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Abstract

When a free energy admits several local minimisers, the associated mean-field
particle system exhibits a metastable behavior, undergoing random transitions
between these minimisers. However, when the number of particles is large, these
transitions are rare events and typically occur at a time-scale which is out of reach
for simulations. In this work, we introduce a system of particles coupled with
a slow macroscopic external variable which approximately follows a Langevin
dynamics associated to a coarse-grained free energy. The empirical distribution
of the particle system thus samples all local minimisers of the initial free energy,
with transition times which are now independent from the number of particles.
The construction is inspired by a theoretical tool: the two-scale approach for
proving log-Sobolev inequalities for Gibbs measures.
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1 Introduction

1.1 Overview

Motivation.

Consider a so-called free energy

F(ρ) = E(ρ) + σ2H(ρ) , (1)

defined over P2(Rd) the set of probability measures ρ with finite second moment,
where E : P2(Rd) → (−∞,∞] is some energy functional, H(ρ) =

∫
Rd ρ ln ρ is the

entropy (equal to +∞ if ρ doesn’t have a Lebesgue density) and σ2 > 0 is a tem-
perature parameter, which we fix equal to 1 without loss of generality from now on
(unless otherwise specified, when discussing specific models, particularly for numerical
experiments). We are interested in the situation where F has several local minimis-
ers, and our goal is to sample them. One of the main interest is to find, among these
local minimisers, the global ones, but finding all local minimisers is also of interest.
Indeed, these are stable solutions of the gradient flow associated to F , and their study
is related for instance to questions of phase transitions, clustering, localization in sta-
tistical physics [5, 24, 48, 52]. The question of minimizing free energies over P2(Rd)
also arises in machine learning [26, 28, 38], optimisation [14, 45], mathematical biol-
ogy [11], variational inference [3, 30] and sampling [32]. For instance, clustering is an
important feature in the attention mechanism used in transformers [26, 50].

The gradient flow of F (with σ2 = 1) is the solution of

∂tρt = ∇ · (ρtDE) + ∆ρt (2)

with the intrinsic derivative DE given in (20) below. Similarly to the finite-dimensional
situation, a way to sample different local minimiser is to follow (2) starting from
different random initial conditions (for instance normal distributions with random
means and covariance matrices). However, in order to find several minimisers of a
function f ∈ C1(Rd,R), an alternative to randomized initialisations is to perturbate the
gradient descent with a Brownian noise, leading to the so-called overdamped Langevin
diffusion process, solving

dXt = −∇f(Xt)dt+
√

2/βdBt , (3)

with β−1 a temperature parameter and B a d-dimensional Brownian motion. Under
suitable mild conditions on f , this process is ergodic with respect to the Gibbs measure
with density proportional to exp(−βf). In particular, given enough time, it will pass
near all local minimisers. When β is small, the process behaves like a Brownian motion,
and thus in high dimension it will take a very long time to actually get near a given
local minimiser. When β is large, the process is metastable, i.e. it spends most of its
time in the vicinity of local minimisers, jumping from one to the other along some
rare transitions. A situation where (3) is particularly relevant is when the set of local
minimisers of interest are all in the vicinity of a manifold of dimension much smaller
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than the ambient space R
d. This is for instance the case in molecular simulations,

where x is the position of nuclei and f is the energy of the system. In this situation,
d = 3n with n the number of atoms (ranging from 100 to 109 in typical applications),
but the configurations of atoms are very structured (for instance the interatomic bonds
in a protein are fixed and prevent high variations of the corresponding interatomic
distances) so that the region of low energies, containing all stable configurations of
interest, is concentrated around a manifold of dimension much smaller. However, no
parametrization of this manifold is available. In particular, the idea of following the
gradient flow of f starting from random initial conditions is not practicable, as no good
initial distribution is known; when resorting to uninformed distributions (e.g. isotropic
Gaussian), with overwhelming probability, the gradient flow get stuck in a completely
non-physical configuration (i.e. a local minimiser f with an extremely large value with
respect to inf f). However, provided that a single reasonable x0 in the low-energy
region is already known, we can use (3) to explore locally the manifold, taking β large
enough to stay in its vicinity and small enough to undergo the energy barriers within
the manifold. From this simple strategy, multi-scale variations can be considered, for
instance by using a trajectory at high temperature β−1 to give initial conditions for
trajectories at smaller temperature, by running a single trajectory with a temperature
schedule t 7→ β−1

t that decays with time (simulated annealing or sequential Monte
Carlo [13, 16, 29]) or by having several trajectories exchanging their temperatures at
random times (parallel tempering or replica exchange [37, 43]).

In view of this discussion, our goal is to provide an analogue of (3) when (f,Rd)
is replaced by (F ,P2(Rd)). This requires to perturbate the gradient flow (2) with a
stochastic noise.

Related literature.

This question has already been tackled with various approaches: using the theory of
Dirichlet forms on metric spaces [21, 44, 46, 47, 51, 53], working in a space of func-
tions in bijection with (a subset of) P(Rd), for instance repartition functions in one
dimension [17, 18, 53] or densities in some Hilbert space with a trace-class Gaussian
distribution as the reference measure [10], or perturbating the infinite dimensional
equation (2) by a finite-dimensional noise [19, 25]. There are various motivations for
these stochastic perturbations: the goal might be to define a canonical reversible pro-
cess with respect to the entropy (which would thus really be an infinite-dimensional
analogue of the Langevin dynamics (3)), or to exploit the regularization properties of
the noise to get well-posed equations, as in [17], or to induce ergodicity (i.e. unique-
ness of a stationary distribution) in cases where the deterministic flow has several
stationary solutions, as in [2, 19, 25, 36, 49].

As we will see, by some aspects, the viewpoint taken in the present work is close to
the one in [19, 25] since we will only need a finite-dimensional Brownian noise (which
is convenient for practical implementation) and, as motivated above, our primary goal
is to ensure the ergodicity of the dynamics, in order to visit all local minimisers of the
free energy. However, in [19, 25], the fact that the initial equation is a gradient flow
doesn’t play any role, and the measure which is sampled by the stochastic process
is completely unknown. Noise is simply there to allow for exploration. If the noise
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is small enough then the stochastic dynamics can be expected to be attracted by
stable solutions of the deterministic equation when it gets close to it, but the behavior
of the process outside the vicinity of these stable solutions is not controlled (hence,
neither is the time spent on average far from these stable solutions). By contrast,
our stochastic perturbation will be designed to target a specific equilibrium measure,
highly relying on the gradient flow structure of (2) and the specific form of the free
energy F . For this reason, it is less versatile than the approach in [19, 25] but closer to
the Langevin process (3). In particular, the time spent by the process in the vicinity
of local minimisers and the transition times between different minimisers is controlled
as in the Langevin case (3) (in terms of β).

Organisation.

The rest of this work is organised as follows. In the rest of the introduction, we
introduce our two-scale sampler (first, by presenting the mean-field particle system
associated to (2) in Section 1.2, then describing the two-scale approach and motivating
the sampler in a simple case with quadratic interaction in Section 1.3, finally extending
this definition to more general cases in Section 1.4), and compare it to the family of
enhanced-sampling methods based on collective variables in Section 1.5. Some general
notations are gathered in Section 1.6. Two approximations are made in the definition
of the process, since a finite number N of particles and a positive time-scale separation
parameter ε are used: the theoretical results describing the convergence of the process
to the idealized sampler as N → ∞ and ε → 0 are stated in Section 2. Section 3
is devoted to numerical experiments. Finally, the proofs of the theoretical results are
provided in Section 4.

1.2 Mean-field interacting particle system

The system of N interacting particles associated to the free energy F is Xt =
(X1

t , . . . , X
N
t ) solving

dXt = −∇UN (Xt)dt+
√

2dBt, (4)

with B a dN -Brownian motion and

UN (x) = NE (πx) , πx =
1

N

N∑

i=1

δxi
.

Under suitable conditions on E , it is well-known that for all t ⩾ 0, πXt
converges

almost surely to the solution ρt of (2), provided this holds at t = 0. This is referred to
as the mean-field limit (associated to the propagation of chaos phenomenon, according
to which X1

t and X2
t are asymptotically independent as N → ∞ provided this holds at

time t = 0). The fluctuations of this convergence have been studied in [15, 22] (see [9]
for further more recent works) and can be informally described by the fact that, in
some weak sense,

dπXt
≃

N→∞
−∇W2F(πXt

)dt+
1√
N

√
πXt

dξt
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for some Gaussian noise ξ, where −∇W2F stands for the right hand side of (2). At this
point, we may think that we have achieved our goal since the empirical distribution of
particles evolves according to a stochastic perturbation of the gradient flow. However,
we need N to be large to have a good approximation of the gradient flow, and in that
case the noise intensity is very small. Transitions between different local minimisers
occur at a time-scale of order ecN for some c > 0 [39], and thus are never seen in
practical simulations.

By contrast, we are aiming at defining a process where the noise persists in the
limit N → ∞.

At a fixed N , (Xt)t⩾0 is an overdamped Langevin diffusion and, under suitable
conditions, it is ergodic with respect to the Gibbs measure

µN ∝ exp(−UN ) .

Under this measure, πX is concentrated around the minimisers of F for large N .
However, when F has several local minimisers, sampling this measure with (4) requires
a time which is exponentially large with N since we have to wait for πXt

to undergo
several rare transitions, and is thus unfeasible in practice. This can be interpreted in
terms of the log-Sobolev constant of µN , which is the largest constant λN > 0 such
that

∀ν ∈ P2(RdN ), H (ν|µN ) ⩽
1

2λN
I(ν|µN ) (5)

(with the relative entropy and Fisher information given in (21)). The long-time con-
vergence rate of (4) to µN in relative entropy is λN , see [4, Theorem 5.2.1]. When F
has several local minimisers, it vanishes exponentially fast with N [39] (see [31] for
further details on this topic in finite dimension).

1.3 Two-scale approach

Our work is motivated by the two-scale approach used in [6, 7, 39, 40] (see references
within for previous works) for establishing log-Sobolev inequalities (LSI) (5) for µN
(with λN independent from N in these works). It relies on a representation of µN in
the spirit of De Finetti’s theorem, i.e. as a mixture of tensorised measures (or at least
simpler Gibbs measures for which a uniform-in-N LSI is known by some convexity
argument [41, 54]). Let us describe this in the simple case where

E(ρ) =

∫

Rd

V (x)ρ(x)dx+
1

4

∫

Rd

|x− y|2ρ(x)ρ(y)dxdy

=

∫

Rd

V1(x)ρ(x)dx− 1

2

(∫

Rd

xρ(x)dx

)2

(6)

for some V ∈ C1(Rd,R) and V1(x) = V (x) + 1
2 |x|2. Then,

UN (x) =

N∑

i=1

V1(xi) −
1

2N

(
N∑

i=1

xi

)2

.
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Relying on the formula for the moment generating function of Gaussian distribution,

E (exp (z ·G)) = exp
(κ

2
|z|2
)
, z ∈ R

d, G ∼ N
(
0, κ−1Id

)
,

applied with z =
∑N
i=1 xi and κ = 1/N , we can write

∫

RdN

φ(x)e−UN (x)dx = E

(∫

RdN

φ(x)e−
∑N

i=1[V1(xi)−G·xi]dx

)

for any φ ∈ L∞(RdN ). This amounts to the representation

µN =

∫

Rd

µ⊗N
θ νN (θ)dθ (7)

with

µθ(x) =
1

Z(θ)
e−V1(x)+θ·x , Z(θ) =

∫

Rd

e−V1(x)+θ·xdx ,

and

νN (θ) ∝ exp (−Nω(θ)) , ω(θ) =
1

2
|θ|2 − lnZ(θ) .

