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ABSTRACT

This study addresses the synchronization problem of second-order chaotic systems subject to parameter uncertainties,
external disturbances, and actuator faults, and proposes a predefined-time nonsingular terminal sliding mode control (NTSMC)
strategy. A nonsingular terminal sliding surface is designed so that the convergence time can be prescribed in advance. A
time-varying barrier-function-based adaptive gain is developed to increase the robust gain as the sliding variable approaches
the barrier boundary. The proposed strategy does not require prior knowledge of the disturbance upper bound, thereby
avoiding control-gain overestimation associated with conventional fixed-gain or adaptive-gain approaches. In addition, a
periodic event-triggering mechanism (ETM) is designed to transmit a new command only when the deviation of the nominal
compensation command from its held value exceeds a threshold, thereby reducing the communication burden. The stability of
the closed-loop system is established using Lyapunov theory. Finally, several simulation experiments demonstrate the feasibility
and superior performance of the proposed scheme.

1 Introduction

Chaotic systems are widely used in control engineering!, economics?, image security>, and secure communications*. These

systems exhibit three main characteristics: complexity, unpredictability, and aperiodicity’. Sensitivity to initial conditions is
another typical characteristic of chaotic systems. Small changes in the initial state may cause a sudden transition from one
attractor to another, leading to undesirable states®. Therefore, chaos control is essential in practical applications. Synchronization
of chaotic systems has attracted considerable attention in the field of chaos control. Representative studies include chaos control
of pendulum systems’ and synchronization of Duffing oscillators®, ®° Duffing oscillators®, and horizontal platform systems'”.

Various methods have been proposed for chaotic system synchronization, including fuzzy control!!, robust control'?,
backstepping control'?, neural network control'4, and sliding mode control (SMC)'>. Owing to its fast response, good transient
performance, ease of implementation, and strong robustness against external disturbances and system uncertainties, SMC has
been widely applied to chaotic system synchronization'®. In*, a predefined-time sliding mode controller is proposed to guarantee
synchronization of a hyperchaotic master—slave system within a predefined time. In>, a predefined-time sliding mode controller
is designed to ensure that the errors between the drive and response systems converge to the origin simultaneously within a
predefined time. In'”, a norm-based adaptive gain is combined with practical predefined-time SMC for the synchronization of
uncertain chaotic systems. An exponential function is incorporated into the sliding surface in'® to achieve predefined-time
synchronization of a hyperchaotic system containing a memristor. In'®, adaptive predefined-time stability conditions are
established, and a sliding mode controller is designed for the synchronization of chaotic systems subject to uncertainties and
external disturbances. A predefined-time sliding mode synchronization scheme is developed in?° for a multiscroll chaotic
system constructed with a single memristor. In’!, a radial basis function (RBF) neural network is combined with fixed-time
SMC to achieve attitude synchronization and anti-synchronization of identical and nonidentical chaotic satellites with unknown
dynamics. However, the above studies do not consider the synchronization of second-order chaotic systems subject to actuator
faults.

Actuator faults cause the actual input to deviate from the desired control command and affect synchronization accuracy
together with model uncertainties and external disturbances. This problem has therefore attracted considerable attention
from researchers. Fault-tolerant control (FTC) is generally classified into active and passive approaches. Active FTC uses
online fault detection or estimation results to adjust the control law and provide compensation, thereby helping restore control
accuracy after a fault and accommodate variations in the fault??. Passive FTC generally employs a robust controller with a



fixed structure designed for a predefined range of faults. Its fault-tolerant capability is limited by the fault set considered in the
design, and it may be highly conservative when unexpected faults occur?®. Therefore, active FTC based on fault estimation and
online compensation is an important research direction for improving control performance after faults occur. In**, an adaptive
technique is employed to approximate unknown parameters, and a new piecewise function method is proposed to address the
singularity issue arising in the derivation of the virtual controller. In?>, a novel predefined-time approach is proposed to address
the complex tracking problem of uncertain Euler-Lagrange systems with potential actuator faults. Fixed-time fault detection,
isolation, and estimation are combined with control reconfiguration in*® to handle intermittent faults and input saturation.
In*’, nonlinear moving horizon estimation and model predictive control are used to compensate online for actuator bias and
model mismatch in autonomous vehicles. A predefined-time observer is employed in”® to estimate faults and disturbances,
and compensation is implemented under full-state constraints. In?°, a predefined-time extended state observer is used to
estimate lumped disturbances that include actuator faults. In*’, fault detection and indirect fault estimation are used to trigger
controller switching for active FTC of spacecraft. The actuator effectiveness coefficients of robotic manipulators are estimated
online in®!, and their effects are compensated for to achieve fixed-time trajectory tracking. In, fault detection based on an
extended Kalman filter is combined with adaptive fault estimation to achieve fixed-time FTC. However, the above studies do not
address how to save communication resources while guaranteeing synchronization performance in the design of fault-tolerant
controllers.

