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Abstract 19 

Population pharmacokinetic (PopPK) analysis usually relies on specialized, often commercial, 20 

software. PKPy introduced a Python workflow, but it derived population parameters from 21 

separately fitted individual models, so individual estimation error entered the estimated 22 

interindividual variability. We developed PKPy2, a standalone Python package that estimates 23 

structural parameters, interindividual variability, residual error, and covariate effects jointly by 24 

marginal likelihood, with optional fixed values and bounds, numerical convergence checks, and 25 

confidence intervals. An event-record interface extends estimation to NONMEM-format dosing 26 

records, nonlinear and pharmacokinetic-pharmacodynamic (PK/PD) models, correlated and 27 

interoccasion random effects, time-varying covariates, and censored observations, with standard 28 

diagnostics and uncertainty tools. In 200 simulated one-compartment intravenous datasets, all 29 

PKPy2 fits converged, and under sparse sampling the relative root mean squared error of the 30 

interindividual variance of volume was 32.49%, compared with 51.66% for PKPy. Recovery was 31 

similar to that of nlmixr2 and saemix on the same datasets, and coverage of nominal 95% 32 

intervals ranged from 90% to 100%. Predictions, likelihoods, and diagnostics of the event-record 33 

interface agreed with rxode2, independent quadrature, and nlmixr2. In clinical theophylline and 34 

warfarin data, PKPy2 estimates differed from published expert NONMEM estimates by at most 35 

3.37% and 4.56%. In tobramycin data, the published model had a different maximum-likelihood 36 

solution; when the expert's pharmacological judgment was entered as fixed values and bounds, 37 

PKPy2 reproduced the expert estimates within 6.0%. PKPy2 provides joint PopPK and PK/PD 38 

estimation, diagnostics, and uncertainty assessment in Python. 39 
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 43 

Introduction 44 

Population pharmacokinetic (PopPK) models quantify typical drug disposition, interindividual 45 

variability, and covariate effects relevant to dose selection [1]. These analyses are commonly 46 

performed with specialized nonlinear mixed-effects software. NONMEM uses NM-TRAN 47 

control streams and a commercial license [2,3]. Open-source R packages such as saemix and 48 

nlmixr provide alternative estimation environments [4,5]. Each platform has its own model 49 

syntax, data conventions, and diagnostic workflow. A native Python implementation can connect 50 

PopPK estimation directly with widely used data-processing and scientific-computing tools. 51 

PKPy was developed to provide a Python-based workflow for pharmacokinetic model 52 

construction, parameter estimation, covariate analysis, and diagnostic evaluation [6]. Its 53 

published implementation supported one- and two-compartment models with intravenous 54 

administration or first-order absorption. Population estimates were obtained by fitting each 55 

subject separately and summarizing individual estimates with geometric means and the 56 

covariance of log-transformed parameters. This two-stage workflow is straightforward. The 57 

dispersion of individual estimates includes biological variability and uncertainty from individual 58 

fits. The effect becomes pronounced under sparse sampling, when individual parameters are 59 

weakly informed even though the pooled dataset contains population-level information. 60 

Nonlinear mixed-effects models address this issue by representing individual parameters as 61 

deviations from population values and integrating over latent individual effects. Likelihood 62 

approximations, stochastic approximation expectation-maximization, and importance sampling 63 

are established approaches for estimating these models [2,4,7,8]. A practical implementation also 64 

requires robust concentration prediction across dose histories, accurate integration of subject-65 

level likelihoods, clear convergence criteria, and parameter uncertainty calculations. 66 

We developed PKPy2 to extend PKPy from separate individual fits to joint population inference 67 

under explicitly specified models. Users declare the structural model, fixed and estimated 68 

parameters, interindividual variability, residual error, and covariate effects in Python code. 69 

PKPy2 performs marginal-likelihood estimation, provides analytical concentration predictions 70 

for single and repeated dosing, applies independent numerical checks before reporting 71 

convergence, and calculates local confidence intervals. The package implements established 72 

nonlinear mixed-effects methods within a standalone Python environment. Two interfaces share 73 

this estimator. A compact interface declares the closed-form one- and two-compartment models 74 

of the primary evaluation, and an event-record interface reads NONMEM-format analysis data, 75 

as used in routine population analyses, and extends the model set to multi-compartment, 76 

nonlinear, and pharmacokinetic-pharmacodynamic (PK/PD) models with correlated and 77 

interoccasion random effects, time-varying covariates, and censored observations. Both provide 78 
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model diagnostics with plots and tools for uncertainty assessment and covariate selection. Figure 79 

1 summarizes the transition from individual fits to joint population inference. 80 

We evaluated the numerical calculations against independent implementations and examined 81 

parameter recovery and interval coverage in repeated simulations under rich and sparse 82 

sampling. The original PKPy fitting components and a Gaussian-likelihood two-stage estimator 83 

served as development comparators, and the established open-source nonlinear mixed-effects 84 

programs nlmixr2 and saemix were applied to the same simulated datasets. Smaller simulation 85 

experiments assessed three additional compartmental structures. We validated PKPy2 with real 86 

clinical data by applying it to the public theophylline, warfarin, and tobramycin datasets and 87 

comparing the estimates with published expert NONMEM analyses and with nlmixr2 and saemix 88 

fits of the same models. The event-record interface was verified against rxode2, an independent 89 

quadrature implementation, nlmixr2, and the npde package, and its estimation was evaluated in 90 

simulated datasets and a warfarin PK/PD analysis. All evaluations used prespecified models. 91 

 92 

Methods 93 

Population model and software scope 94 

For subject i, each positive pharmacokinetic parameter pᵢₖ was represented as 95 

log pᵢₖ = log θₖ + Xᵢₖβₖ + ηᵢₖ, 96 

where θₖ is the typical population value at the covariate reference, Xᵢₖβₖ is the covariate 97 

contribution, and ηᵢ follows a multivariate normal distribution with mean zero and covariance 98 

matrix Ω. Ω is diagonal in the compact interface used for the primary evaluation; the event-99 

record interface described below also allows correlated blocks. Conditional on the individual 100 

random effects, the observed concentration yᵢⱼ was modeled as 101 

yᵢⱼ | ηᵢ ~ N(fᵢⱼ, σprop² fᵢⱼ² + σadd²), 102 

where fᵢⱼ is the model-predicted concentration. Structural parameters, interindividual variance 103 

components, residual standard deviations, and covariate coefficients could each be fixed or 104 

estimated. Fixed components were excluded from the optimization coordinates and the count of 105 

free parameters, and estimated components could be restricted by lower and upper bounds on the 106 

reporting scale, as with parameter bounds in NONMEM. Power covariate relationships were 107 

expressed relative to a declared reference value. This parameterization follows standard 108 

nonlinear mixed-effects PopPK formulations [1,2,4,5,7]. 109 

The population likelihood was obtained by integrating each subject-specific likelihood over the 110 

random effects: 111 

L = ∏ᵢ ∫ {∏ⱼ p(yᵢⱼ | ηᵢ)} p(ηᵢ) dηᵢ, 112 

The objective function value was defined as OFV = -2 log L [2,4,7]. 113 

Normal-density constants were retained. PKPy uses a squared log-concentration residual 114 

objective. PKPy2 uses the integrated population likelihood. OFV values from the two packages 115 

were analyzed within their own objective definitions. Oral models assumed unit bioavailability; 116 

clearance and volume were interpreted as apparent parameters, CL/F and V/F. The compact 117 

interface comprises one- and two-compartment structures with intravenous bolus or first-order 118 
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oral input, deterministic absorption lag, explicit dose histories, and diagonal random effects. 119 