In other words, to sample µN , we can sample θ ∼ νN and then generate i.i.d. samples
X1, . . . , XN with law µθ, which can be done with

dXi
t = −∇V1(Xi

t)dt+ θdt+
√

2dBit . (8)

Since these particles are independent, for a fixed θ, the long-time convergence of these
toward µ⊗N

θ is independent from N and given by the log-Sobolev constant of µθ.
Assuming for instance that V1 is the sum of a strongly convex and a bounded functions,
it follows by standard arguments that this LSI constant can be bounded from below
uniformly over θ (see [4] or the proof of Proposition 2 below for details). In other
words, sampling µ⊗N

θ can be done in a time independent from θ and N , contrary to
µN .

All the sampling difficulty is now encoded in θ, the critical points of ω correspond-
ing to those of F . Indeed, on the one hand,

∇ω(θ) = θ −
∫

Rd

xµθ(x)dx .

On the other hand, by classical considerations (see e.g. [52]), for the energy (6), a
density ρ∗ is a stationary solution of (2) if and only if

ρ∗(x) ∝ (−V1(x) +m∗ · x) , m∗ =

∫

R

xρ∗(x)dx , (9)

namely ρ∗ = µm∗
. Multiplying this equation by x and integrating shows that m∗ =∫

Rd xµm∗
(x)dx, which means that m∗ is a critical point of ω. Conversely, if m∗ is a
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critical point of ω, it is straightforward to check that µm∗
satisfies the self-consistency

equation (9), hence is a critical point of F .
We can go a step further and in fact see that θ∗ is a local minimiser of ω if and

only if µθ∗ is a local minimiser of F , cf. [42, Section 3.1.2]. In other words, in the
situation where F has several local minimisers, this will be the case for ω and then
trying to sample νN with

dΘt = −∇ω(Θt)dt+
√

2/NdBt (10)

would be unpracticable for large N due to metastability [31].
As a conclusion of this discussion, we can say that the question of sampling the

local minimisers of F boils down to sampling the Gibbs measure νN associated to
the coarse-grained/macroscopic potential ω, and the difficulty is that the temperature
1/N is vanishing as N increases.

Our approach is then simple: it consists in sampling θ according to νβ ∝ exp (−βω)
with β > 0 fixed independent from N . We postpone to Section 1.5 a discussion about
similar ideas in different contexts.

The remaining problem is that ∇ω cannot be computed in practice. Hence, we
resort to a stochastic gradient approximation. Indeed, we have seen that sampling µθ
with i.i.d. particles (8) is easy (in the sense that the time needed is independent from
N and θ; due to V1 possibly being non-convex, this can still be long in some cases),
and then we can estimate

∇ω(θ) ≃ θ − 1

N

N∑

i=1

Xi
t (11)

In fact, we sample both the macroscopic parameter θt and the particles simultaneously,
while adding a small speed parameter ε > 0 to the dynamics of θt. Indeed, if θt moves
slowly enough, we expect the particles to reach equilibrium as if θt were constant, so
that the approximation (11) remains valid (an alternative would have been to have the
particles influenced by an exponential moving time-average of Θt, in the spirit of [35]).

As a conclusion, in the case of (6) with a quadratic interaction energy, the process
that we consider in the present work is given by

∀i ∈ J1, NK, dXi
t = −∇V1(Xi

t)dt+ Θtdt+
√

2dBit

dΘt = −ε
(

Θt −
1

N

N∑

i=1

Xi
t

)
dt+

√
2ε/βdBt .

1.4 More general case

The previous discussion can be extended to more general situations. For instance,
consider the energy

E(ρ) =

∫

Rd

V (x)ρ(x)dx+
1

2

∫

Rd

W (x, y)ρ(x)ρ(y)dxdy (12)
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with V ∈ C1(Rd), W ∈ C1(R2d) such that W (x, y) = W (y, x) for all x, y ∈ R
d. Under

mild conditions, we can write a Mercer decomposition of W of the form

W (x, y) = W0(x) +W0(y) +
∑

k⩾0

mk(x)mk(y) −
∑

k⩾0

nk(x)nk(y) , (13)

for some functions W0, (nk,mk)k∈N. For instance, for α > 0,

−αe− (x−y)2

2 = −
∑

k⩾0

αe−
x2

2
xkyk

k!
e−

y2

2 . (14)

From the representation (13), the energy can be written

E(ρ) =

∫

Rd

V1(x)ρ(x)dx+
1

2

∑

k⩾0

(∫

R

mk(x)ρ(x)dx

)2

− 1

2

∑

k⩾0

(∫

R

nk(x)ρ(x)dx

)2

,

with V1 = V + W0. The two first terms are convex as a function of ρ (along flat
interpolations t 7→ (1 − t)ρ0 + tρ1), and thus they will not be the problematic ones.
Denoting φ(x) = (nk(x))k⩾0, we get an expression of the form

E(ρ) = Ec(ρ) − 1

2
∥ρ(φ)∥2ℓ2 ,

with ρ 7→ Ec(ρ) which is convex. The dependency of the last part as a function of ρ is
quadratic since the energy (6) only involves pairwise interactions. A natural extension
to more general interactions is given by energies of the form

E(ρ) = Ec(ρ) +R (ρ(φ)) ,

with φ taking value in some Hilbert space H and R : H → R. However, in this
situation, a reasonable assumption is that the Hessian of R is lower bounded, meaning
that ψ 7→ R(ψ) + L∥ψ∥2 is convex for some large L, and in that case we can write

Ec(ρ) +R (ρ(φ)) = Ẽc(ρ) − 1

2
∥ρ(φ̃)∥2 ,

with a convex Ẽc and φ̃(x) =
√
Lφ, and we are back to the previous form.

As a conclusion, the general form of energy that we wish to cover is

E(ρ) = E0(ρ) − 1

2
∥ρ(φ)∥2 (15)

for some function φ : Rd → H with H some Hilbert space, and E0 is some energy that
we can think as convex or at least not too concave to cause difficulties, as we will state
precisely later on (specifically, see (30)).
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In that case, the associated mean-field potential is

UN (x) = NE(πx) = VN (x) − 1

2N

(
N∑

i=1

φ(xi)

)2

with VN (x) = NE0(πx). Reasoning as in the quadratic interaction case (possibly with
some subtleties if the dimension of H is infinite, see [40], but we won’t consider this
case afterwards), we get for the Gibbs measure µN ∝ exp(−UN ) the representation

µN =

∫

H

µNθ νN (θ)dθ ,

with

µNθ =
1

ZN (θ)
e−VN (x)+θ·

∑N
i=1 φ(xi) , ZN (θ) = ln

∫

RdN

e−VN (x)+θ·
∑N

i=1 φ(xi)dx

(which in general is not a tensor product if E0 is not linear) and

νN ∝ exp (−NωN (θ))

with

ωN (θ) =
1

2
|θ|2 − 1

N
lnZN (θ) . (16)

From

∇ωN (θ) = θ −
∫

RdN

πx(φ)µNθ (x)dx , (17)

proceeding as in the quadratic case, we end up with the coupled system

{
∀i ∈ J1, NK, dXi

t = −∇xi
VN (Xt)dt+ Θt · ∇φ(Xi

t)dt+
√

2dBit

dΘt = −ε
(

Θt − 1
N

∑N
i=1 φ(Xi

t)
)

dt+
√

2ε/βdBt .
(18)

The introduction of this process, which can be referred to as a two-scale sampler, is
our main contribution. Its theoretical and empirical study is the main topic of the rest
of this work.

In practice we only consider the finite dimensional case H = R
m for some m ⩾ 1.

From an infinite-dimensional situation, we have to consider an orthogonal decomposi-
tion φ = (φ1, φ2) ∈ H1⊕H2 with H1 of finite dimension and then the process is (18) but
with φ replaced by φ1 and VN replaced by NE1(πx) with E1(ρ) = E0(ρ) − 1

2∥ρ(φ2)∥2.
In that case, E1 might not be convex but, provided ∥φ2∥∞ is small enough for instance,
it will still have good properties for our purpose (see [41] or Assumption 2 below).

1.5 Relation to collective variable-based enhanced sampling

Metastability is a central difficulty for sampling in molecular simulations [33]. On the
other hand, in this field, the problem is typically multi-scale, with fast oscillations of
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the nuclei positions x ∈ R
d and slow motion of macroscopic configurations (described

by much less degrees of freedom than d). The context is thus very similar to the one
we are facing in our mean-field settings. In this situation, over the last twenty years,
a broad family of adaptive biasing methods have been developed for molecular simu-
lations, based on collective variables. A collective variable is described by a function
ξ : R

d → R
m with m ≪ d, often m ⩽ 3. Ideally, it should be chosen so that the

value of ξ(x) describes which macroscopic configuration the microscopic configura-
tion x belongs to (i.e. ξ(x) is an order parameter). In other words, denoting by U
the energy of the system (so that we aim at sampling the Gibbs measure with den-
sity µβ ∝ exp(−βU) with β the inverse temperature), the value of ξ(x) should ideally
characterise the local minimiser of U whose basin of attraction (for the gradient flow)
contains x. Initially, the definition of suitable collective variables were based on expert
knowledge. Over recent years, the question of their unsupervised learning has been a
very active research field, see e.g. [8] and references within.

Now, suppose that we are given a collective variable ξ. Assuming that ξ(X) has a
density νβ when X ∼ µβ , we write A(ψ) = −β−1 ln νβ(ψ). This function is called the
free energy associated to ξ. If the collective variable is “good” (whatever this precisely
means), then the different modes of µβ should give different modes of νβ . In other
words, the multimodality of µβ should transfer to νβ , and the local minimisers of
A should correspond to stable macroscopic configurations. Moreover, if the different
modes of µβ are separated in νβ , then there should not be any remaining multimodality
in the conditional law of X given ξ(X) = ψ, whatever ψ ∈ R

m. In this situation, the
main issue is to sample correctly ξ(X) (which is difficult since, relying on a standard
Langevin dynamics for X, transitions of ξ(X) between modes are rare events due to
metastability), while sampling the conditional distributions is easy. This situation is
very similar to the one discussed in Section 1.3 in our mean-field situation.

In this context, a variety of adaptive importance methods are based on the idea
to target a measure µ̃β such that:

1. The conditional law of X given ξ(X) = ψ, for any ψ ∈ R
m, is the same under µβ

and µ̃β .
2. The marginal distribution of ξ(X) when X ∼ µ̃β is νβ1 ∝ exp(−β1A) for some
β1 < β.

At the end of the simulation, expectations with respect to µβ are then computed by
importance reweighting of samples distributed according to µ̃β . The motivation of the
definition of µ̃β is that increasing the temperature β−1

1 reduces the transition time
between modes. In some applications, ξ(x) is in a compact torus (for instance when it
is given by some interatomic angles), and then we may simply take β1 = 0 (i.e. ξ(X)
is sampled uniformly). Moreover, this tempering is only done on a small-dimensional
marginal distribution, instead of simply sampling µβ1 , which would be a reference
measure very far from the target distribution µβ due to the high dimension d, leading
to a large variance of the importance sampling weights and a poor result.

