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A fictitious-source formulation for direct numerical simulation of

turbulent boundary layers in prescribed pressure gradients

Alessandro Ceci · Christoph Wenzel · Sergio Pirozzoli

Abstract A fictitious-source formulation is introduced for prescribing general streamwise pressure-
gradient distributions at the boundary-layer edge in compressible boundary-layer simulations while
retaining a flat Cartesian domain. The method constructs a thermodynamically consistent quasi-one-
dimensional isentropic outer-flow target, from which compatible mass, streamwise-momentum and
total-energy source terms are derived. These replace the streamtube expansion or contraction associated
with the target evolution and are blended out towards the boundary layer, leaving its internal dynamics
unforced. The formulation is validated for low-speed adverse- and favourable-pressure-gradient turbulent
boundary layers against expanding- and contracting-domain reference simulations sharing the same flat
lower wall. The prescribed edge-velocity development, wall friction, mean velocity profiles and turbulent
stresses are reproduced with close quantitative agreement. At Mach 2, forced flat-wall configurations
are compared with curved-wall boundary layers at closely matched edge-velocity distributions. The
prescribed edge velocity and pressure are recovered with only small deviations, whereas the different
wall and streamline geometries produce measurable differences in boundary-layer development despite
the closely matched outer-flow histories. A momentum-integral analysis including streamline-curvature
terms further underlines the coupled nature of the curvature influence, which affects several contributions
through the modified boundary-layer development rather than appearing as a single explicit curvature
term. The method thereby enables pressure-gradient distributions to be prescribed independently of
wall geometry, particularly in compressible and supersonic boundary layers.

Keywords Direct numerical simulation · pressure-gradient boundary layers · compressible turbulence ·
fictitious source terms · quasi-one-dimensional Euler equations

1 Introduction1

Compressible turbulent boundary layers subject to streamwise pressure gradients occur in many2

high-speed aerodynamic configurations, including external lifting surfaces, compression systems, inlets3

and turbomachinery passages. Their dynamics is considerably richer than that of the canonical zero-4

pressure-gradient (ZPG) boundary layer because the mean development depends on the complete5

pressure-gradient history and on its interaction with compressibility, wall thermal conditions and, in6

practical geometries, wall curvature. Even in incompressible flow, pressure-gradient turbulent boundary7
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layers are sensitive to history effects [13, 20]. In compressible flow, the interpretation is further8

complicated by the coupling between streamwise acceleration or deceleration, density variation and9

Mach number effects [17, 24].10

The numerical realization of boundary layers, both laminar and turbulent, subject to a prescribed11

pressure gradient is, however, not straightforward. In a conventional numerical setup, the pressure12

distribution can generally only be prescribed at the upper domain boundary, several boundary-layer13

thicknesses away from the wall. Owing to the wall-normal variation of the outer potential flow, the14

pressure imposed there may differ substantially from that established at the boundary-layer edge, and15

this evolution therefore has to be anticipated when defining the boundary condition. The problem is16

particularly pronounced in supersonic flow, where pressure disturbances propagate along inclined waves,17

whereas in subsonic flow approximately wall-normal isobars may often provide at least a reasonable18

approximation. Precise control of the pressure distribution at the boundary-layer edge is nevertheless19

important for many applications, for instance when pressure- gradient and wall-curvature effects are to20

be studied independently or when experimentally measured pressure distributions are to be reproduced21

in high-fidelity simulations. A simple streamwise momentum forcing, as commonly used in channel flows,22

may generate a pressure gradient, but does not enforce a thermodynamically compatible evolution23

of density, temperature and mass flux. Control of the complete boundary-layer-edge state therefore24

remains indirect.25

Several strategies have been used to generate pressure gradients in DNS and high-fidelity simulations.26

Subsonic boundary layers can be driven by prescribing an appropriately adjusted outer pressure or27

velocity distribution, by modifying the upper boundary, by analytically integrating a potential-flow28

solution, or by using predictor–corrector procedures that match a target wall pressure [2, 7, 11, 23].29

In supersonic flow, pressure gradients are often produced by compression ramps, expansion corners,30

reflected waves, or curved surfaces [1, 8, 18, 22, 26]. These approaches are physically meaningful,31

but they may introduce shock-wave/boundary-layer interaction, separation, streamline curvature, or32

Görtler-type effects that are not part of the pressure-gradient mechanism itself [4, 6, 12, 19, 21, 27],33

or may not allow sufficiently accurate control of arbitrary target pressure-gradient distributions [24].34

This makes it difficult to isolate the response to a specified pressure-gradient distribution from that35

associated with its geometrical realization.36

1.1 Goals of the study37

This paper addresses the computational problem of imposing a prescribed pressure-gradient distribution38

in simulations while retaining a flat wall and a Cartesian mesh. The method adds fictitious source terms to39

the compressible Navier–Stokes equations. The source terms are constructed from a thermodynamically40

consistent quasi-one-dimensional target outer flow following a prescribed external velocity or pressure41

distribution. The distinctive feature of the formulation is that the complete isentropic edge-state42

evolution is prescribed through mutually compatible mass, momentum and energy source terms, rather43

than through streamwise momentum forcing alone. They replace the streamtube expansion or contraction44

that would naturally accompany this inviscid evolution by corresponding volumetric mass, streamwise-45

momentum and energy sources. The resulting source terms are equivalent, at the one-dimensional46

level, to the effect of an inviscid variable-area flow. In the DNS conducted for verification, the sources47

are applied in the outer flow and blended out towards the boundary layer, thereby generating the48

prescribed outer-flow evolution without directly forcing the boundary layer itself. The multidimensional49

boundary-layer response, including the associated wall-normal motion, remains part of the Navier–Stokes50

solution.51

1.2 Study design52

To validate the method and demonstrate its utility, both subsonic and supersonic pressure-gradient53

boundary layers are considered. The low-speed cases provide the basic validation of the forcing strategy54

by comparing geometrical reference cases in expanding and contracting domains with forced flat-plate55
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Fig. 1 Schematic comparison of the equivalent variable-area quasi-one-dimensional outer-flow interpretation and its
embedding into the flat Cartesian boundary-layer DNS. In the Cartesian formulation, the source terms replace the
streamtube expansion or contraction associated with the prescribed target evolution and are blended to zero inside the
boundary layer. The wall-normal motion generated by the developing boundary layer remains part of the multidimensional
Navier–Stokes solution

simulations, later referred to as configurations B and C, respectively. Since both realizations retain the56

same flat lower wall, this comparison directly assesses the replacement of the geometrically induced57

outer-flow deflection by the fictitious source terms.58

The same formulation is then applied to Mach-2 boundary layers. Curved-wall DNS and forced59

flat-plate simulations, later referred to as configurations A and C, respectively, are constructed with60

closely matched boundary-layer-edge velocity distributions. This provides a controlled means of61

examining pressure-gradient boundary layers with and without the wall- and streamline-curvature62

effects associated with the geometrical realization.63

64

The remainder of the paper is organized as follows. The fictitious-source formulation is introduced in65

§2, followed by the numerical method and computational configurations in §3. The low-speed validation66

is presented in §4, and the supersonic application and comparison with curved-wall DNS in §5. The67

main findings are summarized in §6.68

2 Fictitious-source formulation69

The purpose of the forcing is to reproduce, in a flat Cartesian DNS domain, a prescribed outer pressure70

or velocity evolution. To this end, we first define a thermodynamically consistent quasi-one-dimensional71

inviscid target state and derive source terms such that this state satisfies the corresponding forced72

one-dimensional conservation equations, see Fig. 1. The sources replace the streamtube expansion or73

contraction that would naturally accompany the target evolution. The same source vector follows from74

the quasi-one-dimensional Euler equations for inviscid variable-area flow, which therefore provide a useful75

physical interpretation. Finally, the sources are embedded into the multidimensional Navier–Stokes76

equations and applied in the outer flow while being blended out towards the boundary layer.77