An ETM determines whether an update is required according to changes in the error or control command, thereby reducing
redundant communication associated with periodic transmissions. In*?, an adaptive backstepping approach is used to design
an event-triggered controller that achieves predefined-time anti-synchronization of unified chaotic systems while saving
communication resources. In**, continuous and periodic ETMs are incorporated into the corresponding SMC schemes for
path following of underactuated surface vehicles. Furthermore, event-triggered control is combined with nonsingular terminal
SMC in*, and event-triggered SMC for uncertain systems subject to multiple disturbances is investigated in. In*7, a digital
redesign approach incorporating a dynamic signal generator is employed to improve the control behavior between events. A
barrier function is used in*® to adjust the nonsingular terminal sliding mode gain. In3, practical predefined-time sliding mode
tracking is achieved through adaptive estimation. In*’, a barrier-function-based adaptive gain is further employed to reduce
control updates while maintaining disturbance rejection performance. However, the above studies do not address how to ensure
that the position and velocity errors of second-order chaotic systems enter prescribed neighborhoods within a predefined total
time under the combined effects of actuator faults and command-holding errors.

Inspired by the above studies, this paper proposes a predefined-time NTSMC strategy for the synchronization of second-
order chaotic systems subject to parametric uncertainties, external disturbances, and actuator faults. The proposed method
guarantees convergence within a predefined time, maintains robustness against external disturbances and actuator faults, and
saves communication resources without requiring prior knowledge of the upper bound of the lumped disturbance. The main
contributions of this paper are summarized as follows:

* A regularized nonsingular sliding surface is constructed, and the relationship between the width of the sliding band and
the prescribed neighborhoods of the position and velocity errors is established. By allocating time to the two stages, the
synchronization errors are guaranteed to enter the prescribed neighborhoods within the predefined total time.

* An ETM is proposed and combined with continuous local feedback at the actuator side. The command-holding error is
incorporated into the closed-loop analysis, and a positive lower bound on the inter-event interval is established based on
the checking period, reducing unnecessary command updates.

* A barrier function is employed to compensate for the effects of faults and disturbances without requiring prior knowledge
of the upper bound of the lumped disturbance, thereby avoiding the gain mismatch problem.

The remainder of this paper is organized as follows. Section 2 introduces the second-order chaotic systems, the actuator
fault and disturbance models, and the preliminaries. Section 3 presents the predefined-time nonsingular terminal sliding mode
controller and the stability proof. Section 4 provides comparative simulations and an analysis of the results. Section 5 concludes
this paper.

2 System description and preliminaries

This section presents the master—slave synchronization model in the presence of system uncertainties, external disturbances,
and actuator faults. The disturbance assumption and the preliminaries are then introduced to formulate the control objective.
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2.1 System description
Consider the following class of second-order chaotic systems':

X1 (1) = x2(2),

X2(t) = —ax1 (t) — bxa(t) + f1(x1(2)) + fa(x2(2)) + (p + gsin @ 7)g(x1 (¢)) + Tcos wyt, M

where x| and x, denote the system states, and a, b, p are model parameters. The parameters g and T are excitation amplitudes,
while @, > 0 denote the corresponding frequencies. The known nonlinear functions f1, f2, and g are continuously
differentiable on a neighborhood of the operating region. By selecting these functions and parameters, system (1) describes
several typical chaotic oscillators, as follows:

(i) A parametrically excited pendulum’:
X1 =x, Xy = —bxy — (1 +gsinwt)sinxy, 2)
withg=2,b=1/10, and ® = 2.
(ii) A Duffing oscillator under harmonic excitation®:
X1 =xp, Xy = fbxzfx?+(l+qsina)t)x1, 3)
withg=1/2,b=1/5,and ® = 1.
(iii) A ®° Duffing oscillator’:
X1 = xp, Xp = —ax| —bxpy — cx? — dsx? + Tcos wt, @)
witha =1,b=1/100, c = —0.495, d5 = 1/20, T = 0.78, and @ = 0.55.
(iv) A non-autonomous horizontal platform system':
X1 = xp, Xy = —bxy — A sinx| + W sinx cosxj + T cos @z, 5)
withh =4/3, 1 =3.776, u =4.6 x 107%, 7 =34/3, and 0 = 1.8.

Based on (1), the master system is described by

Xml = Xm2,
. . (6)
Xmp = —aXm1 — bXpa + f1(Xm1) + f2(Xm2) + (P + g sin @11)g(xm1) + Tcos wnt,
and the slave system subject to uncertainties and external disturbances is given by
Xs1 = X2,
X2 = —axs1 —bxg + fi(xs1) + fa(x2) o

