 4
N
&®
1079 E .
104 .
—&A— De =2
107° - '
1077 10 1073 1072
r/a
Figure 6: Relative residual of the leading second-row stress balance at A, = 1.8.

4.4. Numerical assessment of the radial order of y,
To assess the radial order adopted in Eq. (3.31), we define

1/2
My(r, 1) = [ f (r 0,1 de] ,
" 4.9)
_ nM()
Ceﬁ(rvt) - dlnr .
If
yi(r,0,1) = r°g(@,1) + o(r°), (4.10)
then
12

Moy(r,t) = r° [% f " gX0,0d0|  +o(r°). 4.11)

The logarithmic slope of M therefore provides an angularly averaged estimate of ¢ without relying on a particular
ray.

Figure 7 shows M, for the four loading levels used in Fig. 3. The numerical curves are approximately parallel to
the r! reference over the resolved near-tip range. Fits over 3.96 x 107 < r/a < 3.68 x 107* give ceg = 1.01-1.05 for
De = 0.02, 0.93-0.96 for De = 0.2, and 0.94-0.96 for De = 2 at A, > 1.4. At the lower stretch De = 2, A, = 1.2, the
fitted value is ceq =~ 0.87, indicating the resolved radial range does not sufficiently extend into the crack-tip asymptotic
regime at this loading.

The radial order is directly verified by recalculating on three successively refined self-similar meshes at De = 2
and f = 0.172, corresponding to A, = 1.344. Figure 8 compares M, and its local logarithmic slope at this loading
state. The fitted exponents at the innermost resolved region are 0.894, 0.968, and 0.976 on levels 1-3, respectively,
with the relative fitting residual decreasing from 1.69 x 1072 to 1.67 x 10~*. The mesh-refinement trend supports the
¢ = 1 branch and does not exhibit a stable exponent within the formally admissible interval 1 < ¢ < 3/2 discussed in
Appendix A. We consequently use ¢ = 1 in Egs. (3.31)—(3.39). This result concerns the radial order only and does
not require the finite-time angular function g(6, ) to be known.

4.5. Crack-tip relaxation at fixed applied stretch
The preceding ramp calculations contain simultaneous changes in the applied stretch and the internal variable.
To separate these effects, cases H; and H,, are ramped to the same stretch A; = 2 and then held at fixed boundary
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Figure 8: Mesh-refinement assessment of the radial order of y;: (a) the angular RMS quantity Mp; (b) the local logarithmic slope cef-

displacement. In terms of 7 = ¢/, the two histories are

1+ Deit_,
2’

0 <7< 1/De;,

A9 =
50 7> 1/De,,

De; = 20, De,, = 2. 4.12)

Thus, case Hy loads more rapidly relative to the constitutive relaxation time than case H,,. Once the stretch is fixed,
changes in the crack-tip amplitudes result from the evolution of C, and the associated re-equilibration of the deforma-
tion field.

We define the hold time by

_ 1
=t—- —

De,- ’

t—1?
T

59 = i=fim,  0<s?<100. (4.13)
For notational simplicity, the superscript i is suppressed below; thus, s denotes the hold time for each loading history,
and y;(rp, 6, s) and p,(s) denote the corresponding crack-tip quantities. We follow the response to s = 100 to resolve

both the initial relaxation and the approach to the long-time limit.
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During the hold, p,(s) is evaluated from Eq. (4.4) using an integration domain of radius ry, while the y; field is
characterized on the circle » = ry by

LT (.0, 90\ ]
Go(s;ro) = Z[ — de| . 4.14)

For the relaxed reference case R, the in-plane neo-Hookean field has the form gR(6) = q’f cos 6. The coefficient q’f is
obtained from the static numerical field using the procedure of Liu and Moran (2020a). The corresponding reference
for Eq. (4.14) is

lgf

V2

Figure 9 compares p,(s) with p§ and Gy(s; rg) with Iqlfl / V2. During the hold, p, decreases monotonically toward
its neo-Hookean limit. In contrast, G, exhibits a non-monotonic response: it decreases below the relaxed reference,
reaches a minimum near s = 23, and subsequently approaches the reference from below. The differences between
the two loading histories diminish during the hold, with both converging to the same long-time limits for the two
observables. These results show that p, and Gy relax on different time scales and that Gy does not follow a single
monotonic relaxation law.