2.1 Prescribed quasi-one-dimensional target state78

To construct the desired target outer-flow state, we consider a steady quasi-one-dimensional inviscid79

flow with prescribed edge velocity ue(x) or pressure pe(x). The target flow is assumed isentropic. Hence,80

He = he +
u2
e

2
= Ht = const., (1)

while the streamwise momentum balance gives81

dpe
dx

= −ρeue
due

dx
. (2)
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Given either ue(x) or pe(x) and one reference thermodynamic state, the complete target state follows82

from constant total enthalpy and the standard isentropic relations on the selected Mach-number branch.83

The prescribed distribution must therefore correspond to a smooth isentropic evolution on the selected84

subsonic or supersonic branch; shock-containing or entropy-generating target states are outside the85

scope of the present formulation. The isentropic assumption applies only to the prescribed inviscid86

outer-flow target and does not constrain the thermal boundary condition at the wall; heated or cooled87

walls can therefore be treated without modification of the forcing formulation.88

To determine the required forcing, we consider the quasi-one-dimensional conservation equations89

with source terms,90

∂ρ

∂t
+

∂(ρu)

∂x
= Sρ, (3)

∂(ρu)

∂t
+

∂(ρu2 + p)

∂x
= Sρu, (4)

∂(ρE)

∂t
+

∂(ρuH)

∂x
= SρE . (5)

The source terms are chosen such that the prescribed target state (ρe, ue, pe, He) is an exact steady91

solution,92

Sρ =
d(ρeue)

dx
, (6)

Sρu =
d(ρeu

2
e + pe)

dx
, (7)

SρE =
d(ρeueHe)

dx
. (8)

Using the isentropic relation dpe = a2edρe, with a2e = γpe/ρe, together with (2), gives93

1

ρe

dρe
dx

= −M2

e

1

ue

due

dx
, (9)

and therefore94

Sρ =
d(ρeue)

dx
= ρe(1−M2

e )
due

dx
. (10)

For the momentum source,95

Sρu = ue
d(ρeue)

dx
+ ρeue

due

dx
+

dpe
dx

= ueSρ, (11)

where (2) has been used. Since He = Ht = const.,96

SρE = HeSρ. (12)

Introducing97

χ(x) ≡ −
Sρ

ρeue
, (13)

gives98

χ = (M2

e − 1)
1

ue

due

dx
, (14)

or99

χ = −
M2

e − 1

γM2
e

1

pe

dpe
dx

. (15)

The source terms can therefore be written as100

Sρ = −ρeueχ, (16)

Sρu = ueSρ, (17)

SρE = HeSρ. (18)

Here, the mass source sets the required quasi-one-dimensional mass-flux evolution, while the momentum101

and energy sources ensure that the added or removed mass carries the target streamwise momentum102

and total enthalpy.103
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2.2 Equivalent variable-area interpretation104

The source formulation also admits a simple geometrical interpretation. For a steady quasi-one-105

dimensional inviscid flow through a variable-area nozzle or diffuser, conservation of mass gives106

d(ρuA)/dx = 0 and therefore107

d(ρu)

dx
= −ρu

1

A

dA

dx
. (19)

With108

χ =
1

A

dA

dx
=

d logA

dx
, (20)

this gives109

Sρ = −ρeueχ, (21)

together with110

Sρu = ueSρ, SρE = HeSρ. (22)

At the quasi-one-dimensional level, the source vector is therefore identical to that obtained by rewriting111

an inviscid variable-area flow as an equivalent constant-area problem with volumetric sources. In this112

sense, the source terms replace the streamtube expansion or contraction that would otherwise generate113

the prescribed inviscid outer-flow evolution.114

2.3 Embedding into the multidimensional Navier–Stokes equations115

For the DNS, the one-dimensional source vector is embedded into the compressible Navier–Stokes116

equations as117

∂ρ

∂t
+

∂(ρuj)

∂xj
= Sρ, (23)

∂(ρui)

∂t
+

∂(ρuiuj)

∂xj
+

∂p

∂xi
−

∂σij

∂xj
= Sρui

, (24)

∂(ρE)

∂t
+

∂(ρujH)

∂xj
−

∂qj
∂xj

= SρE , (25)

where only the streamwise momentum equation is forced, such that118

Sρui
= Sρuδi1. (26)

Here, σij is the viscous stress tensor and qj is the heat flux. The source terms are constructed from the119

prescribed quasi-one-dimensional target state and are therefore known functions of x.120

The source vector is applied through a wall-normal blending,121

S(x, y, z, t) = f(x, y, z, t)Se(x), (27)

where f is determined locally from the instantaneous flow field. It approaches unity in the weakly122

rotational outer flow and is smoothly reduced towards zero across the outer part of the rotational123

boundary-layer region. The forcing therefore follows the instantaneous boundary-layer development124

without requiring a prescribed or time-averaged boundary-layer edge. The particular local criterion125

used in the present simulations is described in § 4.1.126

The boundary layer itself is consequently allowed to evolve without direct forcing and to generate the127

wall-normal motion associated with its growth. The quasi-one-dimensional construction is used only to128

define the source vector and does not otherwise constrain the multidimensional Navier–Stokes solution.129

This multidimensional response extends into the forced outer region, such that a finite wall-normal130

velocity is retained also outside the boundary layer. The forcing does not prescribe the wall-normal131

velocity or impose ∂(ρv)/∂y = 0; rather, these quantities follow from the multidimensional Navier–132

Stokes solution. Likewise, the pressure field adjusts to the resulting multidimensional flow, while its133

streamwise evolution is governed primarily by the imposed quasi-one-dimensional forcing. A more134

detailed discussion of the forcing mask and of the resulting wall-normal flow adjustment is given in135

§ 4.1.136
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2.4 Construction for a prescribed pressure or velocity distribution137

The procedure used in the DNS is as follows.138

1. Choose the target outer pressure pe(x) or velocity ue(x) over the streamwise interval of interest. In139

the Mach-2 cases, ue(x) is represented analytically through power laws, avoiding numerical noise in140

its derivative.141

2. Determine the corresponding thermodynamic target state. For prescribed ue(x), Te(x) follows from142

constant total enthalpy, (1), while pe and ρe follow from the isentropic relations. For prescribed143

pe(x), the isentropic relations are inverted on the selected subsonic or supersonic branch to obtain144

Me(x) and the remaining target quantities.145

3. Compute the source terms from the prescribed target state,146

Sρ = ρe(1−M2

e )
due

dx
, (28)

Sρu = ueSρ, (29)

SρE = HeSρ. (30)

For a prescribed pressure distribution, the equivalent expression in terms of dpe/dx may be used.147

4. Apply the source vector to the discrete right-hand side of the conservative variables at each Runge–148

Kutta substep, using the blending defined in (27). No metric terms, grid Jacobians or curvilinear149

fluxes are introduced, and the method enters the solver as a local source-term contribution.150

The zero-pressure-gradient limit is recovered for due/dx = 0, for which all source terms vanish. In151

supersonic flow, an FPG corresponds to an increasing equivalent area and Sρ < 0, whereas an APG152

corresponds to a contracting area and Sρ > 0.153

2.5 Low-speed limit and relation to body-force approaches154

In the low-speed limit, the present formulation reduces to a form closely related to the pressure-gradient155

forcing commonly used in canonical simulations. For an incompressible quasi-one-dimensional target156

flow, ueA = const. together with the Bernoulli relation. Equations (23)–(25) then give157

∂uj

∂xj
=

due

dx
, (31)

∂ui

∂t
+

∂(uiuj)

∂xj
+

1

ρ

∂p

∂xi
− ν

∂2ui

∂xj∂xj
= −

1

ρ

dpe
dx

δi1. (32)

The streamwise momentum forcing is therefore accompanied by a compatible divergence source repre-158

senting the streamtube expansion or contraction associated with the prescribed outer-flow evolution.159