+ (p+gsinw;t)g(xs1) + Tcos wnt
+ A1, x0) + 0(2) +uy (1),

where X, = (X1, %) | and x; = (xs1,%52) | denote the master and slave states, respectively. The terms A and & represent the
system uncertainty and external disturbance, while u, denotes the actual actuator input. These uncertain effects are collected in
d(t) = A(xs1(1),x2(t)) + 6(¢). Define the synchronization errors as

ei(t) = xg(t) —xpmi(t),  i=1,2. ®
Subtracting (6) from (7) yields

é1 = ey, € = F (X, Xs,t) + g +d,
F (X, xg,1) = —aey —bex + f1(xs1) = fi(xm1) + f2(x52) — f2(xm2) )
+ (p+gsinot) [g(xs1) — g(xm1)]-
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Here, F collects the known differences between the master and slave dynamics. To account for actuator faults, write the actual
input as u, = u+ f,, where u is the commanded input and f,, denotes the fault contribution. For a loss of actuator effectiveness,
u, = p(t)uand f, = (p(¢t) — 1)u, with p(¢) denoting the effectiveness factor. Combining the uncertainty, disturbance, and fault
terms gives the lumped perturbation Ay = d + f,. Accordingly, the synchronization error system can be expressed as

é1 =ey, e'zzF(xm,xht)—f—u—l—Af(t). (10)
The following assumption is introduced for the subsequent controller design and stability analysis.

Assumption 1. The master trajectory is bounded, and the nominal dynamics are continuously differentiable on bounded state
sets, uniformly in time. The lumped perturbation Ay in (10) is measurable and satisfies

Ar(t)| <Ay, £2>0. (11)
Here, A > 0is a finite constant whose value is unknown to the controller.

FTC designs with fixed robust gains rely on an available upper bound of the lumped disturbance to select the gains. However,
determining this bound can be difficult when actuator faults change the control effectiveness. Overestimating the bound can
increase the control effort and chattering, whereas an insufficient gain may fail to compensate for the perturbation. To address
this issue, the proposed controller determines its robust gain directly from a time-varying barrier function of the sliding variable.

The barrier boundary is initialized using the measured synchronization errors and contracts to a prescribed radius within a
selected time. The resulting gain increases as the sliding variable approaches this boundary, providing the corrective action
required to compensate for the unknown perturbation.

Furthermore, transmitting the nominal command at every checking instant consumes communication resources even when
the command changes only slightly. To avoid these redundant transmissions, a periodic ETM is introduced between the
controller and actuator. A new nominal command is transmitted when its deviation from the held value exceeds a prescribed
threshold. Between transmissions, the actuator retains the last received nominal command, while the local sliding-mode
feedback responds continuously to the current synchronization errors. This arrangement reduces redundant nominal-command
transmissions while maintaining the barrier action required for predefined-time synchronization.

Remark 1. Assumption 1 constrains the magnitude of the lumped perturbation, while its upper bound is not required for gain
selection. Moreover, no bound on the derivative of Ay is imposed. From a physical perspective, this permits bounded abrupt
changes caused by actuator faults without requiring a prescribed rate of fault evolution. For loss-of-effectiveness faults, the
quantity bounded by (11) is Ay = d + (p — 1)u. The fault magnitude and occurrence time are also unknown to the controller.

2.2 Preliminaries
In this subsection, the definition and comparison lemma used to establish predefined-time synchronization are presented.
Throughout the paper, the signed-power notation is defined by sig?(z) = |z|?sign(z) for g > 0.

Definition 1. For prescribed accuracies €1, & > 0, system (10) achieves practical predefined-time synchronization if its errors
satisfy |e;(¢)| < g forallt > T*, i =1,2. The time bound T* > 0 is selected in advance, independently of the initial errors and
without knowledge of the perturbation bound.

The following comparison lemma gives an explicit time bound for entry into a prescribed neighborhood. It follows from the
exponential comparison used in predefined-time sliding-mode control*!.

Lemma 1 (Predefined-time comparison). Let y(t) be a nonnegative, absolutely continuous function, and leta > 0,0 < p < 1,

and T > 0. Suppose that the inequality

1 _
y< —ﬁexp@f’)y’ P (12)

holds almost everywhere whenever y(t) > a. Then, for y(ty) > a, the time required to reach [0,a] is bounded by
T [exp(—a”) —exp(—y”(10))] < T- (13)
Once reached, the interval |0,a] remains invariant under (12).

Proof. Before entry into [0,a], multiplying (12) by —py?~!exp(—y?) yields % exp(—y?) > 1/T. Integrating from #; to the
first entry time gives (13). Since (12) is strictly negative whenever y > a, an outward excursion from a is excluded. Thus, the
interval remains invariant after entry, which completes the proof.

O
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2.3 Control objective
The control objective of this paper is to develop a barrier-function-based predefined-time NTSMC strategy for the synchroniza-
tion of systems (6) and (7). In the presence of uncertainties, external disturbances, and actuator faults, both synchronization
errors should enter prescribed neighborhoods of zero within a time selected in advance. The closed-loop signals should remain
bounded, and nominal-command transmissions should admit a strictly positive minimum interval.

For given T* > 0 and €1, & > 0, select positive time parameters 7; and 7, such that

T+ T, =T (14)

The parameter T specifies the time by which the sliding variable s, defined in Section 3, enters and remains in the band |s| < ©.
The parameter 7, specifies the subsequent time allowed for the synchronization errors to reach their prescribed neighborhoods.
The required error bounds are

le1(2)] < &1, le2 (1) < &2, t>Ty+T.. (15)

The triggering condition is checked at #; = kh, where h > 0 is the checking period. The actuator holds the last transmitted nominal
compensation and combines it with local sliding-mode feedback evaluated continuously from the available synchronization
errors. Consequently, consecutive nominal-command transmissions are separated by at least 4. The actuator model has no input
saturation.

