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Linking microscopic and mean-field descriptions of

dopaminergic modulation in neural circuits

Supplementary material

Section A: Dynamical regimes of the spiking neural network

We report here the raster plots of the spiking neural network underlying the CV, CV2 and
Kuramoto order parameter analyses presented in the main text (Figs. 2 and 3) for both
transitions between dynamical regimes. Raster plots show N = 1000 neurons, randomly
extracted from the N = 5000 neuron population used in the main text.

Figure [1| shows raster plots for the transition between sustained oscillations and the asyn-
chronous regular state. At wjymp = 6.0 and wjymp = 6.4 (panels a, b), the network
displays clear, regularly spaced vertical bands of synchronized activity, characteristic of
the sustained-oscillation regime. As wjymp increases toward 6.8 (panel c), these bands
progressively dissolve into a spatially and temporally homogeneous pattern of activity,
reflecting the loss of population synchrony and the emergence of the asynchronous regular
state, consistent with the decrease in the Kuramoto order parameter R reported in Fig. 2b
of the main text.

Figure [2| shows raster plots for the transition between the asynchronous regular state and
population bursting. Note the longer observation window (500 ms, compared to 100 ms
in Fig. , chosen to accommodate the slower timescale of the bursting dynamics. At
Ujymp = 9.513 and wjymp = 9.672 (panels a, b), network activity remains spatially and tem-
porally homogeneous, consistent with the asynchronous regular regime. At w;ymp = 9.882
(panel ¢), the raster reveals the emergence of population-bursting events, visible as dense,
synchronized vertical bands, separated by longer intervals of asynchronous activity, con-
sistent with the sharp increase in the Kuramoto order parameter and the broadening of

the CV distribution reported in Fig. 3a-b of the main text.
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Figure 1: Raster plots of the network activity across the transition between
sustained oscillations and the asynchronous regular state. Spiking activity of the
network, shown for w;ymp = 6.0 (a), wjump = 6.4 (b), and wjymp = 6.8 (c), corresponding
to the three values used for the CV and CV2 distributions in Fig. 2a of the main text.
At Ujymp = 6.0 and 6.4, regularly spaced vertical bands reflect synchronized, oscillatory
population activity. At wjump = 6.8, these bands are no longer visible, and neurons
fire asynchronously while individually maintaining regular spiking, consistent with the
asynchronous regular state described in the main text.
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Figure 2: Raster plots of the network activity across the transition between
the asynchronous regular state and population bursting. Spiking activity of
the network, shown for wjump = 9.513 (a), Ujump = 9.672 (b), and Ujump = 9.882 (c).
At Ujymp = 9.513 and 9.672, network activity remains homogeneous across neurons and
time, characteristic of the asynchronous regular regime. At w;ymp = 9.882, synchronized
population-bursting events emerge (e.g., around ¢ ~ 0-50 ms and ¢ ~ 250-350 ms), sepa-
rated by longer periods of quiescent activity, characterizing the microscopic dynamics of
the bursting regime.
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Section B: Analysis of the frequency content

As discussed in the main text, phase-amplitude coupling within the bursting regime in-
volves two distinct frequency components: a slow rhythm associated with burst repetition,
and a fast, high-frequency oscillation (HFO) associated with intra-burst spiking. While
Fig. 6b—c of the main text report these two frequencies as a function of ¢4y, alone, Fig.
below provides their full two-parameter dependence, over the same (Ujump, Cdopa) Tange

used in Fig. 6a, for both the spiking network (SNN) and the mean field (MF).

Section C: Details of mean-field derivation

In general, mean-field formalism captures the collective behavior of an ensemble of single
units by describing the behavior of macroscopic observables. In the following, we consider

specific averaged variables, which are suited to describe a population of spiking neurons:

e Mean membrane potential, defined as the average over the entire population of

neurons:

(v(t)) :/877 /au /a p(t, v, u, n)dndudy (1)

e Mean adaptation current over the full network:

(u(t)) = /a n /a ) /a uplt, v, u,n)dndudy (2)

e Population firing rate, namely the flux of neurons through vpeqi over the whole range

of u and n:
r(t) :/ / JY(t, Vpeak, w1, Mp1, s)dndu (3)
on Jou

Spiking network model

The neuronal network from which we derive the mean-field reduction consists of micro-
scopic units described by a specific parametrization of the adaptive quadratic integrate-

and-fire (aQIF) model proposed by Izhikevich ([1]). This model is widely used in the
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Figure 3: Frequency content of the bursting regime across the (ujump, Ciopa) PA-
rameter space, for the spiking network (SNN, left) and the mean field (MF,
right). (a) High-frequency oscillation (HFO) associated with intra-burst spiking activity,
corresponding to Fig. 6¢ of the main text. Both representations show HFO frequencies in
the ~280-380 Hz range, with a similar overall trend along the cq,,, axis: the frequency
decreases as cqop, increases, although this decrease is sharper in the SNN than in the
MF. Along the wjym, axis, the two representations instead show an inverted gradient,
with the MF frequency decreasing as w;ymp increases while the SNN frequency shows a
slight increase. Despite this difference in gradient direction, the absolute discrepancy be-
tween the two representations remains limited, on the order of 20-40 Hz, a comparatively
small offset given the overall HFO frequency range considered. As discussed in the main
text, this analysis should be regarded as a proof of concept. A more precise parametriza-
tion would likely be needed to achieve closer quantitative agreement, although the overall
trend in phase-amplitude coupling remains consistent between the two formulations. (b)
Slow burst-repetition frequency, corresponding to Fig. 6b of the main text. In the SNN,
this frequency remains largely confined to the lower half of the 4-6 Hz range explored
(~4.0-4.5Hz) across most of the parameter space. In the MF, the same frequency in-
stead occupies mostly the upper half of this range (~5.25-5.75 Hz), with narrower bands
at lower values near the edges of the bursting region. Both representations therefore re-
main within a broadly similar frequency band, though the MF appears to systematically
predict a higher slow-oscillation frequency than the SNN. In both panels, white regions
correspond to parameter combinations outside the bursting regime, where the correspond-

ing frequency component is not defined.
5
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literature, as it captures the dynamical patterns of various neuron types through param-
eter variation.
Each neuron is described by a two-dimensional system of ordinary differential equations

governing the membrane potential v(t) and the adaptation current u(t):

vh = av? + bv + ¢ — u; + gt + Tsyn + 1 (4)

ui = afv; — uy;) (5)

withi=1,2,..., V.
When the membrane potential crosses the threshold, an action potential is generated and

the following reset conditions apply:

(e Upeak > then Vi < Ureset (6)

U; < U; + Ujump-

The parameter 7; is a fixed random variable drawn from a distribution £(n) on (—oo, c0).
It represents a heterogeneous intrinsic current, different for all the neurons within the
population. The term I.;; denotes the common external input, while I, represents the
total synaptic input from other neurons in the network.

Neurons are connected through the following model for synaptic interactions, which takes
into account modulation effect due to the activation of D1-type dopamine receptors, en-

coded in Mp;q:
Isyn = (MDI + BMpl)gaSa,i(ea - Ui) + ggsg,i(eg - Ui)v (7)

where g, , and e, 4 are the maximum synaptic conductance and the reversal potential,
respectively for the excitatory (AMPA) and inhibitory (GABA) synapses.

The variables s,; and s4; represent the synaptic activation, i.e. the portion of open ion
channels in post-synaptic neurons due to the action of pre-synaptic ones. We assume the

network to be all-to-all coupled, so that each neuron receives the summed output of all
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the pre-synaptic ones. As a consequence, both s,; and s, ; are homogeneous across all the
neurons. We refer at them as s, and sg4, Vi € (1, N). In this work, we specifically focus on
a network of excitatory all-to-all coupled neurons. Additional inputs, both excitatory and
inhibitory, will be included when considering multiple interacting populations of neurons.

The evolution equations for the synaptic activation reads:

So = —5a/Tsu + & ity Dotk Ot — 1)

s; = —5¢/Ts,

(8)

Here, t¥ is the time of the k — th spike of neuron i and §(t) is the Dirac delta function.
The modulation effect of dopamine receptors Mp; presented in [7] is described by an
exponential decrease and a sigmoid-shaped function [2], which represent the proportion of

receptors activated as a function of the external dopamine concentration [Dp):

Ry
1+ exp(Sp([Dp] + 1))

/
TMDIMDl = —Mpy +

9)

Here, R, represents the receptor density within a brain region, while S}, corresponds to
receptors sensitivity to variation in extracellular dopamine concentration. The sign of S,
indicates whether the receptors will be activated (S, > 0) or inhibited (S, < 0) by the
presence of dopamine.

