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Abstract 

Hypergraphs provide a natural representation of higher-order interactions, yet vertex 

centrality and community detection are often studied independently. This study 

introduces Hypergraph Dangling Centrality (HDC), a disruption-based measure 

that quantifies the relative loss of reciprocal shortest-path communication after 

isolating a vertex, and proposes Dangling-Centrality-Guided Hyperedge 

Percolation (DC-HPC) for structurally informed overlapping-community discovery. 

The framework was evaluated on two illustrative hypergraphs and three real-world 

datasets: Enron, NDC-classes and Walmart Trips. In the eight-node example, vertex 𝑣5 achieved the highest HDC value of 0.2889 and was also the overlapping vertex 

between two communities. Across the real datasets, HDC showed its strongest 

Spearman association with closeness centrality, with coefficients of 0.975, 0.980 and 

0.986 for Enron, NDC and the Walmart core, respectively. Baseline percolation 

identified 8, 100 and 27,654 communities in the three datasets. On NDC, 10 HDC-

ranked seeds reached 22 communities, compared with 4 using hyperdegree ranking 

and a random mean of 8.11, with an empirical p-value of 0.0016. These results 

indicate that HDC provides a disruption-sensitive view of vertex importance and can 

improve early community discovery in structurally suitable hypergraphs. 
 

Keywords: Hypergraph centrality; Dangling centrality; Structural vulnerability; 

Overlapping communities; Hyperedge percolation. 

1. Introduction 

Complex networks provide a mathematical framework for representing interactions 

among entities in social, biological, technological, financial, and communication 

systems. Conventional graph models represent such systems through vertices 

connected by pairwise edges. This representation is appropriate when interactions 

occur between two entities at a time; however, many real-world relationships are 

inherently group-based. Representing these interactions only through pairwise links 

can suppress information about the original group interaction. Hypergraphs and other 

higher-order network representations address this limitation by allowing interactions 

among arbitrary numbers of vertices simultaneously [1], [2]. Battiston et al. review 

why pairwise models can miss higher-order interactions, while Bick et al. provide a 

broader formal discussion of higher-order networks.  

For example, several individuals may communicate simultaneously in a WhatsApp 

group, a multi-recipient e-mail may involve one sender and several recipients, 

multiple researchers may collaborate on a single project, and several products may 

occur together in one shopping transaction. 



The analysis of structurally important vertices is a fundamental problem in network 

science. Classical centrality measures such as degree, closeness, betweenness, and 

eigenvector centrality characterize node importance from different perspectives, 

including connectivity, shortest-path position, and association with influential 

neighbors [3]. Recent studies have also proposed modified centrality formulations for 

identifying influential vertices in large real-world networks [4]. Previous work 

introduced Dangling Centrality from a different perspective: rather than considering 

only the presence of links, it evaluates the importance of a vertex by examining the 

change in network communication when all links incident to that vertex are removed 

while the vertex itself remains in the system [5]. This disconnection-oriented 

interpretation provides a complementary structural-vulnerability perspective relative 

to conventional centrality measures. 

The Dangling Centrality concept has also been explored beyond ordinary classical 

graph analysis. In quantum-graph settings, it has been used together with classical and 

quantum-inspired centrality measures to investigate the structural consequences of 

link disruption and network resilience [6]. This progression—from classical graphs 

toward quantum-graph representations—motivates a further question: can the same 

disconnection-based view of structural importance be extended to higher-order 

networks in which relationships are represented by hyperedges rather than only 

pairwise edges?  

Beyond identifying important vertices, another major problem in complex-network 

analysis is community detection. Communities characterize mesoscopic structures in 

which groups of vertices are more closely associated with one another than with the 

remainder of the system [7]. Earlier studies have shown that overlapping communities 

are particularly important because an entity may naturally participate in several 

groups simultaneously [8]. For example, a person may belong concurrently to family, 

professional, and social groups. Such overlap becomes even more natural in 

hypergraphs because a vertex may participate in several different higher-order 

interactions.  

Recent studies have further examined community detection in large and dynamically 

evolving networks, including fuzzy approaches designed to accommodate changes in 

community structure over time [9]. Such methods provide additional flexibility for 

representing uncertain and time-varying relationships in real-world networks. These 

characteristics become particularly relevant in higher-order systems, where a vertex 

may participate simultaneously in several different hyperedges. 

Recently, Kovács, Benedek, and Palla proposed a hypergraph community-detection 

framework based on hyperedge percolation [10]. Their approach adapts classical 

clique-percolation ideas to higher-order networks and constructs communities through 

sequences of sufficiently overlapping hyperedges. In the large-hyperedge formulation, 

hyperedges containing at least ݇ vertices are retained, and another hyperedge may join 

the growing component when the required absolute intersection threshold ܫ௔௕௦  is 

satisfied [10].  

Accordingly, the present study proposes Dangling-Centrality-Guided Hyperedge 

Percolation (DC-HPC). Instead of treating starting hyperedges without vertex-level 

structural prioritization, vertices are first ranked according to Hypergraph Dangling 



Centrality. A highly ranked vertex is selected as a seed, its incident hyperedges define 

the initial higher-order neighborhood, and community formation then proceeds 

according to hyperedge-overlap conditions. This creates a direct connection between 

node-level structural vulnerability and mesoscale hypergraph organization. 

The proposed framework therefore represents a continuation of the Dangling 

Centrality research direction from classical networks [5] and quantum-network 

analysis [6] toward higher-order network structures, while also extending its role from 

centrality ranking to community-detection initialization. 

Research aims 

⚫ To formulate and evaluate Hypergraph Dangling Centrality, extending the 

original disconnection-based Dangling Centrality concept to higher-order 

networks and comparing its vertex rankings with established hypergraph 

centrality measures including hyperdegree, closeness, betweenness, and 

eigenvector centrality. 

⚫ To investigate hypergraph community structure using the hyperedge-percolation 

framework of Kovács et al., including overlapping communities and parameter 

sensitivity on illustrative and real-world hypergraph datasets. 

⚫ To propose and validate DC-HPC, a Dangling-Centrality-guided community-

detection framework in which high-ranked Hypergraph Dangling Centrality 

vertices guide percolation initialization, and to compare its community-discovery 

efficiency against hyperdegree-based and random seed-selection strategies. 

2. Literature Review 

Hypergraphs provide a mathematical generalization of conventional graphs by 

allowing a single hyperedge to connect more than two vertices simultaneously. Dai 

and Gao provide a systematic mathematical foundation for hypergraphs, including 

their structural representation and fundamental concepts required for higher-order 

computation [11]. Such higher-order representations are increasingly important 

because many real-world systems involve interactions among groups of entities rather 

than only pairwise relationships. 

The broader concept of hypernetwork science has consequently emerged as a 

framework for studying multidimensional and higher-order interactions. Joslyn et al. 

described hypernetwork science as connecting multidimensional network 

representations with computational-topological approaches, thereby providing tools 

for studying complex interaction structures beyond ordinary graphs [12]. Aksoy et al. 

further investigated higher-order structural analysis through hypergraph walks, 

demonstrating how traversal and connectivity in hypergraphs can be fundamentally 

different from conventional graph walks [13]. These developments provide an 

important theoretical basis for analyzing quantities such as vertex reachability, 

shortest paths, structural influence, and communication in higher-order networks. 

Related mathematical frameworks have also contributed to the analysis of complex 

relational structures. Higher-order structural patterns have also been investigated 

through hypergraph motifs. Lotito et al. demonstrated that higher-order motif profiles 

can reveal structural properties that are not captured by pairwise representations [14]. 



Cencetti et al. further examined temporal higher-order interactions in social networks, 

highlighting the dynamic nature of group-based interactions [15]. 

Centrality analysis within such higher-order systems aims to determine the structural 

importance of individual vertices. Classical concepts including degree, closeness, 

betweenness, and eigenvector centrality have therefore been adapted or reformulated 

for hypergraph structures [16]-[18]. However, most centrality approaches continue to 

quantify importance through the presence and arrangement of connectivity, whereas 

relatively little attention has been directed toward measuring how the disconnection of 

a vertex from its incident relationships affects overall hypergraph communication. 

This distinction provides the motivation for the proposed Hypergraph Dangling 

Centrality formulation. 

2.1 Centrality measures in hypergraphs 

Centrality analysis seeks to identify structurally important vertices in a network. 

Classical measures such as degree, closeness, betweenness, and eigenvector centrality 

were originally formulated for ordinary graphs, but several extensions have been 

developed for hypergraphs [16]–[18]. For example, Benson formulated tensor-based 

eigenvector centralities for uniform hypergraphs and demonstrated that different 

hypergraph centrality formulations may reveal distinct aspects of vertex importance 

that are not necessarily preserved in pairwise graph representations [16]. More recent 

approaches have continued to investigate higher-order formulations of vertex 

influence, including nonlinear node- and edge-centrality measures designed 

specifically for hypergraphs [17], as well as centrality formulations for higher-order 

simplicial structures [18]. 