Remark 2. In finite-time control, the settling-time bound generally depends on the initial errors, while fixed-time control
provides an initial-condition-independent bound determined by the controller parameters. Here, the total bound 7% = T; + T, is
specified directly before selecting the remaining design parameters. The prescribed time and error accuracies are therefore
explicit control objectives. Their selection does not require the numerical value of A -

3 Barrier-function-based predefined-time NTSMC strategy

To achieve the control objective, a nonsingular terminal sliding variable is first constructed. A time-varying barrier function is

then introduced to determine the robust gain, and a periodic ETM schedules the nominal-command transmissions. Finally,

Lyapunov analysis establishes sliding-band reaching within 7; and practical synchronization within the total time 7; + T..
Figure 1 shows the flowchart of the proposed control scheme.

= 2 B B > I A
' Time-varying barrier gain Proposed
P8 . .
! s control scheme
i Ky(t,s)= 1pls

b(0)>s(0)}, b(n)=0 for 2T,

‘ [b()— s !

s : KB (t S )
‘ Master chaotic ; ;
\ ! S ;
system - ee Nonsingular terminal Sliding mode control law i

L u . Actuator u
— sliding surface u=v, —R,(s)— Kz(t,s) tanh(s/w) _ 2
s ARV B u,=u+f,
S s=e;+o(e) Continuous local feedback i
Slave chaotic i T i
Measured states and errors v
system T h

¢

A
Predefined-time Nominal compensation & periodic event-trigger

Vi
parameters [ v.=—F—¢'(e))e, H PET + ZOH )1—

T =T,+T, te=kh; |v,=v,|>8+dls|

Practical synchronization:
le;|<e; fort>T,+T,

Figure 1. Flowchart of the proposed control scheme.

3.1 Nonsingular terminal sliding variable
To prescribe the error-convergence time while avoiding singular compensation near the origin, the sliding variable is designed
as follows:

s=er+9¢(er),
o) — RN [(Lbmprzmm e, <, (16)
T =0T \sigh " (2), 2 > 1,
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where 0 <n <1,0< 9 <1, T, >0, and 1 > 0 are design parameters. The inner branch regularizes the signed-power term over
|z| < 1. The resulting function ¢ is odd, strictly increasing, and continuously differentiable, with
, (I+nn™"
0) = —T < oo 17
o 0)= ST (17
The two branches have matching values and first derivatives at z = +1. Thus, the term ¢’ (e} )e; used in the nominal compensation
remains nonsingular.
To meet the prescribed synchronization accuracies, choose the error radius a, and sliding-band radius ¢ to satisfy

0<1<a, <g, 0< o <V¢(a),

18
o+ ¢(a.) <e&. (18)

These conditions relate the sliding-band width to the position- and velocity-error accuracies using known design parameters.
For any positive T¢, €1, &, they can be satisfied by first selecting a, < € sufficiently small that

exp(ay)a, " &
n(1—-T. — 1+0/2’

19)

and then choosing 0 < t < a, and setting c = ¥¢(a,)/2. This construction determines the accuracy parameters without using
the unknown perturbation bound.

3.2 Time-varying barrier function and controller design
To include the initial sliding variable in the barrier domain, choose 6 > 0 and set by = ¢ + |s(0)| + 8. The barrier boundary
is designed to contract to ¢ at the prescribed time 7j:

by—0)(1-1/T;)?, 0<1<T,
Mw:{6+(o o)(1-1/Ty% 0<i<Ty, 0,
O, t>1y.
The boundary b is continuously differentiable and satisfies b(¢) > o and |s(0)| < by. Its rate of change satisfies
. 2(bo —
|b(t)] < Ly = % Q1)
d

The initial error determines the starting barrier width, while the time parameters and gain parameters are selected in advance.
Within the domain |s| < b(¢), the robust feedback gain is defined by the following barrier function:

|S|1713

W’ ne>0, 0<pp<l, gp>1. (22)

KB(tNY) =MnB

For each fixed time, Kp is nonnegative, symmetric in s, and strictly increasing with |s|. Moreover, Kg — oo as |s| — b(¢)~. This
property strengthens the corrective feedback as the sliding variable approaches the boundary, without requiring an estimate of
As.