GR=2L, 4.15)

0.9 T T T T 1.6
De = 20
0.85 De =2
— — Neo-Hookean 14
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N [=}
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Figure 9: Relaxation after the stretch is held at A, = 2: (a) p2; (b) the fixed-radius angular RMS quantity Gg at rp = 2.5 X 1075, The dashed lines
denote the neo-Hookean references p§ and |q’f |/ V2, respectively. The insets show the interval 0 < s < 10.

Figure 10 illustrates the relaxation process for case Hy as summarized in Fig. 9. The rapid ramp results in a
strongly loaded nonequilibrium branch at s = 0. During the hold, the applied stretch remains constant while the
internal variable evolves, reducing the nonequilibrium stress and redistributing the near-tip field. The decrease in p,
appears as a reduction in the vertical crack opening, while the horizontal mesh reflects both the magnitude and angular
redistribution captured by Gy. The deformed coordinates are normalized by the neo-Hookean references p§ and qf ,
ensuring the relaxed outer boundary aligns directly with the neo-Hookean angular fields.
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Figure 10: Evolution of the rescaled near-tip configuration for case Hy. The undeformed initial configuration corresponds to s = —1/Dey, and the
subsequent panels show s = 0, 1, 5, 10, 20, and 100. For s > 0, the applied stretch remains fixed and the configuration evolves through relaxation
of the nonequilibrium branch. Each panel shows the same material region, r < rg, where ry = 2.5 x 107 = 107*a. The initial coordinates are
normalized by ry; in the deformed configurations, the horizontal and vertical coordinates are normalized by q’f ro and p§ /ro, respectively. Red
curves represent the crack faces.

5. Discussion and conclusions

We studied Mode-I fields near a nonpropagating crack in an incompressible finite-strain standard viscoelastic
solid. The leading y, field and its associated asymptotic path-integral relation are

2
Y2 ~ pa(t)r'? sin g, Jo = 0P 5.1)
The finite element results recover both the radial and angular dependence of y,.

For y;, the Mode-I eigenvalue problem excludes 1/2 < ¢ < 1. Although the leading crack-face condition alone
does not eliminate 1 < ¢ < 3/2, a nontrivial field in this interval must also satisfy an additional higher-order radial
condition. The mesh-refinement calculations support the ¢ = 1 branch and show no stable exponent in 1 < ¢ < 3/2
over the resolved range. For ¢ = 1, the equilibrium and nonequilibrium terms enter the leading-order balance, while
the angular function g(6, ) remains coupled to the internal-variable evolution. A universal finite-time angular solution
is therefore not obtained.

At full relaxation, the coupled equations reduce exactly to the incompressible neo-Hookean crack-tip field with
shear modulus y. The fixed-stretch relaxation calculations are consistent with this limit. The amplitude p, approaches
its neo-Hookean reference monotonically, whereas the angular RMS quantity G based on y, /r first decreases below
its relaxed value and then approaches the same reference from below. Thus y, and y; have different transient responses
even though they recover the same relaxed constitutive limit.

The analysis concerns the finite-strain field near a stationary crack and does not address crack propagation.
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Appendix A. Necessary higher-order condition for 1 < ¢ < 3/2
For 1 < ¢ < 3/2, the first row of the nominal stress can be written as

Pio = poyie + K Frl — iddinFy)l,
0 ] » ) (A.1)
Ac=CgCOS§—geSHl§, ‘Kc=#1(§d22—{ )‘,uoﬂ .
Here, the pressure contribution has been absorbed into the effective coefficient K. The leading components of F~
are .
- 0 0