As mentioned before, the term [D,] represents the concentration of dopamine molecules

in the synaptic cleft, and its variation in time is described by:

Vinaa [D p]

Ko + D] (10)

7(0,)[Dpl" = KCdopa —

The first term accounts for the increase due to the presence of projection from dopamin-
ergic neurons, through cgopq, scaled by a factor k different for each region. The second
term is the general form of the Michaelis-Menten equation |2]. For a detailed description
of the terms accounting for dopamine modulation we refer to [3].

We point out that variation in dopamine concentration and its receptor activation is as-
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sumed to be much slower than the firing rate dynamics and therefore they do not affect

the derivation of the mean-field system.

Mean-field reduction

In this section we summarize the mathematical steps to derive a low-dimensional mean-
field model to approximate the behavior of a population of previously described neurons in
the limit N — oo. The derivation is inspired by that presented in |4], so we briefly present
the main ideas to retrieve the reduced set of equations. Complete derivation, comprising
of all the extended passages, can be found in Supplementary Material.

Because of N is large, one can image that the evolution of the system variables describes a
continuous flow in the space of variables. To describe the network, we consider a population
density approach [5| by defining p(¢,v,u,s,n), which represents the density of neurons
being, at time t, in (v, ) position in the space of coordinates, with a certain value n of
the intrinsic current.

Assuming the total number of neurons to remain constant through the dynamics, the

following continuity equation holds:

g?—i-V'J(t,v,u,s,n):O (11)

Where J(t,v,u,n) is the probability flux, defined as:

JY G (v,u,n) av? +ov+c—uA Tegt + Ioyn + 1
J (Ju> < G (v, ) )p( U, U, 1)) < (B — 1) p(t,v,u,n)
(12)

Taking into account the reset conditions @, the following boundaries condition are de-

fined:

JY (Upeakv ’LL) =J (Ureseta Ujump + U) (13)

At the membrane potential threshold value, the flux can be seen as the instantaneous

number of spikes fired by the neurons [6]. In this sense, the synaptic dynamics can be
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related to the population firing rate r(t), in the limit N — oo:

S
3:1 == + Sa,jumpr(t)a (14)
Ts

a

with 84 jump and 7, equal for each excitatory synapse (Supplementary Material - Section
B).

Following the same reasoning, we can derive a simplified equation for (u(t)), if we con-
sider small spike-frequency adaptation for all neuron, meaning u >> u;ymp. Under this

assumption, the dynamics of (u(t)) can be related to the r(t), namely:

(u(t)) = a(B{v) — (u)) + jump Z 5(t — %) = a(Bw) — (u)) + Ujumpr(t) (15)
th<t
This expression reflects the main idea of mean-field reduction itself, meaning that we
individual fluctuation over single u;’s are negligible.
Moving forward in the derivation, we decompose the probability density function in the

following conditional form:

p(v,u,n) = p“(ulv,n)p"(v|n)L(n) (16)

The term £(n) is not time dependent but rather represent a ”fixed” heterogeneity for the
intrinsic current. As a consequence of the above decomposition, we can redefine (v(t))
and r(t). By integrating the continuity equation over the adaptation current u, we end up

with a "reduced” continuity equation:
a U a v U
5P (& vln) = =2 - 1G" (v, {uln), n)p"(t, vln)] (17)
In the last step, we exploit the first-order moment closure assumption (ulv,n) = (u|n)
[5, [7], which is fundamental to retrieve a closed set of equations. This means that wu; is
sensitive to (v(t)) rather than single values of v; 6l |§].

To further simplify mean-field equations, we proceed by making an ansatz for the func-

tional form of p(¢,v|n). In particular, we notice that has a Lorentzian shaped sta-
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tionary solution. Thereby, we assume that it follows a distribution of the same functional

form in time [9, [10], leading to:

P (topy) = + A

o= gt + 2 (a8

with z(t,n) and y(¢,n) respectively the half-width at half-maximum and the location of
the center of the distribution.