Based on the sliding variable (16), the nominal compensation and local reaching term are chosen as

Vc(t) = _F(xmvxs;t) - ¢/(el)62;

1-2m 23
Ra(s) = exp(]s K (23)

™) tanh(s/w),

mTy

where 0 < m < 1/2 and w > 0, so that sR;(s) > 0. To schedule nominal-command transmissions, the following rule is evaluated
at each checking instant t; = kh:

) = {w(rk), k=0o0r |ve(t) —vat; )| > 8o+ 8 |s(te), o

vi(t, ), otherwise,

where & > 0 and §; > 0 determine the triggering threshold. A new nominal command is transmitted when its deviation from
the held value exceeds this threshold. Otherwise, the previous value is retained, and vj, remains constant between checking
instants. The control input is then constructed as

u(t) = vi(t) — Ra(s(t)) — Kp(t, (1)) tanh(s(r) /w). 25)
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The actuator combines the held nominal command with the two continuously evaluated local feedback terms in (25). The
barrier feedback therefore responds to changes in s between nominal-command transmissions. The factor tanh(s/w) smooths
the local switching action, with w determining the transition width around the origin.
Taking the derivative of (16) and substituting (25) into (10) yields
§ = —Ry(s) — Kp(t,s)tanh(s/w) +r, + Ay,

26
ry =vp— Ve, é1=—0(er) +s. (20

Here, r,, denotes the nominal-command holding error, which enters the sliding dynamics together with the lumped perturbation.

3.3 Stability analysis

The stability analysis proceeds from the sliding-band dynamics to the synchronization errors. The state trajectories are locally
absolutely continuous, and the differential inequalities hold almost everywhere. Since ¢; = e, with continuous e;, the derivative
of |e;]| exists at every nonzero error, including the boundaries considered below.

Theorem 1 (Predefined-time sliding-band reaching and barrier invariance). For system (10) satisfying Assumption 1, apply the
sliding variable (16) and controller (25) with the transmission rule (24). For every finite initial error, the barrier gain is well
defined, and the synchronization errors, nominal command, barrier gain, and control input remain bounded. Furthermore, the
sliding variable satisfies

Is(t)] < b(t) (r>0), s)| <o (t>Ty). 27
The deadline Ty is selected without knowing A £

Proof. The proof first establishes barrier invariance, then derives the reaching-time and boundedness results.
Step 1. Barrier invariance. Since ¢ is increasing and unbounded, choose X > |e; (0)| such that ¢ (X) > by. Consider the
solution up to a possible first exit from the domain |e;| < X, |s| < b(z). Within this domain,

lea| <bo+9(X), ve| <V (28)

where 7 is finite because the master trajectory is bounded and the nominal dynamics satisfy Assumption 1. Each transmitted
value, including v;,(0), is a sample of v, taken before the possible exit. Therefore,

il <¥, n| <20, |4 Af < Ci=20+Af (29)

The constant C bounds the combined effect of the holding error and lumped perturbation.
Choose the Lyapunov function V; = s> /2. Taking its derivative along (26) gives

Vs = —sRy(s) — |s|Kp(t,s)| tanh(s/w)| + s(r, + Af)

30
< —sRy(s) — |s|[Kg(t,s)| tanh(s /w)| — C]. G0

To account for the contracting boundary, introduce z = s/b(t), ¢ = |z|, and the normalized Lyapunov function W = z2/2. Its
derivative satisfies

W< —%[Kg(t,s)hanh(s/w)\—C—Lb]. G

where sR;(s) > 0, ¢ < 1, and || < L, have been used. Since ¢ < b(t) < by, the barrier feedback satisfies
Ka(t,5)|tanh(s/w)| > H(q).

g
H(q) = KBWtanh(WI/W)a (32)

1
Kp = anin{O'pB*qB,bgB_qB} > 0.
The function H is strictly increasing and tends to infinity as ¢ — 1~. Hence, there exists g, € (|s(0)|/bo, 1) such that

H(g,)>C+1Ly. 33)
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For g > g, inequality (31) gives W < 0, which prevents g from crossing ¢.. At the boundary |e;| = X, the error dynamics also
give

d

Tleil < =0 (xX)+bo <0. G
Thus, the solution cannot exit through either boundary, and it satisfies

ler(0)] <X, [s(t)] < q:b(r) < b(t) (35)

throughout its interval of existence. The bounds in (28) therefore hold along the trajectory. Inequality (33) shows that the
barrier feedback compensates for the lumped perturbation, the holding error, and the boundary contraction. The constant g,
specifies the resulting separation from the barrier boundary and is used in the analysis only.

Step 2. Predefined-time sliding-band reaching. By construction, b(T;) = o, and (35) gives |s(Ty)| < ¢.06 < 0. For
every t > Ty, the boundary remains equal to o, so the sliding variable remains inside the prescribed band. Thus, the complete
reaching phase takes no longer than 7;. The unknown perturbation affects the margin g, while the radius ¢ and reaching-time
bound T are prescribed by the designer.

Step 3. Boundedness of the closed-loop signals. The positive gap b(¢) — |s(z)| > (1 — g« )0 > 0 guarantees that Kg remains
bounded along the closed-loop trajectory. Equations (28) and (25) then give bounded e;, v, and u. Together with the bounded
master trajectory and locally regular feedback, these bounds exclude finite escape and extend the solution to all # > 0. The states
e1,ep and the sliding variable s remain continuous across perturbation jumps and nominal-command updates. Consequently,
the differential inequalities hold almost everywhere, completing the proof. O

Theorem 2 (Practical predefined-time synchronization). Under the conditions of Theorem 1, select the accuracy parameters
according to (18). Then, the synchronization errors enter and remain in the sets

Qr={e1:le1| <a}, Q={er:le2] <o+¢(ae)} (36)

no later than T; + T.. Consequently, (15) holds, and practical predefined-time synchronization is achieved within the prescribed
time T =T;+T,.