If only the streamwise momentum equation is forced, a pressure gradient can likewise be generated,160

but the corresponding cross-stream adjustment is then left entirely to the multidimensional flow.161

In the present approach, the mass, momentum and energy sources are instead constructed jointly162

from the prescribed quasi-one-dimensional target state. This distinction becomes more important in163

compressible flow, where velocity, pressure, density and temperature vary simultaneously. The coupled164

source formulation therefore prescribes a mutually compatible quasi-one-dimensional evolution of mass,165

streamwise momentum and total energy, rather than merely supplying a streamwise momentum input.166

3 Methodology and numerical setup167

The numerical assessment is based on the three configurations summarized in Fig. 2. At subsonic speed,168

geometrical reference cases with a variable upper boundary (configuration B) are compared with forced169

flat-plate simulations (configuration C). At Mach 2, curved-wall DNS (configuration A) are compared170

with the forced flat-plate configuration C at matched boundary-layer-edge velocity distributions.171
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Fig. 2 Flow configurations considered in the present study. (A) Boundary layer over a curved lower wall. (B) Boundary
layer with a flat lower wall and variable upper boundary. (C) Forced flat-plate configuration in which the prescribed
outer-flow evolution is generated by the fictitious source terms (10)–(12)

3.1 Numerical method172

All simulations employ the compressible DNS solver STREAmS [3, 16]. The working fluid is air, modelled173

as a calorically perfect gas with specific-heat ratio γ = 1.4. The viscous stresses are evaluated according174

to the Newtonian constitutive law. The dynamic viscosity is computed using Sutherland’s law, with175

Tref = 288.15K and S = 110.4K, whereas the thermal conductivity is obtained assuming a constant176

Prandtl number, Pr = 0.72. The convective fluxes are discretized using a sixth-order skew-symmetric177

central-difference scheme [14]. The diffusive fluxes, expanded in Laplacian form, are discretized using178

sixth-order central formulas, and time advancement is performed with a third-order Runge–Kutta179

scheme [25]. The fictitious source terms enter as local right-hand-side contributions and therefore180

require no modification of the conservative flux discretization. The instantaneous inflow velocity field is181

obtained by applying the inverse Van Driest transformation to an incompressible mean velocity profile182

and to velocity fluctuations generated through a recycling–rescaling procedure with spanwise shift [15].183

Temperature fluctuations are reconstructed from the streamwise velocity fluctuations according to the184

strong Reynolds analogy [9]. The wall temperature is prescribed as the local recovery temperature,185

Tw = Tr, where186

Tr = Te

(
1 + r

γ − 1

2
M2

e

)
, (33)

with r = Pr1/3. The wall temperature is constant in time at each streamwise location but varies187

with the prescribed local edge state. Periodicity is imposed in the spanwise direction. The remaining188

boundary conditions depend on the flow regime and are specified below.189
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Table 1 DNS cases used for validation. The prefix “i” denotes the subsonic low-speed cases and “c” the Mach-2 cases.
APG and FPG denote adverse and favourable pressure gradients, respectively. The suffixes F, N and C denote forced
flat-plate, nozzle-reference and curved-wall configurations, respectively. All simulations use Θ = 1.

Case Configuration PG distribution Nominal βK range Line-style

iAPG-N expanding nozzle natural 0 → 1.5
iAPG-F forced flat plate matched to iAPG-N 0 → 1.5
iFPG-N converging nozzle natural 0 → −0.7
iFPG-F forced flat plate matched to iFPG-N 0 → −0.7

cZPG flat plate - 0
cAPG-C curved wall natural 0.6→0.8
cAPG-F forced flat plate matched to cAPG-C 0.6→0.8
cFPG-C curved wall natural −0.5→−0.6
cFPG-F forced flat plate matched to cFPG-C −0.5→−0.6

Table 2 Computational parameters of the DNS cases. The reported wall-unit spacings correspond to the maximum
values within each case group. For the low-speed cases, the domain dimensions refer to the forced flat-plate configurations.

Cases Nx ×Ny ×Nz (Lx × Ly × Lz)/δ0 ∆x+
×∆y+w ×∆z+ Reδ0

iAPG 8192× 320× 1024 350× 50× 20 9.3× 0.51× 4.3 4220
iFPG 8192× 320× 1024 350× 47× 20 12× 0.80× 5.7 4220
c-cases 9216× 448× 2048 350× 34× 36 9.9× 0.89× 4.4 9004

3.2 Low-speed configurations190

The low-speed study comprises adverse- and favourable-pressure-gradient reference cases generated191

by expanding and contracting upper boundaries, respectively. The APG case produces a smooth192

deceleration from M ≃ 0.30 to M ≃ 0.24, whereas the FPG case accelerates the flow from M ≃ 0.30 to193

M ≃ 0.52. In both cases, the upper boundary remains flat up to x/δ0 = 75 and subsequently follows194

yt
δ0

=
yt,0
δ0

+
tanα

2(350− 75)

(
x

δ0
− 75

)2

, 75 < x/δ0 ≤ 350, (34)

with195

(yt,0/δ0, α) =

{
(50, 5◦), APG,

(75, −11.24◦), FPG.
(35)

Since these flows remain subsonic, the static pressure at the downstream boundary is relaxed towards196

the value of the corresponding geometrical reference solution, while the remaining variables adjust to the197

interior flow. For both pressure-gradient signs, the target velocity ue(x) is extracted from the inviscid198

region of the geometrical reference calculation. The corresponding pressure, density and temperature199

distributions are reconstructed from the isentropic relations, and the source terms are obtained according200

to §2. The forced and geometrical configurations are therefore compared at matched external-velocity201

evolution.202

3.3 Supersonic configurations203

The APG and FPG reference cases are computed using curved lower walls designed to produce204

prescribed boundary-layer-edge velocity distributions. The edge-velocity distributions obtained from205
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these simulations are then used as targets for the corresponding forced flat-plate cases. For the APG206

case, the target velocity is represented by207

ue(x)

u0

= 5.0346

[
x− xvo

δ0

]
−0.29

,
xvo

δ0
= −183.3, (36)

whereas the FPG target is represented by208

ue(x)

u0

= 0.629

[
x− xvo

δ0

]0.1
,

xvo

δ0
= −23.086. (37)

The forced and curved-wall configurations are therefore compared at matched outer-flow development209

while differing in the presence of wall and streamline curvature. In the forced cases, s = x, whereas210

in the curved-wall cases s denotes arc length along the lower wall. The computational parameters are211

summarized in Table 2. Non-reflecting conditions are applied at the upper and downstream boundaries.212

3.4 Statistical diagnostics213

The analysis uses Reynolds averaging, ϕ = ϕ+ ϕ′, and Favre averaging, ϕ = ϕ̃+ ϕ′′. Since the source214

vector is modulated by the instantaneous blending function f , its mean contribution is proportional215

to f . For a statistically two-dimensional forced flat-plate flow, the mean continuity equation therefore216

reads217

∂(ρũ)

∂x
+

∂(ρṽ)

∂y
= f Sρ, (38)

and the corresponding mean streamwise momentum equation is218

∂(ρũũ)

∂x
+

∂(ρũṽ)

∂y
= −

∂p

∂x
+

∂τxy
∂y

−
∂ρu′′u′′

∂x
−

∂ρu′′v′′

∂y
+ f ueSρ. (39)

Hence, the time-averaged source distribution follows directly from the instantaneous local blending219

introduced in (27).220

4 Low-speed validation221

The low-speed validation considers the matched APG pair (iAPG-N and iAPG-F) and FPG pair222

(iFPG-N and iFPG-F). Within each pair, the lower-wall geometry is identical and only the mechanism223

used to generate the pressure gradient differs, providing a direct validation of the forcing methodology.224