Dose histories followed standard event-record conventions [9]. 120 

 121 

Joint estimation and numerical assessment 122 

PKPy2 used a staged estimation procedure. A deterministic Laplace approximation of the 123 

marginal likelihood was first minimized from the starting values and from quasi-random 124 

perturbations of the structural parameters; the best Laplace optimum served only as the starting 125 

point for the subsequent stages, and distinct optima were recorded as a multimodality diagnostic. 126 

Initial marginal-likelihood refinement followed, with stochastic approximation expectation-127 

maximization when required and subsequent importance-sampling refinement. Estimates that 128 

satisfied the independent numerical criteria after initial refinement proceeded directly to final 129 

reporting. Other fits entered the SAEM stage, which updated the distribution of individual effects 130 

and eligible population parameters before marginal-likelihood refinement resumed. Conditional 131 

regression updates were used for eligible log-parameter mean structures, and diagonal variance 132 

components were updated from conditional moments. Other coordinates, including residual-error 133 

parameters, remained in numerical optimization. These components follow established 134 

likelihood, EM, SAEM, and importance-sampling methods for nonlinear mixed-effects models 135 

[2,4,5,7,8]. The estimation path was recorded for every dataset. 136 

Importance proposals combined a component from the population distribution N(0, Ω) with a 137 

subject-specific component [2,7]. When pilot sampling produced an effective sample size below 138 

50 or a maximum normalized importance weight above 0.1, the subject-specific proposal was 139 

recalculated from a verified conditional mode and positive local curvature. Importance weights 140 

continued to target the marginal likelihood, and the conditional mode improved the proposal 141 

distribution. 142 

Final convergence required agreement between two independently generated integration banks. 143 

The absolute OFV difference between banks had to be no greater than 0.05, the maximum 144 

absolute projected score no greater than 0.2 in both banks, and the effective sample size at least 145 

100 for every subject. Positive parameters were optimized in logarithmic coordinates, and the 146 

projected score accounted for declared bounds and the lower bound on interindividual variance. 147 

These criteria defined numerical acceptance. Fits outside the criteria retained their estimates and 148 

termination reasons. 149 

 150 

Analytical prediction and repeated dosing 151 

Concentrations and parameter sensitivities were calculated analytically for one-compartment 152 

intravenous, one-compartment oral, two-compartment intravenous, and two-compartment oral 153 

models. Oral models combined first-order absorption with exponential disposition terms. 154 

Limiting expressions and series expansions were used when absorption and disposition rate 155 

constants were equal or nearly equal. Analytical solutions for linear compartmental models are 156 

established in pharmacokinetic analysis and are also used in tools such as rxode2 [1,10]. 157 
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Multiple doses were handled by linear superposition [1,10]. For the one-compartment 158 

intravenous and oral models and the two-compartment intravenous model, exponential state 159 

components were propagated between chronologically ordered dose and observation events. This 160 

state representation removed repeated summation of every preceding dose at each observation. 161 

The two-compartment oral model used analytical direct summation. Dose amounts and times 162 

were taken from the input records. 163 

 164 

Local uncertainty assessment 165 

Local parameter uncertainty was evaluated at an accepted estimate using the full marginal-166 

likelihood Hessian. The Hessian was constructed from changes in the score using two 167 

independent randomized quasi-Monte Carlo integration banks [11] and two finite-difference step 168 

sizes. If H denotes the Hessian of the OFV, the local covariance matrix was approximated by 169 

Cov(ψ̂) ≈ 2H⁻¹. 170 

Wald intervals for positive parameters were calculated in logarithmic coordinates and 171 

transformed back to the reporting scale. Interindividual variability was reported as a variance, 172 

and the coordinate transformation accounted for the log-standard-deviation coordinates used 173 

during optimization. The observed-information covariance and reporting-scale transformations 174 

follow standard likelihood and delta-method conventions [2,12,13]. 175 

Intervals were reported when the information matrix was positive definite and met prespecified 176 

checks for integration-bank agreement, finite-difference stability, objective consistency, effective 177 

sample size, and Hessian symmetry. The reported intervals quantify local uncertainty under the 178 

declared model. Interval availability and empirical coverage were evaluated separately. Intervals 179 

were not calculated for estimates on a declared bound. 180 

 181 

Event-record interface 182 

Models beyond the four closed-form structures are declared through an event-record interface. 183 

Analysis data follow NONMEM conventions: each record carries the subject, time, event type, 184 

dose amount and compartment, infusion rate or a modeled rate or duration, steady-state flag and 185 

dosing interval, additional doses, the observed output, and an optional censoring flag [9,12]. A 186 

structural library provides one- to three-compartment disposition with intravenous bolus or 187 

infusion and first-order, zero-order, or transit-compartment absorption [14], bioavailability and 188 

lag time, effect-compartment models with linear or Emax-type responses, parent-metabolite 189 

models, Michaelis-Menten elimination, target-mediated drug disposition in full and quasi-steady-190 

state forms [15,16], and indirect-response models I-IV [17]; linear compartmental systems and 191 

ordinary differential equations (ODEs) can also be declared directly. Linear systems were 192 

advanced exactly between events through the eigendecomposition of the system matrix or, when 193 

the matrix was not diagonalizable, the matrix exponential [18], and their steady states were 194 

obtained in closed form. Nonlinear systems were integrated with an adaptive Dormand-Prince 195 

method [19] or, for stiff systems, a Rosenbrock method [20], and their steady states were 196 

obtained by repeating the dosing interval to convergence. 197 
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For parameter k of subject i at record j, the individual value was 198 

ψᵢₖⱼ = gₖ⁻¹(gₖ(θₖ) + Σₘ fₖₘ(zᵢₘⱼ) + ηᵢₖ + κᵢₖₒ), 199 

where gₖ is the log, logit, or identity function, fₖₘ is a power, exponential, linear, or categorical 200 

effect of covariate m, whose value zᵢₘⱼ can change within a subject, ηᵢ follows N(0, Ω) with 201 

correlated blocks allowed, and κᵢₖₒ is the interoccasion effect of the occasion o that contains 202 

record j [21]. Each observed output had an additive, proportional, combined, or log-normal 203 

residual model, the last corresponding to a log-transform-both-sides analysis. An observation 204 

below the quantification limit (LLOQ) contributed the censoring probability Φ((LLOQ − fᵢⱼ)/sᵢⱼ), 205 

with residual standard deviation sᵢⱼ and both terms on the log scale for log-normal outputs (M3 206 

method) [22]. Estimation followed the procedure described above. A Laplace approximation at 207 

the conditional modes was minimized from several starts, and the importance-sampled marginal 208 

likelihood was then refined in stages by quasi-Newton steps validated on independent integration 209 

banks. Each subject's importance proposal was adapted to the weighted mean and covariance of a 210 

pilot sample. Convergence required the two-bank OFV agreement and effective sample sizes of 211 

the compact interface, and a projected score of at most 0.2 in each coordinate, or 0.2 divided by 212 

the local standard error for coordinates with standard errors below one, which places the estimate 213 

within about 0.1 standard errors of the stationary point in these coordinates (Online Resource 1, 214 

Section S11). 215 

 216 

Diagnostics, uncertainty tools, and covariate selection 217 

Both interfaces share the diagnostic and inference tools. PKPy2 reports conditional modes 218 

(empirical Bayes estimates) and conditional means of the random effects, population and 219 

individual predictions, weighted, conditional weighted [23], and individual weighted residuals, 220 

normalized prediction distribution errors (NPDE) [24,25], η- and ε-shrinkage [26], simulations 221 

from the fitted model, and visual predictive checks (VPC) with optional prediction correction 222 