Proof. Step 1. Predefined-time convergence of the position error. By Theorem 1, the sliding variable satisfies |s(¢)| < o for
all > T;. Choose the Lyapunov function V, = e% /2. Tts derivative along (26) satisfies

Ve:—e]¢(el)+els§—|el|[¢(|el\)—6]. 37
For |e1| > a, > 1, the monotonicity of ¢ and condition (18) give o < 3¢ (|e;|). It follows that

Ve < —(1=9)ler9(Jer])

_ 1 n 2—n
- _nTC exp(|e|\ )|31| s (38)

d 1
E|€1| < —TTCGXP(|61\")|€1|17"-
If |ei (Ty)| > a., applying Lemma 1 gives the additional time required to enter €;:
T, < T.[exp(—a,) —exp(—lei(Ty)|")] < T.. (39)

If |e; (Ty)| < a,, take T, = 0.
Step 2. Invariance of the error bounds. At the boundary |e;| = a,, inequality (37) yields

d

glals—9la)+o<—(1-9)¢(a) <0. (40)
Thus, Q| remains invariant after entry. Using e; = s — ¢ (e} ), the synchronization errors satisfy

le1] < a. <e, lea] <o+ ¢(a.) < é&. (41)

Combining (27) and (39) gives a total synchronization time no greater than 7; + 7. The time and accuracy parameters are
selected independently of the unknown perturbation bound, which completes the proof. O
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Remark 3. The factor (1 —9)~! in (16) compensates for the residual sliding variable in the error dynamics. Together with
o < V¢ (a.), it preserves the error-convergence bound 7, within the band |s| < ©. For a prescribed T* > 0, the time allocation
can be selected as Ty = xT* and T, = (1 — x)T*, where 0 < ) < 1. The accuracy parameters are then determined from (18),
providing a direct procedure for selecting both the synchronization time and error bounds.

Theorem 3 (Exclusion of Zeno transmissions). Under the nominal-command transmission rule (24), consecutive transmissions
are separated by at least h. Therefore, the mechanism excludes Zeno behavior.

Proof. Each transmission occurs at a checking instant #; = kh. If consecutive transmissions correspond to indices k; < kj4 1,
their separation is (k1 —kj)h > h > 0. Hence, at most |7 /h] + 1 nominal commands are transmitted on any interval [0,77],
which excludes infinitely many transmissions in finite time. O

4 Simulation results

In this section, numerical simulations are conducted to evaluate the synchronization performance under model uncertainty,
external disturbances, and actuator faults. The Duffing oscillator and the ®° Duffing oscillator are considered for comparative
simulations. The communication performance is then evaluated, followed by additional tests on a non-autonomous horizontal
platform system with different prescribed durations.

The simulation time is 30 s, and the checking period is # = 0.001 s. The proposed controller uses a second-order implicit
Runge—Kutta method with an internal step of 0.00005 s; the reference simulations retain the fourth-order Runge—Kutta method
with a step of 0.0001 s. The evaluation grid is Az = 0.0001 s. The simulation curves are plotted in MATLAB using the
saved trajectories. The parameters of the proposed controller and triggering mechanism are listed in Table 1. For Case 2,
T.=0.170403 s, T; = 0.151929 s, and 1 = 8.939156 x 10~8; the remaining parameters are unchanged. The same Case 1 and
Case 2 parameter sets are used for both oscillators. The numerical time-scale parameter is denoted by T,..

Table 1. Parameters of the proposed controller and triggering mechanism

Parameter Value Parameter Value

T, 0.288819 s T, 0.257507 s
n 0.493828 m 0.130440
1 2.533909 x 1077 0.200

Ns 210.055587 c 0.0005

PB 0.740602 & 0.001

w 85.121272 h 0.001 s

qB 1.680310 Op 12.964453
€ 0.005 & 0.005

o 0.010

For all simulations, the uncertainty and external disturbance of the slave system are selected as A = 0.2 cos(x,2) sin(xy2)
and §(t) = 2sin(27t), respectively. The actuator effectiveness is given by

I, t<813s
H=<" ’ 42
plt) {0.4, t>8.13s. “2)

Thus, a 60% loss of actuator effectiveness occurs at 8.13 s. The disturbance, fault time, and effectiveness coefficient are
unavailable to the controllers. No actuator saturation is imposed.

4.1 Comparative simulations
To assess the synchronization performance, comparative simulations are conducted with the controllers in Reference’®,
Reference®, and Reference®. The three controllers are implemented for the same two-state synchronization error system.
Their numerical settings are provided in the accompanying simulation files. All methods are tested under the same initial
conditions, uncertainties, disturbances, and actuator fault.

Two cases are considered. In Case 1, the initial states of the master and slave systems are (x,,1(0),x,2(0)) = (1,1) and
(x51(0),x52(0)) = (0.5,0.5), respectively. In Case 2, the corresponding initial states are (0.4,0.8) and (0.6,0.4).