Since both pairs exhibit comparable agreement, the discussion focuses on the APG cases, while the225

corresponding FPG results are reported in A. In the following, first the forcing distribution and226

outer-flow development are examined, followed by the boundary-layer response.227

4.1 Forcing characteristics228

The local action of the forcing is examined using the low-speed APG case; all remaining forced cases229

evaluated in this study show the same qualitative behaviour and are therefore not discussed separately.230

In the present implementation, the forcing mask is constructed entirely from local instantaneous231

flow information. This deliberately simple realization avoids global boundary-layer-edge detection232

and the associated inter-processor communication, while proving sufficiently robust for the attached233

turbulent boundary layers considered here. The present normalization is intended for attached flows;234

configurations approaching separation may require a vorticity-based or non-local criterion that remains235

well conditioned as the wall shear tends to zero. More elaborate definitions of the forcing region are236

possible and are independent of the source-term formulation itself.237
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Fig. 3 Forcing characteristics for the low-speed APG case. (a) Mean streamwise and wall-normal velocity profiles
and time-averaged forcing mask f at x/δ0 = 300. Open symbols denote the geometrical reference case iAPG-N. The
boundary-layer thickness, boundary-layer edge and location of full forcing are indicated. Region I highlights the different
outer wall-normal mass-flux evolution of the forced and geometrical configurations. (b) Prescribed and realized boundary-
layer-edge velocity distributions for the forced case iAPG-F. The marker indicates the station shown in panel (a)

At each grid point, the forcing mask is constructed from the instantaneous wall-normal gradient of238

the streamwise velocity, S = ∂u/∂y, and normalized by its corresponding wall value Sw = ∂u/∂y|w239

according to240

Ŝ =

∣∣∣∣
S

Sw

∣∣∣∣ . (40)

The forcing mask is then defined as241

f =
1

1 +
(
Ŝ/Scut

)p , (41)

such that f → 0 where the wall-normal gradient of the streamwise velocity remains large relative to its242

wall value, and f → 1 as ∂u/∂y approaches zero in the outer flow. Additional inner and outer guard243

regions enforce f = 0 close to the wall and f = 1 sufficiently far outside the boundary layer. The source244

contribution is therefore evaluated locally as f Se(x) at each time step.245

Figure 3 illustrates the forcing characteristics for the iAPG-F case, with panel (b) confirming the246

close agreement between the prescribed and realized edge-velocity evolution. In addition, analysis of the247

outer-flow data confirmed the expected isentropic and isenthalpic relations. Panel (a) provides a more248

detailed view of the local forcing at x/δ0 = 300, where the streamwise pressure gradient is strongest.249

The mean streamwise and wall-normal velocity profiles are shown together with the time-averaged250

forcing mask f and compared with the geometrical reference case iAPG-N. Since the instantaneous mask251

adapts to the local boundary-layer state, its time average develops a smooth wall-normal distribution252

reminiscent of an intermittency profile. The forcing begins to deviate from zero at approximately253

75% of the boundary-layer thickness, reaches about 25% at δ and about 80% at the boundary-layer254

edge, and approaches its full strength only farther into the outer flow. The forcing therefore remains255

strongly suppressed throughout most of the boundary layer while transitioning gradually to its full256

outer-flow value. Within the boundary layer, the forced and geometrical solutions agree closely for both257

velocity components. A systematic difference appears farther outside, as indicated by region I . In258

the geometrical reference case, the wall-normal velocity continues to vary across the outer flow as a259

consequence of the expanding nozzle geometry. In the forced configuration, this cross-stream expansion260

is replaced by the volumetric source terms, such that the outer wall-normal mass flux becomes nearly261

uniform, ∂(ρṽ)/∂y ≈ 0, while the wall-normal motion associated with the developing boundary layer262

is retained. It should be noted, however, that the gradual onset of the forcing in the outer part of263

the boundary layer may introduce small deviations once the source terms become active, most clearly264

visible in the v field around y = δ. The extent of this influence depends on the chosen blending and can265
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Fig. 4 Mean streamwise velocity field for the low-speed APG validation. (a) Forced configuration and (b) expanding-nozzle
reference case. Vertical dashed lines indicate the stations x/δ0 = 80 and 300 used for the profile comparisons

therefore be adapted to the requirements of a particular application. While this may become relevant266

in laminar boundary layers or transition scenarios if disturbances in the outer part of the boundary267

layer play a role, no appreciable influence on the boundary-layer response is found for the turbulent268

cases considered here, as shown below.269

4.2 Mean-flow response270

For an overall view of the developed flow fields, Fig. 4 compares the mean streamwise velocity in the271

forced (iAPG-F) and geometrical realizations (iAPG-N). Despite the different mechanisms used to272

generate the pressure gradient, the streamwise development in the vicinity of the boundary layer is closely273

reproduced. Qualitative differences are mainly confined to the outer flow, where the streamwise-velocity274

isolines are noticeably more wall-normal in the forced configuration. Their remaining deviation from275

exact wall-normal alignment reflects the multidimensional adjustment of the Navier–Stokes solution276

around the imposed quasi-one-dimensional target state. The same tendency is observed in the pressure277

and wall-normal velocity fields (not shown). In the forced case, the pressure contours are more nearly278

wall-normal and the outer v field approaches the nearly uniform behaviour already indicated in Fig. 3,279

in contrast to the geometrically induced cross-stream development of the reference case.280

A more quantitative assessment is provided in Fig. 5. Panel (a) shows the kinematic pressure-gradient281

parameter282

βK =
δ∗K
τw

dpe
dx

, (42)

where283

δ∗K =

∫ δ

0

(
1−

u

ue

)
dy. (43)

The parameter βK provides a suitable measure of pressure-gradient effects in compressible boundary284

layers [10]. Since it combines the imposed pressure gradient with the wall shear stress and the integral285

velocity-field development through δ∗K , it constitutes a particularly stringent quantity for the present286

validation. The forced configuration closely follows the geometrical reference throughout the pressure-287

gradient region, indicating that, for the present conditions, the boundary-layer response is reproduced288

independently of whether the outer-flow evolution is generated geometrically or through the fictitious289

source terms. This is further supported by the wall-friction coefficient shown in panel (b), which likewise290

follows the reference closely, with only a small deviation emerging towards the end of the domain.291
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Fig. 5 Streamwise development of the pressure-gradient parameter and wall-friction coefficient for the low-speed APG
validation. Red lines denote the forced flat-plate configuration and blue lines the expanding-nozzle reference case

Fig. 6 Boundary-layer profiles for the low-speed APG validation. Panels (a,c) correspond to the upstream region at
x/δ0 = 80, whereas panels (b,d) correspond to the APG region at x/δ0 = 300. Panels (a,b) show the mean velocity
profiles and panels (c,d) the turbulent stresses. Red lines denote the forced flat-plate configuration and blue lines the
expanding-nozzle reference case

Following the streamwise assessment, Fig. 6 examines the local boundary-layer structure at x/δ0 = 80292

and 300, corresponding to the onset of the pressure-gradient region and a location within the strong-293

pressure-gradient region, respectively, see Fig. 5. Panels (a,b) show the mean streamwise and wall-normal294

velocity profiles in outer scaling, allowing differences between the forced and geometrical cases to be295

assessed more intuitively on a linear scale. The corresponding wall-unit representation yields the same296

level of agreement and is therefore not shown.297
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Fig. 7 Instantaneous density field for the Mach-2 APG cases. (a) Forced flat plate and (b) curved wall

Panels (c,d) show the turbulent fluctuations in wall units, using the friction velocity uτ obtained298

separately from each simulation. No appreciable differences are observed between the forced and299

geometrical cases. This is particularly notable for the wall-normal fluctuations, which remain closely300

matched even at wall-normal locations extending into the outer part of the boundary layer, where small301

differences in the mean wall-normal velocity are already present due to the onset of the forcing. The302

fluctuations therefore appear largely unaffected by the small forcing-induced shift of the local mean303

flow.304

Overall, the agreement demonstrates that the forcing reproduces both the streamwise development305

of the boundary layer and its local mean and turbulent structure for the subsonic cases considered.306