Taking into account this expression for the conditional density function and assuming
Upeak = —Ureset — 00, one can express (v(t)) and r(t) in term of the Lorentzian distribution

parameters:

wmzémmwwm (19)

ru>=%é ot ) £(n)dn (20)

n T
Although the infinite threshold and reset assumption is not plausible from a biological
point of view, it is essential for the validity of the Lorentzian ansatz. In fact, it allows
the passage from QIF model to theta-neuron model [11], via the change of variable v(t) =
tan(0/2). In the latter case, the ansatz we made correspond to the OA ansatz [10, 9], used
to investigate low-dimensional dynamics of large population.

Next, we proceed to plug into the reduced continuity equation to obtain the time
evolution for z(t,n) and y(t,n). The result is a second order equation in v. To eliminate
v-dependence (i.e. equation valid for each value of v), we consider the coefficients of v?
and v to be equal to 0. We find functional form for 2/(¢,n) and 3/(¢,n) and, once plugged
into the function for the coefficient related to v it disappears (Supplementary Material -
Section D).

Up to this point, we have obtained the mean-field equations for r(¢t,n) and (v(t,n)) as
functions of the intrinsic current 7. To retrieve the final set of mean-field equations,
we need to choose a functional form for the heterogeneity distribution to compute the

integrals and . For simplicity, we assume that £(n) is also distributed according

10



14 to a Lorentzian distribution [9, 4]:

Loy= o (21)
™ [n—n" + AF

us  with A, and 7 respectively the half-width at half-maximum and the centroid of the dis-
16 tribution.
147 We stress that the choice of £(n) is arbitrary. However, final results, obtained with dif-
us ferent functional forms, are qualitatively similar to those obtained using the Lorentzian
19 ansatz, as shown in [9].
10 Exploiting the residue theorem (Supplementary Material - Section E) we achieve the mean-

151 field set of equations:

A
r(t)' = 2a(v)r + br = (Mp1 + Baip,)gasa + 9y5g) + "

2,2
(0 = a(0)* + b0} + ¢ = () + 71+ Lot + (Mp1 + Bat,)gasa(ea — (0)) + ggsyeg — () =

<U>/ = OZ(B<’U> - <u>) + ujumpr(t)
sl = —84/Ts, + Sa,jump” (t) (22)

s; = —54/Ts,
Vinaz[Dp)
Ko + (D]
Ry
1+ exp(Sp([Dp] + 1))

T[Dp] [Dp]/ = kcdopa —

!
TMDIMDl - —MDl +

152 Evolution of synaptic dynamics

153 Consider the single exponential synapse model we used for the excitatory synapse:

N
Ss
S;Z_Sa/'rsa“‘ﬁzzé(t_t?)

i=1 kg

11
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Here we demonstrate that, considering N — oo:
S
Sq = —Sa/Tsy + = Z Z ot — tk —Sa/Tsa + 8j,0J(t) = —8a/Ts, + Sjar(t)
i=1 th<y
where we highlight the contribute:
| N

k
t) = NZZcS(t—ti)

=1ty

First, let us define n;(t) the number of spikes fired by the i-th neuron in [0, ¢]. Its average

value across all the network will be:
t
(ni(t)) —A}gnooNZ/ Z(S:ﬁ—x dx—]\}gnoo j(x)dz

zh<t 0

Next, we can define the population firing rate as:

N
1 1 ni(t + At) —n;(t)
t)= 1 — 1 —
()= lim 27 dm D N

Finally, taking the limit N — oo the previous equation can be rearranged as:

(ni(t + At)) — (ni(t)) _ d

r(t) = lim Al = 2 (ni(t))

where the last term can be replaced by j(t) in the thermodynamic limit, as shown before.

Derivation of (u(t))

In the following we will explain in detail the derivation of:

:/ / / up(t, v, u, n)dndudv
on Jou Jov

12
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First of all, by exploiting the definition of the continuity equation we can separate the

integral in 2 parts:

/ / / dndudv— / / / &] 8J )dndudv
on Jou Jov on Jou Jov

Consider the first one and proceed to integrate over dv:

/u (88{) ) dvdudn = /u]”’avdudn =~ ujump/ [(UJU)Iau _ /‘]U(Upeak)dv] dndu =

— —ujump/f”(vpeak)dudn

In the second passage, we assume that (u|n) > wjymp and perform a Taylor expansion.
Afterward, we use the fact that the flux disappears at the boundaries of u.