10



Standard algorithms with wide-spread applications which target νβ are for instance
the adaptive biasing force (ABF) method, metadynamics or OPES, see the discussion
and references in [32, Section 1.2].

As we see, the two-scale sampler introduced in the present work follows exactly the
same objective as these methods. We aim at sampling (X,Θ) distributed according
to the density µNθ (x)νN (θ), but it is multi-modal and the corresponding Langevin
dynamics is very metastable. As discussed in Section 1.3, in good situations, the multi-
modality is entirely encoded in the marginal distribution νN of the collective variable
ξ(X,Θ) := Θ. Hence, we target a modified measure where the conditional law of X
given ξ(X,Θ) = θ is unchanged (this is still µNθ ) while the collective variable Θ is
sampled at a higher temperature (β−1 instead of N−1).

However, if we naively apply standard collective variable-based enhanced sampling
methods to our situation, then the initial target marginal distribution νN gets steeper
and steeper as N → ∞, and thus the adaptive drift required to bias it to νβ with a
fixed β becomes larger and larger, leading to unstable numerical schemes. The reason
why this doesn’t occur for the two-scale sampler (18) is mainly due to the stochastic
gradient approximation (11), which explicitly rely on the mean-field asymptotic struc-
ture of the problem and on the time-scale separation between the macroscopic and
microscopic evolutions.

1.6 Some definitions and notations

We write Pp(Rd) the set of probability measures with finite pth moment, and Wp the
associated Wasserstein distance.

A linear functional derivative of E : P2(Rd) → (−∞,∞] is a measurable function
δE
δm : P2(Rd) × R

d → R such that, for all µ1, µ0 ∈ P2(Rd) with E(µ0) + E(µ1) <∞,

E(µ1) − E(µ0) =

∫ 1

0

∫

Rd

δE
δm

(tµ1 + (1 − t)µ0, x)(µ1 − µ0)(dx)dt . (19)

If it exists, it is unique up to an additive constant. If x 7→ δE
δm (µ, x) is C1 for all

µ ∈ P2(Rd), then we call

DE(µ, x) := ∇x
δE
δm

(µ, x) (20)

the intrinsic derivative of E .
For two probability measures ν, µ on R

d with ν ≪ µ, the relative entropy and
Fisher information of ν with respect to µ are defined by

H(ν|µ) =

∫

Rd

ln

(
dν

dµ

)
dν , I(ν|µ) =

∫

Rd

∣∣∣∣∇ ln

(
dν

dµ

)∣∣∣∣
2

dν , (21)

where |∇ ln(dν/dµ)| is a classical gradient norm if dν/dµ is differentiable and is always
defined in general as an upper gradient (see [1, Definition 1.2.4]). If ν has no density
with respect to µ, H(ν|µ) = I(ν|µ) = +∞.
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2 Theoretical results

There are two approximations between the scheme (18) and the target macroscopic
dynamics: the particle one (depending on N) and the finite-speed one (depending on
ε). To check the consistency of the method, we provide successively basic convergence
guarantees for both errors.

2.1 Propagation of chaos

At fixed ε > 0, we expect propagation of chaos to hold conditionally to the macroscopic
noise B as N → ∞, so that (πXt

, θt) should converge to

{
∂tνt = ∇ ·

(
νt
[
DE0(νt, ·) − Θ̄t · ∇φ

])
+ ∆νt

dΘ̄t = −ε
(
Θ̄t − νt(φ)

)
+
√

2ε/βdBt ,
(22)

assuming that πX0 → ν0, which for instance holds if X0 ∼ ν⊗N0 (which we assume in
Theorem 1 to have a simpler statement). We work under these regularity conditions:

Assumption 1

1. The intrinsic derivative DE0 exists. There exists L > 0 such that, first, x 7→ DE0(ν, x)
is L-one-sided Lipschitz continuous uniformly in ν, meaning that

∀ν ∈ P2(R
d), ∀x, y ∈ R

d, (x− y) · (DE0(ν, x)−DE(ν, y)) ⩽ L|x− y|2 , (23)

and, second, µ 7→ DE0(µ, x) is L-Lipschitz continuous uniformly in x, i.e.

∀ν, µ ∈ P2(R
d), ∀x ∈ R

d, |DE0(ν, x)−DE0(µ, x)| ⩽ LW2(ν, µ) . (24)

2. The parameter φ ∈ C1(Rd,Rm) is Lipschitz continuous, and so is ∇φ.

Under these regularity conditions, well-posedness for (18) and (22) follows from
classical fixed-point arguments. Applying then a standard synchronous coupling
arguments, we obtain the following (conditional) mean-field limit:

Theorem 1 Under Assumption 1, fix a Brownian motion B on R
m, an initial distribution

ν0 ∈ Pp(Rd) for some p > 2 and θ0 ∈ R
m. Denote by (νt, Θ̄t)t⩾0 the corresponding solution

of (22) (with Θ̄0 = θ0). For all N ⩾ 1, let X0 ∼ ν⊗N0 (independent from B), let B1, . . . , BN

be N independent d-dimensional Brownian motions independent from B and X0, and denote
by (Xt,Θt)t⩾0 the corresponding solutions of (18) (with Θ0 = θ0). Then, for all T > 0 and
δ > 0,

sup
t∈[0,T ]

P
(
W2(πXt

, νt) + |Θt − Θ̄t| ⩾ δ
)
−→
N→0

0 .

If we consider a convergence conditionally to the sigma algebra generated by B,
then a more quantitative result is stated in Remark 1 below.

12



2.2 Averaging

In this section, with respect to (22), we accelerate time by a factor 1/ε. For a fixed
Brownian motion B and an initial condition (ν0,Θ0), we consider for all ε > 0 the
process {

∂tν
ε
t = 1

ε∇ · (νεt [DE0(νεt , ·) − Θε
t · ∇φ]) + 1

ε∆νεt
dΘε

t = −Θε
t + νεt (φ) +

√
2/βdBt .

(25)

We are interested in the limit of this process as ε vanishes. We expect to observe an
averaging phenomenon in the nice situation where, for any θ ∈ R

m, the equation

∂tρt = ∇ · (ρt [DE0(ρt, ·) − θ · ∇φ]) + ∆ρt (26)

admits a unique stationary solution µθ, globally attractive. In this case, as ε→ 0, Θε

should converge to the solution of

dΘ0
t = −Θ0

t + µΘ0
t
(φ) +

√
2/βdBt , (27)

with Θ0
0 = Θ0, while νεt should converge to µΘ0

t
. This is the content of Theorem 3.

Before stating it, let us motivate its assumptions and explain why (27) is a Langevin
process associated to some coarse-grained energy ω (as in (10), but now with temper-
ature β−1 instead of N−1), without trying to state precise formal results in general
settings (we refer to [20, 27, 34, 39] for further details, and particularly to [40, Section
6.1]).

Since (26) is the Wasserstein gradient flow of the free energy

Fθ(ν) = E0(ν) − θ · ν(φ) + H(ν) ,

it admits a unique globally attractive stationary solution if Fθ admits a unique global
minimiser and satisfies a so-called Polak-?ojasiewicz (PL) inequality, namely if there
exists λθ > 0 such that

∀ν ∈ P2(Rd), F̃θ(ν) ⩽
1

2λθ
Iθ(ν) , (28)

with
F̃θ(ν) = Fθ(ν) − inf Fθ

and the free energy dissipation

Iθ(ν) :=

∫

Rd

|∇ ln ν +DE0(ν) − θ · ∇φ|2 ν

(equal to +∞ if ν doesn’t have a Lebesgue density). From Laplace-Varadhan lemma,
as N → ∞, the macroscopic potential ωN in (16) converges to

ω(θ) =
1

2
|θ|2 − inf

ν∈P2(Rd)
Fθ ,

13



see e.g. [34, (3.30)]. Moreover, assuming suitable conditions, under the Gibbs measure
µNθ , πx almost surely converges to µθ. As a consequence, letting N → ∞ in (17) gives

∇ω(θ) = θ − µθ(φ) , (29)

meaning that (27) is indeed a Langevin process with potential ω and temperature β−1.
As in Section (1.3), the critical points of ω (i.e. the fixed points of θ 7→ µθ(φ)) are

in one-to-one correspondence with the stationary solutions of (2) (by θ ↔ µθ), with
local minimisers of ω corresponding to local minimisers of F . In particular, µΘ0

t
does

sample efficiently these local minimisers (since the Gibbs density proportional to e−βω

concentrates on the local minimisers of ω).
By contrast, when Fθ has several critical points, then most of the nice properties

listed above fail, see e.g. [39]. The limit behavior of (25) is then more intricate and
we won’t try to study this bad situation, as the algorithm is precisely not designed to
work then (all the metastability should be incorporated in the macroscopic dynamics
of Θt).

As a conclusion of this discussion, we work under the following conditions, which,
as stated in Proposition 2 ensures that we are in the good situation discussed above.

Assumption 2

1. The energy E0 is semi-lower continuous and DE0 exists.

2. There exists η ∈ [0, 1/4) such that for all ν, ν′ ∈ P2(R
d) and t ∈ [0, 1]

E0(tν + (1− t)ν′) ⩽ tE0(ν) + (1− t)E0(ν′) + t(1− t)η∥ν − ν′∥2TV . (30)

3. There exists c0, C0 > 0 such that for any ν ∈ P2(R
d),

E0(ν) ⩾ c0

∫

Rd

|x|2ν(dx)− C0 . (31)

4. There exist κ,M,L > 0 such that for all ν ∈ P2(R
d), δE0

δm (ν, ·) is the sum of three
functions: a κ-strongly convex one, a M -bounded one and a L-Lipschitz one.

5. The parameter can be decomposed as φ = (φℓ, φb) ∈ R
mℓ ×R

mb (possibly with mℓ = 0
or mb = 0) with φℓ linear and φb bounded.

Proposition 2 Under Assumption 2, there exists λ > 0 depending only on κ, L,M, η such
that for all θ = (θℓ, θb) ∈ R

mℓ ×R
mb , Fθ admits a unique global minimiser µθ ∈ P2(R

d) and
satisfies the PL inequality (28) with

λθ ⩾ λe−|θb|∥φb∥∞ . (32)

The main result of this section is then the following:

Theorem 3 Under Assumption 2, assume furthermore that |Θ0|2 and FΘ0
(ν0) have finite

expectation and that φ is Lipschitz continuous. Then, for any T > t0 > 0 and δ > 0,

sup
t∈[0,T ]

P

(
|Θεt −Θ0

t | ⩾ δ
)
+ sup
t∈[t0,T ]

P

(
W2(ν

ε
t , µΘ0

t
) ⩾ δ

)
−→
ε→0

0 . (33)
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In the case where φ is linear (i.e. mb = 0), we get a more quantitative result, cf.
Remark 2. Moreover, in the case mb ̸= 0, this stronger result still holds for a truncated
version of the process, given by (56), which can possibly be of interest in practice in
order to sample the equilibria µθ with θ constrained in a ball.