Although the present cases cover only moderate values of βK , the pressure gradients are sufficiently307

strong to produce a clear response of the boundary layer and thus provide a representative test of the308

forcing methodology.309

5 Supersonic application and comparison with curved-wall DNS310

The Mach-2 configurations differ fundamentally from the low-speed validation cases, since the geometrical311

reference simulations employ curved lower walls and therefore contain wall- and streamline-curvature312

effects that are absent from the forced flat-plate configurations. The two realizations are therefore313

physically different, and the accuracy of the forcing method is assessed only through its ability to314

reproduce the prescribed boundary-layer-edge development in the forced configurations. The resulting315

flow fields therefore demonstrate the application of the fictitious-source formulation to supersonic316

pressure-gradient boundary layers and, more importantly, its ability to construct controlled flat-wall317

reference configurations in which the prescribed outer-flow history is retained while wall and streamline318

curvature are removed.319

5.1 Supersonic outer-flow realization320

Figures 7 and 8 provide an overview of the instantaneous density fields for the APG and FPG321

configurations, representative of the corresponding behaviour observed in the other flow variables. In322

the forced cases, panels (a), the lower wall remains flat and the pressure gradient is generated by the323

volumetric source terms, whereas in the geometrical reference cases, panels (b), it results from the324

deflection of the lower wall.325

While the streamwise density variation near the boundary-layer edge is qualitatively similar within326

each pressure-gradient pair, pronounced differences occur in the outer flow. In the curved-wall configu-327

rations, the pressure gradient originates from the wall deflection, and the associated flow adjustment328

propagates downstream along characteristic directions inclined away from the surface.329



14 A. Ceci et al.

Fig. 8 Instantaneous density field for the Mach-2 FPG cases. (a) forced flat plate and (b) curved wall

In a conventional flat-wall realization, corresponding conceptually to configuration B in Fig. 2, the330

pressure-gradient distribution would instead have to be imposed through the outer boundary, either331

by an appropriate upper-wall geometry or directly through the boundary condition. The resulting332

disturbances propagate downstream along characteristics inclined towards the wall. A substantial333

streamwise distance would therefore be required for the imposed pressure information to reach the334

boundary-layer edge and, through superposition of incident and reflected disturbances, establish an335

outer pressure field with approximately wall-normal isolines [24]. Consequently, the relation between336

the outer-boundary prescription and the resulting pressure-gradient distribution at the boundary-layer337

edge remains indirect during this adjustment. Depending on Mach number and domain height, the338

associated adjustment region may extend over several hundred boundary-layer thicknesses and therefore339

introduce substantial computational overhead [24].340

The fictitious-source formulation circumvents this characteristic adjustment by establishing the341

prescribed outer-flow evolution directly throughout the forced region. The target pressure and velocity342

histories can therefore be established from the onset of the pressure-gradient region, reducing the343

required streamwise development length and avoiding the otherwise indirect relation between the344

upper-boundary prescription and the resulting edge state. The nearly wall-normal density isolines in345

the forced cases reflect this imposed outer-flow evolution. At the same time, the formulation does not346

suppress the multidimensional flow response. Small disturbances generated by the boundary layer still347

propagate along the characteristic directions of the supersonic flow and are therefore superimposed on348

the prescribed quasi-one-dimensional outer-flow development. It should, however, be kept in mind that349

the forced far field does not represent a physical realization of the pressure-gradient flow. Rather, it350

provides an artificial realization of the outer flow whose purpose is to impose the desired boundary-351

layer-edge history without introducing the geometrical mechanisms that would normally generate352

it.353

5.2 Outer-flow matching354

In the supersonic cases, the forcing methodology is assessed by comparing the prescribed boundary-355

layer-edge development with that realized in the forced simulations. Figure 9 therefore provides the356

corresponding consistency check for the Mach-2 APG and FPG configurations.357

For both pressure-gradient signs, the target distributions of ue/u0 are reproduced closely by the358

forced configurations, with only small deviations developing farther downstream. The corresponding359

pressure distributions likewise remain close to the isentropic target states. The forcing therefore provides360

accurate control of the boundary-layer-edge evolution also in the supersonic regime.361

The remaining deviations are associated with the present implementation of the forcing mask rather362

than with the source-term formulation itself. The local blending criterion based on the wall-normal363
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Fig. 9 Boundary-layer edge state for the Mach-2 pressure-gradient simulations. Panels (a,b) show the APG cases and
panels (c,d) the FPG cases. Panels (a,c) show ue/u0 and panels (b,d) pe/p0. Line styles as in Table 1. Black dashed lines
denote the reference isentropic state

velocity gradient provides a robust separation between the boundary layer and the outer flow near the364

boundary-layer edge. Farther outside, however, characteristic disturbances in the supersonic flow can365

locally prevent the blending function from approaching unity as uniformly as in the subsonic cases.366

More elaborate criteria, for example based on vorticity or non-local boundary-layer detection, could367

further reduce this sensitivity. Since the resulting deviations in ue/u0 and pe/p0 are already small368

for the present cases, such refinements were not pursued here. Nevertheless, monitoring the blending369

function has proven useful in applications of the method, since it provides a direct diagnostic of the370

effective forcing region and helps to identify the origin of possible deviations between the prescribed371

and realized outer-flow states.372

5.3 Boundary-layer response373

The boundary-layer response is characterized below in terms of the imposed pressure-gradient strength374

and the resulting integral boundary-layer development.375

5.3.1 Pressure-gradient strength376

As a first integral measure, Fig. 10 shows the kinematic pressure-gradient parameter βK , providing a377

particularly comprehensive characterization of pressure-gradient effects as discussed for the subsonic378

cases. Its kinematic formulation additionally allows pressure-gradient strengths to be compared con-379

sistently across subsonic and supersonic conditions [10]. The forced and curved-wall configurations380

exhibit closely comparable developments and remain of the same order for both pressure-gradient signs.381

For the APG cases, βK increases approximately from 0.4 to 0.6, whereas values around −0.25 are382
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Fig. 10 Kinematic pressure-gradient parameter βK for the Mach-2 simulations. Panel (a) shows the APG cases and
panel (b) the FPG cases. Line styles as in Table 1

obtained for the FPG cases. Following this classification, the APG cases correspond to a moderate383

pressure-gradient strength, whereas the interpretation of the FPG cases is less direct. As discussed in384

[10], the progressively fuller velocity profile reduces the sensitivity of this parameter under favourable385

pressure gradients, such that βK alone does not necessarily provide an equally discriminating measure386

of FPG strength.387

Although self-similarity is not an objective of the present pressure-gradient distributions, the forcing388

approach is sufficiently general to accommodate approximately equilibrium outer-flow histories if389

desired. Such configurations may provide a useful basis for future investigations aimed at separating390

pressure-gradient-history and curvature effects.391

5.3.2 Boundary-layer development392

In the following, the boundary-layer response is compared between the forced flat-wall configurations393

and the corresponding curved-wall realizations. The discussion is intentionally limited to the main394

qualitative trends, since a detailed physical interpretation of the differences between pressure-gradient395

and curvature effects is beyond the scope of the present methodological study.396