[27] and censoring. In addition to local Wald intervals, parameter uncertainty can be assessed 223 

with a sandwich covariance, profile likelihood, a nonparametric case bootstrap [28], and 224 

sampling importance resampling (SIR) with iterative proposal updates [29,30]. Nested models 225 

are compared by likelihood-ratio tests, and covariate effects can be selected by stepwise forward 226 

inclusion and backward elimination [31]. A plotting module draws goodness-of-fit, individual-227 

fit, and VPC plots from these results with matplotlib [32]; it produced the visual predictive 228 

checks (Fig. 7) and the diagnostic plots and code example in Online Resource 1, Section S7. 229 

 230 

Numerical validation and simulation design 231 

Analytical predictions were evaluated in 12 parameter conditions for each of the four closed-232 

form structural models. The conditions included single and repeated dosing and cases with equal 233 

or nearly equal absorption and disposition rate constants. Predictions were compared with an 234 

independent matrix-exponential implementation, and selected conditions were also checked with 235 

DOP853 numerical integration as implemented in SciPy [33]. Analytical sensitivities were 236 

compared with finite differences of the independent predictions. 237 
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Marginal-likelihood calculations were compared with an independent Gaussian-quadrature 238 

implementation [7,34] in four one-compartment intravenous settings. The settings combined rich 239 

or sparse sampling with the presence or absence of an estimated body-weight effect on clearance. 240 

Each model contained one clearance random effect. Optimization used 4,097 quadrature nodes 241 

and was checked with 8,193 nodes. The reference implementation used its own prediction, 242 

likelihood, and finite-difference Hessian calculations. 243 

The primary simulation comprised 200 independently generated datasets. Each dataset contained 244 

30 subjects receiving a single 100 mg intravenous bolus. The generating values were CL = 4 L/h, 245 

V = 40 L, ω²(CL) = 0.09, ω²(V) = 0.04, and proportional residual SD = 0.15. Rich sampling 246 

included measurements at 0.25, 0.5, 1, 2, 4, 6, 8, 12, 18, and 24 h. Sparse sampling included 247 

measurements at 1, 8, and 24 h. One hundred datasets were generated for each design using 248 

exponential equations implemented separately from PKPy2. Structural starting values were 80% 249 

of the generating values, each estimated interindividual variance started at 0.08, and proportional 250 

residual SD started at 0.20. 251 

Each dataset was analyzed with PKPy2, the unchanged model and individual-fitting components 252 

of PKPy, and a Gaussian-likelihood two-stage control. The Gaussian control used the generating 253 

residual SD. A two-stage result was accepted when every individual optimization returned 254 

successful status. 255 

Three additional structures were examined in ten simulated datasets each: a one-compartment 256 

oral model, a two-compartment intravenous model, and a two-compartment oral model. Each 257 

dataset contained 30 subjects receiving a single 100 mg dose and 16 sampling times from 0.1 to 258 

48 h. The one-compartment oral model used CL = 4 L/h, V = 40 L, and Ka = 1.2 h⁻¹. The two-259 

compartment models used CL = 4 L/h, V1 = 25 L, Q = 8 L/h, and V2 = 50 L; the oral model also 260 

used Ka = 1.2 h⁻¹. Proportional residual SD was 0.15. These simulations extended the evaluation 261 

to additional compartmental structures. 262 

Relative bias and relative root mean squared error were calculated against the generating values. 263 

All planned replicates were retained in the denominators for convergence and interval 264 

availability. Coverage was reported for available intervals, together with the fraction of all 265 

planned replicates that produced an interval containing the true value. Wilson score intervals 266 

were used for proportions [35], and Monte Carlo standard errors were calculated for relative bias. 267 

Differences in relative RMSE were evaluated using 10,000 paired bootstrap resamples [28] of 268 

datasets accepted by both methods. 269 

 270 

Real-world clinical data and expert NONMEM reference analyses 271 

PKPy2 was applied to the public theophylline, warfarin, and tobramycin datasets [36,37]. The 272 

theophylline analysis used a one-compartment oral model with first-order absorption, fixed 273 

weight scaling of clearance and volume, and interindividual variability on clearance, volume, 274 

and the absorption rate constant. The warfarin analysis used the published one-compartment oral 275 

model with lag time, weight effects on clearance and volume, and the reported fixed and 276 
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estimated variability terms. The residual-error models reported for the expert analyses were used 277 

as the primary specifications, and alternative error models were evaluated as sensitivity analyses. 278 

PKPy2 parameter estimates were compared with expert NONMEM results reported in the 279 

PKGPT study [37]. The PKPy2 models matched the expert NONMEM models. Comparisons 280 

included point estimates and relative standard errors. Detailed dataset processing, model 281 

correspondence, and the NONMEM covariance settings [12] are provided in Online Resource 1. 282 

The tobramycin dataset of the PKGPT study contains 236 concentrations from 97 patients who 283 

received 858 intravenous bolus doses [37]. The expert model is a two-compartment model with 284 

power effects of creatinine clearance on CL and of body weight on the central volume (V1), 285 

interindividual variability on CL, and a combined residual error with a fixed additive term 286 

(Online Resource 1, Section S10). PKPy2 fitted this model from the documented initial values of 287 

the expert analysis and from the expert estimates. Because these fits reached a different optimum 288 

(Results), the model was refitted with the modeling judgment underlying the expert solution 289 

expressed as fixed values and bounds: V1 proportional to body weight (exponent fixed at 1), a 290 

small central compartment (V1 ≤ 10 L), a peripheral volume consistent with the extracellular 291 

distribution of aminoglycosides (V2 ≤ 30 L), and the remaining parameter bounds of the expert 292 

analysis. These expert-judgment constraints were used for the comparison with the other 293 

programs. 294 

 295 

Comparison with established open-source NLME software 296 

To compare PKPy2 with existing tools, the 200 primary simulation datasets and the three clinical 297 

datasets were also analyzed with nlmixr2 [5] using first-order conditional estimation with 298 

interaction (FOCEi) and stochastic approximation expectation-maximization (SAEM) [38], and 299 

with the saemix package [4]. All programs received the same observation records, exported from 300 

the PKPy2 analysis data, together with the same structural and statistical models, fixed terms, 301 

bounds, and starting values. nlmixr2 used analytical linear-compartment solutions, and ordinary 302 

differential equations for the warfarin model with absorption lag. Default estimation and 303 

covariance settings were used: the sandwich covariance for FOCEi, the stochastic-approximation 304 

covariance for SAEM, and the linearized Fisher information for saemix. The combined residual-305 

error variance was defined as in PKPy2. nlmixr2 SAEM does not apply parameter bounds. 306 

saemix was applied to the simulated and theophylline data; it does not support the fixed variance 307 

terms of the warfarin model or the bounds of the tobramycin model. 308 

Simulation estimates were summarized with the metrics used in the primary evaluation. Wald 309 

95% intervals for CL and V were formed on the logarithmic scale from the standard errors 310 

reported by each program. Paired differences in relative RMSE between PKPy2 and each 311 

program were evaluated with 10,000 bootstrap resamples of datasets [28]. Because the objective 312 

functions reported by the programs are defined differently, the clinical estimates of every 313 

program were also evaluated with a single exact marginal OFV, computed by adaptive Gauss-314 

Hermite quadrature [7,34] in a separate implementation that shares no code with PKPy2 (Online 315 