Dangling Centrality was introduced from a different perspective. Instead of evaluating 

importance only through existing connectivity, it quantifies the structural effect of 

removing all links incident to a vertex while retaining the vertex itself [5]. The 

method therefore interprets vertex importance through communication disruption and 

structural vulnerability. Subsequent work investigated its behavior on sparse and 

large-scale networks and compared it with degree, closeness, betweenness, and 

eigenvector centralities [5]. The concept has additionally been examined in quantum-

graph settings [6], extending its interpretation from classical structural networks 

toward more complex network representations. 

2.2 Community detection in hypergraphs 

Community detection aims to identify mesoscopic groups of strongly associated 

vertices. In higher-order networks, this problem is more complex because 

communities may arise through multiway interactions rather than only through 

pairwise links. Existing approaches include probabilistic block models, spectral 

methods, flow-based clustering, tensor methods, embeddings, and modularity-based 

techniques [19], [20]. For example, Chodrow, Veldt, and Benson developed a 

generative hypergraph clustering framework that extends graph modularity and 

Louvain-type optimization to hypergraphs and demonstrated its applicability to large 

real-world higher-order datasets [19]. Ruggeri et al. further developed a scalable 

community-detection framework for large hypergraphs, including mixed and 

overlapping community structures [20].  



Overlapping communities are particularly relevant because one vertex may participate 

simultaneously in several higher-order groups [8]. Kovács, Benedek, and Palla 

recently introduced a community-detection framework based on hyperedge 

percolation [10], adapting the idea of \(k\)-clique percolation to hypergraphs. In their 

large-hyperedge formulation, hyperedges containing at least ݇ vertices are retained, 

and hyperedges are joined when they share at least ܫ௔௕௦ vertices [10]. Communities 

therefore emerge from chains of sufficiently overlapping hyperedges. Their 

framework explicitly allows overlapping communities and demonstrates that 

communities obtained directly from a hypergraph can differ from those obtained after 

pairwise projection [10].  

2.3 Research gap and motivation 

The present work connects these two levels of analysis. Existing hypergraph-

centrality studies primarily evaluate vertex importance through existing higher-order 

connectivity [16]–[18], whereas hypergraph community-detection methods focus on 

mesoscale organization [10], [19], [20]. First, Hypergraph Dangling Centrality is 

formulated by extending the disruption-based Dangling Centrality concept [5] to 

higher-order networks. Second, the hyperedge-percolation framework of Kovács et al. 

[10] is evaluated on illustrative and real-world hypergraphs. Finally, a Dangling-

Centrality-Guided Hyperedge Percolation (DC-HPC) framework is proposed, in 

which high-ranking HDC vertices guide the initialization of hyperedge-percolation 

community discovery. 

3. Datasets and Experimental Design 

3.1 Illustrative 8-node hypergraph 

The first illustrative hypergraph contains eight vertices and five hyperedges: ݁1 ={𝑣1, 𝑣2, 𝑣3}, ݁2 = {𝑣2, 𝑣3, 𝑣4, 𝑣5}, ݁3 = {𝑣4, 𝑣5, 𝑣6}, ݁4 = {𝑣5, 𝑣6, 𝑣7, 𝑣8}, ݁5 ={𝑣1, 𝑣7, 𝑣8}. This example is used to demonstrate the construction of the hypergraph 

distance matrix, the manual calculation of Hypergraph Dangling Centrality, 

comparison with conventional hypergraph centralities, and the operation of the 

proposed community-detection strategy. For intuitive interpretation, vertices can 

represent individuals and hyperedges can represent multi-user communication groups, 

such as WhatsApp groups or multi-recipient e-mail threads. 



 

Figure 1: Illustrative eight-vertex social communication hypergraph containing five overlapping 

hyperedges. Vertices represent individuals and each hyperedge represents a multi-person 

communication group. The example is used to demonstrate Hypergraph Dangling Centrality and the 

proposed community-detection procedure. 

3.2 Illustrative 10-node hypergraph 

The second illustrative hypergraph contains 10 vertices and is included to examine 

whether the behavior observed in the eight-node example remains consistent after 

increasing the structural complexity. It serves as an intermediate validation case 

between the manually tractable eight-node system and the large real-world 

hypergraphs. 

3.3 Enron e-mail hypergraph 

The Enron dataset was obtained from the higher-order network collection maintained 

by Cornell University. Each vertex represents an e-mail address, while a hyperedge 

consists of the sender together with all recipients of an e-mail message. Cornell 

reports 143 vertices, 10,883 timestamped simplices, and 1,542 unique simplices, 

with hyperedge cardinality restricted to at most 25 [21]. 

3.4 Walmart Trips hypergraph 

The Walmart Trips dataset represents consumer co-purchasing behavior. Vertices 

correspond to products and each hyperedge corresponds to the set of products 

purchased during a single shopping trip. The Cornell source contains 88,860 product 

vertices and 69,906 shopping-trip hyperedges, with a mean hyperedge size of 6.6, 

median size of 5, maximum size of 25, and 11 product-department labels [22]. 

3.5 NDC drug-class hypergraph 



The National Drug Code (NDC-classes) dataset was also obtained from Cornell's 

temporal higher-order network repository. Here, each vertex represents a drug class 

label, while each simplex/hyperedge represents the set of class labels assigned to one 

drug. The timestamps indicate when the corresponding drug was first marketed. 

Cornell reports 1,161 vertices, 49,724 timestamped simplices, and 1,222 unique 

simplices, with simplices restricted to at most 25 vertices [21].  

The characteristics and analytical sizes of the five considered datasets are summarized 

in Table 1. A scale comparison of the three real-world hypergraphs in terms of 

vertices and unique analytical hyperedges is presented in Figure 3. 

Table 1. Considered Dataset Description summary 

Dataset Type Vertices 
Raw interactions 

/ records 

Unique hyperedges 

used in your analysis 
Interpretation 

8-node 

example 
Synthetic 8 5 5 

Persons / communication 

groups 

10-node 

example 
Synthetic 10 5 5 

Controlled structural 

example 

Enron Real 143 10,883 1,512 
E-mail addresses / multi-

recipient e-mails 

Walmart 

Trips 
Real 88,860 69,906 65,979 

Products / shopping 

baskets 

NDC-

classes 
Real 1,161 49,724 1,088 Drug class labels / drugs 

 



Figure 2: Illustrative 10-node social hypergraph showing five overlapping hyperedges, their set 

representation, and the corresponding vertex–hyperedge incidence matrix. Each hyperedge represents a 

multi-person social or communication group. 

 

Figure 3: Scale comparison of Enron, Walmart Trips, and NDC-classes hypergraphs by number of 

vertices and unique analytical hyperedges. 

4. Hypergraph Centrality Measures 

Consider the illustrative hypergraph ܪ = (ܸ, with 𝑣 (ܧ = {𝑣1, 𝑣2, . . . . , 𝑣8} and ݁1 ={𝑣1, 𝑣2, 𝑣3}, ݁2 = {𝑣2, 𝑣3, 𝑣4, 𝑣5}, ݁3 = {𝑣4, 𝑣5, 𝑣6}, ݁4 = {𝑣5, 𝑣6, 𝑣7, 𝑣8}, and ݁5 ={𝑣1, 𝑣7, 𝑣8}. 
4.1 Vertex–hyperedge incidence matrix 

௜௝ܪ = {1, 𝑣௜ ∈ ௝݁0, 𝑣௜ ∉ ௝݁ 

For the illustrative hypergraph, 

ܪ =
[  
   
  1 0 0 0 11 1 0 0 0100000

111000
0111

0011
00000 1 10 1 1]  
   
     (1) 

Equation (1) matrix is the starting point for several of the centrality computations [11]. 

4.2 Hyperdegree Centrality (ܥܦு) 



ு(𝑣௜)ܥܦ .ு measures how many hyperedges contain a vertex through Equation (2) [11]ܥܦ = ∑ ௜௝௘ೕ∈ாܪ   (2) 

For example, 𝑣5 ∈  ݁2, ݁3, ݁4 , therefore ܥܦு(𝑣5) = 3 , and 𝑣1 ∈  ݁1, ݁5 , thus  ܥܦு(𝑣1) = 2. Thus,  ܥܦு = {2,2,2,2,3,2,2,2} and 𝑣5 has the highest hyperdegree. 

4.3 Hypergraph shortest-path matrix 

For your calculations, two vertices have distance 1 whenever they occur together in at 

least one hyperedge. The shortest number of such transitions gives ݀ு(𝑣௜, 𝑣௝). The 

resulting distance matrix [13] is represented in Equation (3). This same matrix is used 

for closeness and Hypergraph Dangling Centrality. 

ܵ݀ு =
[  
   
  0 1 1 2 2 2 1 11 0 1 1 1 2 2 2122211

111222
0112

1011
1 2 2 21 1 2 20 1 1 11 0 1 12 2 1 1 0 12 2 1 1 1 0]  

   
    (3) 

4.4 Hypergraph Closeness Centrality 

For a connected hypergraph with n vertices, hypergraph closeness centrality[3], [13] 

can be defined through Equation (4). 