Fig=Cte Bl =06, t=(cos5sing). (A2)
For the bounded-D branch, the last term in Eq. (A.1) is at most O@r'?). Since ¢ — 1 < 1/2, this term is subdominant
to the elastic stress O(r~!) and does not enter the order selection below. If the O(1) coefficient of %, is nonzero,
the potentially dominant stress contribution is O(r!~¢). With SEO ) = ‘KEO) /A, the leading equilibrium equation and its
Mode-I solution are
3-2¢

—sin g(sg‘”)@ + (% - c) cos gsgm =0, S©=c.0 (A3)

sin =
2
The crack-face traction condition then gives

C.(1) =0, KO = 0. (A4)

Thus, the O(1) coeflicient of K, must vanish. This cancellation does not by itself exclude 1 < ¢ < 3/2. Let the first
nonzero radial correction, if it exists, be

K.(r,0,1) = PK.6,1) + o),  B>0. (A.5)

This correction enters the stress through F~7 at order O(r'~“*#), whereas the elastic stress is O(r*™"). If 8 < 2¢ — 2,
this correction remains the only leading term; its homogeneous equilibrium equation, together with the crack-face
condition, forces 7?6 = 0, contradicting Eq. (A.5) as the first nonzero correction. If 8 > 2¢ — 2, the elastic term is the
only leading term, and the Mode-I eigenvalue problem in Eq. (3.29) excludes a noninteger c in this interval. Therefore,
the two contributions can balance only when

B=2c-2,  K.(r0,0) = r*2K.6,1) + o). (A.6)

Equation (A.6) is a necessary order condition rather than a radial correction derived from the internal-variable evo-
lution. Determining K, would require the corresponding higher-order radial problem for D. The mesh-refinement
results in Section 4.4 show no stable exponent in this interval and instead support the ¢ = 1 branch.

Appendix B. Consistency of the bounded-D branch

All quantities in this appendix refer to the asymptotic crack-tip fields. With m = 1/2, the in-plane deformation
gradient for a general admissible ¢ can be written as

c—1

r 0 0 . 0
Fyp = [ 0 r‘1/2] B(@6,1), A. = cgcos 37 g Sin 3 (B.1)

The second row of B has the fixed angular form in Eq. (3.14) and is proportional to p,(f). Direct evaluation of
L = FF~! therefore gives

2.

‘ m=%, Lys = —(Ly; + Ly»). (B.2)
c 2
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Since ¢ > 1/2, L contains no negative powers of r throughout the admissible range in Eq. (3.15). From the multiplica-
tive decomposition and C,, = FT F,,

D=F'CF'=F"F'=b,", b,=FF!. (B.3)
Thus, D is symmetric positive definite for each > 0. The isochoric conditions also give
detD = 1. (B.4)
Let the eigenvalues of Dbe 0 < d) < d» < d3 = M. Since d\d,M = 1,

r=ub'=tst L, 2 1
d, d> M_\/dle M

For a unit eigenvector n associated with M, projection of Eq. (3.37) along n gives

1

. T T 2 2
™ =1- §M —2tMn-sym(L)n < 1 + 27||sym L||M — gM <3+ 27| sym L||M — §M3/2. (B.6)

Since ¢ > 1/2 and the nondegenerate asymptotic coefficients A, and p, are regular and nonzero, Eq. (B.2) gives
L. = sup,ep,, 1,1 IIsym L(7)|| < oo on each finite interval. Equation (B.6) then gives M < 0 above a finite threshold M.,
and hence

M(t) < max{M(ty), M.}, t e[ty t11]. B.7)

Moreover, Eq. (B.4) implies
Anin(D) 2 M2, D7V < M2 (B.8)

Equations (B.6)—(B.8) show that the asymptotic evolution does not generate an additional radial singularity in D or
D! when the kinematic coefficients in Eq. (3.38) remain finite. At a stationary relaxed state, L = 0, and Eq. (3.37)
reduces to 5
tr D!
3

Together with det D = 1, the unique positive-definite solution is D = I. These results establish the consistency of the
bounded-D scaling throughout 1/2 < ¢ < 3/2.

I D=0. (B.9)
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