The spatial developments of the skin-friction coefficient cf , the momentum thickness θ, and the397

boundary-layer thickness δ99 are shown in Fig. 11 as functions of s/δ0. Complementary representations398

of cf as a function of Reθ, as well as the developments of the displacement thickness δ∗ and Reτ , are399

provided in B in Fig. 17.400

Considering first the forced flat-wall configurations, the pressure-gradient effect follows the expected401

trend. The APG reduces cf relative to the ZPG reference, whereas the FPG increases it. In the402

corresponding curved-wall configurations, this pressure-gradient response is modified by the effect of403

streamline curvature, which acts in the opposite direction for the present cases. For the concave APG404

configuration, the curvature-induced modification of the boundary layer results in a higher wall shear405

than in the matched flat-wall case, thereby partially compensating the reduction of cf associated with406

the APG. Consequently, the skin-friction level of the curved APG case remains considerably closer407

to the ZPG reference than that of the forced flat-wall case. For the convex FPG configuration, the408

opposite behaviour is observed. Here, the FPG increases cf , whereas the curvature-induced modification409

of the boundary layer leads to a lower wall shear than in the corresponding forced flat-wall case, again410

partially compensating the pressure-gradient effect.411

Qualitatively, the momentum-thickness development exhibits a consistent behaviour. Differences in412

skin friction are accompanied by corresponding differences in the streamwise growth of θ, although413

the connection is not one-to-one because several additional terms enter the compressible momentum-414

integral balance. Accordingly, the curved APG case develops a larger momentum thickness than the415

corresponding forced case, while for the FPG pair the lower cf of the curved-wall case is accompanied416

by a reduced growth of θ. This correspondence is consistent with the close connection between wall417
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Fig. 11 Integral boundary-layer response for the Mach-2 pressure-gradient simulations. Panels (a,c,e) show the APG
cases and panels (b,d,f) the FPG cases. Panels (a,b) show cf , panels (c,d) θ/δ0, and panels (e,f) δ99/δ0, all as functions
of s/δ0. Line styles as in Table 1

shear and momentum-thickness growth in the momentum-integral balance. This interpretation should,418

however, remain qualitative. As shown in the following section, the relation between cf and the419

spatial development of θ is modified in the presence of curvature, since additional curvature-dependent420

contributions enter the momentum balance.421

The interpretation of δ99 is additionally complicated by the compressible structure of the boundary422

layer. The near-wall region is necessarily subsonic, while the outer part of the Mach-2 boundary layer423

remains supersonic. Under adverse pressure gradients, the deceleration causes the subsonic portion to424

occupy an increasingly large fraction of the boundary layer, while the remaining supersonic portion425

becomes correspondingly thinner. Particularly when the external Mach number is reduced towards426

unity, this redistribution can have a substantial influence on conventional measures of boundary-layer427



18 A. Ceci et al.

thickness and may lead to trends that are not immediately inferred from cf or θ alone [24]. This428

behaviour is, for example, visible in the forced APG case, for which δ99 initially falls below the ZPG429

development before exceeding it again farther downstream as the external Mach number decreases.430

The additional influence of wall curvature is nevertheless clearly visible. For the concave APG431

case, the curved-wall configuration develops a larger δ99 than the corresponding forced flat-wall case432

when plotted as a function of s/δ0. The inward deflection associated with the concave geometry is433

accompanied by an increased wall-normal extent of the boundary layer, consistently with the larger434

momentum-thickness growth discussed above. The opposite trend is observed for the convex FPG case,435

for which the curved-wall configuration develops a smaller δ99 than the corresponding forced case. It436

should be kept in mind, however, that this qualitative comparison depends on the choice of streamwise437

coordinate and normalization used for the abscissa.438

A more detailed interpretation of these interacting pressure-gradient, curvature, and compressibility439

effects is considerably more involved and is therefore deferred to subsequent studies focused specifically440

on the underlying boundary-layer physics.441

5.4 Momentum-integral analysis442

The von-Kármán momentum-integral relation provides a useful description of boundary-layer develop-443

ment by directly relating wall friction, momentum-thickness growth, and the imposed pressure gradient.444

While it is usually applied in its classical form derived for planar boundary layers, the present analysis445

explicitly retains streamline-curvature contributions through a generalized curvilinear formulation.446

This provides both a more complete integral description and, more importantly, a direct means of447

relating the curved-wall configurations to their corresponding forced flat-wall references by assessing448

how streamline curvature enters the momentum balance. To this end, the analysis is performed in449

the physical wall-fitted frame, with s denoting the arc length along the lower wall and n the local450

wall-normal distance. Owing to the orthogonal grid construction, the wall-normal grid lines directly451

provide the integration paths, while velocity and stress components are expressed in the corresponding452

local wall-parallel and wall-normal directions. Hereafter, u and v denote the velocity components parallel453

and normal to the local wall, respectively.454

For the following analysis, the wall-normal variations of the mean pressure and Reynolds normal455

stresses are retained directly from the flow field. The streamwise viscous normal stress is neglected456

according to standard boundary-layer ordering, whereas the leading wall-normal shear stress is retained.457

Wall curvature enters explicitly through the metric and basis-rotation terms of the wall-fitted formulation,458

while the resulting curved-flow dynamics also modifies the boundary-layer profiles and hence the459

remaining contributions to the momentum balance. Two algebraically equivalent forms of the balance460

are considered, based respectively on the generalized and conventional momentum thicknesses. The461

former isolates departures from the flat-wall wall-normal stress equilibrium, whereas the latter retains462

the corresponding pressure and streamwise Reynolds-normal-stress contribution directly, see C for a463

more detailed derivation. Accordingly,464
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or, equivalently,465
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d
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(
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Assuming a locally isentropic inviscid external flow, such that466

1

ρe

dρe
ds
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, (46)

the momentum balance may equivalently be written as467
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or, equivalently,468
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Here,469
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Here, equation (47) provides the basis for relating the forced and curved-wall boundary-layer responses.472

It decomposes the wall friction into contributions from the streamwise growth of the generalized473

momentum thickness, the imposed outer-flow acceleration, the corresponding Mach-number contribution,474

departures from wall-normal total-stress equilibrium, and the explicit curvilinear momentum flux. The475

latter vanishes for the forced flat-wall configurations, whereas it is finite for the curved-wall cases. It476

should be emphasized, however, that this decomposition does not provide a direct causal separation of477

the individual physical effects, since streamline curvature also modifies the boundary-layer profiles and478

thereby indirectly affects the remaining terms of the balance.479

For the numerical evaluation, the integral quantities are smoothed using a third-order Savitzky–Golay480

filter with a streamwise window of 12δ0. The derivatives due/ds, dθ/ds, dθ̂/ds, dIc/ds, and dIs/ds are481

obtained by analytically differentiating the corresponding local cubic fits, such that no balance term is482

reconstructed from the residual. The non-differentiated factors are filtered using the same procedure483

before the individual contributions are formed. Robustness with respect to smoothing was verified for484

window widths between 8δ0 and 14δ0, with 12δ0 adopted here. Only the interval 20 ≤ s/δ0 ≤ 340 is485

reported to reduce endpoint effects.486

Figure 12 shows the decomposition for the APG cases. As due/ds < 0, the classical pressure-gradient487

contribution is negative in panel (c), whereas the Mach-number contribution is positive in panel (d)488

and partly compensates it. Despite the closely matched outer-flow acceleration, noticeable differences489

remain in both contributions because they also depend on the curvature-modified integral quantities490

θ̂ and δ∗. The largest difference appears in the growth term dθ̂/ds, consistent with the substantially491

different boundary-layer development discussed above. The contribution associated with Ic remains492

comparatively small, while the explicit curvilinear contribution is nearly negligible for the present APG493

configuration.494
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Fig. 12 Compressible mean momentum-integral balance for the Mach-2 APG simulations. Panels show (a) cf/2, (b)

dθ̂/ds, (c) the classical pressure-gradient contribution, (d) the Mach-number contribution, (e) the Ic contribution and (f)
the Iκ contribution in (47). Line styles as in Table 1

For the FPG cases, Fig. 13, the signs of the two outer-flow-related contributions are reversed. Again,495

differences between the forced and curved-wall cases persist despite the closely matched due/ds, because496

the corresponding terms also contain integral boundary-layer quantities that are modified by curvature.497