The second term instead reads:

/u (%f) dvdudn — / {(uﬂ)!au - /J“du} dvdy = —(G") = —a (B) — (u))

Where, in the second step, we consider once again the disappearance of the flux at the

boundary of u, together with the definition of mean value, since J* = G"p(v,u,n), and
its linearity. Combining the two results the following expression for the evolution of the

mean adaptation current is found:

(u(t))" = a(B(v) = (u) + tjumpr(t)

Relation between mean-field variables and Lorentzian distribution parameters

First, since Lorentzian distribution has mean only in principal value sense, y(t) is defined

in the following way:

) = PV. [ wp(toin)do = (o)

13
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The mean membrane potential can thus be considered as:

(o(t)) = /8 y(t, ) L)

Moreover, under the condition vpeqk = —Vreset — 00, the population firing rate can be

related to the Lorentzian distribution parameters:

: z(t,n) _a
T(t7 77) = lim Gv(va <’LL|T]>, m, MDla S)pv(ta U|77) X avﬁeak ’ 2 = 7'7;(2&’ 77)
v—00 Trvpeak T

By integrating over the noise we get the population firing rate:

r(t) = /a ot ) £(n)dn

777'1'

Next we proceed to substitute the Lorentzian ansatz into the continuity equation for
the probability density of mean membrane potential to obtain the time evolution for the
parameters of the distribution. We obtain a second order equation in v and equating the

coefficients of v? and v to 0, we find respectively:

z'(t,n) = 2azy + bx — x (Mp1 + Burp, )9aSa + 9gSg)

y'(t,n) = ay® + by + ¢ — ax® — (uln) +n + Lewt + (Mp1 + Bap, )9aSa(ea — y) + gg54(€g — y)

Both of the results, lead to the disappearance of the coefficient related to v°. By defining
a new complex variable z(t,n) = z(t,n) +iy(t,n) = Zr(t,n) +i{v(t,n)) we can write the
reduced continuity equation in the form:

0
5=~ (b= (Mp1 + Bump,)9aSa — 9g5g) +

i [—az® = (uln) +n + ¢+ Lewt + (Mp1 + Bty )gaSaCa + gSg€g)

14
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Computation of the final mean field equations using the residue theorem

In this section we further explain the computation of the integrals and Let us

consider the integral:

R
b sonyin = /_ Snyn + /7 RO

where I'p is an oriented rectifiable curve and g is the semicircle centered at the origin
and connecting -R to R through the negative part of the imaginary plane.
Now assume:
a a A
f) = —x(nt)- L) = 2(n,t) ——5—= =
m m? [ —n)* + A2
1 A B A B

o) 5 ( ) = Satnt) 5,
= 5T ) e — B - — . = 5 ) i -

w2 i == iBy)  n—(—idy)) w2\ -

Using the residue theorem one would get:
. a  _ .

f(n)dn = =2mi - Resy=y, f(n) = —x(7] — iy, t)
'r ™
To recover the result we are looking for we use the Jordan lemma to demonstrate that
indeed wa f(n)dn — 0 as R — oc.
First, from the ML inequality we obtain:

ﬂx( t)$
w2 =+ Az|

f(n)dn‘ =

a A
—T ,t _—nd S l - su
/YR 7(2 (77 )(77 _ 7])2 + A% 77’ YR 7Rp

TR

with l,, = 1(2nR) = 7R.

Next, we exploit the triangular inequality to deal with the second part of the last equation:

(m—m*=|m—n0?%=|m-0>+A2 - A2 < [(n—n)?* - AZ] + AL

15
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Using the above relation and letting n — 400,i.e. when we extend the radius R — oo, we

obtain:
1 1

< _ - .
- A2 R A

1
=2 2
’ (n—1m?%+ A7
Moreover, we make the reasonable assumption that the half-width at half-maximum x (7, t)

is bounded by an upper value M. As a result:

a A alA 1
—x(n,t 4 <M= :
‘ﬂx(n, )(77—77)2+A?7 - w2 RZ-AZ
Finally, putting together all the previous results
A al\, 1
lim H———m—— | = i M-—=1 -
PRuTLT R e e Az| = AT 7 R AZ Az ="

This demonstrate that indeed that the integral computed over the semicircle v approaches

0 when R — o0, hence:

rty=¢ fln)dn= / " fmdn = La( — ibg,1)
T'r —00 ™

Exploiting a similar derivation we can also see that:

(o(t)) = / Ty Ly = y(7 — iA. 1)

— 00
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