Resource 1, Section S8). The comparison used R 4.5.3 [39], nlmixr2 7.0.1 (nlmixr2est 7.1.0, 316 
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rxode2 5.1.7), and saemix 3.5 on the computer described below, with one thread per fit and five 317 

concurrent processes. 318 

 319 

Evaluation of the event-record interface 320 

Predictions were compared with rxode2 [10] in 24 scenarios covering infusions, steady state with 321 

bolus, infusion, and constant-infusion dosing, additional doses, lag time and bioavailability, 322 

modeled rates and durations, resets, time-varying covariates, three-compartment, transit, effect-323 

compartment, and parent-metabolite models, and the Michaelis-Menten, indirect-response, and 324 

target-mediated disposition models. Marginal OFVs of four models combining block Ω, 325 

interoccasion variability, time-varying and categorical covariates, M3 censoring, a log-normal 326 

residual model, bioavailability, and two outputs were compared at fixed parameters with an 327 

independent adaptive Gauss-Hermite quadrature implementation [7,34]. The theophylline and 328 

warfarin analyses and ten primary simulation datasets were refitted through the event-record 329 

interface for comparison with the compact interface. Diagnostics of the theophylline model were 330 

compared with nlmixr2 and the npde package at identical parameter values. 331 

Estimation was compared with nlmixr2 FOCEi in four simulated datasets: a two-compartment 332 

infusion model at steady state with block Ω and effects of body weight and sex (60 subjects); a 333 

one-compartment oral model with 102 of 450 concentrations below the quantification limit (50 334 

subjects); a one-compartment model with log-normal residual error; and Michaelis-Menten 335 

elimination (40 subjects each). The warfarin turnover model of the nlmixr2 examples, with 336 

transit absorption, inhibition of the production of prothrombin complex activity (PCA), and eight 337 

random effects, was fitted to the concentrations and PCA of 32 subjects [5,40] with PKPy2 and 338 

with nlmixr2 FOCEi and SAEM. The exact marginal OFV of each program's estimates was 339 

evaluated with PKPy2 importance sampling. Parameter recovery was assessed in 20 datasets 340 

each of a two-compartment steady-state infusion model with block Ω, interoccasion variability, 341 

time-varying weight, sex, and BLQ data (40 subjects) and of an indirect-response PK/PD model 342 

with two outputs (40 subjects), and the calibration of NPDE and VPC in 50 and 30 datasets of 343 

the same designs evaluated at the true parameters. The interval methods were compared on the 344 

theophylline model, and stepwise covariate selection was applied to 20 simulated datasets with 345 

two true and five null covariate effects (Online Resource 1, Section S12). 346 

 347 

Computational evaluation 348 

Prediction-call times were measured after just-in-time compilation for direct summation and 349 

recurrence-based evaluation. Method order alternated across seven batches, and concentration 350 

agreement was checked before timing. Measurements used 1, 10, 100, and 1,000 dose events and 351 

report the concentration-prediction component. Numerical experiments were conducted with 352 

Python 3.13.5, NumPy 2.2.6, SciPy 1.16.1 [33], and Numba 0.65.1 [41] on Windows 11 with an 353 

AMD Ryzen 5 5600 processor. Fits and uncertainty calculations with the compact interface used 354 

no more than two workers, and event-record fits used three or four threads. 355 

 356 
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 357 

Results 358 

Numerical validation 359 

Analytical predictions were evaluated under 48 conditions spanning the four closed-form model 360 

structures. The maximum scaled discrepancy from the independent calculations was 4.10 × 10⁻¹⁰ 361 

for concentration predictions and 3.41 × 10⁻⁸ for parameter sensitivities. The four comparisons 362 

with the independent Gaussian-quadrature implementation also showed close agreement. The 363 

maximum objective function difference at identical parameter values was 4.34 × 10⁻⁶, the 364 

maximum difference between optimized coordinates was 8.88 × 10⁻⁶, and the maximum relative 365 

difference in coordinate standard errors was 0.0009% (Table 2). 366 

Table 1 summarizes the main changes from PKPy to PKPy2. PKPy2 replaces summaries of 367 

separately fitted individual parameters with joint marginal-likelihood estimation and adds 368 

explicit fixed-parameter and bound handling, repeated-dose calculations, NONMEM-format 369 

event records, nonlinear and PK/PD models, model diagnostics, and population-level uncertainty 370 

estimates. 371 

 372 

Recovery of population parameters and interindividual variability 373 

PKPy2 converged for all 100 rich-sampling and 100 sparse-sampling datasets, and every primary 374 

fit converged without the SAEM stage. PKPy returned successful individual fits for every subject 375 

in all 200 datasets. The Gaussian two-stage control was accepted in 98 rich-sampling datasets 376 

and all 100 sparse-sampling datasets. 377 

Under sparse sampling, the relative RMSEs for CL and V were 6.18% and 4.55% with PKPy and 378 

5.98% and 4.20% with PKPy2. Larger differences were observed for the interindividual variance 379 

components. The relative RMSE of ω²(CL) decreased from 34.71% with PKPy to 27.95% with 380 

PKPy2, and the relative RMSE of ω²(V) decreased from 51.66% to 32.49%. The relative bias of 381 

ω²(V) was 40.50% with PKPy and -7.75% with PKPy2. The paired difference in the relative 382 

RMSE of ω²(V), calculated as PKPy2 minus PKPy, was -19.17 percentage points, with a 383 

bootstrap 95% interval of -25.52 to -12.23 percentage points (Fig. 2). 384 

For the Gaussian two-stage control, the sparse-sampling relative RMSEs were 7.43% for CL, 385 

4.88% for V, 37.20% for ω²(CL), and 28.52% for ω²(V). The paired PKPy2-minus-control 386 

difference for ω²(V) was 3.97 percentage points, with a bootstrap 95% interval of -0.84 to 8.67 387 

percentage points. 388 

 389 

Confidence interval coverage and additional model structures 390 

Local 95% confidence intervals were obtained for all 200 primary fits. Empirical coverage 391 

ranged from 90% to 100% across parameters and sampling designs. Under sparse sampling, 392 

coverage was 90% for CL, 94% for V, 93% for ω²(CL), 100% for ω²(V), and 95% for the 393 

proportional residual standard deviation. Interindividual variance intervals were wider than the 394 

CL and V intervals, particularly under sparse sampling (Fig. 3). 395 
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All ten one-compartment oral datasets and all ten two-compartment intravenous datasets 396 

converged. Nine of the ten two-compartment oral datasets converged. Among these nine fits, the 397 

relative RMSEs were 19.81% for V1, 20.87% for Ka, and 76.01% for ω²(V1). Structural 398 

parameter RMSEs were at most 7.67% in the one-compartment oral model and at most 4.79% in 399 

the two-compartment intravenous model. 400 

 401 

Real-world clinical data: comparison with NONMEM, nlmixr2, and saemix 402 

In the theophylline proportional-error model, PKPy2 estimated CL70/F as 2.7851 L/h, V70/F as 403 

32.5444 L, and Ka as 1.5082 h⁻¹. The three structural parameter estimates and three 404 

interindividual variance estimates differed by no more than 3.37% from the expert NONMEM 405 

estimates. Structural-parameter RSEs were also similar, and larger RSE differences were 406 

observed for some variance components. The RSE of ω²(V), for example, was 60.2% with 407 