ு(𝑣௜)ܥܥ = ݊ − 1∑ ܵ݀ு(𝑣௜, 𝑣௝)௝≠௜   (4) 

 ு(𝑣5) is recognized as hypergraph closeness centrality for vertex/node 5 and canܥܥ

be computed in Equation (5). 

ு(𝑣5)ܥܥ = 8 − 1∑ ܵ݀ு(𝑣௜, 𝑣௝)௝≠5 = 7[2 + 1 + 1 + 1 + 1 + 1 + 1] = 0.875  (5) 

Likewise, Equation (4) can be computed for all vertices, like ܥܥு(𝑣1) computation 

can be seen in Equation (6). The complete result can be seen in Equation (7) for 

Figure 1. Thus 𝑣5 is again the most central vertex. 

ு(𝑣1)ܥܥ = 8 − 1∑ ܵ݀ு(𝑣௜, 𝑣௝)௝≠1 = 7[1 + 1 + 2 + 2 + 2 + 1 + 1] = 0.700 (6)  
(ܪ)ுܥܥ  = {0.7,0.7,0.7,0.7,0.875,0.7,0.7,0.7}  (7) 



4.5 Hypergraph Betweenness Centrality 

Hypergraph Betweenness Centrality extends the shortest-path interpretation of 

classical betweenness centrality to the vertex-distance structure of a hypergraph. It 

measures the extent to which a vertex lies on shortest paths between other vertex pairs 

[3]. In the present study, this concept is applied to hypergraph shortest paths using 

Equation (8), where ߪ௦௧ denotes the number of shortest paths between vertices ݏ and ݐ, 

and ߪ௦௧(𝑣௜) denotes the number of those paths passing through vertex 𝑣௜. 
ு(𝑣௜)ܥܤ = ∑ ௦௧ߪ௦௧(𝑣௜)ߪ   (8)௦<௧௦,௧≠௩  

Hypergraph betweenness of 𝑣3 can be computed through Equation (8) by considering 

only vertex pairs for which ࢜૜ lies on at least one shortest path contribute as evaluated 

in Equation (9) and Equation (10) that contributed to computation ࡴ࡯࡮(࢜૜)  as 

calculated in Equation (11). All remaining vertex pairs contribute zero. 

(𝑣1, 𝑣4) ∶ 14ߪ(𝑣3)14ߪ  = 12  (9) 

(𝑣1, 𝑣5) ∶ 15ߪ(𝑣3)15ߪ  = 14  (10) 

ு(𝑣3)ܥܤ = 12 + 14 = 0.750 (11) 

For 𝑣5 , the computation through Equation (8) is evaluated in Equation (12) and 

Equation (13). 

Table S1. Contributing vertex pairs, shortest-path counts, and individual contributions to the 

betweenness centrality of 𝑣5 in the illustrative eight-node hypergraph. 

Vertex pair (s,t) σst σst(v5) Contribution 

(v2,v6) 2 1 1/2 

(v2,v7) 2 1 1/2 

(v2,v8) 2 1 1/2 

(v3,v6) 2 1 1/2 

(v3,v7) 2 1 1/2 

(v3,v8) 2 1 1/2 

(v4,v7) 2 1 1/2 

(v4,v8) 2 1 1/2 

 

ு(𝑣5)ܥܤ = ∑[(𝑣2, 𝑣6), (𝑣2, 𝑣7), (𝑣2, 𝑣8), (𝑣3, 𝑣6), (𝑣3, 𝑣7), (𝑣3, 𝑣8), (𝑣4, 𝑣7), (𝑣4, 𝑣8)] (12) 



ு(𝑣5)ܥܤ = 12 (8) = 4 (13) 

For an undirected network with ݊ = 8, the normalized form is presented in Equation 

(13). The normalized for all vertices of 8-node hpergraph considered in Figure 1 is 

declared in Equation (14).𝑣5  has the highest hypergraph betweenness centrality as 

highlighted in blue in Equation (14). 

ு∗(𝑣௜)ܥܤ = ݊)ு(𝑣௜)ܥܤ 2 − 1)(݊ − 2) (13) 

ு∗(𝑣௜)ܥܤ = {0.0952,0.0357,0.0357,0.0476,0.190,0.0476,0.0357,0.0357} (14) 

4.6 Vertex co-membership-based Hypergraph Eigenvector Centrality 

Construct the weighted vertex co-membership matrixAH , Equation (15) in which  ܦ = ,݅)ுܣ An entry . (ࢀࡴࡴ)݃ܽ݅݀ ݆) = 2, for example see Equation (16), means that 

the two vertices occur together in two hyperedges. 

AH = ࢀࡴࡴ −  (૚૞)  ࡰ

ுܣ =
[  
   
  0 1 1 0 0 0 1 11 0 2 1 1 0 0 0100011

211000
0110

1021
1 0 0 02 1 0 00 2 1 12 0 1 10 0 1 1 0 20 0 1 1 2 0]  

   
    (16) 

The centrality vector satisfies the dominant-eigenvector relation i.e. ܣுݔ =  ,ݔ௠௔௫ߣ
which is approximated using the Power Method. For the considered small 8 nodes 

hypergraph in Figure 1, ߣ௠௔௫ ≈ 5.4641.  Iteration 1 and Iteration 2 are shown in 

Equation (17) and Equation (18). 

(1)ݔ =
[  
   
  0 1 1 0 0 0 1 11 0 2 1 1 0 0 0100011

211000
0110

1021
1 0 0 02 1 0 00 2 1 12 0 1 10 0 1 1 0 20 0 1 1 2 0]  

   
  
[  
   
 11111111]  

   
 
=

[  
   
  45558555]  

   
   (17) 

1ݎ  = 2‖(1)ݔ‖ = √42 + 52 + 52 + 52 + 82 + 52 + 52 + 52 = √230  (18) 



ு(1)ݔ = 1ݎ(1)ݔ = 1√230
[  
   
  45558555]  

   
  (19) 

(2)ݔ =
[  
   
  0 1 1 0 0 0 1 11 0 2 1 1 0 0 0100011

211000
0110

1021
1 0 0 02 1 0 00 2 1 12 0 1 10 0 1 1 0 20 0 1 1 2 0]  

   
  1√230

[  
   
  45558555]  

   
  = 1√230

[  
   
  2027273140312727]  

   
   (20) 

2ݎ = 2‖(2)ݔ‖ = √202 + 272 + 272 + 312 + 402 + 312 + 272 + 272230
= √6838230   (21) 

(16)ݔ =
[  
   
  0 1 1 0 0 0 1 11 0 2 1 1 0 0 0100011

211000
0110

1021
1 0 0 02 1 0 00 2 1 12 0 1 10 0 1 1 0 20 0 1 1 2 0]  

   
  
[  
   
  0.235161590.321236190.321236190.370931370.506703180.370931370.321236190.32123619]  

   
  =

[  
   
  1.284944761.755268521.755268522.026810102.768670232.026810101.755268521.75526852]  

   
    (23) 

16ݎ = 2‖(16)ݔ‖ = 5.464101615135  (24) 

ு(16)ݔ = 16ݎ(16)ݔ =
[  
   
  0.235161210.321236430.321236430.370931990.506701820.370931990.321236430.32123643]  

   
  (25) 



(17)ݔ =
[  
   
  0 1 1 0 0 0 1 11 0 2 1 1 0 0 0100011

211000
0110

1021
1 0 0 02 1 0 00 2 1 12 0 1 10 0 1 1 0 20 0 1 1 2 0]  

   
  
[  
   
  0.235161210.321236430.321236430.370931990.506701820.370931990.321236430.32123643]  

   
  =

[  
   
  1.284944731.755267891.755267892.026808502.768673702.026808501.755267891.75526789]  

   
    (26) 

17ݎ = 2‖(17)ݔ‖ = 5.464101615137  (27) 

ு(17)ݔ = 17ݎ(17)ݔ =
[  
   
  0.235161390.321236320.321236320.370931700.506702460.370931700.321236320.32123632]  

   
  (28) 

 

Power iteration with 2ܮ  normalization converged after 17 iterations under the 

stopping criterion ‖ݔ(௧) − 2‖(௧−1)ݔ < 10−6. Starting from an all-ones vector, power 

iteration with Euclidean normalization first satisfied the stopping criterion at iteration 

17. The maximum absolute change between successive normalized vectors decreased 

from1.3563 × 10−6 at iteration 16 to 6.3607 × 10−76.3607 at iteration 17. 

Eigenvector centrality assigns greater importance to vertices connected to other highly 

important vertices [23]. In the present study, this principle is applied to the weighted 

vertex co-membership matrix derived from the hypergraph. This implementation 

differs from tensor and nonlinear hypergraph eigenvector formulations [16], [17]. 

5. Proposed Hypergraph Dangling Centrality 

Dangling Centrality[5] evaluates the structural importance of a vertex through the loss 

of network communication caused by disconnecting that vertex from the network 

while retaining the vertex itself. In the present study, this concept is extended to a 

hypergraph ܪ = (ܸ, E), where interactions among vertices are represented by 

hyperedges. 