2.3 Example

Consider an energy E with pairwise interaction of the form (12), where W admits a
decomposition (13). For some m ∈ N, set

φ(x) = (nk(x))k∈J0,mK ,

and

E0(ρ) = ρ(V1) +
1

2

∑

k⩾0

(ρ(mk))
2 − 1

2

∑

k>m

(ρ(nk))
2
. (34)

Then the energy E is decomposed as (15). In fact we can write

E0(ρ) =

∫

Rd

V (x)ρ(dx) +
1

2

∫

Rd

W1(x, y)ρ(dx)ρ(dy),

W1(x, y) = W (x, y) +

m∑

k=0

nk(x)nk(y) . (35)

The conditions on φ required in Assumptions 1 and 2 are easily checked on specific
models. For instance, for quadratic interaction as in Section 1.3, φ(x) = ax for some
a ∈ R, hence φ is linear and a fortiori Lipschitz continuous (and so is ∇φ). For the
attractive Gaussian interaction (14)

nk(x) =
√
αe−

x2

2
xk√
k!
,

so that φ is bounded with bounded derivatives of all orders.
We now turn to the conditions on E0. First,

DE0(ρ, x) = ∇V1(x) +
∑

k⩾0

∇mk(x)ρ(mk) −
∑

k>m

∇nk(x)ρ(nk) .

Besides, it can be simpler to check the conditions by writing

DE0(ρ, x) = DE(ρ, x) + ∇φ(x) · ρ (φ(x))

= ∇V1(x) +

∫

Rd

∇xW (x, y)ρ(dy) + ∇φ(x) · ρ (φ) . (36)

Assume that ∇V1 satisfies a one-sided Lipschitz condition (23) (which is the case for
instance if V1 is convex outside a compact set). With the conditions we checked on φ,
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we already have that x 7→ ∇φ(x) ·ρ(φ) satisfies this condition (for a linear function f ,
(∇f(x)−∇f(y))ρ(f) is zero, and for a bounded function f with second order derivative
bounded, |∇f(x) −∇f(y)||ρ(f)| ⩽ ∥∇2f∥∞∥f∥∞|x − y|). Then, if ∇2

xW is bounded
(which is for instance the case for the Gaussian interaction (14)), the remaining term
in (36) is ∥∇2

xW∥∞-Lipschitz in x and finally (23) holds.
Similarly, assuming that ∇2

x,yW is bounded,

|DE0(ν, x) −DE0(µ, x)| ⩽
(
∥∇2

x,yW∥∞ + ∥∇φ∥2∞
)
W2(ν, µ) ,

so that (24) holds.
Under the conditions discussed above, we have thus already checked the conditions

in Assumption 1. Concerning Assumption 2, the lower-bounded (31) holds for instance
if, in (35), we can decompose W1(x, y) = −|A(x− y)|2 +W2(x, y) for some matrix A
and some bounded function W2 (which corresponds to the assumption we have already
made on the functions nk,mk) and if V (x) ⩾ c0|x|2 + |Ax|2 − C for some constants
c0, C > 0. Moreover, with this form,

δE0
δm

(ρ, x) = V (x) −
∫

Rd

|A(x− y)|2ρ(dy) +

∫

Rd

W2(x, y)ρ(dy) .

Assume that V = Vc + Vb where x 7→ Vc(x) − |Ax|2 is κ-strongly convex and Vb
is M -bounded for some κ,M > 0. Then, for all ρ ∈ P2(Rd), δE0

δm (ρ, x) is the sum
of Vc(x) −

∫
Rd |A(x − y)|2ρ(dy), which is κ-strongly convex as a function of x, and

of Vb +
∫
Rd W2(·, y)ρ(dy), which is M + ∥W2∥∞-bounded. The fourth condition of

Assumption 2 is thus satisfied.
Finally, since the two first terms in the right hand side of (34) are (flat) convex

as a function of ρ, they do not contribute when checking (30), and we see that for all
ν, ν′ ∈ P2(Rd) and t ∈ [0, 1],

E0(tν + (1 − t)ν′) − tE0(ν) − (1 − t)E0(ν′) ⩽ t(1 − t)
∑

k>m

(ν(nk) − ν′(nk))
2

= t(1 − t)
∑

k>m

(E [nk(Y ) − nk(Y ′)])
2
,

with (Y, Y ′) a coupling of (ν, ν′). Taking an optimal coupling for the total variation
distance, in the sense that ∥ν − ν′∥TV = 2P(Y ̸= Y ′),

∑

k>m

(E [nk(Y ) − nk(Y ′)])
2
⩽

1

4
∥ν − ν′∥2TV

∑

k>m

(E [nk(Y ) − nk(Y ′) | Y ̸= Y ′])
2

⩽
1

4
∥ν − ν′∥2TV E

[
∑

k>m

(nk(Y ) − nk(Y ′))
2

∣∣∣∣∣ Y ̸= Y ′

]

⩽ ∥ν − ν′∥2TV

∥∥∥∥∥
∑

k>m

n2
k

∥∥∥∥∥
∞

.
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This shows that (30) holds with

η =

∥∥∥∥∥
∑

k>m

n2k

∥∥∥∥∥
∞

.

If we can take m large enough so that η < 1/2 (which is the case in particular when∑
k⩾0 ∥nk∥2∞ <∞) then Assumption 2 is satisfied.

3 Numerical experiments

In this section we consider models where the temperature σ2 in (1) is not necessarily
equal to 1. When implementing the coupled process (18), we apply it to the free energy
σ−2F = σ−2E + H, so that in (15) φ has to be replaced by φ/σ; we then rescale Θ
into Θ/σ and ε into ε/σ2, so that the final rescaled process reads

{
∀i ∈ J1, NK, dXi

t = −σ−2∇xi
VN (Xt)dt+ Θt · ∇φ(Xi

t)dt+
√

2dBit

dΘt = −ε
(
σ2Θt − 1

N

∑N
i=1 φ(Xi

t)
)

dt+
√

2ε/βdBt .
(37)

In all experiments, it is simulated using an Euler–Maruyama scheme with step-size
h = 0.01.

3.1 Double-well potential

We first consider a Curie–Weiss model corresponding to the quadratic energy (9) in
dimension 1 with

V (x) =
x4

4
− x2

2
, W (x− y) =

λ

2
|x− y|2 , λ = 1 ,

so that the feature reduces to φ(x) = x (hence m = 1 and Θt ∈ R). There is a critical
temperature σ2

c = 0.682 ≈ 0.46 such that: for σ2 > σ2
c the free energy F admits

a unique minimiser, a symmetric density centred at 0; while for σ2 < σ2
c it admits

two minimisers µ+ and µ−, symmetric of one another, given by the self-consistency
equation (9) and with opposite barycentres ±m∗ (numerically, m∗ ≈ 0.79 at the
sub-critical temperature σ2 = 0.25 used in the experiments below). Throughout, the
reference measures µ± are obtained by relaxing a standard Langevin dynamics (4)
from Gaussian initial conditions N (±1, 0.5).

The two stationary regimes.

Before applying the two-scale sampler, we illustrate the two stationary regimes relying
on the plain mean-field particle system (4), that is, the standard interacting Langevin
dynamics associated with F without the macroscopic variable Θ. For N particles it
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reads

dXi
t = −V ′(Xi

t)dt− λ
(
Xi
t − X̄t

)
dt+

√
2σ2 dBit , X̄t =

1

N

N∑

j=1

Xj
t , (38)

for i ∈ J1, NK, where V ′(x) = x3 − x, the interaction strength is λ = 1, and σ2 is the
temperature. We integrate (38) with an Euler–Maruyama scheme of step h = 0.01,
running it independently from two i.i.d. initial distributions, Xi

0 ∼ N (+1, 0.5) and
Xi

0 ∼ N (−1, 0.5), with N = 5000 particles up to T = 100. For each run we record the
final empirical distribution of the particles and the barycentre trajectory t 7→ X̄t.

The outcome depends on whether the temperature lies below or above σ2
c . In the

sub-critical regime σ2 = 0.25 < σ2
c (Figure 1), the two runs relax towards two distinct

stationary solutions µ+ and µ−, symmetric of one another, whose barycentres settle at
≈ +0.79 and ≈ −0.79: the initial condition alone selects which of the two minimisers is
reached, and a trajectory started near one of them remains there. In the super-critical
regime σ2 = 0.64 > σ2

c (Figure 2), both runs relax, whatever their starting point,
to the same symmetric solution centred at 0. As we see, only the sub-critical case
corresponds to the metastable situation we are interested in: below σ2

c the free energy
has several minimisers, and the plain dynamics cannot move from one to another on
a reasonable time scale. We focus on this regime in the rest of the section.

Fig. 1 Sub-critical regime, σ2 = 0.25 < σ2
c . Uncoupled system (38) with N = 5000, T = 100,

started from N (±1, 0.5). Left: final histograms of the particles for the two initial conditions m0 = ±1,
concentrating around the two stationary solutions µ±. Right: the two barycentre trajectories, settling
at ±m∗ ≈ ±0.79.

Transitions, Wasserstein distance and the barycentre as a proxy.

We now turn on the coupling between the particles and an additional macroscopic
variable, simulating the two-scale system (18) for the double well. Taking φ(x) = x
(so Θt ∈ R) and VN =

∑
i V1(Xi

t) with V1 = V + x2/2, and using V ′
1(x) = x3, the
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Fig. 2 Super-critical regime, σ2 = 0.64 > σ2
c . Same setting as Figure 1. From either initial condition

the particles relax to the single stationary solution centred at 0, and the two barycentre trajectories
converge to 0.

coupled system reads

dXi
t = − (Xi

t)
3

σ2
dt+ Θt dt+

√
2 dBit ,

dΘt = −ε
(
σ2Θt − X̄t

)
dt+

√
2ε/β dWt ,

(39)

for i ∈ J1, NK, where the mean-field interaction of the previous paragraph is now
replaced by the slow variable Θt, which tracks the barycentre X̄t at speed ε. We
integrate (39) with the same Euler–Maruyama scheme, and compare the particles to
the two reference solutions µ+ and µ− obtained as above. To locate the transitions
we use two indicators: the quadratic Wasserstein distances W2(πXt

, µ±) from the
empirical distribution of the particles to the references (which we approximate by the
empirical distribution of the particles from Figure 1), and the barycentre X̄t itself.
Recall that, for two probability measures µ, ν on R

d,

W2(µ, ν)2 = inf
γ∈Π(µ,ν)

∫

Rd×Rd

|x− y|2 γ(dx, dy) ,

where Π(µ, ν) is the set of couplings of µ and ν; in dimension d = 1, for two empirical
measures carried by N points, this reduces to the sorted L2 distance W2(πx, πy)2 =
1
N

∑N
i=1(x(i)−y(i))2, with x(1) ⩽ · · · ⩽ x(N) and y(1) ⩽ · · · ⩽ y(N) the order statistics.

Figure 3 shows a run at σ2 = 0.25, ε = 0.07, β = 0.4, N = 3000, T = 500,
displaying four quantities: the histograms of the particles conditioned on the current
basin (top left), the barycentre X̄t (top right), the trajectory of Θt (bottom left), and
the two distances W2(πXt

, µ±) (bottom right). Here conditioning on the current basin
means that, at each recorded time, the population is assigned to µ+ or µ− according
to the sign of the barycentre X̄t, and the particle positions are pooled separately for
the two cases; the two resulting histograms are then compared to the references µ±.
Driven by Θt, the population moves back and forth between the two basins, spending
here about 68% of the time in µ+ and 32% in µ−. The two conditional histograms
only resemble the references µ± and are noticeably broader: pooling every recorded
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time spent in a basin describes the fluctuations (at temperature β−1, not vanishing
as N → ∞) around the minimiser. The two W2 distances exchange cleanly at each
transition. Crucially, the barycentre X̄t carries exactly the same transition information
as the pair of W2 distances, at a negligible cost: this validates the barycentre as a
cheap proxy for detecting transitions, which is relevant in high dimension where W2

becomes prohibitive to compute.