PKPy2 and 42.2% with NONMEM (Table 3). 408 

For warfarin, the five freely estimated parameters differed by no more than 4.56% from the 409 

expert NONMEM estimates. The largest difference was observed for Ka. Point estimates agreed 410 

more closely than RSEs, with the largest RSE differences observed for ω²(CL) and Ka (Table 4 411 

and Fig. 4). 412 

The same clinical models were fitted with nlmixr2 and saemix (Table 5 and Fig. 4). For 413 

theophylline, all 24 point estimates from the four open-source programs were within 6.5% of the 414 

expert NONMEM estimates, and the exact marginal OFVs at the five sets of estimates, including 415 

NONMEM, were within 0.09 units of one another (PKPy2, 352.79; NONMEM, 352.86). For 416 

warfarin, the nlmixr2 FOCEi estimates were within 4.2% of the expert estimates, and the exact 417 

OFV at these estimates was 0.16 units higher than at the PKPy2 estimates. nlmixr2 SAEM 418 

estimated Ka and absorption lag time 17.1% and 28.9% lower than the expert estimates, and the 419 

exact OFV at its estimates was 16.4 units higher than at the PKPy2 estimates, indicating that the 420 

SAEM run stopped at an inferior solution of the same model. Standard errors differed more than 421 

point estimates across programs (Online Resource 1, Table S13). 422 

For tobramycin, PKPy2 fits of the published model from the documented initial values and from 423 

the expert estimates converged to the same maximum-likelihood estimate (OFV 560.06), which 424 

differed from the expert solution: the body-weight exponent of V1 was -5.6, and V2 was 188 L 425 

(Online Resource 1, Table S15). The exact OFV at the expert estimates was 45.0 units higher. 426 

An independent quadrature calculation reproduced the PKPy2 OFV, and nlmixr2 FOCEi and 427 

saemix fits of the same model also gave negative weight exponents (Online Resource 1, Table 428 

S17). The data carry little information on distribution: 205 of 236 concentrations were measured 429 

2.5 h after a dose, body weight ranged only from 50 to 75 kg and was correlated with creatinine 430 

clearance (r = 0.44 on the log scale), and the profile OFV varied by 18.6 units across V2 values 431 

from 5 to 600 L (Online Resource 1, Table S16). Within the parameter bounds of the expert 432 

NONMEM analysis, the best solution lay on the bounds (weight exponent 0, V2 100 L), and the 433 

fit started from the expert estimates remained near them with an OFV 18.2 units higher; the 434 

nlmixr2 FOCEi objective ranked the two solutions in the same order. 435 
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With the expert-judgment constraints, PKPy2 converged from both starting points to the same 436 

estimate, with no constraint active, and reproduced the expert estimates within 6.0% (Table 5 437 

and Fig. 4c). The OFV of this estimate was 44.4 units above the unconstrained maximum. 438 

nlmixr2 FOCEi with the same constraints gave estimates within 12.8% of the expert estimates, 439 

and the exact OFV at its estimates was 0.72 units higher than at the PKPy2 estimates. nlmixr2 440 

SAEM, which does not apply the bounds, estimated CL and Q 41% and 259% higher than the 441 

expert estimates, with an exact OFV 68.6 units higher than at the PKPy2 estimates. 442 

 443 

Comparison with established software in the primary simulation 444 

nlmixr2 FOCEi, nlmixr2 SAEM, and saemix returned estimates for all 200 primary datasets, and 445 

parameter recovery was similar across programs (Table 6 and Fig. 5). Under rich sampling, 446 

relative RMSEs differed from PKPy2 by at most 0.25 percentage points for every parameter; the 447 

only paired difference whose bootstrap interval excluded zero was for ω²(V) against nlmixr2 448 

FOCEi (PKPy2 minus FOCEi, 0.20 percentage points; 95% interval 0.01 to 0.41). Under sparse 449 

sampling, nlmixr2 FOCEi overestimated CL by 2.70% on average, compared with 0.70% for 450 

PKPy2, and its relative RMSEs for CL and V were higher by 0.58 and 0.24 percentage points 451 

(95% intervals for PKPy2 minus FOCEi, -0.92 to -0.21 and -0.40 to -0.07). The sparse-sampling 452 

relative RMSE of ω²(V) was 32.49% with PKPy2, 32.31% with nlmixr2 FOCEi, 33.66% with 453 

nlmixr2 SAEM, and 37.78% with saemix; the paired differences from nlmixr2 SAEM and 454 

saemix were -1.17 (-2.03 to -0.33) and -5.29 (-8.14 to -2.53) percentage points. All paired 455 

differences are listed in Online Resource 1, Table S12. 456 

Coverage of nominal 95% intervals for CL and V was 90% to 96% for PKPy2, 86% to 96% for 457 

nlmixr2 FOCEi, 90% to 96% for nlmixr2 SAEM, and 89% to 96% for saemix. Across the two 458 

sampling designs, median wall-clock times per fit were 1.2-1.8 s for saemix, 2.1-2.9 s for 459 

nlmixr2 FOCEi, 5.2-9.6 s for nlmixr2 SAEM, and 7.5-9.9 s for PKPy2, which computed 460 

intervals in a separate step (medians 6.0-8.4 s). 461 

 462 

Event-record interface 463 

Predictions agreed with rxode2 in all 24 scenarios, with maximum relative differences of 2.3 × 464 

10⁻¹¹ for linear systems and 1.1 × 10⁻⁶ for ODE models (Fig. 6a). The four marginal OFVs 465 

differed from the independent quadrature values by at most 1.3 × 10⁻⁴. All twelve refits through 466 

the event-record interface converged, with OFVs within 0.0012 and estimates within 0.76% of 467 

the compact-interface fits (Fig. 6b). At identical parameters, PRED agreed with nlmixr2 to 6.0 × 468 

10⁻¹⁴, and IPRED, IWRES, and CWRES agreed to within 0.0017; NPDE computed from the 469 

same simulated replicates agreed with the npde package to 4.9 × 10⁻¹⁵ (Fig. 6c). 470 

PKPy2 converged for the four simulated comparison datasets and the warfarin PK/PD model. 471 

The exact OFV at the nlmixr2 FOCEi estimates was 0.01 to 2.59 units higher than at the PKPy2 472 

estimates in the simulated datasets, and for warfarin PK/PD the OFV was 334.34 units higher at 473 

the FOCEi estimates and 17.94 units higher at the SAEM estimates (Fig. 6d). Estimates of all 474 

programs are listed in Online Resource 1, Tables S20 and S21. For warfarin PK/PD, PKPy2 475 
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estimated IMAX at 0.9999 (nlmixr2 SAEM, 0.962; FOCEi, 0.879), CL at 0.134 L/h, and V at 476 

7.73 L; because IMAX approached 1, the information matrix was not positive definite and local 477 

intervals were not reported. In the visual predictive checks, 32 of 42 observed concentration 478 

percentiles and 19 of 24 PCA percentiles lay within their simulated 95% intervals; the simulated 479 

5th-95th percentile range was wider than the observed range at several times, and observed PCA 480 

was capped at 100% at baseline (Fig. 7). The fit took 1,139 s with PKPy2 (four threads), 1,052 s 481 

with nlmixr2 FOCEi, and 608 s with nlmixr2 SAEM (one thread each). 482 

In the recovery simulations, all fits converged in both designs, with median fit times of 486 s for 483 

the infusion design and 1,201 s for the PK/PD design. Relative bias was within ±3.1% for typical 484 

values, -12.3% to -2.4% for the covariate coefficients, and -12.3% to +2.8% for variance 485 

components; the additive residual SD of the infusion model, which the concentrations informed 486 

little, had a relative bias of -32% (Online Resource 1, Table S22). At the true parameters of the 487 

two designs, the mean NPDE was -0.008 and 0.004, the NPDE variance 1.02 and 1.01, and 95% 488 

and 94% of observed VPC percentiles lay within their 95% intervals. For theophylline, the Wald, 489 

sandwich, profile-likelihood, bootstrap, and SIR intervals were similar for the typical values and 490 

differed more for the variance components (Fig. 7). Stepwise covariate selection retained both 491 

true effects in 19 of 20 datasets, each true effect was selected in every dataset, and a null effect 492 

was selected in 1 of 100 null-candidate evaluations. 493 

 494 

Repeated-dose prediction efficiency 495 

Prediction-call times after compilation were similar for direct summation and recurrence with a 496 

single dose. With 10 dose events, recurrence was 1.91-2.13 times faster than direct summation. 497 