5.1 Hypergraph communication function 

Let ܸ = {𝑣1, 𝑣2, , . . . . , 𝑣௡}  be the vertex set of hypergraph ܪ , and let ܵ݀ு(𝑣௜ , 𝑣௝) 

denote the shortest hypergraph distance between vertices 𝑣௜  and  𝑣௝ . To clearly 

distinguish a disconnected pair from the diagonal self-distance, an unreachable pair is 

assigned ܵ݀ு(𝑣௜, 𝑣௝) = ∞ , such that 1 ∞⁄ = 0. Diagonal self-distances satisfy ܵ݀ு(𝑣௜, 𝑣௜) = 0 and are excluded by restricting the summation to ݅ < ݆ . The total 

communication of the hypergraph is therefore defined as in Equation (27), where    ݅ < ݆ ensures that each unordered vertex pair is counted exactly once. 



(ܪ)ுߔ = ∑ 1ܵ݀ு(𝑣௜, 𝑣௝) ,     1∞ = 0௜<௝ (29) 

5.2 Dangling operation in a hypergraph 

For a selected vertex 𝑣௜, all incidences of 𝑣௜ with its incident hyperedges are removed 

while 𝑣௜ itself remains in the hypergraph as an isolated vertex. Define the resulting 

dangling hypergraph as ܪ௜஽ = (ܸ, ௜஽ܧ .(௜஽ܧ = {݁\{𝑣௜}: ݁ ∈ ,ܧ  𝑣௜ ∈ ݁} ∪ {݁: ݁ ∈ ,ܧ 𝑣௜ ∉ ݁} (30) 

Thus, the complete incident hyperedge is not deleted; only the selected vertex is 

disconnected from that hyperedge. For example, if ݁ = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5} and 𝑣5  is 

dangled, the resulting hyperedge becomes ݁D = {𝑣1, 𝑣2, 𝑣3, 𝑣4}. 
5.3 Definition of Hypergraph Dangling Centrality 

The Hypergraph Dangling Centrality of vertex 𝑣௜ is defined as the relative loss in total 

hypergraph communication after 𝑣௜ is isolated as represented in Equation (31), where ߔு(ܪ)  is the communication of the original hypergraph and ߔு(ܪ௜஽)  is the 

communication after dangling vertex 𝑣௜ . The measure satisfies 0≤ ு(𝑣௜)ߔ ≤ 1. A 

value close to zero indicates that isolating the vertex causes relatively little disruption, 

whereas a larger value indicates a greater loss of communication and therefore higher 

structural vulnerability. The dangling operation for vertex 𝑣5 , before and after 

removal of its hyperedge incidences, is illustrated in Figure 4. 

ு(𝑣௜)ߔ = (ܪ)ுߔ − (ܪ)ுߔ(௜஽ܪ)ுߔ  (31) 

 



Figure 4. Illustration of the Hypergraph Dangling Centrality operation for vertex v5, showing the 

original hypergraph and the modified structure after removing v5 from its incident hyperedges while 

retaining it as an isolated vertex. 

5.4 Manual computation for the eight-node hypergraph 

For the illustrative hypergraph in Figure 1 and using the shortest-path distance matrix 

already obtained in Section 4.3, among the 28 distinct vertex pairs,  17 have distance 

1 and 11 have distance 2. Therefore communication of Hypergraph can be computed 

through Equation (29) and can be see in Equation (32). For instance, Dangling vertex 𝑣5  and vertex 𝑣5  belongs to ݁2, ݁3, ݁4 , after dangling 𝑣5 , ݁2D = {𝑣2, 𝑣3, 𝑣4}, ݁3D ={𝑣4, 𝑣6}, ܽ݊݀ ݁4D = {𝑣6, 𝑣7, 𝑣8}. The hyperedges ݁1 and ݁5 remain unchanged, while 𝑣5   becomes isolated. The modified system contains 11 reachable vertex pairs at 

distance 1, 10 reachable pairs at distance 2, and 7 pairs involving 𝑣5  become 

unreachable i.e. Equation (33). 

(ܪ)ுߔ = 17 (11) + 11 (12) = 22.5  (32) 

(5஽ܪ)ுߔ = 11(1) + 10 (12) + 7(0) = 16 (33) 

ு(𝑣5)ߔ = 22.5 − 1622.5 = 0.2889 (34) 

Likewise if 𝑣3 is dangle, i.e. if isolating 𝑣3 ݁1D = {𝑣1, 𝑣2}, ݁2D = {𝑣2, 𝑣4, 𝑣5}, while ݁3, ݁4, ܽ݊݀ ݁5 remain unchanged. There are now 13 pairs at distance 1, 8 pairs at 

distance 2, and 7 unreachable pairs involving v3. Thus, computation for ߔு(3ܪ஽) can 

be see in Equation (35). Consequently, hypergraph dangling centrality for vertex 𝑣3 

can be computed in Equation (36). It is observed in Table 2. that vertex v5 produces a 

greater loss of hypergraph communication when disconnected. 

(3஽ܪ)ுߔ = 13 + 8 (12) = 17  (35) 

ு(𝑣3)ߔ = 22.5 − 1722.5 = 0.2444 (36) 

Table 2. Proposed Hypergraph Dangling Centrality Computation for each in Figure 1 

Vertex ߔு(ܪ௜஽) ߔு(𝑣௜) Rank 𝑣1 17.0 0.2444 2 𝑣2 17.0 0.2444 2 𝑣3 17.0 0.2444 2 𝑣4 17.0 0.2444 2 𝑣5 16.0 0.2889 1 𝑣6 17.0 0.2444 2 𝑣7 17.0 0.2444 2 



Vertex ߔு(ܪ௜஽) ߔு(𝑣௜) Rank 𝑣8 17.0 0.2444 2 

For the illustrative hypergraph, 𝑣5 attains the highest Hypergraph Dangling Centrality, ߔு(𝑣5) = 0.2889 . Disconnecting 𝑣5 reduces the total reciprocal-distance 

communication from 22.5 to 16.0, corresponding to a 28.89% loss. In contrast, 

dangling each of the remaining vertices reduces the communication value to 17.0, 

producing ߔு = 0.2444. The result identifies 𝑣5 as the vertex whose disconnection 

has the greatest structural effect on communication in the illustrative hypergraph. 

6. Hypergraph Community Detection through Hyperedge Percolation 

Community detection in hypergraphs aims to identify groups of vertices connected 

through higher-order interactions while preserving the original hyperedge structure. In 

this study, the hyperedge-percolation framework proposed by Kovács, Benedek, and 

Palla [10] is adopted as the baseline community-detection method. Their approach 

defines a community through sequences of sufficiently overlapping hyperedges rather 

than through pairwise projection.  

For the large-hyperedge formulation, let ܪ = (ܸ,  be a hypergraph and let ݇ denote  (ܧ

the minimum admissible hyperedge cardinality. The retained hyperedge set is shown 

in Equation (37). Two retained hyperedges ݁௜, ௝݁ ∈  ௞ are considered adjacent whenܧ 

their absolute intersection satisfies Equation (38), where ܫ௔௕௦controls the minimum 

number of common vertices required for percolation. The reference method 

recommends examining ܫ௔௕௦ within the range 1, … , k − ௞ܧ .1 = {݁ ∈ ܧ  ∶  |݁| ≥ ݇}  (37) |݁௜ ∩ ௝݁| ≥ ,௔௕௦ܫ (38) 

A hyperedge community is consequently formed by repeatedly traversing adjacent 

hyperedges. If ܧ௥ ⊆ ௞ܧ denotes a connected component under Equation (38), the 

corresponding vertex community is see in Equation (39). Since different hyperedge 

components may contain common vertices, the resulting communities may overlap. 

This overlapping characteristic is an important property of hyperedge-percolation 

community detection. 

௥ܥ = ⋃ ݁  (39)௘∈ாೝ  

6.1 Manual community detection on the illustrative eight-node hypergraph 

For the hypergraph in Figure 1, consider ݇ = ௔௕௦ܫ ,4 = 2. Only hyperedges with at 

least four vertices are retained see Equation (40). 4ܧ = {݁2, ݁4} (40) 

Their intersection is visible in Equation (41).  



݁2 ∩ ݁4 = {𝑣5} (41) |݁2 ∩ ݁4| =  1 < 2  (42) 

Thus, by the computation in Equation(42) the two hyperedges do not percolate into 

one component and form two communities as seen in Equation (43) and Equation (44). 

Communities interaction can be see in Equation (45), showing that 𝑣5  is an 

overlapping member of both communities. 

2ܥ  = {𝑣2, 𝑣3, 𝑣4, 𝑣5}  (43) 3ܥ = {𝑣5, 𝑣6, 𝑣7, 𝑣8} (44) 1ܥ ∩ 2ܥ = {𝑣5}  (45) 

7. Proposed Dangling-Centrality-Guided Hyperedge Percolation 

The conventional hyperedge-percolation framework determines communities from 

hyperedge cardinality and overlap but does not use vertex-level structural 

vulnerability to prioritize the starting locations of community exploration [10]. The 

proposed Dangling-Centrality-Guided Hyperedge Percolation (DC-HPC) 

framework introduces an informed vertex-seeding mechanism while retaining the 

original hyperedge-percolation criterion for community growth. 