The reduced dθ̂/ds of the curved-wall case accounts for a substantial part of the different momentum498

balance. The explicit curvilinear contribution is finite and negative, but remains small compared with499

the dominant terms.500

Taken together, figures 12 and 13 show that the dynamical influence of curvature cannot be identified501

with the explicit curvilinear contribution alone. Although the imposed outer-flow acceleration is closely502

matched between the curved- and flat-wall configurations, curvature modifies the velocity and stress503
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Fig. 13 Compressible mean momentum-integral balance for the Mach-2 FPG simulations. Panels show (a) cf/2, (b)

dθ̂/ds, (c) the classical pressure-gradient contribution, (d) the Mach-number contribution, (e) the Ic contribution and (f)
the Iκ contribution in (47). Line styles as in Table 1

distributions and hence the integral boundary-layer quantities entering several terms of the momentum504

balance. Differences therefore appear not only in the momentum-thickness-growth term, but also in the505

nominal pressure-gradient and compressibility-related contributions through their dependence on θ̂ and506

δ∗.507

It is particularly noteworthy that the explicit curvature contribution κwIκ/(ρeu
2
e) is nearly negligible508

for the present APG case and remains small compared with the dominant terms for the FPG case. The509

contribution associated with Ic is likewise comparatively small, despite the appreciable differences in510

wall friction and integral boundary-layer development between the curved- and flat-wall configurations.511

Thus, for the present cases, the influence of curvature on the integral momentum balance is manifested512

predominantly through the curvature-induced modification of the boundary-layer state, rather than513
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through a large additive geometrical term. This decomposition should, however, be regarded as diagnostic514

rather than as a causal separation of pressure-gradient and curvature effects. A rigorous separation of515

the underlying mechanisms requires a more detailed analysis of the boundary-layer dynamics, for which516

the controlled configurations generated by the present methodology provide a suitable basis.517

6 Summary and conclusions518

A fictitious-source formulation has been developed for prescribing pressure-gradient histories in com-519

pressible boundary-layer DNS while retaining a flat Cartesian domain. A thermodynamically consis-520

tent quasi-one-dimensional isentropic target state is defined in the outer flow, and compatible mass,521

streamwise-momentum and total-energy source terms replace the streamtube expansion or contraction522

that would otherwise generate this evolution geometrically. Their equivalence to the source terms of a523

classical variable-area flow provides a direct physical interpretation of the formulation. By blending the524

forcing out towards the boundary layer, the desired pressure and velocity development is imposed at its525

edge without directly constraining the boundary-layer dynamics, including the associated wall-normal526

motion.527

The present implementation uses a deliberately simple local criterion to distinguish the boundary528

layer from the forced outer flow. Since the blending adapts to the instantaneous boundary-layer state,529

its time average develops a smooth transition resembling an intermittency distribution. The forcing530

therefore becomes active gradually across the outer part of the boundary layer rather than at a sharply531

prescribed edge. Small deviations, most clearly in the wall-normal velocity, consequently appear already532

within this transition region. For the turbulent cases considered here, however, these deviations do not533

produce an appreciable change in the resulting mean or turbulent boundary-layer response. The simple534

local blending was therefore sufficient for the present purpose, while more elaborate detection criteria535

can be introduced independently of the source-term formulation where a sharper separation is required.536

The method was validated for low-speed adverse- and favourable-pressure-gradient turbulent bound-537

ary layers against expanding- and contracting-domain reference simulations sharing the same flat lower538

wall. For both pressure-gradient signs, the prescribed edge-velocity development, pressure-gradient539

strength, wall friction, mean profiles and turbulent stresses are reproduced closely. The remaining differ-540

ences are largely confined to the outer flow, where the geometrically induced cross-stream development541

is replaced by the imposed quasi-one-dimensional evolution.542

For the supersonic cases, forced flat-wall configurations were compared with curved-wall boundary543

layers at closely matched boundary-layer-edge velocity histories. Despite the matched external-flow544

development, the different streamline geometries lead to clearly different boundary-layer responses. At545

the same time, the forced cases reproduce the prescribed edge velocity and pressure with only small546

deviations and avoid the extended adjustment associated with the propagation and superposition of547

disturbances along Mach characteristics in geometrical or outer-boundary realizations.548

A generalized momentum-integral analysis provides additional insight into how these differences549

enter the streamwise momentum balance. As expected, the influence of curvature is not confined to the550

explicit curvilinear term, but is also reflected indirectly through the curvature-modified boundary-layer551

profiles and the associated momentum-thickness-growth, pressure-gradient and compressibility-related552

contributions. The decomposition therefore provides an integral perspective on the coupled response553

rather than a unique separation of the underlying physical mechanisms.554

A more detailed analysis of these interacting effects requires a dedicated investigation of the555

underlying boundary-layer dynamics. The principal outcome of the present methodology is therefore556

not a surrogate for curved-wall flow, but a means of reproducing its prescribed pressure-gradient history557

independently of the geometry that generated it. This provides a controlled framework for separating558

pressure-gradient, curvature and compressibility effects in high-speed turbulent boundary layers.559
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Fig. 14 Mean streamwise velocity field for the low-speed FPG validation. (a) Forced flat-plate configuration and (b)
converging-nozzle reference case. The same contour levels are used in both panels. Vertical dashed lines indicate the
stations at x/δ0 = 300 used for the profile comparisons
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Appendix A Low-speed FPG validation572

The complementary low-speed FPG validation is shown in Figs. 14–16. The geometrical reference573

employs a converging upper boundary, whereas the corresponding forced configuration retains a Cartesian574

domain. Figure 14 compares the resulting mean streamwise velocity fields. In the converging-nozzle575

reference, the external flow is accelerated by the geometrical contraction, whereas the same acceleration576

is generated volumetrically in the forced configuration. As in the APG case discussed in the main text,577

the forced outer flow remains more nearly one-dimensional, while the streamwise development in the578

vicinity of the boundary layer is closely reproduced.579

The corresponding pressure-gradient development is shown in Fig. 15(a). The acceleration produced580

by the converging nozzle leads to the expected decrease of the pressure-gradient parameter, which581

is closely reproduced by the forced configuration. The resulting wall-friction coefficient in Fig. 15(b)582

likewise shows very good agreement between the two realizations.583

The agreement is further confirmed by the wall-normal profiles in Fig. 16 at x/δ0 = 300, where the584

favourable pressure gradient is fully established. Both the mean velocity components and the turbulent585

stresses of the forced configuration remain closely matched to the converging-nozzle reference.586
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Fig. 15 Low-speed FPG validation. (a) Pressure-gradient parameter and (b) wall-friction coefficient. Red lines denote
the forced configuration and blue lines the converging-nozzle reference case

Fig. 16 Wall-normal profiles for the low-speed FPG validation at x/δ0 = 300. Panel (a) shows the mean streamwise and
wall-normal velocities and panel (b) the turbulent stresses. Red lines denote the forced configuration and blue lines the
converging-nozzle reference case

Appendix B Additional boundary-layer quantities for the Mach-2 cases587

Additional measures of the integral boundary-layer response are shown in Fig. 17. Panels (a,b) compare588

the skin friction at matched Reθ, removing the direct influence of the different streamwise Reynolds-589

number development from the comparison. The forced and curved-wall configurations remain clearly590

separated, showing that the differences in wall friction cannot be attributed solely to a shift in the591

streamwise boundary-layer development.592

The displacement thicknesses in panels (c,d) show corresponding differences in the integral mass593

deficit, while panels (e,f) compare the friction Reynolds number. Together with the quantities presented594

in Fig. 11, these results further demonstrate that the matched outer pressure-gradient histories do not595

lead to identical boundary-layer evolution when wall and streamline curvature are present.596

Appendix C Complete derivation of the mean momentum-integral balance in wall-fitted597

coordinates598

We derive here the mean momentum-integral balance used in the analysis. A physical wall-fitted frame599

(s, n) is introduced, where s denotes arc length along the lower wall and n is the wall-normal distance,600