The speedup increased to 20.04-26.31 times with 100 doses and 440.05-906.47 times with 1,000 498 

doses (Online Resource 1, Table S10). The largest ratio was observed for the two-compartment 499 

intravenous model with 1,000 dose events. 500 

 501 

 502 

Discussion 503 

PKPy2 advances PKPy by replacing population summaries of individual fits with joint marginal-504 

likelihood inference. The advantage was most evident for interindividual variability under sparse 505 

sampling. The relative RMSE of ω²(V) decreased from 51.66% with PKPy to 32.49% with 506 

PKPy2, and relative bias changed from 40.50% to -7.75%. CL and V were already recovered 507 

with low error by both workflows, so differences in their typical values were smaller. Joint 508 

estimation uses all subjects simultaneously and estimates residual error together with population 509 

variability, reducing the contribution of uncertainty from separate individual fits to the reported 510 

variance components. 511 

The Gaussian-likelihood two-stage control provided an informative reference because it used the 512 

generating residual standard deviation. Its sparse-sampling RMSE for ω²(V) was 28.52%, 513 

compared with 32.49% for PKPy2, and the paired bootstrap interval for the difference included 514 

zero. PKPy2 estimated residual error jointly with the population parameters and improved both 515 
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interindividual variance estimates relative to the original PKPy implementation. The comparison 516 

shows how population estimation and residual-error specification jointly shape variance 517 

recovery. 518 

Independent calculations verified the numerical accuracy of the implementation. All 48 519 

prediction conditions agreed with the independent matrix-exponential and numerical-integration 520 

calculations, and the independent quadrature comparisons closely reproduced objective values, 521 

optimized coordinates, and coordinate standard errors. The maximum same-point OFV 522 

difference was 4.34 × 10⁻⁶, and the maximum relative difference in coordinate standard errors 523 

was 0.0009%. All 200 primary fits converged and produced local confidence intervals, 524 

demonstrating stable marginal-likelihood estimation and information-matrix calculation across 525 

both sampling designs. 526 

Empirical coverage of the nominal 95% intervals ranged from 90% to 100%. Sparse-sampling 527 

coverage was 90% for CL and 100% for ω²(V), showing parameter-specific differences in finite-528 

sample calibration. Variance-component intervals were wider than structural-parameter intervals, 529 

particularly under sparse sampling. The combination of coverage and interval width provides a 530 

direct view of the precision available for each parameter and sampling design. 531 

Performance extended beyond the primary one-compartment intravenous model. 29 of the 30 532 

additional-structure datasets converged. Structural parameter RMSEs were at most 7.67% in the 533 

one-compartment oral model and at most 4.79% in the two-compartment intravenous model. The 534 

two-compartment oral model was more demanding, with relative RMSEs of 19.81% for V1, 535 

20.87% for Ka, and 76.01% for ω²(V1). These results identify absorption and distribution models 536 

as the next priority for precision improvements. 537 

The clinical analyses showed close agreement with established NONMEM results. In the 538 

theophylline analysis, all six structural and interindividual variance estimates were within 3.37% 539 

of the expert NONMEM estimates. In the warfarin analysis, five freely estimated parameters 540 

differed by no more than 4.56% from the expert estimates. RSEs varied more across 541 

implementations, consistent with their distinct likelihood approximations and covariance 542 

calculations. The close point-estimate agreement across both datasets supports the use of PKPy2 543 

for declared oral pharmacokinetic models. 544 

With identical datasets, models, and starting values, PKPy2, nlmixr2, and saemix recovered 545 

structural parameters and variance components with similar accuracy under rich sampling. Under 546 

sparse sampling, the FOCEi approximation overestimated clearance by 2.70% on average, and 547 

the SAEM-based programs estimated the variance of volume less precisely than PKPy2. In the 548 

clinical datasets the programs agreed closely, except for the nlmixr2 SAEM fits of warfarin and 549 

tobramycin, whose exact objective function values were well above those at the PKPy2 550 

estimates. PKPy2 reports convergence after projected marginal scores are small in two 551 

independent integration banks, a criterion designed to detect such non-stationary solutions. 552 

nlmixr2 and saemix additionally support non-Gaussian observation models such as categorical 553 

and time-to-event data, and saemix and nlmixr2 FOCEi had shorter median fit times. 554 
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The tobramycin analysis shows how PKPy2 responds to pharmacological judgment. The 555 

published model had a maximum-likelihood solution with a negative weight exponent and a 556 

large peripheral volume, because concentrations were measured mostly at a single time after 557 

dose and body weight varied little and was correlated with creatinine clearance; nlmixr2 and 558 

saemix reached similar solutions. The expert solution reflects additional knowledge of how 559 

tobramycin distributes. Entered as fixed values and bounds, this knowledge led PKPy2 to the 560 

best solution within the constraints from either starting point, and that solution reproduced the 561 

expert estimates. Declared constraints therefore let a clinical pharmacologist steer an analysis 562 

toward pharmacologically plausible solutions while the likelihood remains the criterion within 563 

them, and the exact OFV shows how much fit each constraint costs. 564 

The analytical recurrence for repeated dosing provided a substantial computational advantage for 565 

long dose histories. With 1,000 dose events, prediction calls were 440- to 906-fold faster than 566 

direct summation across the three accelerated models. Population estimation evaluates 567 

concentrations repeatedly across subjects, integration samples, and parameter values, so this 568 

reduction directly strengthens the computational core of the estimation workflow. 569 

The event-record interface extends the same estimation and audit to the data structures and 570 

models of routine population PK/PD analysis. Its predictions reproduced rxode2 to near machine 571 

precision for linear systems and to the integration tolerance for ODE models, its likelihoods 572 

reproduced an independent quadrature, and its diagnostics matched nlmixr2 and the npde 573 

package. Its estimates reached exact OFVs at least as low as those of nlmixr2 in all comparisons. 574 

These checks cover the numerical components that users cannot inspect directly: event handling, 575 

likelihood integration, and residual definitions. 576 

The primary evaluation used 30-subject datasets, diagonal random effects, specified linear 577 

compartmental models, and ten replicates for each additional structure, and the event-record 578 

interface was evaluated with 20 replicates per design, datasets of up to 60 subjects, and one 579 

PK/PD application. The NONMEM comparisons used the expert estimates as reported, and 580 

nlmixr2 and saemix were run with default settings. The tobramycin constraints were formulated 581 

with knowledge of the expert solution; the data alone supported a different solution. Larger 582 

simulation studies across population sizes, sparse PK/PD designs, and stiff systems will further 583 

characterize precision and computing time for complex models. 584 

Overall, PKPy2 provides a unified Python workflow for explicit PopPK and PK/PD model 585 

specification with fixed values and bounds, NONMEM-format event records, joint estimation, 586 

numerical convergence assessment, model diagnostics, and uncertainty quantification. Its 587 

improved recovery of interindividual variability under sparse sampling, close agreement with 588 

independent calculations, expert NONMEM estimates, rxode2, and nlmixr2, and efficient 589 

handling of long dose histories demonstrate the practical value of nonlinear mixed-effects 590 

analysis in a standalone Python environment. 591 

 592 

 593 

Conclusions 594 
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PKPy2 extends PKPy from separate individual fits to joint nonlinear mixed-effects population 595 

estimation. In the primary simulation, all 200 fits converged, and the sparse-sampling relative 596 