The central motivation is that a vertex with high Hypergraph Dangling Centrality 

causes a comparatively large reduction in overall hypergraph communication when 

disconnected. Such vertices may therefore identify structurally influential regions, 

community interfaces, or overlapping vertices from which community exploration can 

be prioritized. 

7.1 Dangling-Centrality-based seed selection 

First, Hypergraph Dangling Centrality is computed for every vertex through Equation 

(31). Vertices are then ranked in descending order as seen in Equation (46). ߔு(𝑣(1)) ≥ ு(𝑣(2))ߔ ≥. . . . . ≥  ு(𝑣(௡))  (46)ߔ

The highest-ranked vertex is selected as the first community-discovery seed, see 

Equation (47). For a selected seed ܛ, the qualifying incident hyperedges are calculated 

through Equation (48). 1ݏ = ௦௞ܧ ு(𝑣௜)  (47)ߔ௩೔∈ாݔܽ݉݃ݎܽ = {݁ ∈ ݏ :ܧ ∈ ݁, |݁| ≥ ݇} (48) 

7.2 DC-HPC community-growth procedure 



For each high-ranked seed ܛ, every previously unexplored hyperedge in ࢑࢙ࡱ initializes 

a percolation search. A candidate hyperedge ௝݁  is added to the growing hyperedge 

component whenever |݁௜ ∩ ௝݁| ≥  ௔௕௦, for at least one hyperedge ݁௜ already belongingܫ

to that component. The procedure continues until no additional qualifying hyperedge 

can be reached. The corresponding vertex community is then seen through Equation 

(49), where ܚ allows a single Dangling-Centrality seed to identify more than one 

distinct percolation component. This point is particularly important for overlapping-

community discovery ݏ ∈ ௦(1)ܥ  ∩ ௦(2)ܥ
may occur even when  ܥ௦(1) ≠ ௦(2)ܥ

.After all 

incident components of the current seed have been explored, the algorithm proceeds 

to the next highest-ranked vertex whose qualifying hyperedges contain at least one 

unexplored percolation region. 

௦௥ܥ  = ⋃ ݁௘∈ாೞೝ  (49) 

7.3 DC-HPC algorithm 

Figure 5 summarizes the proposed DC-HPC procedure. The method first computes 

Hypergraph Dangling Centrality for all vertices and ranks them in descending order. 

High-ranked vertices are then used as structurally informed seeds, while only 

hyperedges satisfying the minimum-size condition are retained. Starting from each 

seed-associated hyperedge, community growth proceeds through the hyperedge-

overlap criterion |݁௜ ∩ ௝݁| ≥ ௔௕௦ܫ . The process continues until no further qualifying 

hyperedges can be added, after which the corresponding vertex set is recorded as an 

overlapping community. 

 

Figure 5:  Algorithmic framework of the proposed Dangling-Centrality-Guided Hyperedge Percolation 

(DC-HPC) method for seed prioritization and overlapping hypergraph community detection. 

7.4 Computational Complexity and Scalability 



Let ݊ = |ܸ|,݉ = ܮ ݀݊ܽ |ܧ| = ∑ |݁|௘∈ா  denote the total number of vertex–hyperedge 

incidences. Using the incidence representation, one all-pairs hypergraph-distance 

computation by repeated breadth-first search requires approximately ܱ(݊(݊ + ݉  time. In a direct exact implementation of HDC, this communication calculation is ((ܮ+

repeated after dangling each of the ݊ vertices, giving a worst-case time complexity of 

approximatelyܱ(݊2(݊ + ݉ +  This computational cost motivates the use of an .((ܮ

exact structural core for the very large Walmart dataset. After HDC scores have been 

obtained, vertex ranking requires ܱ(݈݊݊݃݋)time. For the retained ݉௞ hyperedges, 

the percolation stage requires at most ܱ(݉௞2) pairwise hyperedge comparisons in the 

straightforward implementation. Thus, exact HDC computation is the dominant cost 

for large hypergraphs, whereas the subsequent DC-HPC seed prioritization adds 

comparatively modest overhead. 

 

Sparse-matrix scalability. Hypergraph incidence and co-membership representations 

are naturally sparse for many large real-world datasets. Efficient sparse-matrix 

operations can therefore support scalable implementations of hypergraph 

computations. Buluç and Gilbert investigated parallel sparse matrix-matrix 

multiplication and the associated communication and sparsity challenges [24]. Azad 

and Buluç subsequently developed a work-efficient parallel sparse matrix-sparse 

vector multiplication algorithm relevant to graph traversal procedures such as breadth-

first search [25]. These developments provide a computational basis for future parallel 

implementations of HDC, particularly for repeated shortest-path and large-scale 

incidence-matrix operations. 

7.5 Manual DC-HPC demonstration on the eight-node hypergraph 

The proposed method can be demonstrated using the same illustrative hypergraph. 

From Section 5, ߔு(𝑣5) = 0.2889 is the maximum value. Hence, 1ݏ = 𝑣5. For k =4,  the retained hyperedges containing 𝑣5  are ܧ௩5(4) = {݁2, ݁4} . Specifically, ݁2 ={𝑣2, 𝑣3, 𝑣4, 𝑣5} and ݁4 = {𝑣5, 𝑣6, 𝑣7, 𝑣8}. However, |݁2 ∩ ݁4| = |{𝑣5}| = 1. For ܫ௔௕௦ =2, the obtain output is  1 < 2, so the two incident hyperedges are not merged. 

Instead,  𝑣5  initiates two distinct community regions 1ܥ = {𝑣2, 𝑣3, 𝑣4, 𝑣5} ܽ݊݀ 2ܥ ={𝑣5, 𝑣6, 𝑣7, 𝑣8}. Therefore, 1ܥ ∩ 2ܥ = {𝑣5}. 
7.6 Difference between baseline hyperedge percolation and DC-HPC 

DC-HPC introduces a structurally informed seed-selection strategy for hyperedge 

percolation and is evaluated in terms of early community discovery and coverage 

relative to hyperdegree-based and random initialization see Table 3 

Table 3. Comparison of baseline hyperedge percolation and proposed DC-HPC in terms of 

initialization, community growth, overlap handling, and search prioritization. 

Feature Hyperedge Percolation Proposed DC-HPC 

Initial unit Qualifying hyperedge High-HDC vertex 

Vertex prioritization None HDC ranking 

Community-growth criterion Hyperedge overlap Same hyperedge-overlap rule 

Overlapping communities Yes Yes 

Structurally informed search order No Yes 



Feature Hyperedge Percolation Proposed DC-HPC 

High-impact/bridge vertices explicitly 

used 
No Yes 

Main proposed advantage 
Structural community 

detection 

Prioritized early community 

discovery 

8. Results and Discussion 

The proposed framework was evaluated on two illustrative hypergraphs and three 

real-world datasets of substantially different scales. The real-world collection 

comprised the Enron e-mail hypergraph with 143 vertices and 1,512 unique analytical 

hyperedges, the NDC-classes hypergraph with 1,161 vertices and 1,088 unique 

hyperedges, and the Walmart Trips hypergraph with 88,860 vertices and 65,979 

unique hyperedges. The experiments were organized to evaluate three aspects: (i) the 

behavior of Hypergraph Dangling Centrality (HDC), (ii) community structure 

obtained through baseline hyperedge percolation, and (iii) the community-discovery 

behavior of the proposed DC-HPC framework. 

8.1 Comparison of Hypergraph Centrality Measures on Illustrative Hypergraphs 

The highest-ranked vertices and corresponding maximum centrality values for the two 

illustrative hypergraphs are summarized in Table 4. 

Table 4. Comparison of conventional hypergraph centralities and Hypergraph Dangling 

Centrality on the illustrative hypergraphs. 

Centrality 

measure 

8-node: highest 

vertex/vertices 

Maximum 

value 
10-node: highest vertex/vertices 

Maximum 

value 

Hyperdegree 𝑣5 3 𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣7,𝑣8, 𝑣9 2 

Closeness 𝑣5 0.8750 𝑣5, 𝑣7 0.6923 

Betweenness 𝑣5 0.1905 𝑣5, 𝑣7 0.2454 

Eigenvector 𝑣5 1.0000 𝑣2, 𝑣3,𝑣8, 𝑣9 1.0000 

HDC 𝑣5 0.2889 𝑣5, 𝑣7 0.2731 

In the 8-node hypergraph, all centrality measures identify vertex 5 as the most 

influential vertex. In the 10-node example, HDC agrees particularly with closeness 

and betweenness by identifying vertices 5 and 7, while hyperdegree and eigenvector 

centrality produce larger sets of tied high-ranking vertices. This demonstrates that 

HDC provides a more selective disruption-based view of structural importance in the 

illustrative networks. 

8.2 Hypergraph Centrality Results on Real-World Datasets 

Table 5. Top five vertices identified by conventional hypergraph centrality measures and 

Hypergraph Dangling Centrality across the real-world datasets. 