Fictitious-source formulation for pressure-gradient boundary layers 25

Fig. 17 Additional boundary-layer quantities for the Mach-2 pressure-gradient simulations. Panels (a,c,e) show the APG
cases and panels (b,d,f) the FPG cases. Panels (a,b) show cf as a function of Reθ, panels (c,d) δ∗/δ0 as a function of
s/δ0, and panels (e,f) Reτ as a function of s/δ0. Line styles as in Table 1

directed into the fluid. The corresponding unit tangent and normal vectors satisfy601

dt

ds
= κwn,

dn

ds
= −κwt, (C1)

where κw is the signed wall curvature. Points in the wall-normal neighbourhood are represented as602

x(s, n) = xw(s) + nn(s), (C2)

for which the wall-parallel metric factor is603

G(s, n) = 1− κw(s)n. (C3)
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Hereafter, u and v denote the velocity components parallel and normal to the local wall, respectively.604

For a statistically stationary and two-dimensional flow, the Favre-averaged continuity equation,605

after multiplication by the metric factor, reads606

∂

∂s
(ρũ) +

∂

∂n
(Gρṽ) = 0. (C4)

The corresponding wall-parallel momentum equation is607

0 =
∂

∂s

(
ρũ 2

)
+

∂p

∂s
+

∂

∂s

(
ρũ′′u′′

)
−

∂τ ss
∂s

+
∂

∂n
(Gρũṽ) +

∂

∂n

(
Gρũ′′v′′

)
−

∂

∂n
(Gτ sn)

− κwρũṽ − κwρũ′′v′′ + κwτ sn.

(C5)

The terms proportional to κw arise from the rotation of the wall-fitted basis and vanish identically for608

a flat wall.609

The wall-normal momentum equation is610

0 =
∂

∂s
(ρũṽ) +

∂

∂s

(
ρũ′′v′′

)
−

∂τ sn
∂s

+
∂

∂n

(
Gρṽ 2

)
+

∂

∂n
(Gp) +

∂

∂n

(
Gρṽ′′v′′

)
−

∂

∂n
(Gτnn)

+ κwρũ
2 + κwp+ κwρũ′′u′′ − κwτ ss.

(C6)

Under the usual boundary-layer ordering, the leading wall-normal balance becomes611

G
∂

∂n

(
p+ ρṽ′′v′′

)
+ κw

[
ρũ 2 + ρũ′′u′′ − ρṽ′′v′′

]
≃ 0. (C7)

Hence, for a flat wall, the total wall-normal stress is uniform across the boundary layer, whereas finite612

curvature introduces a cross-layer variation.613

To obtain the integral wall-parallel balance, (C4) is multiplied by the edge velocity ue(s) and (C5)614

is subtracted. After adding and subtracting the edge pressure gradient, one obtains615

0 =
∂

∂s
[ρũ (ue − ũ)]− ρũ

due

ds

−
∂

∂s
(p− pe)−

dpe
ds

−
∂

∂s

(
ρũ′′u′′

)
+

∂τ ss
∂s

+
∂

∂n
[Gρṽ (ue − ũ)]−

∂

∂n

(
Gρũ′′v′′

)
+

∂

∂n
(Gτ sn)

+ κw

[
ρũṽ + ρũ′′v′′ − τ sn

]
.

(C8)

Equation (C8) is integrated between the wall and a boundary-layer edge ne(s). At the edge we assume616

ũ = ue, p = pe, with negligible turbulent and viscous shear stresses, whereas at the wall ũ = ṽ = 0617

and τ sn = τw. Since the streamwise defect quantities vanish at n = ne, the terms associated with618

differentiation of the upper integration limit also vanish. The resulting balance is619

τw =
d

ds

[∫ ne

0

ρũ (ue − ũ) dn

]

−
d

ds

[∫ ne

0

(
p− pe + ρũ′′u′′

)
dn

]
+

d

ds

[∫ ne

0

τ ssdn

]

−
due

ds

∫ ne

0

ρũdn− ne
dpe
ds

+ κw

∫ ne

0

[
ρũṽ + ρũ′′v′′ − τ sn

]
dn.

(C9)



Fictitious-source formulation for pressure-gradient boundary layers 27

Introducing the compressible momentum and displacement thicknesses,620

θ =

∫ ne

0

ρũ

ρeue

(
1−

ũ

ue

)
dn, δ∗ =

∫ ne

0

(
1−

ρũ

ρeue

)
dn, (C10)

gives621 ∫ ne

0

ρũ (ue − ũ) dn = ρeu
2

eθ, (C11)

and622 ∫ ne

0

ρũdn = ρeue (ne − δ∗) . (C12)

The terms involving the edge velocity and pressure gradients may therefore be rearranged as623

−
due

ds

∫ ne

0

ρũdn− ne
dpe
ds

= ρeueδ
∗
due

ds

− ne

(
ρeue

due

ds
+

dpe
ds

)
.

(C13)

At boundary-layer order, the inviscid tangential momentum balance at the edge gives624

dpe
ds

= −ρeue
due

ds
, (C14)

so that the term proportional to ne in (C13) vanishes, leaving only the displacement-thickness contri-625

bution.626

The streamwise viscous normal stress is higher order in the boundary-layer expansion. In particular,627

∂sτss
∂nτsn

= O

[(
δ

L

)2
]
, (C15)

and its contribution is therefore neglected, whereas τsn is retained as the leading molecular stress. The628

momentum-integral balance then becomes629

τw =
d

ds

(
ρeu

2

eθ
)
+ ρeueδ

∗
due

ds
−

dIs
ds

+ κwIκ, (C16)

where630

Is =

∫ ne

0

(
p− pe + ρũ′′u′′

)
dn, (C17)

and631

Iκ =

∫ ne

0

[
ρũṽ + ρũ′′v′′ − τ sn

]
dn. (C18)

The latter represents the explicit curvilinear momentum-flux contribution and is multiplied by the632

signed wall curvature.633

An equivalent representation is obtained by defining the generalized momentum thickness634

θ̂ = θ +
1

ρeu2
e

∫ ne

0

ρ
(
ṽ′′v′′ − ũ′′u′′

)
dn, (C19)

and the wall-normal total-stress defect635

Ic =

∫ ne

0

(
p− pe + ρṽ′′v′′

)
dn. (C20)

By construction,636

ρeu
2

eθ̂ − Ic = ρeu
2

eθ − Is, (C21)
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and hence (C16) is equivalently written as637

τw =
d

ds

(
ρeu

2

eθ̂
)
+ ρeueδ

∗
due

ds
−

dIc
ds

+ κwIκ. (C22)

The two forms are therefore algebraically identical. The quantity Ic measures departures from wall-normal638

total-stress equilibrium, whereas κwIκ accounts for the explicit geometrical contribution associated639

with the rotation of the wall-fitted frame.640

Finally, dividing (C22) by ρeu
2
e gives641

cf
2

=
dθ̂

ds
+

θ̂

ρe

dρe
ds

+
2θ̂ + δ∗

ue

due

ds
−

1

ρeu2
e

dIc
ds

+
κw

ρeu2
e

Iκ. (C23)

No thermodynamic assumption concerning the edge state has been invoked in this form. For a locally642

isentropic inviscid external flow,643

1

ρe

dρe
ds

= −M2

e

1

ue

due

ds
, (C24)

and the balance reduces to644

cf
2

=
dθ̂

ds
+

2θ̂ + δ∗

ue

due

ds
−M2

e

θ̂

ue

due

ds
−

1

ρeu2
e

dIc
ds

+
κw

ρeu2
e

Iκ. (C25)

The equivalent expression in terms of θ and Is follows directly from (C21). For a flat wall, κw = 0,645

while wall-normal total-stress equilibrium additionally implies Ic = 0. In the ZPG limit with constant646

edge conditions, the usual relation cf/2 = dθ̂/ds is recovered [5].647
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