Fig. 3 Coupled two-scale dynamics (39) at σ2 = 0.25, ε = 0.07, β = 0.4, N = 3000, T = 500.
Top left: histograms of the particles conditioned on the current basin, compared to the references µ±

(light). Top right: barycentre X̄t, with the reference levels m±. Bottom left: trajectory of Θt. Bottom
right: distances W2(πXt

, µ±). The barycentre and the W2 distances signal the same transitions.

Influence of β on the transitions.

The macroscopic variable Θt follows a Langevin dynamics at inverse temperature β in
the coarse-grained potential: the noise intensity

√
2ε/β decreases with β, so β controls

the frequency of the transitions. Figure 4 compares three runs of (39) at fixed ε = 0.03,
N = 1500, T = 500, σ2 = 0.25, for β ∈ {0.05, 0.6, 2}. Each row shows the trajectory
of Θt (left), its histogram together with the fraction of time spent on each side of
Θ = 0 (centre), and the distances W2(πXt

, µ±) to the two references (right). On the
Θ axis the two basins are separated by Θ = 0 and centred at the deterministic fixed
points θ∗± = m±/σ

2 ≈ ±3.1.
At small β = 0.05 the macroscopic noise is strong and Θt crosses very frequently

between the two basins, visiting both in comparable proportion. As β increases the
crossings become progressively rarer: at β = 0.6, and even more at β = 2, the trajec-
tory dwells for long stretches in one basin and only switches occasionally. The number
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of transitions thus decreases as β increases — the expected metastability/temperature
trade-off, now carried by the one-dimensional variable Θt rather than by the full par-
ticle system — so that β tunes how aggressively the sampler explores the different
minimisers.

Fig. 4 Influence of β at fixed ε = 0.03, N = 1500, T = 500, σ2 = 0.25. From top to bottom:
β = 0.05, 0.6, 2. Each row shows the trajectory of Θt (left), its histogram together with the fraction
of time spent on each side of Θ = 0 (centre), and the distances W2(πXt

, µ±) (right). The number of
transitions decreases as β increases.

Long-time distribution of Θt versus the target νβ.

The previous runs show Θt crossing between the basins; we now check that its long-
time law is the one predicted by the averaging principle. When ε is small, Θt evolves
slowly enough for the particles to equilibrate at each frozen value of Θ, and its sta-
tionary law should be the coarse-grained Gibbs measure νβ ∝ e−βω. In the present
quadratic case ω is explicit and we evaluate it by numerical quadrature,

ω(θ) =
σ2

2λ
θ2 − ln

∫

R

exp

(
− 1

σ2

(
V (x) +

λ

2
x2
)

+ θx

)
dx ,

21



with λ = 1. We integrate (39) over M = 20 independent trajectories, with i.i.d. initial
conditions Xi

0 ∼ N (−1, 0.5) and Θ0 = X̄0, pool all the recorded values of Θt into
a single histogram (the several trajectories improve the statistics, and the horizon is
long enough for Θt to visit both basins), and compare it to νβ . Figure 5 does this at
σ2 = 0.3, β = 0.5, N = 1000, for two values of the speed parameter, ε = 0.05 (horizon
T = 104) and ε = 0.1 (horizon T = 103). In both cases the empirical distribution
matches the target νβ , and the agreement improves as ε decreases (at horizon T ∝ 1/ε),
as expected since the averaging approximation becomes exact in the limit ε→ 0.

Fig. 5 Long-time distribution of Θt at σ2 = 0.3, β = 0.5, N = 1000, aggregated over M = 20
trajectories. Top: ε = 0.05, T = 104. Bottom: ε = 0.1, T = 103. Left: the M trajectories of Θt,
concatenated one after another. Right: histogram of Θt against the target density νβ ∝ e−βω .

3.2 Multi-well potential

We keep the quadratic interaction of Section 3.1 (feature φ(x) = x, so Θt ∈ R, and
λ = 1), but replace the confining potential by the multi-well

V (x) = cos(x) + cos
(
x
2

)
+

x2

100
.

The difference with the double well is one of complexity rather than of nature. In
the double-well case the potential V already has two wells, and, below the critical
temperature σ2

c , the free energy has exactly two symmetric minimisers µ±, whereas
above σ2

c it has a single one — the whole picture being governed by a single crit-
ical temperature. Here V has many wells of unequal depth, so the coarse-grained
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potential ω can have many local minima and the free energy F several distinct
localised stationary solutions µθ∗ . On the range [−30, 30] the wells of V sit at
x ≈ ±3.57, ±8.73, ±15.89, ±20.97, ±28.21 (ten wells), and more appear on a wider
range. This is the genuinely multi-modal situation the two-scale sampler is designed
for.

The specific choice of V is deliberate. The two cosines cosx and cos(x/2) have dif-
ferent periods (2π and 4π), so their sum is not a regular array of identical wells: the
wells have unequal depths and unequal spacings, and are therefore separated by barri-
ers of varying height and width. The quadratic term x2/100 plays two roles: its growth
at infinity makes the Gibbs measure well-defined, while its very small coefficient leaves
a large number of wells within reach — ten on [−30, 30], sixteen on [−60, 60] — with
the outer wells lying progressively higher and hence carrying less mass. This yields
a stringent, non-symmetric test: the sampler must discover many minimisers, cross
heterogeneous barriers, and recover the correct relative weights of wells of different
depths. It also mirrors the molecular-simulation setting of the introduction, where a
weakly confined low-energy region contains many metastable states of unequal impor-
tance. Moreover, although we know that there is a single free energy minimizer at
high temperature and several localized ones at low temperature, the heterogeneity of
the potential is such that we expect different localized mimizers to appear at differ-
ent critical temperatures. For a given σ2, the number of local minimizers is thus not
clear at all, and this makes the sampling algorithm particularly useful: contrary to the
double-well case considered in Section 3.1, if we wanted to find the minimizers by ini-
tializing standard particle systems (4) with various starting distributions, we wouldn’t
know where to look and when to stop.

Exploring the wells.

We simulate the coupled system (18) with this V (same convention as (39), with
V ′
1(x) = − sinx− 1

2 sin x
2 + x

50 + x):

dXi
t = −V

′
1(Xi

t)

σ2
dt+ Θt dt+

√
2 dBit ,

dΘt = −ε
(
σ2Θt − X̄t

)
dt+

√
2ε/β dWt .

(40)

Since ω now has several minima, Θt is metastable and hops between them, and the
population µΘt

correspondingly visits the associated stationary solutions. To identify
which solution the particles currently sit in, we use a fork descent : at regular intervals
we duplicate the particle cloud and let the copy evolve under the Θ-free mean-field
Langevin dynamics (4) until its barycentre stabilises; the converged barycentre labels
the well whose basin contains the current state. This detector needs no knowledge of
ω and therefore carries over to the non-quadratic case of Section 3.3.

Figure 6 shows a run at σ2 = 0.4, ε = 0.03, β = 0.05, N = 300, T = 5000, with
four panels: the potential V , the trajectory of Θt, the barycentre X̄t with the detected
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minima coloured per well, and the coarse-grained potential ω computed by quadrature,

ω(θ) =
σ2

2λ
θ2 − ln

∫

R

exp

(
− 1

σ2

(
V (x) +

λ

2
x2
)

+ θx

)
dx .

Over the horizon, Θt drives the population through several wells, and the barycen-
tres returned by the fork descent cluster exactly on the minima of ω (dashed lines),
confirming that the visited states are indeed the stationary solutions of F .

Fig. 6 Multi-well potential with quadratic interaction, at σ2 = 0.4, ε = 0.03, β = 0.05, N = 300,
T = 5000. Top left: the potential V . Top right: the trajectory of Θt. Bottom left: the barycentre X̄t

(grey) with the minima detected by the fork descent, coloured by well. Bottom right: the analytic
coarse-grained potential ω(θ), whose minima (dashed) match the detected barycentres.

Number of wells explored: influence of β.

How many distinct wells the sampler reaches over a given horizon is governed by the
macroscopic temperature β−1. Figure 7 reports a long run at β = 0.05 on the wide
range [−60, 60] (sixteen wells), T = 20000, aggregated over 10 simulations. The left
panel shows the cumulative number of distinct wells visited as a function of time (for
each simulation), which keeps growing and reaches 10 to 14 wells per trajectory; the
right panel shows the visit frequency of each well: the central wells are visited most,
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the outer ones progressively less, and a fraction of the fork descents do not converge
in the allotted time (bar NC).

A sweep over β confirms the expected trade-off: for large β the sampler stays in one
or two wells but every descent converges, whereas for very small β it touches almost
every well but most descents fail to stabilise; an intermediate value β ≈ 0.05–0.1 gives
the broadest reliable exploration. This sweep is reported in Figure 8.

Fig. 7 Well exploration at β = 0.05 on the range [−60, 60] (sixteen wells), σ2 = 0.4, ε = 0.03,
N = 300, T = 20000, over 10 simulations. Left: cumulative number of distinct wells visited over time
(one step curve per simulation). Right: number of fork descents falling in each well P1, . . . , P16, plus
the non-converged ones (NC).

Long-time distribution of Θt versus νβ.

Finally, as in the double-well case, we check that the long-time law of Θt matches the
coarse-grained Gibbs measure νβ ∝ e−βω, with ω evaluated by quadrature. Figure 9
shows this comparison at σ2 = 2, β = 1 for three increasing computational budgets.
Even the coarsest one (N = 103, ε = 0.1, T = 500) already captures the shape of νβ ,
and the match becomes very good for the richest one (N = 104, M = 20, ε = 0.05,
T = 104), where the histogram reproduces the multi-modal target closely — in line
with the averaging principle, the approximation improving as N and M increase, the
horizon T grows and the speed ε decreases.
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Fig. 8 Well exploration as a function of β on the range [−30, 30] (ten wells), σ2 = 0.4, ε = 0.03, N =
300, T = 5000, with 20 simulations per β. From top to bottom: β = 2, 1, 0.5, 0.1, 0.05, 0.01, 0.005.
Left column: cumulative number of distinct wells visited over time (one step curve per simulation).
Right column: number of fork descents falling in each well P1, . . . , P10, plus the non-converged ones
(NC). As β decreases the sampler reaches more wells, but the fraction of non-converged descents
grows. 26



Fig. 9 Long-time distribution of Θt for the multi-well potential at σ2 = 2, β = 1, with an increasing
computational budget (top to bottom). Top: N = 103, ε = 0.1, M = 10, T = 500. Middle: N = 104,
ε = 0.05, M = 10, T = 103. Bottom: N = 104, ε = 0.05, M = 20, T = 104. Left: concatenated
trajectories of Θt; right: histogram of Θt against νβ ∝ e−βω . The match improves as N , M and T
increase and ε decreases.
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3.3 Non-quadratic interaction

We now leave the quadratic setting and consider the attractive Gaussian interaction

W (x− y) = −λ exp

(
−|x− y|2

2η2

)
, (41)

in dimension d = 1, keeping the double-well confining potential V (x) = x4/4 − x2/2.
Here λ > 0 sets the strength of the attraction and η > 0 its range. For the plain
particle system (4) nothing changes — one simply uses this W — and the same kind
of phase transition as in Section 3.1 occurs, now at a temperature depending on λ and
η. Throughout this section, λ = η = 1 and σ2 = 0.15.