Table 5(a). Enron e-mail hypergraph 

Rank Hyperdegree Closeness Betweenness Eigenvector HDC 

1 41, Mike 1, Phillip Allen 144, Bill Williams 1, Phillip Allen 1, Phillip Allen 



Rank Hyperdegree Closeness Betweenness Eigenvector HDC 

Grigsby (117) (0.654378) (0.057710) (0.311615) (0.021254) 

2 
63, John 

Lavorato (109) 

41, Mike Grigsby 

(0.622807) 

1, Phillip Allen 

(0.048883) 

41, Mike Grigsby 

(0.311313) 

8, Sally Beck 

(0.021179) 

3 
1, Phillip Allen 

(101) 

85, Scott Neal 

(0.614719) 

85, Scott Neal 

(0.042115) 

125, James Steffes 

(0.235501) 

112, Susan Scott 

(0.021134) 

4 
23, David 

Delainey (94) 

63, John 

Lavorato 

(0.612069) 

112, Susan Scott 

(0.040102) 

63, John Lavorato 

(0.233162) 

85, Scott Neal 

(0.020593) 

5 
20, Jeff Dasovich 

(86) 

8, Sally Beck 

(0.609442) 

8, Sally Beck 

(0.037769) 

116, Richard 

Shapiro (0.226121) 

136, Barry 

Tycholiz 

(0.019420) 

Enron. Phillip Allen shows the most consistent importance across the centrality 

measures. He ranks first in closeness, eigenvector centrality, and HDC, second in 

betweenness, and third in hyperdegree. This indicates that his importance is not based 

only on e-mail participation frequency, but also on accessibility to other vertices, 

association with influential correspondents, and the communication loss produced 

when his connections are removed. Sally Beck, Susan Scott, and Scott Neal also 

appear among the highest HDC and betweenness-ranked vertices, suggesting that 

HDC tends to highlight communication nodes with important bridging roles. In 

contrast, Mike Grigsby has the highest hyperdegree but does not appear among the 

top-five HDC vertices, illustrating the distinction between frequent participation and 

structural vulnerability. 

A useful result here in Table 5(a) is that four of the five HDC-selected vertices also 

occur in the betweenness top five, whereas only Phillip Allen occurs in both the HDC 

and hyperdegree top five. This supports the interpretation that HDC is more closely 

related to communication disruption and bridging than simply to interaction frequency. 

Table 5(b). NDC-classes hypergraph 

Rank Hyperdegree Closeness Betweenness Eigenvector HDC 

1 
179, Cell-mediated 

immunity (221) 

179, Cell-

mediated 

immunity 

(0.247556) 

53, CYP3A4 

inhibitors 

(0.038178) 

178, Increased 

histamine 

release 

(1.000000) 

41, P-glycoprotein 

inhibitors (0.055166) 

2 

178, Increased 

histamine release 

(219) 

178, Increased 

histamine release 

(0.246118) 

41, P-

glycoprotein 

inhibitors 

(0.031436) 

182, Allergens 

(1.000000) 

5, CYP2D6 inhibitors 

(0.027606) 

3 182, Allergens (219) 
182, Allergens 

(0.246118) 

179, Cell-

mediated 

immunity 

(0.029104) 

179, Cell-

mediated 

immunity 

(0.999212) 

380, 

Analogs/derivatives 

(0.025910) 

4 
180, Increased IgG 

production (166) 

3, 

Antiarrhythmic 

(0.232764) 

3, 

Antiarrhythmic 

(0.025431) 

180, Increased 

IgG 

production 

(0.860163) 

790, Antidote 

(0.023705) 

5 

380, 

Analogs/derivatives 

(75) 

701, Plant 

allergenic extract 

(0.230234) 

5, CYP2D6 

inhibitors 

(0.020861) 

181, Pollen 

(0.419677) 

384, Increased 

coagulation factor 

activity (0.021823) 



P-glycoprotein inhibitors. P-glycoprotein is an important efflux transporter involved 

in drug absorption, distribution, and elimination, and its inhibition can modify the 

exposure of co-administered drugs. It is also widely studied in the context of drug–
drug interactions and multidrug resistance, making the selection of this class as the 

highest-HDC node biologically meaningful [26]. P-glycoprotein is expressed in 

organs involved in intestinal absorption, tissue distribution, and drug elimination, and 

its inhibition can substantially alter the pharmacokinetics of concomitant substrates.  

CYP2D6 inhibitors. CYP2D6 contributes to the metabolism of approximately 20–25% 

of drugs, and strong inhibition can produce phenoconversion, in which a genetically 

normal metabolizer functions phenotypically as a poor metabolizer. Its high HDC 

ranking therefore corresponds to an important mechanism through which one drug 

class can influence the disposition and response of many other medications [27]. 

Analogs/derivatives. Chemical analogues and derivatives are central to medicinal-

chemistry lead optimization, where related structures are modified to improve activity, 

selectivity, pharmacokinetic properties, and safety. Because this NDC term is broad, 

its HDC importance should be interpreted as a structurally diverse bridging category 

rather than as one specific pharmacological mechanism [28]. The cited review 

specifically discusses lead modification for improved activity, pharmacokinetic 

profiles, and target selectivity. 

Antidote. Antidotes can counteract toxic substances through mechanisms that include 

neutralization, alteration of toxicokinetics, or enhanced elimination, and appropriate 

antidote administration can be life-saving in selected poisoning and overdose 

scenarios [29]. The fact that this node ranks fourth by HDC despite having a 

hyperdegree of only 3 indicates that HDC can identify a structurally important low-

frequency category that a pure degree measure may overlook. 

Increased coagulation factor activity. Increasing or replacing deficient coagulation-

factor activity remains a major therapeutic approach in hemophilia. Evidence from a 

systematic review and meta-analysis shows substantially lower annualized bleeding 

rates with prophylactic clotting-factor replacement than with episodic treatment [30]. 

Its appearance among the highest-HDC nodes therefore links structural importance in 

the NDC hypergraph with a clinically meaningful hemostatic mechanism. 

The pharmacological relevance of the highest-HDC NDC classes supports the 

interpretation that HDC is not merely identifying frequently occurring labels, but can 

highlight structurally disruptive mechanisms spanning drug transport, metabolism, 

toxicology, medicinal chemistry and hemostasis. 

Table 5(c). Walmart 250-vertex structural core 

Rank Hyperdegree Closeness Betweenness Eigenvector HDC 

1 

98, 

Food/Household

/Pets (5733) 

92, 

Food/Household/P

ets (0.924740) 

510, Other 

(0.015319) 

98, 

Food/Household/Pet

s (0.543813) 

92, 

Food/Household/Pe

ts (0.010606) 

2 
123, Other 

(2030) 

123, Other 

(0.924740) 

123, Other 

(0.012064) 

146, 

Food/Household/Pet

s (0.246191) 

123, Other 

(0.010606) 

3 49, 98, 92, 339, 98, 



Rank Hyperdegree Closeness Betweenness Eigenvector HDC 

Food/Household

/Pets (1505) 

Food/Household/P

ets (0.913598) 

Food/Household

/Pets (0.012053) 

Food/Household/Pet

s (0.226475) 

Food/Household/Pe

ts (0.010591) 

4 

92, 

Food/Household

/Pets (1218) 

146, 

Food/Household/P

ets (0.899154) 

297, Other 

(0.011369) 

108, 

Food/Household/Pet

s (0.221169) 

1482, 

Food/Household/Pe

ts (0.010591) 

5 

751, 

Food/Household

/Pets (1182) 

49, 

Food/Household/P

ets (0.892102) 

298, Other 

(0.011369) 

92, 

Food/Household/Pet

s (0.213817) 

146, 

Food/Household/Pe

ts (0.010500) 

Walmart Trips. The highest-ranked HDC vertices are dominated by products 

belonging to the Food/Household/Pets category, indicating that products from this 

broad department occupy important positions in the co-purchasing structure. Node 92 

attains the joint-highest HDC score and also ranks first in closeness, while Node 98 

has the highest hyperdegree and eigenvector centrality and ranks third by HDC. Node 

123, categorized as Other, also receives the joint-highest HDC value and ranks highly 

in closeness and betweenness, indicating an important bridging position across 

shopping baskets. Interestingly, Node 1482 ranks fourth by HDC despite not 

appearing among the top-five vertices under the other centrality measures, 

demonstrating that HDC can highlight structurally disruptive products that may not be 

identified from purchase frequency or conventional influence measures alone. 

The real-world experiments show that HDC is strongly associated with shortest-path 

accessibility while remaining distinct from simple hyperdegree. The Spearman 

correlations between HDC and classical hypergraph centrality measures are 

summarized in Table 6. 

 The NDC-classes results reveal an interesting distinction between overall rank 

agreement and agreement among the highest-ranked vertices. Despite an overall 

Spearman correlation of 0.980 between HDC and closeness, none of the top-five NDC 

closeness vertices occurs in the HDC top five. That is not contradictory: Spearman 

correlation measures the overall ordering across all 1,161 vertices, whereas Table 5 

focuses on the extreme upper tail that matters for seed selection. 