RMSE of the interindividual variance in volume decreased from 51.66% with PKPy to 32.49% 597 

with PKPy2. Independent calculations closely matched PKPy2 predictions, likelihoods, 598 

optimized parameters, and standard errors. On the same simulated and clinical datasets, PKPy2 599 

performed comparably to nlmixr2 and saemix. Theophylline and warfarin estimates agreed 600 

closely with published expert NONMEM estimates, tobramycin estimates reproduced the expert 601 

estimates once the expert's pharmacological judgment was declared as fixed values and bounds, 602 

and analytical dose-state propagation accelerated prediction for long dose histories. An event-603 

record interface extends estimation, diagnostics, and uncertainty assessment to multi-604 

compartment, nonlinear, and PK/PD models with correlated and interoccasion random effects 605 

and censored data, and its calculations agreed with rxode2, an independent quadrature 606 

implementation, nlmixr2, and the npde package. 607 

PKPy2 provides an integrated Python environment for explicit PopPK and PK/PD model 608 

specification, joint estimation of structural parameters and variability, numerical convergence 609 

assessment, model diagnostics, and uncertainty quantification. The framework supports 610 

reproducible population analysis with a transparent model interface and a standalone estimation 611 

engine. 612 

 613 
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Table 1 Development from the evaluated PKPy components to PKPy2 744 

Component PKPy PKPy2 

Structural models One- and two-compartment models with intravenous 
administration or first-order absorption 

The same four closed-form structures with oral lag; 
through event records, one- to three-compartment, 

zero-order, transit, parent-metabolite, Michaelis-
Menten, target-mediated, effect-compartment and 
indirect-response models and user-defined ODEs 

Population inference Separate individual fits followed by population 
summaries Joint marginal-likelihood estimation 

Random effects and residual error Covariance of log-transformed individual estimates 
Diagonal or block Ω and interoccasion variability 

estimated jointly with additive, proportional, combined, 
or log-normal residual error for each output 

Covariate models Regression of individual estimates on covariates with 
forward selection 

Power, exponential, linear, and categorical effects, 
including time-varying covariates, within the population 

model; stepwise selection by likelihood-ratio tests 

Diagnostics Goodness-of-fit plots of the individual fits PRED, IPRED, CWRES, NPDE, shrinkage, visual 
predictive checks, and diagnostic plots 

Fixed components and bounds Specified within individual model fitting Explicit fixed or estimated θ, Ω, σ, and covariate 
coefficients, with optional lower and upper bounds 

Uncertainty evaluated here Individual fitting and population summaries 
Full local population information; sandwich, profile-

likelihood, bootstrap, and SIR intervals 

Dosing and observations Identified as an area for extension 

Explicit dose histories and analytical superposition; 
NONMEM event records with infusions, steady state, 

additional doses, resets, several outputs, and censored 
observations 

Numerical reporting Individual optimizer status Independent numerical audit, termination reason, and 
saved estimates 
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Table 2 Independent quadrature comparisons in one-random-effect intravenous models 745 

Sampling WT effect on CL Node-refinement OFV gap Same-point OFV gap Maximum coordinate gap Maximum SE difference 
(%) 

Rich Absent 4.97 × 10⁻¹³ 7.44 × 10⁻⁷ 6.47 × 10⁻⁷ 1.42 × 10⁻⁴ 
Sparse Absent 2.74 × 10⁻¹³ 9.53 × 10⁻⁷ 7.65 × 10⁻⁶ 8.67 × 10⁻⁴ 
Rich Estimated 4.26 × 10⁻¹³ 8.46 × 10⁻⁹ 9.78 × 10⁻⁷ 2.85 × 10⁻⁴ 
Sparse Estimated 6.79 × 10⁻¹³ 4.34 × 10⁻⁶ 8.88 × 10⁻⁶ 8.78 × 10⁻⁴ 

Coordinates are logarithms of positive parameters and untransformed covariate coefficients; interindividual variability uses log-SD coordinates. SE differences refer to these coordinates. Node 746 
refinement increased quadrature from 4,097 to 8,193 nodes. 747 
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Table 3 Theophylline: comparison with the expert NONMEM analysis 748 

Parameter NONMEM estimate PKPy2 estimate Relative difference (%) NONMEM RSE (%) PKPy2 RSE (%) 

CL/F (L/h) 2.8280 2.7851 −1.52 8.0 7.6 

V/F (L) 32.5500 32.5444 −0.02 4.3 4.4 

Ka (h⁻¹) 1.4600 1.5082 3.30 21.4 20.7 

ω²(CL) 0.0646 0.0653 1.16 NR 45.3 

ω²(V) 0.0145 0.0148 2.05 42.2 60.2 

ω²(Ka) 0.4450 0.4600 3.37 NR 48.1 

σ_prop NR 0.1577 NR NR 7.8 
NONMEM estimates and RSEs are from the expert analysis [37]; CL and V were reported per kg and are shown for 70 kg. NR, not reported. 749 
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Table 4 Warfarin: comparison with the expert NONMEM analysis 750 

Parameter NONMEM estimate PKPy2 estimate Relative difference (%) NONMEM RSE (%) PKPy2 RSE (%) 

CL/F (L/h) 0.1350 0.13406 −0.70 4.8 4.6 

V/F (L) 7.860 7.84580 −0.18 3.0 1.7 

Ka (h⁻¹) 1.150 1.20245 4.56 30.5 24.1 

ALAG (h) 0.8250 0.82728 0.28 8.6 4.8 

ω²(CL) 0.0643 0.06451 0.33 37.3 27.0 

σ_prop NR 0.13660 NR NR 6.4 
NONMEM estimates and RSEs are from the expert analysis [37]. CL and V are standardized to 70 kg. Ka interindividual variance (0.5), additive variance (0.117), and WT exponents on CL 751 
and V (0.75 and 1) were fixed. NR, not reported. 752 
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Table 5 Clinical datasets: estimates from NONMEM, PKPy2, nlmixr2 and saemix 753 

Parameter NONMEM PKPy2 nlmixr2 FOCEi nlmixr2 SAEM saemix 

Theophylline (12 subjects) 

CL/F (L/h) 2.828 2.785 (−1.5) 2.834 (0.2) 2.780 (−1.7) 2.781 (−1.7) 
V/F (L) 32.550 32.544 (0.0) 32.542 (0.0) 32.265 (−0.9) 32.530 (−0.1) 
Ka (h⁻¹) 1.460 1.508 (3.3) 1.460 (0.0) 1.483 (1.6) 1.510 (3.4) 

ω²(CL) 0.0646 0.0653 (1.2) 0.0648 (0.3) 0.0644 (−0.3) 0.0658 (1.9) 

ω²(V) 0.0145 0.0148 (2.0) 0.0150 (3.3) 0.0136 (−6.5) 0.0153 (5.3) 

ω²(Ka) 0.4450 0.4600 (3.4) 0.4359 (−2.1) 0.4534 (1.9) 0.4539 (2.0) 

Marginal OFV 352.86 352.79 352.87 352.85 352.80 

Warfarin (32 subjects) 