Reduction to a finite macroscopic variable.

The two-scale construction applies once W is put in the general form (15), through
the expansion

W (x− y) = −λ e−
x2+y2

2η2
∑

k⩾0

(xy)k

η2kk!
= −λ

∑

k⩾0

nk(x)nk(y) ,

nk(x) = e
− x2

2η2
xk

ηk
√
k!
. (42)

In fact, we will rather implement the two-scale sampler associated to the truncated
potential

Wm(x− y) = −λ
m∑

k=0

nk(x)nk(y) ,

for some m ∈ N. In that case, we take the feature φ = (nk)k∈J0,mK : R → R
m+1. As in

Section 2.3, it would have been possible to consider this feature (with a finite m) even

with the full potential (42), by incorporating the remainder −λ
2

∑
k>m

(∫
nkdρ

)2
=

1
2ρ((W −Wm) ⋆ ρ) in the term E0. Instead, we neglect this remainder. We have two
reasons to do this: first, it is computationally cheaper, since computing the pairwise
interactions has a complexity O(N2) when the potential is W (or W −Wm) but only

O(Nm) with Wm (since we only need to compute 1
N

∑N
i=1 nk(Xi

t) for k ∈ J0,mK).
The second reason is that, in order to assess the properties of the algorithm, we want
to compare it to a clear reference. In particular, as in Figures 5 and 9 we want to
compare the distribution sampled by the macroscopic variable with the theoretical
macroscopic Gibbs measure νβ . By truncating the potential, similarly to the previous
experiments with quadratic interaction, we can compute ω over R

1+m by a simple
quadrature for small values of m. As detailed below, the impact of the choice of m
is discussed in Figure 10 and, after that, the experiments are conducted with m = 3
(the macroscopic variable Θt is thus a 4-dimensional vector).
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Concretely, using the rescaling of (37) and writing n̄k,t = 1
N

∑N
i=1 nk(Xi

t) for the
empirical feature means, the coupled system reads

dXi
t = −V

′(Xi
t)

σ2
dt+

m∑

k=0

Θk
t n

′
k(Xi

t) dt+
√

2 dBit ,

dΘk
t = −ε

(
σ2

λ
Θk
t − n̄k,t

)
dt+

√
2ε/β dW k

t .

(43)

Nevertheless, when proceeding to fork descents (as explained in Section 3.2) with
the standard Langevin process (4), we still use the full potential (41) (with complex-
ity O(N2) at each step). In other words, the truncation from W to Wm is another
approximation (in top of the approximation in N and ε), but we still use the result-
ing process as an algorithm to sample good initial conditions for a gradient descent
converging to the local minimizers of the free energy corresponding to the Gaussian
interaction (41).

Coarse-grained potential and stationary solutions.

The stationary solutions of F are obtained by a fixed-point iteration on the self-
consistency equation ρ ∝ e−(V+W∗ρ)/σ2

. As in the previous sections, for m ∈ N, the
coarse-grained potential is computed by quadrature,

ω(θ) =
σ2

2λ
|θ|2 − ln

∫

R

exp

(
−V (x)

σ2
+ θ · φ(x)

)
dx , µθ ∝ exp

(
− V

σ2
+ θ · φ

)
.

Figure 10(a) shows the phase transition: for the exact interaction (41), F has two
minimisers µ±, with barycentres ±m∗, below σ2

c ≈ 0.275, and a single symmetric one
above; the truncated models (same F except that W is replaced by Wm) reproduce
this bifurcation, and converge to the exact one as m increases. At σ2 = 0.15, m∗ ≈
0.86. As discussed in Section 1.3, the local minimisers of ω correspond to those of F :
Figure 10(b) shows that µθ∗ , at the two minima θ±∗ of ω (computed with m = 3),
coincides with the minimisers µ± (up to an error W2 ≈ 0.03 for m = 3, a distance
which decreases geometrically in m, see the inset plot), and Figure 10(c) shows the
profile of ω (for m = 3) along θ1, the component conjugate to the odd feature n1 that
distinguishes the two wells: a symmetric double well with barrier ∆ω ≈ 0.29, whose
minima are indistinguishable in the graph from the values σ−2F(µ±) with the full
potential W (as determined by the fixed-point procedure).

Exploring the wells in the vector Θ.

Figure 11 shows a run of (43) at σ2 = 0.15, λ = η = 1, m = 3, ε = 0.3, β = 4,
N = 300, T = 3000. As in Section 3.2, every 20 time units we launch a fork descent,
here with the exact Gaussian interaction (41). The component Θ1

t hops between the
two minima ±θ1∗ of ω, and the well detected by the fork descent follows its sign: the
vector Θt drives the transitions between the two wells, exactly as the scalar Θt did
in the quadratic case. All the descents converge to the stationary solutions µ± (their
barycentres are ±0.85, against ±m∗). Along the run, the particles are distributed
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Fig. 10 Gaussian interaction, double-well potential, λ = η = 1, σ2 = 0.15, computed on a grid. (a)
Barycentre of the stationary solution obtained from +1 versus σ2, for the exact interaction and for
the truncations at order m. (b) Exact minimiser µ+ versus µ

θ
±
∗

at the two minima of ω, m = 3;

inset: W2(µθ∗ , µ+) versus m. (c) Profile θ1 7→ minθ0,θ2,θ3 ω(θ), with the values σ−2F(µ±) of the
fixed-point minimisers (dots).

according to µΘt
, as stated in Theorem 3: when Θt is in a well, W2(πXt

, µΘt
) is at

the level of the distance between N i.i.d. samples of µΘt
and µΘt

itself (medians 0.045
and 0.040), with a slight lag during the transitions (medians 0.072 and 0.051).

Transition times and number of particles.

For the plain particle system (4), the equilibrium of the macroscopic variable is νN ∝
e−NωN (see (16)) and transitions between µ+ and µ− are rare events whose rate decays
like e−N∆ω, while for the two-scale sampler Θt is distributed according to νβ ∝ e−βω

and the transition rate does not depend on N . Figure 12 compares both, counting the
switches of the barycentre between the two wells (with the truncated interaction for
the plain system, so that both target the same free energy). For the plain system the
rate decays exponentially, from 7 · 10−2 at N = 4 to 10−4 at N = 28, with a slope
−0.28 close to ∆ω; for the sampler it stays between 2.6 · 10−3 and 5.3 · 10−3 from
N = 10 to N = 1000.

Long-time distribution of Θt versus the target νβ.

Finally, as in Sections 3.1 and 3.2, we check that the long-time law of Θt is the coarse-
grained Gibbs measure νβ ∝ e−βω predicted by the averaging principle. Since Θt ∈ R

4,
we compare marginals: as before, νβ is computed by quadrature, its marginals being
obtained by integrating e−βω over the other components of θ. Figure 13 does this at
β = 4, N = 300, for ε ∈ {1, 0.3, 0.1} (horizon T = 500/ε, 8 trajectories started in
the left well). Within each well, the law of Θ1

t matches that of νβ for all three values
of ε (total variation distance 0.02–0.04 after symmetrisation θ1 → −θ1). The relative
weight of the two wells, on the other hand, is estimated from a limited number of
transitions (15–20 in total for each value of ε), and the fraction of time with Θ1

t > 0
(0.25, 0.27 and 0.45) fluctuates around its target 1/2; it improves with the number of
trajectories or the horizon.
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Fig. 11 Gaussian interaction, double-well potential, at σ2 = 0.15, λ = η = 1, m = 3, ε = 0.3, β = 4,
N = 300, T = 3000. (a) Trajectory of Θ1

t , with the fork times coloured by the well detected during the
descent (dashed: ±θ1∗). (b) Barycentre X̄t (grey) and barycentres reached by the fork descents with
the exact Gaussian interaction (dots); dashed: ±m∗. (c) Two-dimensional histogram of the feature
means (n̄0,t, n̄1,t). (d) Final densities of the fork descents versus the stationary solutions µ±.

Fig. 12 Gaussian interaction, σ2 = 0.15, m = 3. Left: switching rate between µ+ and µ− versus
N , for the plain particle system (squares, 12 runs of length T = 104 per N) and for the two-scale
sampler with β = 4, ε = 0.3 (circles, 8 runs of length T = 3000); error bars ±2

√
#switches; dotted:

e−N∆ω . Middle and right: barycentre trajectories of the plain system (N = 16) and of the sampler
(N = 1000).
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Fig. 13 Long-time distribution of Θt at σ2 = 0.15, m = 3, β = 4, N = 300, aggregated over 8
trajectories. From top to bottom: ε = 1, 0.3, 0.1, with T = 500/ε. Left: the trajectories of Θ1

t ,
concatenated one after another. Middle: histogram of Θ1

t (and its symmetrisation, dashed) against the
marginal of νβ ∝ e−βω computed by quadrature (black). Right: histogram of (Θ0

t ,Θ
1
t ) with contours

of the (θ0, θ1)-marginal of νβ and the minima of ω (crosses).
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4 Proofs

4.1 Propagation of chaos

This section is devoted to the proof of Theorem 1.

Proposition 4 In the settings of Theorem 1, Equations (18) and (22) have unique strong
solutions. Moreover, for any T > 0, supt∈[0,T ]

∫
Rd |x|pνt(dx) is almost surely finite.

Proof Since ∇xiVN (x) = DE0(πX, xi), (23) implies that

∀x,y ∈ R
dN , (x− y) · (∇VN (x)−∇VN (y)) ⩽ L|x− y|2 .

Well-posedness for Equation (18) then follows from standard results for stochastic differential
equations. Similarly, well-posedness for (22) follows from a standard fixed-point argument.
We only detail the Lp moment for νt. Writing fp(x) = |x|p,

d

∫

Rd

fpdνt =

∫

Rd

(
∇fp ·

(
−DE0(νt, ·) + Θ̄t · ∇φ

)
+∆fp

)
dνtdt

⩽ C

(
1 + |Θ̄t|p +

∫

Rd

fpdνt

)
dt ,

for some C > 0, where we used Young inequality to bound |∇fp||Θt| ⩽ C(fp + |Θt|p), and
we used (23) to get that

x ·DE0(νt, x) ⩽ L|x|2 + x ·DE0(νt, 0)
⩽ L|x|2 + |x||DE0(δ0, 0)|+ L|x|W2(νt, δ0)

= L|x|2 + |x||DE0(δ0, 0)|+ L|x|
√∫

Rd

f2dνt

⩽ L|x|2 + |x||DE0(δ0, 0)|+ L|x|
(∫

Rd

fpdνt

)1/p

(and then again Young inequality). Grönwall lemma then shows that, for any T > 0, there
exists CT > 0 such that, almost surely,

sup
t∈[0,T ]

∫

Rd

fpdνt ⩽ CT

(
1 +

∫

Rd

fpdν0 +

∫ T

0
|Θs|pds

)
,

which concludes the proof. □

Proof of Theorem 1 Given a solution of (22), denote by Yt = (Y 1
t , . . . , Y

N
t ) the solution of

∀i ∈ J1, NK, dY it = −DE0(νt, Y it )dt+ Θ̄t · ∇φ(Y it )dt+
√
2dBit , (44)

with initial conditions Y0 = X0. Write (Ft)t⩾0 the filtration associated to (Bt)t⩾0. Condi-

tionally to Ft, Y 1
t , . . . , Y

N
t are independent and distributed according to νt. In particular,

for i ∈ J1, NK, using that ∇xiVN (x) = DE0(πX, xi),

E

(
|DE0(νt, Y it )−∇xiVN (Yt)|2 | Ft

)
⩽ L2

E

(
W2

2 (πYt
, νt) | Ft

)