 

Figure 6. Enron e-mail dataset with 143 vertices and 1,512 unique analytical hyperedges 

To complement the numerical centrality rankings in Table 5, Figures 6–8 visualize 

the structural organization of the three real-world networks and highlight the positions 

of highly ranked HDC vertices within their respective interaction structures. Yellow 

nodes represent vertices and maroon links indicate pairwise co-membership derived 

from the corresponding hypergraph for visualization purposes. These panels are 2-

section/co-membership visualizations only; all centrality and community-detection 

analyses were performed on the original hypergraphs. 



 

Figure 7. NDC-classes dataset with 1,161 vertices and 1,088 unique hyperedges 

 

 
Figure 8. Walmart Trips dataset with 88,860 vertices and 65,979 unique hyperedges 



Table 6. Spearman rank correlations between Hypergraph Dangling Centrality and conventional 

hypergraph centrality measures across the real-world datasets. 

Dataset Hyperdegree Closeness Betweenness Eigenvector 

Enron 0.716 0.975 0.861 0.844 

NDC-classes 0.779 0.980 0.666 0.911 

Walmart core 0.598 0.986 0.906 0.886 

Spearman correlation analysis: HDC shows its strongest association with closeness 

centrality across all three real-world datasets, with Spearman coefficients of 0.975 for 

Enron, 0.980 for NDC-classes, and 0.986 for the Walmart core. This strong agreement 

is expected because both HDC and closeness depend on shortest-path accessibility; 

however, HDC additionally measures the loss of communication after vertex isolation. 

HDC also shows strong associations with betweenness and eigenvector centrality, 

particularly for Enron and Walmart, while its relationship with hyperdegree is 

comparatively weaker, with coefficients of 0.716, 0.779, and 0.598. These results 

indicate that HDC is related to global accessibility and bridging structure but is not 

simply reproducing the number of hyperedges incident to a vertex. 

8.3 Baseline Hypergraph Community-Detection Results for three considered 

real-world datasets 

Use the same principal setting for comparison i.e. k = 4, Iabs =3. The three datasets 

exhibit substantially different higher-order community structures as observed in Table 

7. Enron is dominated by one large community with several smaller groups, NDC-

classes exhibits a more fragmented structure, and Walmart contains a large number of 

overlapping communities. The large number of overlapping Walmart vertices reflects 

the extensive participation of products across different shopping baskets. 

Table 7. Hyperedge-percolation community-detection results for the real-world hypergraphs atk =4, Iabs = 3 

Dataset 
Retained 

hyperedges 
Communities 

Assigned 

vertices 

Overlapping 

vertices 

Unassigned 

vertices 

Largest 

community 

Enron 331 8 135 16 8 120 

NDC-

classes 
629 100 729 109 432 366 

Walmart 

Trips 
43,031 27,654 81,991 44,384 6,869 30,018 

8.4 Proposed DC-HPC on the Illustrative Hypergraphs 

In the 8-node example (Figure 1), the highest-HDC vertex is shared by both 

communities and therefore provides access to both regions from one seed. In the 10-

node example (Figure 2), the two highest-HDC vertices correspond to the two 

detected community regions can be observed in Table 8. These results provide a 

simple demonstration of HDC-guided community initialization. 

Table 8. HDC-guided community-discovery results for the illustrative hypergraphs. 



Small 

dataset 

Highest HDC 

vertex/vertices 

Maximum 

HDC 
Parameters 

Baseline 

communities 

HDC 

seeds 
DC-HPC result 

8-node, 

Figure 1 
𝑣5 0.2889 

k = 4, Iabs= 2 
2 1 

One HDC seed 

exposes both 

overlapping 

community regions 

10-node, 

Figure 2 
𝑣5,𝑣7 0.2731 

k =4, Iabs =2 
2 2 

The two highest-HDC 

seeds correspond to the 

two community 

regions 

8.5 Proposed DC-HPC on Real-World Hypergraphs 

The proposed HDC-guided initialization shows its strongest advantage on the NDC-

classes hypergraph. With only 10 seeds, HDC discovers 22 communities compared 

with 4 using hyperdegree and a random mean of 8.11. Enron shows a smaller benefit 

over hyperdegree and no statistically clear advantage over random initialization. For 

Walmart, both HDC and hyperdegree substantially outperform random initialization, 

although neither centrality-based strategy consistently dominates the other. These 

results in Table 9 indicate that the benefit of HDC-guided community discovery 

depends on the structural organization of the underlying hypergraph. 

Table 9. Number of distinct percolation communities discovered by HDC-ranked, hyperdegree-

ranked, and random seeds under different seed budgets. 

Dataset 
Seed 

budget 

HDC-

guided 

Hyperdegree-

guided 

Random 

mean 

Empirical p-value for 

HDC 

Enron 5 2 1 2.14 0.6883 

 10 4 1 3.14 0.3711 

 20 5 2 4.69 0.5575 

 50 6 4 7.08 0.9454 

NDC-

classes 
5 13 4 4.62 0.0114 

 10 22 4 8.11 0.0016 

 20 30 5 14.46 0.0016 

 50 47 16 30.92 0.0036 

Walmart 

core 
5 2,598 2,906 394.89 0.0002 

 10 3,498 3,815 784.23 0.0002 

 20 4,779 4,701 1,529.88 0.0002 

 50 6,987 7,238 3,609.99 0.0002 

In Table 9, random values are averages from 5,000 random seed permutations over 

the same eligible seed population. For Walmart, HDC and hyperdegree ranking are 

based on eligible vertices from the exact structural-core analysis, while community 

memberships are evaluated against the full hypergraph. 

Conclusion 

This study extended Dangling Centrality from ordinary graph structures to 

hypergraphs by defining vertex importance through the relative loss of higher-order 



network communication following vertex isolation. The proposed HDC measure was 

evaluated against hyperdegree, closeness, betweenness and vertex co-membership-

based eigenvector centrality on illustrative and real-world hypergraphs. HDC showed 

strong overall association with shortest-path accessibility while retaining meaningful 

differences in its highest-ranked vertices. In the NDC dataset, for example, P-

glycoprotein inhibitors achieved the highest HDC score, while several other 

pharmacologically meaningful classes were also highly ranked. 

The study further introduced DC-HPC, which uses HDC-ranked vertices to prioritize 

hyperedge-percolation community discovery. The strongest improvement was 

observed for NDC-classes, where 10 HDC seeds reached 22 communities compared 

with 4 using hyperdegree-guided initialization and a random mean of 8.11. Enron 

showed a smaller benefit, while Walmart demonstrated that HDC and hyperdegree 

can both substantially outperform random initialization without either method 

universally dominating the other. These findings suggest that HDC provides a 

complementary structural-vulnerability perspective and that its value for community 

initialization depends on the organization of the underlying hypergraph. 

Limitations 

The present study has several limitations. First, exact HDC requires repeated shortest-

path calculations after isolating individual vertices and therefore becomes 

computationally expensive for very large hypergraphs; consequently, exact Walmart 

HDC was evaluated on a 250-vertex structural core. Second, the hyperedge-

percolation results depend on the selected minimum hyperedge size and overlap 

threshold. Third, the real-world datasets do not provide definitive ground-truth 

overlapping communities, so the DC-HPC evaluation focuses on community coverage 

rather than absolute clustering accuracy. Fourth, the current formulation considers 

static, unweighted hypergraphs and does not explicitly model temporal evolution or 

heterogeneous hyperedge importance. Finally, the experiments involve three 

application domains, and further datasets are needed to establish generalizability. 

Future Directions 

Future work will investigate scalable approximations of HDC, parallel shortest-path 

computation, weighted and temporal hypergraphs, and validation on benchmark 

datasets with known community labels. A particularly promising extension is 

Federated DC-HPC (Fed-DC-HPC) for privacy-sensitive distributed hypergraphs. 

In such a framework, hospitals, organizations or other data owners could retain their 

raw local hyperedges while computing local HDC statistics and candidate seed 

rankings. Privacy-preserving aggregation or rank fusion could then produce a global 

seed ordering, after which local hyperedge-percolation procedures would identify 

community structures without requiring centralized sharing of the original higher-

order data. Recent federated hypergraph-learning work has already demonstrated that 

higher-order representations can be learned across distributed clients while preserving 

local data privacy, supporting the feasibility of this direction. 