9/26



The convergence time of e; is measured as the earliest sampled time after which |e;| < 0.005 holds until the fault occurs.
The position-error root mean square error (RMSE) is used to evaluate synchronization accuracy over the complete simulation
interval:

1 N
RMSE, = 4| ) k;)eﬁkm), N = 300000. (43)

Both the initial transient and the fault response are included in this index. The sampled peak actual control input is calculated
on the internal integration grid, with u, = pu for the proposed controller. Convergence times and RMSE are calculated on the
common evaluation grid.

4.1.1 Duffing oscillator
First, the Duffing oscillator in (3) is considered. The system parameters are selected as b = 0.2, ¢ = 0.5, and @ = 1. Fig. 2
presents the phase trajectory with the initial state (0.5,0.5).

1.0
0.5 A
~N 00 7
-0.5 -
-1.0 A
-15 -1.0 -0.5 0.0 0.5 1.0 15
X1

Figure 2. Phase trajectory of the Duffing oscillator.

Table 2 provides a quantitative comparison for the two initial conditions. In Case 1, the convergence times of e; and e,
under the proposed controller are 0.2476 s and 0.2638 s, respectively. Both are shorter than those obtained with Reference’®,
Reference®, and Reference. In Case 2, the corresponding times are 0.1313 s and 0.1464 s. These results demonstrate the
faster initial synchronization achieved in both cases.

Table 2. Performance comparison for the Duffing oscillator

Metric Proposed Reference®® Reference’® Reference*
Case 1

Convergence time of ey (s)  0.2476 0.4571 0.7341 0.4715

Convergence time of e; (s) 0.2638 0.5141 0.8453 0.6378

RMSE; 0.0252 0.0338 0.0426 0.0339

Peak actual control input 226.78 45.44 18.55 57.33
Case 2

Convergence time of e; (s)  0.1313 0.5317 0.4290 0.2874

Convergence time of e; (s)  0.1464 0.6034 0.5226 0.4737

RMSE; 0.0074 0.0117 0.0119 0.0094

Peak actual control input 184.32 15.72 10.46 35.10

The trajectories of the master and slave systems are shown in Fig. 3. The slave states approach the master states and remain
close after the actuator fault. Fig. 4 presents the synchronization error comparison. The proposed controller has the smallest
position-error RMSE in both cases.

The sliding variable and actual control inputs are shown in Figs. 5 and 6, respectively. The recorded sliding variable remains
within |s| < b(¢). The proposed controller produces a larger initial control action, with sampled peak actual inputs of 226.78
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Figure 3. State trajectories of the Duffing master and slave systems.
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Figure 4. Synchronization error comparison for the Duffing oscillator.
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Figure 5. Sliding variable of the proposed controller for the Duffing oscillator.
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Figure 6. Actual control input comparison for the Duffing oscillator.

14/26



and 184.32 in Cases 1 and 2, respectively. In Case 1, the faster transient response requires a higher peak input than the reference
controllers.

4.1.2 ®° Duffing oscillator

Next, the PO Duffing oscillator in (4) is selected. The system parameters are a = 1, b = 0.01, ¢ = —0.495, ds = 0.05, 7 = 0.78,
and @ = 0.55, where ds denotes the fifth-order coefficient. The phase trajectory with the initial state (0.5,0.5) is shown in
Fig. 7. The two initial conditions and controller parameters are the same as those used for the Duffing oscillator.

=

-4 -3 -2 -1 0 1 2 3 4
X1

Figure 7. Phase trajectory of the ®° Duffing oscillator.

Table 3. Performance comparison for the ®° Duffing oscillator

Metric Proposed Reference®® Reference’® Reference*
Case 1

Convergence time of ey (s)  0.2476 0.4578 0.7341 04714

Convergence time of e; (s)  0.2638 0.5150 0.8438 0.6379

RMSE; 0.0252 0.0338 0.0425 0.0339

Peak actual control input 227.13 45.79 18.89 57.68
Case 2

Convergence time of e (s) 0.1313 0.5316 0.4290 0.2874

Convergence time of e; (s)  0.1464 0.6033 0.5224 0.4737

RMSE; 0.0074 0.0117 0.0119 0.0094

Peak actual control input 184.07 15.47 10.20 34.85

Table 3 presents the performance comparison. In Case 1, both errors of the proposed controller enter the prescribed tolerance
band by 0.2638 s. The corresponding times are 0.5150 s, 0.8438 s, and 0.6379 s for Reference®, Reference’?, and Reference,
respectively. In Case 2, the proposed controller also achieves the shortest convergence times for both errors.

Fig. 8 shows the state trajectories, and Fig. 9 presents the synchronization errors. The slave system follows the master
system under the imposed uncertainty, disturbance, and actuator fault. As in the Duffing example, the proposed controller gives
the smallest position-error RMSE in both cases.