⩽ CN−η
(∫

Rd

|y|pνt(dy)
)2/p

,
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for some constant C, η > 0 thanks to [23] and Proposition 4. Then, since Xi and Y i are
driven by the same Brownian motion Bi,

d|Xt −Yt|2 ⩽ 2(Xt −Yt) · (∇VN (Xt)−∇VN (Yt)) + 2

N∑

i=1

(Xi
t − Y it )

×
(
|DE0(νt, Y it )−∇xiVN (Yt)|+ |Θ̄t||∇φ(Xi

t)−∇φ(Y it )|+ |Θt − Θ̄t||∇φ(Xi
t)|
)
dt

⩽ C(1 + |Θ̄t|)
(
|Xt −Yt|2 +N |Θt − Θ̄t|2 +

N∑

i=1

|DE0(νt, Y it )−∇xiVN (Yt)|2
)
dt ,

for some C > 0. Similarly,

d|Θ̄t −Θt|2 ⩽ 2ε|Θ̄t −Θt|
(
|Θ̄t −Θt|+ LW2(νt, πXt

)
)
dt

⩽ C

(
|Θ̄t −Θt|2 +

1

N
|Xt −Yt|2 +W2

2 (νt, πYt
)

)
dt

for some C > 0. Writing

Rt = E

(
|Θ̄t −Θt|2 +

1

N
|Xt −Yt|2

∣∣∣∣ Ft
)
,

combining the previous bounds (and relying again on [23]) gives

dRt ⩽ Ht
(
Rt +N−η

)
dt

for some Ft-measurable random Ht, almost surely bounded on any finite time interval, and
independent from N . By Grönwall lemma, since R0 = 0, we get that

Rt ⩽ H ′
tN

−η

for some Ft-measurable random H ′
t < ∞ (non-decreasing with t). Moreover, as we used

above,

W2
2 (πXt

, νt) ⩽
2

N
|Xt −Yt|2 + 2W2

2 (νt, πYt
) ,

which combined with the previous bound and [23] leads to

E

(
W2

2 (πXt
, νt) + |Θt − Θ̄t|2 | Ft

)
⩽ StN

−η , (45)

for an Ft-measurable random St <∞ (non-decreasing with t). Then, for an arbitrary K > 0,
we bound, for any t ∈ [0, T ] and δ > 0,

P
(
W2(πXt

, νt) + |Θt − Θ̄t| ⩾ δ
)
⩽ P

(
W2(πXt

, νt) + |Θt − Θ̄t| ⩾ δ, St ⩽ K
)
+ P (St > K)

⩽ δ−2KN−η + P (St > K) .

Taking the limsup as N → ∞ and then letting K → ∞ concludes the proof.
□

Remark 1 From (45), we get that, for all T > 0, almost surely,

sup
t∈[0,T ]

sup
N⩾1

Nη
E

(
W2

2 (πXt
, νt) + |Θt − Θ̄t|2 | Ft

)
<∞ ,

where η is the rate provided by [23] (which depends explicitly on p and d; for instance, if
d > 4 and p = 4, then η = 2/d).
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4.2 Averaging

This section is devoted to the proof of Theorem 3.

4.2.1 PL inequalities and consequences

We start with some properties of the free energies Fθ, θ ∈ R
m.

Proof of Proposition 2 From the lower-bound (31), for any θ ∈ R
m,

Fθ(ν) ⩾ c0

∫

Rd

|x|2ν(dx)− C0 − |θ|
(
|φℓ(0)|+ ∥∇φℓ∥∞

∫

Rd

|x|ν(dx) + ∥φb∥∞
)
+H(ν)

⩾
c0
2

∫

Rd

|x|2ν(dx)− C0 − |θ| (|φℓ(0)|+ ∥φb∥∞)− 1

2c0
|θ|2∥∇φℓ∥2∞ +H(ν)

=
c0
4

∫

Rd

|x|2ν(dx) + c0
4
H (ν|γ)− C1(1 + |θ|2) (46)

for some constant C1, where γ = N (0, (2c0)
−1I). As a consequence, Fθ is lower-bounded,

and Fθ(ν) goes to infinity as
∫
Rd |x|2ν(dx) → ∞. By semi-lower continuity, Fθ admits a

global minimiser µθ.
Since the term ν 7→ θ · ν(φ) is linear,

Eθ(ν) := E0(ν)− θ · ν(φ)
satisfies the same condition (30) as E0. From [42, Lemma 3], for all ν ∈ P2(R

d),

F̃θ(ν) ⩽ H (ν|Γθ(ν)) + η∥ν − µθ∥2TV (47)

with the probability density

Γθ(ν) ∝ exp

(
−δEθ
δm

(ν, ·)
)

= exp

(
−δE0
δm

(ν, ·) + θ · φ
)
,

and
H(ν|µθ) ⩽ F̃(ν) + η∥ν − µθ∥2TV .

Combining Pinsker’s inequality and the previous ones gives

∥ν − µθ∥2TV ⩽ 2H(ν|µθ) ⩽ 2H (ν|Γθ(ν)) + 4η∥ν − µθ∥2TV ,
so that

∥ν − µθ∥2TV ⩽
2

1− 4η
H (ν|Γθ(ν)) . (48)

Applying this to ν being a critical point of Fθ (i.e. a solution of ν = Γθ(ν)) shows that ν = µθ.
In particular, µθ is the unique global minimiser of Fθ. Besides, combining (47) and (48) gives

∀ν ∈ P2(R
d), F̃θ(ν) ⩽

(
1 +

2η

1− 4η

)
H(ν|Γθ(ν)) . (49)

Under Assumption 2, for any θ = (θℓ, θb) ∈ R
mℓ × R

mb and ν ∈ P2(R
d), δEθ

δm (ν, ·) is the
sum of three functions: a κ-strongly convex one (including the term θℓ ·φℓ) , aM+|θb|∥φb∥∞-
bounded one and a L-Lipschitz one. By the Bakry-Emery condition and the stability of
log-Sobolev inequalities with respect to bounded and Lipschitz perturbations (see [4]), for
any ν ∈ P2(R

d), Γθ(ν) satisfies

∀ν, µ ∈ P2(R
d), H(µ|Γθ(ν)) ⩽

e|θb|∥φb∥∞

λ′
I (µ|Γθ(ν)) ,
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for some λ′ > 0 depending only on κ,M and L. Applying this inequality with µ = ν, plugging
it in (49) and noticing that

I (ν|Γθ(ν)) =
∫

Rd

∣∣∣∣∇ ln ν +
δEθ
δm

(ν, ·)
∣∣∣∣
2

ν = Iθ(ν)
concludes the proof. □

Lemma 5 In the settings of Proposition 2, assuming that φ is Lφ-Lipschitz continuous,

∀θ, ψ ∈ R
m, W2(µθ, µψ) ⩽

3Lφ
λψ

|ψ − θ| . (50)

Proof For a fixed θ ∈ R
m, along the flow (26), by a classical computation (see [1]), for all

t > 0,
∂tF̃θ(ρt) = −Iθ(ρt) .

Keeping the same flow with this θ and considering another ψ ∈ R
m,

∂tF̃ψ(ρt) = −Iθ(ρt) + (θ − ψ) · ∂tρt(φ) .
Integrating by parts,

|∂tρt(φ)| =
∣∣∣∣
∫

Rd

∇φ · ∇ [ln ρt +DE0(ρt, ·)− θ · ∇φ] ρt
∣∣∣∣ ⩽ Lφ

√
Iθ(ρt)

and thus

∂tF̃ψ(ρt) ⩽ −1

2
Iθ(νt) +

1

2
L2
φ|θ − ψ|2

⩽ −1

4
Iψ(νt) + 2L2

φ|θ − ψ|2

⩽ −λψ
2

F̃ψ(ρt) + 2L2
φ|θ − ψ|2 ,

using the PL inequality (28). Applying this to ρ0 = µθ (so that ρt = µθ for all t ⩾ 0) gives

F̃ψ(µθ) ⩽
4L2

φ

λψ
|θ − ψ|2 . (51)

Moreover, the PL inequality is known to imply the transport inequality

∀ν ∈ P2(R
d) , W2

2 (ν, µψ) ⩽
2

λψ
F̃ψ(ν) , (52)

cf. [12, 20, 42]. Combining the two last inequalities establishes (50). □

Lemma 6 Under the settings of Lemma 5, for all θ, ψ ∈ R
m and ρ ∈ P2(R

d),

F̃θ(ρ) ⩽ 2F̃ψ(ρ) +
4L2

φ

λψ
|ψ − θ|2 .

Proof Using that µθ minimises Fθ,
F̃θ(ρ) = Fθ(ρ)−Fθ(µθ)

= Fψ(ρ) + (ψ − θ) · (ρ(φ)− ρ(µθ))−Fψ(µθ)
⩽ F̃ψ(ρ) + Lφ|ψ − θ|

(
W2(ρ, µψ) +W2(µθ, µψ)

)

⩽ F̃ψ(ρ) +
λψ
2

W2
2 (ρ, µψ) +

4L2
φ

λψ
|ψ − θ|2 .

where we used Lemma 5. The transport inequality (52) concludes the proof. □
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4.2.2 Truncation

Since the PL constant λθ provided in (32) is not bounded from below uniformly in θ,
we need to consider a truncated process for which this constant is uniform in time.
We will then prove the averaging principle for the truncated process, for an arbitrary
truncation parameter. Conclusion will follow by letting the truncation parameter go to
infinity, using a control uniform on ε on the probability that the initial and modified
processes split before a given time T > 0. This section is devoted to this point.

For an arbitrary R ⩾ 1 (considered as fixed until the very end of the proof of
Theorem 3, where we will send it to infinity), introduce the function g ∈ C2(Rm,Rm)
given by

g(θℓ, θb) = (θℓ, χ(|θb|/R)θb) . (53)

for some C2 cut-off function χ, non-increasing, with χ(r) = 1 for r ⩽ 1 and χ(r) = 1/r
for r ⩾ 2. Then g is 1-Lipschitz continuous and its second derivative is bounded by
some constant Cg > 0 uniformly over R ⩾ 1. Moreover, Proposition 2 implies that

λ := inf
θ∈Rm

λg(θ) > 0 . (54)

This will enable to prove the averaging principle for the truncated process in the next
section.

Since θ = g(θ) as long as |θb| ⩽ R, we will use the following to eventually let
R→ ∞.

Lemma 7 For any T > 0, decomposing the solutions of (25) and (27) as (Θεℓ,t,Θ
ε
b,t) ∈

R
mℓ × R

mb and (Θ0
ℓ,t,Θ

0
b,t) ∈ R

mℓ × R
mb ,

sup
ε∈(0,1]

P

(
sup

t∈[0,T ]
|Θεb,t|+ |Θ0

b,t| ⩾ K

)
−→
K→∞

0 .