Future scalable implementations may exploit parallel sparse matrix and sparse 

matrix–vector primitives to accelerate repeated hypergraph traversal and HDC 

computation on very large datasets. 
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  (   v 1 ,   v 5 )   :       𝜎 15 (   v 3 )    𝜎 15 =  1 4     ( 10 )


  (   v 1 ,   v 5 )   :       𝜎 15 (   v 3 )    𝜎 15 =  1 4     ( 10 )


    B C  H (   v 3 ) =  1 2 +  1 4 = 0 . 750   ( 11 )


    B C  H (   v 3 ) =  1 2 +  1 4 = 0 . 750   ( 11 )


    v 5


    v 5


    I  a b s


    B C  H (   v 5 ) =  ∑  [ (   v 2 ,   v 6 ) , (   v 2 ,   v 7 ) , (   v 2 ,   v 8 ) , (   v 3 ,   v 6 ) , (   v 3 ,   v 7 ) , (   v 3 ,   v 8 ) , (   v 4 ,   v 7 ) , (   v 4 ,   v 8 ) ] ( 12 )


    B C  H (   v 5 ) =  1 2 ( 8 ) = 4   ( 13 )


  n = 8


    v 5


      B C  H ∗ (   v  i ) =   2     B C  H (   v  i )  ( n − 1 ) ( n − 2 )   ( 13 )


      B C  H ∗ (   v  i ) = { 0 . 0952 , 0 . 0357 , 0 . 0357 , 0 . 0476 , 0 . 190 , 0 . 0476 , 0 . 0357 , 0 . 0357 }   ( 14 )


      B C  H ∗ (   v  i ) = { 0 . 0952 , 0 . 0357 , 0 . 0357 , 0 . 0476 , 0 . 190 , 0 . 0476 , 0 . 0357 , 0 . 0357 }   ( 14 )


   A H


  D = d i a g ( 𝑯   𝑯  𝑻 )


    A  H ( i , j ) = 2


    e 1 = {   v 1 ,   v 2 ,   v 3 } ,     e 2 = {   v 2 ,   v 3 ,   v 4 ,   v 5 } ,     e 3 = {     v 4 , v 5 ,   v 6 } ,     e 4 = {   v 5 ,   v 6 ,   v 7 ,   v 8 } ,     e 5 = {   v 1 ,   v 7 ,   v 8 }


   A H = 𝑯   𝑯  𝑻 − 𝑫     ( 𝟏 𝟓 )


    A  H =  [    0  1     1  0     0  0     1  1   1  0     2  1     1  0     0  0      1   0      0   0      1   1        2   1   1   0      0   0              0   1   1   0        1   0   2   1           1  0     0  0      2  1     0  0      0  2     1  1      2  0     1  1      0  0     1  1     0  2      0  0     1  1     2  0 ]     ( 16 )


    A  H =  [    0  1     1  0     0  0     1  1   1  0     2  1     1  0     0  0      1   0      0   0      1   1        2   1   1   0      0   0              0   1   1   0        1   0   2   1           1  0     0  0      2  1     0  0      0  2     1  1      2  0     1  1      0  0     1  1     0  2      0  0     1  1     2  0 ]     ( 16 )


    A  H x =   𝜆  m a x x ,


    𝜆  m a x ≈ 5 . 4641 .


    x  ( 1 ) =  [    0  1     1  0     0  0     1  1   1  0     2  1     1  0     0  0      1   0      0   0      1   1        2   1   1   0      0   0              0   1   1   0        1   0   2   1           1  0     0  0      2  1     0  0      0  2     1  1      2  0     1  1      0  0     1  1     0  2      0  0     1  1     2  0 ]  [    1   1      1   1      1   1      1   1 ] =  [    4   5      5   5      8   5      5   5 ]   ( 17 )


    r 1 =    ‖   x  ( 1 ) ‖ 2 =   4 2 +  5 2 +  5 2 +  5 2 +  8 2 +  5 2 +  5 2 +  5 2 =  230     ( 18 )


      x  H  ( 1 ) =     x  ( 1 )    r 1 =  1   230  [    4   5      5   5      8   5      5   5 ] ( 19 )


    x  ( 2 ) =  [    0  1     1  0     0  0     1  1   1  0     2  1     1  0     0  0      1   0      0   0      1   1        2   1   1   0      0   0              0   1   1   0        1   0   2   1           1  0     0  0      2  1     0  0      0  2     1  1      2  0     1  1      0  0     1  1     0  2      0  0     1  1     2  0 ]  1   230  [    4   5      5   5      8   5      5   5 ] =  1   230  [    20   27      27   31      40   31      27   27 ]   ( 20 )


    x  ( 2 ) =  [    0  1     1  0     0  0     1  1   1  0     2  1     1  0     0  0      1   0      0   0      1   1        2   1   1   0      0   0              0   1   1   0        1   0   2   1           1  0     0  0      2  1     0  0      0  2     1  1      2  0     1  1      0  0     1  1     0  2      0  0     1  1     2  0 ]  1   230  [    4   5      5   5      8   5      5   5 ] =  1   230  [    20   27      27   31      40   31      27   27 ]   ( 20 )


    H = ( V , E )


    r 2 =    ‖   x  ( 2 ) ‖ 2 =     20 2 +  27 2 +  27 2 +  31 2 +  40 2 +  31 2 +  27 2 +  27 2 230 =   6838 230     ( 21 )


    r 2 =    ‖   x  ( 2 ) ‖ 2 =     20 2 +  27 2 +  27 2 +  31 2 +  40 2 +  31 2 +  27 2 +  27 2 230 =   6838 230     ( 21 )


    x  ( 16 ) =  [    0  1     1  0     0  0     1  1   1  0     2  1     1  0     0  0      1   0      0   0      1   1        2   1   1   0      0   0              0   1   1   0        1   0   2   1           1  0     0  0      2  1     0  0      0  2     1  1      2  0     1  1      0  0     1  1     0  2      0  0     1  1     2  0 ]  [    0 . 23516159   0 . 32123619      0 . 32123619   0 . 37093137      0 . 50670318   0 . 37093137      0 . 32123619   0 . 32123619 ] =  [    1 . 28494476   1 . 75526852      1 . 75526852   2 . 02681010      2 . 76867023   2 . 02681010      1 . 75526852   1 . 75526852 ]     ( 23 )


    x  ( 16 ) =  [    0  1     1  0     0  0     1  1   1  0     2  1     1  0     0  0      1   0      0   0      1   1        2   1   1   0      0   0              0   1   1   0        1   0   2   1           1  0     0  0      2  1     0  0      0  2     1  1      2  0     1  1      0  0     1  1     0  2      0  0     1  1     2  0 ]  [    0 . 23516159   0 . 32123619      0 . 32123619   0 . 37093137      0 . 50670318   0 . 37093137      0 . 32123619   0 . 32123619 ] =  [    1 . 28494476   1 . 75526852      1 . 75526852   2 . 02681010      2 . 76867023   2 . 02681010      1 . 75526852   1 . 75526852 ]     ( 23 )


    r 16 =    ‖   x  ( 16 ) ‖ 2 = 5.464101615135     ( 24 )


    r 16 =    ‖   x  ( 16 ) ‖ 2 = 5.464101615135     ( 24 )


      x  H  ( 16 ) =     x  ( 16 )    r 16 =  [    0 . 23516121   0 . 32123643      0 . 32123643   0 . 37093199      0 . 50670182   0 . 37093199      0 . 32123643   0 . 32123643 ] ( 25 )


      x  H  ( 16 ) =     x  ( 16 )    r 16 =  [    0 . 23516121   0 . 32123643      0 . 32123643   0 . 37093199      0 . 50670182   0 . 37093199      0 . 32123643   0 . 32123643 ] ( 25 )


    x  ( 17 ) =  [    0  1     1  0     0  0     1  1   1  0     2  1     1  0     0  0      1   0      0   0      1   1        2   1   1   0      0   0              0   1   1   0        1   0   2   1           1  0     0  0      2  1     0  0      0  2     1  1      2  0     1  1      0  0     1  1     0  2      0  0     1  1     2  0 ]  [    0 . 23516121   0 . 32123643      0 . 32123643   0 . 37093199      0 . 50670182   0 . 37093199      0 . 32123643   0 . 32123643 ] =  [    1 . 28494473   1 . 75526789      1 . 75526789   2 . 02680850      2 . 76867370   2 . 02680850      1 . 75526789   1 . 75526789 ]     ( 26 )


    r 17 =    ‖   x  ( 17 ) ‖ 2 = 5.464101615137     ( 27 )


  v = {   v 1 ,   v 2 , . . . . ,   v 8 }


    r 17 =    ‖   x  ( 17 ) ‖ 2 = 5.464101615137     ( 27 )


      x  H  ( 17 ) =     x  ( 17 )    r 17 =  [    0 . 23516139   0 . 32123632      0 . 32123632   0 . 37093170      0 . 50670246   0 . 37093170      0 . 32123632   0 . 32123632 ] ( 28 )


      x  H  ( 17 ) =     x  ( 17 )    r 17 =  [    0 . 23516139   0 . 32123632      0 . 32123632   0 . 37093170      0 . 50670246   0 . 37093170      0 . 32123632   0 . 32123632 ] ( 28 )


    L 2


     ‖   x  ( t ) −   x  ( t − 1 ) ‖ 2 <    10  − 6


  1 . 3563 ×  10  − 6


  6 . 3607 ×  10  − 7


  H = ( V ,


  V = {   v 1 ,   v 2 , , . . . . ,   v  n }


  H


    e 1 = {   v 1 ,   v 2 ,   v 3 }


    S d  H (   v  i ,   v  j )


    v  i


    v  j


    S d  H (   v  i ,   v  j ) = ∞


   1 ∞ =


    S d  H (   v  i ,   v  i ) = 0


  i < j


  i < j


    𝛷  H ( H ) =   ∑  i < j   1    S d  H (   v  i ,   v  j )   ,            1 ∞ = 0 ( 29 )


    v  i