Figs. 10 and 11 show the sliding variable and actual control inputs. The sliding variable remains inside its time-varying
barrier. The sampled peak actual input of the proposed controller is 227.13, compared with 45.79, 18.89, and 57.68 for
Reference?®, Reference®, and Reference®, respectively. The results confirm the same relation between the faster initial
response and the larger peak control input observed in the first example.
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Figure 8. State trajectories of the ®® Duffing master and slave systems.
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Figure 9. Synchronization error comparison for the ®° Duffing oscillator.
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Figure 10. Sliding variable of the proposed controller for the ®° Duffing oscillator.
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4.2 Effectiveness of the ETM

The communication performance of the proposed controller is evaluated using the number of nominal-command transmissions.
With a checking period of 4 = 0.001 s, a periodic schedule contains 30000 transmission instants over [0,30) s. The percentage
reduction is calculated as (1 — N;:/30000) x 100%, where Ny is the number of nominal commands transmitted by the ETM.
Table 4 lists the transmission counts for the two oscillators. For the Duffing oscillator, 2046 and 2182 nominal commands are
transmitted in Cases 1 and 2, corresponding to reductions of 93.18% and 92.73%. For the ®° Duffing oscillator, the reductions
are 93.23% and 92.74%, respectively. The ETM therefore reduces nominal-command transmissions by approximately 93%

relative to the periodic schedule in all four tests.

Table 4. Communication performance

System Case Periodic schedule Proposed Reduction (%)
Duffing 1 30000 2046 93.18
Duffing 2 30000 2182 92.73
@° Duffing 1 30000 2031 93.23
@° Duffing 2 30000 2177 92.74

The barrier gains and inter-transmission intervals are shown in Figs. 12 and 13. The gains vary with the sliding variable,
and the transmission intervals change during the transient and subsequent motion. Since transmission decisions are made on the
checking grid, consecutive transmissions are separated by at least 4. Together with the state trajectories and error responses,
these results illustrate synchronization with fewer command transmissions.

x10°

o Dovvwrvrvrveryn YTV YTV TV VYTV YT YTV YVYYY Y

30

0
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300 T T T T T
w L
5200
T
c
[}
£ 100 ‘ ‘
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0 5 10 15 20 25 30
t/(s)
(a) Case 1

Figure 12. Barrier gains and inter-transmission intervals for the Duffing oscillator.
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Figure 12. Barrier gains and inter-transmission intervals for the Duffing oscillator (continued).
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Figure 13. Barrier gains and inter-transmission intervals for the ®° Duffing oscillator.
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Figure 13. Barrier gains and inter-transmission intervals for the ®° Duffing oscillator (continued).

4.3 Additional tests under different prescribed durations

To further evaluate synchronization under different prescribed durations, the non-autonomous horizontal platform system in (5)
is considered. The system parameters are selected as b =4/3, A = 3.776, 4 = 4.6 x 1076, 7= 34/3, and 0 = 1.8. Fig. 14
shows the phase trajectory with the initial state (0.5,0.5). The synchronization initial states are those of Case 1, and the same
uncertainty, disturbance, and actuator fault are applied.

5.0 1

2.5 1

0.0 1

X2

-2.5 1

-5.0 1

X1
Figure 14. Phase trajectory of the non-autonomous horizontal platform system.

The time-scale parameter is selected as 7, = 1, 3, and 5 s, with T, = 2.7934567, and T; = 0.1710027,. The remaining
platform-controller parameters, supplied in the simulation files, are unchanged across these three runs. Table 5 gives the
quantitative results. Both errors enter the tolerance band by 1.0298 s, 3.0578 s, and 5.0651 s, respectively, close to the selected
durations.

The synchronization errors are depicted in Fig. 15. A shorter prescribed duration leads to a faster initial response and
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Table 5. Synchronization performance under different prescribed durations

Metric T,=1s T,=3s T,=S5s

Convergence time of e; (s) 0.9879 2.9325 4.8562
Convergence time of e; (s) 1.0298 3.0578 5.0651
RMSE; 0.0461 0.0791 0.1008
Peak actual control input 343.98 228.60 104.51

a smaller position-error RMSE. The peak actual input increases as the duration decreases. In particular, the sampled peak
actual input increases from 104.51 at 7, = 5 s to 343.98 at 7, = 1 s. These results show how the selected duration affects
synchronization speed, error evolution, and the required control input.
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Figure 15. Synchronization errors under different prescribed durations.
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5 Conclusions

This paper investigates the synchronization of second-order chaotic systems under uncertainties, external disturbances, actuator
faults, and communication constraints using a predefined-time NTSMC strategy. An NTSMC is designed to achieve predefined-
time convergence. To avoid gain mismatch, a time-varying barrier-function-based adaptive strategy is developed without
requiring a priori knowledge of the disturbance upper bound. To reduce the communication burden, a periodic ETM is
introduced. Numerical results show that the proposed controller achieves faster convergence, a smaller position-error RMSE,
and reduced chattering, while the ETM reduces nominal-command transmissions by approximately 93%. The proposed
scheme provides explicit control over convergence time and accuracy for high-precision chaotic synchronization under complex
disturbances, actuator faults, and communication constraints. Future research focuses on experimental validation and practical
secure-communication applications.
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