Proof First,

∂tE
(
|Θεb,t|2

)
⩽ −E

(
|Θεb,t|2

)
+ ∥φb∥2∞ + 4mbβ

−1 ,

which ensures that

sup
t⩾0

E

(
|Θεb,t|2

)
⩽Mb := E

(
|Θεb,0|2

)
+ ∥φb∥2∞ + 4mbβ

−1 . (55)

The same goes for Θ0
b,t. Next,

d|Θεb,t|2 ⩽
(
−|Θεb,t|2 + ∥φb∥2∞ + 4mbβ

−1
)
dt+ 2

√
2/β|Θεb,t|dBt ,

and thus, integrating in time,

|Θεb,t|2 ⩽ t
(
∥φb∥2∞ + 4mbβ

−1
)
+ 2
√

2/β

∫ t

0
|Θεb,s|dBs .

The Burkholder-Davis-Gundy inequality and (55) gives

E

(
sup

t∈[0,T ]
|Θεb,t|

)
⩽ 8β−1TMb,

for any ε ∈ (0, 1], and similarly for |Θ0
b,t|. The Markov inequality concludes the proof.

□
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4.2.3 Averaging for the truncated process

In this section, for a fixed R ⩾ 1 and g given in (53), we consider the truncated
processes {

∂tρ
ε
t = 1

ε∇ · (ρεt [DE0(ρεt , ·) − g (Ψε
t ) · ∇φ]) + 1

ε∆ρεt
dΨε

t = −Ψε
t + ρεt (φ) +

√
2/βdBt ,

(56)

and
dΨ0

t = −Ψ0
t + µg(Ψ0

t )
(φ) +

√
2/βdBt , (57)

with initial conditions Ψε
0 = Ψ0

0 = Θ0 and ρε0 = ν0. The goal of this section is to
establish the following:

Proposition 8 Under the settings of Theorem 3, there exists ε0 ∈ (0, 1) such that for any
T > 0, there exists CT > 0 such that, for all ε ∈ (0, ε0], setting tε :=

2ε
λ ln ε−1,

sup
t∈[0,T ]

E

(
|Ψεt −Ψ0

t |2
)
+ sup
t∈[tε,T ]

E

(
W2

2 (ρ
ε
t , µg(Ψ0

t )
)
)
⩽ CT ε ln ε

−1 . (58)

Remark 2 In the case where φ is linear (i.e. mb = 0) then g(θ) = θ for all θ ∈ R
m, hence

the processes (56) and (57) are equal to the original ones (25) and (27). In this situation,
Proposition 8 is a stronger, more quantitative result than Theorem 3.

In order to prove Proposition 8, we start with some auxiliary results.

Lemma 9 Under the settings of Theorem 3, there exists ε0 > 0 such that, for all T > 0,

MT := sup
t∈[0,T ]

sup
ε∈(0,ε0]

E

(
|Ψεt |2 + F̃g(Ψε

t )
(ρεt ) + |ρεt (φ)|2

)
<∞ . (59)

Proof To alleviate notations we write (Ψ, ρ) = (Ψε, ρε). Let λ be given by (54), and recall
that g is 1-Lipschitz continuous and |∆g| ⩽ Cg. Applying Itō formula to (ν, θ) 7→ Fg(θ)(ν),

∂tE
(
Fg(Ψt)(ρt)

)
= E

(
−1

ε
Ig(Ψt)(ρt) + ρt(φ) · ∇g(Ψt) (ρt(φ)−Ψt) + ρt(φ) · β−1∆g(Ψt)

)

⩽ E

(
−2λ

ε
F̃g(Ψt)(ρt) + 3|ρt(φ)|2 + |Ψt|2

)
+ C2

gβ
−2 . (60)

Besides, writing Lφ the Lipschitz constant of φ,

|ρt(φ)|2 ⩽ 3|ρt(φ)− µg(Ψt)(φ)|
2 + 3|µg(Ψt)(φ)− µ0(φ)|2 + 3|µ0(φ)|2

⩽ 3L2
φW2

2 (ρt, µg(Ψt)) + 3L2
φW2

2 (µg(Ψt), µ0) + 3|µ0(φ)|2

⩽ 6L2
φλ

−1F̃g(Ψt)(ρt) + 27L4
φλ

−2|Ψt|2 + 3|µ0(φ)|2 , (61)

where we used the transport inequality (52), Lemma 5 and that |g(ψ)| ⩽ |ψ|. Finally,

∂tE
(
|Ψt|2

)
=

4m

β
+ 2E (Ψt(−Ψt + ρt(φ))) ⩽

4m

β
+ E

(
|ρt(φ)|2

)
.
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Combining the three previous inequalities, we get a constant C0 > 0 independent from ε such
that

∂tE
(
Fg(Ψt)(ρt) + |Ψt|2

)
⩽ C0 + E

((
C0 − 2λ

ε

)
F̃g(Ψt)(ρt) + C0|Ψt|2

)
.

Setting ε0 = 2λ/C0 we get, for any ε ∈ (0, ε0],

∂tE
(
Fg(Ψt)(ρt) + |Ψt|2

)
⩽ C0 + C0E

(
|Ψt|2

)
.

From (46),

0 ⩽ E

(
F̃g(Ψt)(ρt)

)
⩽ E

(
Fg(Ψt)(ρt) + C1(1 + |Ψt|2)

)

and thus we get, for some C2 > 0,

0 ⩽ E

(
F̃g(Ψt)(ρt) + |Ψt|2

)
⩽ E

(
Fg(Ψ0)(ρ0) + |Ψ0|2

)
+ C2t+ C2

∫ t

0
|Ψs|2ds

Grönwall lemma and (61) concludes the proof.
□

In the rest of this section, ε0 is as given by Lemma 9.

Lemma 10 Under the settings of Theorem 3, for all T > 0, there exists KT > 0 such that
for all ε ∈ (0, ε0], t ∈ [0, T ] and s ∈ (0, 1],

E

(
|Ψεt −Ψεt+s|2

)
⩽ KT s .

Proof This directly follows from Lemma 9 and

E

(
|Ψεt −Ψεt+s|2

)
⩽ 2s

∫ t+s

t
E

(
|Ψεu|2 + |ρu(φ)|2

)
du+

4

β
E

(
|Bt+s −Bt|2

)
.

□

Proposition 11 Under the settings of Theorem 3, for all T > 0, there exists K′
T > 0 such

that for all ε ∈ (0, ε0], setting tε :=
2ε
λ ln ε−1 (with λ given by (54)),

sup
t∈[tε,T ]

E

(
W2

2 (µg(Ψε
t )
, ρεt )

)
⩽ K′

T ε ln ε
−1 .

Proof Again, we simply write (Ψεt , ρ
ε
t ) = (Ψt, ρt). Proceeding as in the proof Lemma 5,

∂sE
(
F̃g(Ψt)(ρt+s)

)
= ∂|u=0E

(
F̃g(Ψt+s)(ρt+s+u) + (Ψt+s −Ψt) · ρs+t+u(φ)

)

= E

(
−1

ε
Ig(Ψt+s)(ρt+s) + (Ψt+s −Ψt) · ∂sρs+t(φ)

)

⩽ E

(
− 1

4ε
Ig(Ψt+s)(ρt+s) +

2L2
φ

ε
|Ψt+s −Ψt|2

)
.

Using the PL inequality (28) and Lemma 10 gives, for t ∈ [0, T ] and s ∈ [0, 1];

∂sE
(
F̃g(Ψt)(ρt+s)

)
⩽ − λ

2ε
E

(
F̃g(Ψt)(ρt+s)

)
+

2KTL
2
φ

ε
s ,

39



which we integrate over s ∈ [0, δ] for some δ ∈ (0, 1] to get

E

(
F̃g(Ψt)(ρt+δ)

)
⩽ e−

δλ
2ε E

(
F̃g(Ψt)(ρt)

)
+

1− e−
δλ
2ε

λ/(2ε)
× 2KTL

2
φ

ε
δ ⩽ MT e

− δλ
2ε +

4KTL
2
φ

λ
δ .

Then, applying Lemma 6,

E

(
F̃g(Ψt+δ)(ρt+δ)

)
⩽ E

(
2F̃g(Ψt)(ρt+δ) +

4L2
φ

λ
|Ψt+δ −Ψt|2

)

⩽ 2MT e
− δλ

2ε +
12L2

φ

λ
KT δ .

Applying this for δ = tε and using (52) concludes the proof. □

Proof of Proposition 8 Since the processes are driven by the same Brownian motion B,

Ψεt −Ψ0
t =

∫ t

0

(
Ψ0
s −Ψεs + ρεs(φ)− µg(Ψ0

s)
(φ)
)
ds .

Using Lemma 5 and that g is 1-Lipschitz continuous,

|Ψεt −Ψ0
t | ⩽

∫ t

0

(
(1 + 3Lφλ

−1)|Ψ0
s −Ψεs|+ |ρεs(φ)− µg(Ψε

s)
(φ)|

)
ds

⩽

∫ t

0

(
(1 + 3Lφλ

−1)|Ψ0
s −Ψεs|+ LφW2(ρ

ε
s, µg(Ψε

s)
)
)
ds .

Taking the square, the expectation and applying Grönwall’s lemma, for any T > 0, there
exists CT > 0 such that

sup
t∈[0,T ]

E

(
|Ψεt −Ψ0

t |2
)
⩽ CT

∫ T

0
E

(
W2

2 (ρ
ε
s, µg(Ψε

s)
)
)
ds .

Thanks to Lemma 9 (with (52)) and Proposition 11, distinguishing whether t ≷ tε,
∫ T

0
E

(
W2

2 (ρ
ε
s, µg(Ψε

s)
)
)
ds ⩽ 2λ−1MT tε + TK′

T ε ln ε
−1 ,

which concludes the proof of the bound for the first term in the left-hand side of (33). For
the second term, it remains to bound, for t ⩾ tε,

E

(
W2

2 (ρ
ε
t , µg(Ψ0

t )
)
)
⩽ 2E

(
W2

2 (ρ
ε
t , µg(Ψε

t )
) + 9L2

φλ
−2|Ψεt −Ψ0

t |2
)
.

The bound already proven for the first term of (33) and Proposition 11 concludes the proof
of Proposition 8. □

4.2.4 Conclusion of the proof

Proof of Theorem 3 Fix T > t0 > 0. For an arbitrary R ⩾ 1, consider the event

AR =

{
sup

t∈[0,T ]
|Θεb,t|+ |Θ0

b,t| ⩽ R

}
,

and let g be given by (53) and Ψε, ρε,Ψ0 as in (56) and (57). Under the event AR, for all
t ∈ [0, T ], (Ψεt , ρ

ε
t ,Ψ

0
t ) = (Θεt , ν

ε
t ,Θ

0
t ). For t ∈ [0, T ], we bound

P

(
|Θεt −Θ0

t | ⩾ δ
)
⩽ P

(
|Ψεt −Ψ0

t | ⩾ δ
)
+ P(AcR) .
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By the Markov inequality and Proposition 8,

lim sup
ε→0

sup
t∈[0,T ]

P

(
|Θεt −Θ0

t | ⩾ δ
)
⩽ P(AcR) .

Using that, for any t0 > 0, for any R ⩾ 1, tε ⩽ t0 for ε small enough (with tε as in
Proposition 8; it depends on R through λ), we get with the same argument that

lim sup
ε→0

sup
t∈[t0,T ]

P

(
W2(ν

ε
t , µΘ0

t
) ⩾ δ

)
⩽ P(AcR) .

Letting R → ∞ thanks to Lemma 7 concludes the proof. □
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