CL/F (L/h) 0.1350 0.1341 (−0.7) 0.1348 (−0.2) 0.1341 (−0.7) — 

V/F (L) 7.860 7.846 (−0.2) 7.851 (−0.1) 7.884 (0.3) — 

Ka (h⁻¹) 1.150 1.202 (4.6) 1.102 (−4.2) 0.953 (−17.1) — 

ALAG (h) 0.8250 0.8273 (0.3) 0.8208 (−0.5) 0.5870 (−28.9) — 

ω²(CL) 0.0643 0.0645 (0.3) 0.0627 (−2.5) 0.0650 (1.2) — 

Marginal OFV 755.54 755.47 755.63 771.90 — 

Tobramycin (97 subjects) 

CL (L/h) 2.950 2.931 (−0.7) 3.030 (2.7) 4.174 (41.5) — 

V1 (L) 4.590 4.863 (5.9) 5.177 (12.8) 8.600 (87.4) — 

Q (L/h) 6.850 7.099 (3.6) 7.418 (8.3) 24.610 (259.3) — 

V2 (L) 13.200 13.281 (0.6) 13.259 (0.4) 16.661 (26.2) — 

CLCR exponent 0.2360 0.2418 (2.5) 0.2377 (0.7) 0.6755 (186.2) — 

ω²(CL) 0.0280 0.0283 (0.9) 0.0297 (6.1) 0.1038 (270.7) — 

Marginal OFV 605.06 604.44 605.17 673.07 — 
Estimates with the relative difference from NONMEM (%) in parentheses. NONMEM, expert analyses [37]. CL and V are standardized to 70 kg. Marginal OFV: −2 log L of the declared 754 
model at each set of estimates, evaluated by independent adaptive Gauss-Hermite quadrature (Online Resource 1, Section S8); for NONMEM, σ_prop (not reported) was set to its maximum-755 
likelihood value. Tobramycin was fitted with the expert-judgment constraints (WT exponent of V1 fixed at 1, V1 ≤ 10 L, V2 ≤ 30 L; Methods); nlmixr2 SAEM does not apply parameter 756 
bounds. saemix was not applied to warfarin or tobramycin. —, not available. Standard errors are given in Online Resource 1, Table S13. 757 
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Table 6 Primary simulation: PKPy2 compared with established open-source NLME software 758 

Parameter Quantity PKPy2 nlmixr2 FOCEi nlmixr2 SAEM saemix 

Rich sampling (100 datasets) 

Estimates returned  100 100 100 100 

CL Bias (RMSE), % 0.45 (5.64) 1.32 (5.79) 0.46 (5.64) 0.57 (5.65) 

V Bias (RMSE), % 0.17 (3.81) 0.48 (3.84) 0.17 (3.81) 0.26 (3.83) 

ω²(CL) Bias (RMSE), % −4.27 (27.67) −5.46 (27.42) −4.17 (27.66) −4.08 (27.84) 

ω²(V) Bias (RMSE), % −4.09 (25.71) −3.75 (25.51) −4.31 (25.67) −4.35 (25.76) 

σ_prop Bias (RMSE), % −0.31 (4.97) −0.18 (4.99) −0.29 (4.96) −0.28 (4.98) 

CL 95% CI coverage, % 94 (n = 100) 89 (n = 100) 94 (n = 100) 94 (n = 100) 

V 95% CI coverage, % 96 (n = 100) 96 (n = 100) 96 (n = 100) 96 (n = 100) 

Median fit time, s  9.9 2.9 9.6 1.8 

Sparse sampling (100 datasets) 

Estimates returned  100 100 100 100 

CL Bias (RMSE), % 0.70 (5.98) 2.70 (6.55) 0.72 (5.99) 1.04 (6.06) 

V Bias (RMSE), % 0.48 (4.20) 1.36 (4.44) 0.59 (4.20) 0.75 (4.27) 

ω²(CL) Bias (RMSE), % −4.91 (27.95) −6.95 (27.53) −4.59 (28.13) −4.96 (28.14) 

ω²(V) Bias (RMSE), % −7.75 (32.49) −7.09 (32.31) −9.38 (33.66) −13.28 (37.78) 

σ_prop Bias (RMSE), % −0.57 (12.17) −0.98 (12.10) 0.46 (12.56) 1.26 (13.80) 

CL 95% CI coverage, % 90 (n = 100) 86 (n = 100) 90 (n = 100) 89 (n = 100) 

V 95% CI coverage, % 94 (n = 100) 93 (n = 100) 91 (n = 100) 93 (n = 100) 

Median fit time, s  7.5 2.1 5.2 1.2 

Relative bias and RMSE (%) against the generating values CL = 4 L/h, V = 40 L, ω²(CL) = 0.09, ω²(V) = 0.04 and σ_prop = 0.15. Coverage refers to 95% Wald intervals on the log scale; n, 759 
datasets with an interval. PKPy2 fit times exclude the uncertainty calculation. Paired-bootstrap RMSE differences are given in Online Resource 1, Table S12. 760 
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 761 
Fig. 1 Population inference in PKPy and PKPy2. (a) PKPy fits each subject separately and summarizes the individual log 762 

parameters. (b) PKPy2 reads event records, fits the declared population model jointly by marginal likelihood with an 763 

independent numerical audit, and provides diagnostics and interval estimates 764 
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 765 
Fig. 2 Parameter recovery in the primary simulation by PKPy, the Gaussian two-stage control, and PKPy2. Left, relative bias 766 

with ±1.96 Monte Carlo standard errors; right, relative root mean squared error (RMSE). Each point summarizes 100 datasets 767 

(98 for the rich-sampling Gaussian control) 768 
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 769 
Fig. 3 Coverage (a) and width (b) of PKPy2 95% confidence intervals in the primary simulation. Error bars in (a) are Wilson 770 

95% intervals, and the dashed line marks 95%. Widths are medians relative to the true value, with interquartile ranges 771 
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 772 
Fig. 4 Differences of the theophylline (a), warfarin (b), and tobramycin (c) estimates from the published expert NONMEM 773 

estimates. Tobramycin estimates were obtained with the expert-judgment constraints. Differences larger than 50% are plotted 774 

to the right of the dotted line and labeled with their values 775 
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 776 
Fig. 5 Relative errors of PKPy2, nlmixr2 FOCEi, nlmixr2 SAEM, and saemix estimates in the 200 primary simulation datasets. 777 

Boxes show medians and interquartile ranges, whiskers extend to 1.5 times the interquartile range, and diamonds mark means 778 
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 779 
Fig. 6 Verification of the event-record interface. (a) Maximum relative differences of PKPy2 predictions from rxode2 in linear 780 

and nonlinear (ODE) scenarios. (b) Absolute OFV differences from an independent quadrature implementation and from the 781 

compact interface; the dashed line marks the convergence tolerance of 0.05. (c) CWRES and IWRES of the theophylline model 782 

from PKPy2 and nlmixr2 at identical parameters. (d) Exact OFV at the nlmixr2 FOCEi and SAEM estimates minus that at the 783 

PKPy2 estimates 784 
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 785 
Fig. 7 Warfarin PK/PD application and interval methods. (a, b) Visual predictive checks of plasma concentration and 786 

prothrombin complex activity (PCA): observed 5th, 50th, and 95th percentiles (lines), 95% intervals of the simulated 787 

percentiles (bands), and observations (points). (c) 95% intervals for the theophylline model from the Wald, sandwich, profile-788 

likelihood, bootstrap, and SIR methods, relative to the estimate 789 
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