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Exact Likelihood-Coin Poisson Sampling for Bayesian Inverse
Problems with Sharp Complexity Bounds

Zhiliang Deng* Xiaomei Yang'

Abstract

We develop an exact Bayesian computational framework for inverse problems in which
selected bounded forward observables can be queried through Bernoulli events. A Bernstein—
Poisson construction converts these forward events directly into scaled Gaussian likelihood
coins, avoiding an intermediate numerical evaluation of the forward map or likelihood.
Coupling the likelihood coins with Poisson thinning yields posterior atoms that are iid
conditional on their number. For independent Gaussian observations, we derive an exact mean-
work identity for the implemented early-stopped sampler and sharp small-noise complexity
laws governed by the local prior-predictive mass near the exact-fit set. This identifies a
computational phase transition controlled by an effective predictive dimension. A factorial-
moment construction extends the likelihood-coin mechanism to correlated Gaussian errors.
The posterior algorithm is model-independent once Bernoulli access is available; a Feynman—
Kac construction with Poisson killing and lazy random-series evaluation provides a nontrivial
continuum realization for a function-valued elliptic inverse problem. Numerical experiments
validate the factories and sharp work regimes, while a matched-accuracy comparison with
finite-difference rejection illustrates when removal of deterministic discretization bias can
offset the cost of exact stochastic simulation.

Keywords: Bayesian inverse problems; exact sampling; Poisson thinning; Bernoulli factory;
small-ball asymptotics; Feynman—Kac formula; function-valued parameter.

1 Introduction

Bayesian computation becomes difficult when the likelihood is unavailable or expensive to
evaluate. In PDE-constrained inverse problems this difficulty is especially pronounced because
each likelihood evaluation may require a numerical forward solve, and posterior sampling can
require many such evaluations [1, 2]. A broad computational literature addresses this bottleneck
through deterministic approximation, multilevel sampling, reduced models, and surrogates [3-5].
Probabilistic numerical and randomized-forward approaches provide another route by representing
numerical error probabilistically and propagating it through Bayesian inference [6-8]. These
methods motivate a complementary computational question: when stochastic simulation of a
forward observable is available exactly, can it be used directly to construct the posterior decision
rather than first being converted into a numerical forward or likelihood approximation?

Exact Bayesian computation provides the closest methodological context. Pseudo-marginal
methods use unbiased stochastic likelihood information while retaining a Markov-chain architec-
ture [9]. Bernoulli factories transform events with unknown success probability into new exact
Bernoulli decisions [10-13], and their use in exact Bayesian computation is well established. Flegal
and Herbei [14] combine a Bernoulli factory with a regenerative rejection construction to obtain
exact samples from an intractable target. Vats et al. [15] use Bernoulli factories to implement

*School of Mathematical Sciences, University of Electronic Science and Technology of China. Email:
dengzhl@uestc.edu.cn
TSchool of Mathematics, Southwest Jiaotong University. Email: yangxiaomath@swjtu.edu.cn



exact MCMC acceptance decisions for intractable likelihoods, while recent work develops scalable
Bernoulli-factory MCMC constructions as the data size grows [16]. These methods establish that
Bernoulli factories can support exact Bayesian computation; the distinction in the present work
lies in the computational interface at which the factory is used.

Here the primitive Bernoulli variables encode bounded forward observables. For a candidate
parameter ¢, we assume access to independent p;(g)-coins, where p;(q) is a selected forward
quantity. We use these coins directly to construct, up to a known deterministic scale, the Gaussian
likelihood factor associated with that candidate. Thus the factory produces a likelihood coin
rather than an MCMC acceptance coin or a coin derived from a target-density bound. Classical
Poisson thinning [17, 18] then converts the likelihood coin into a posterior sampling mechanism:
an inflated prior point process is thinned to a process with intensity proportional to the posterior,
and conditional on the retained count its locations are independent posterior draws. The resulting
computation contains neither a numerical likelihood evaluation nor a Markov transition.

The likelihood construction establishes exactness, but exact algorithms are useful only if
their computational work can be characterized. This motivates the second part of the paper.
For independent Gaussian observations, the implemented sampler reveals the Bernoulli inputs of
a Bernstein event sequentially and terminates a candidate as soon as rejection is certified. We
derive an exact identity for this stopped work and then study its small-noise behavior. Under a
local small-ball law for the prior predictive distribution, the work exhibits three sharp regimes,
with the transition determined by the prior mass near the exact-fit set. In particular, the relevant
dimension is predictive rather than the nominal dimension of the parameter space. This links a
statistical property of the inverse problem directly to the computational complexity of the exact
sampler.

The model-facing assumption is only Bernoulli access to bounded forward observables. To
show that this interface can arise without a deterministic forward solve, we construct it for a
bounded class of elliptic resolvent problems. A Feynman—-Kac representation yields the required
forward coins through Poisson killing and a terminal Bernoulli mark. For function-valued
coeflicients represented by absolutely convergent random series, coordinates are generated lazily
until a deterministic tail enclosure resolves the required Bernoulli decision. This PDE construction
is one realization of the general computational interface rather than a restriction of the posterior
algorithm to a particular equation class.

The contributions are therefore threefold. First, we construct exact Gaussian likelihood coins
directly from Bernoulli-accessible forward observables, with a scalar Bernstein—Poisson factory
for independent observations and a factorial-moment extension for correlated Gaussian errors.
Second, we characterize the actual work of the early-stopped independent sampler and obtain
sharp small-noise complexity laws governed by prior-predictive small-ball geometry. Third, we
provide a continuum Feynman—Kac realization for a function-valued inverse problem and use
numerical experiments to test both correctness and computational behavior. The final benchmark
compares the exact stochastic sampler with finite-difference prior rejection at matched posterior
accuracy; it is designed to identify the accuracy—cost tradeoff rather than to claim a universal
speed advantage.

The paper is organized as follows. Section 2 develops posterior Poissonization from likelihood
coins. Section 3 constructs the Gaussian likelihood factories and analyzes the work of the
independent sampler. Section 4 presents the Feynman—Kac realization and its function-valued
extension. Section 5 reports the numerical validation and matched-accuracy comparison, and
Section 6 concludes the paper.

2 Posterior Poissonization from likelihood coins

This section isolates the point-process part of the method. On a general measurable parameter
space, Bayesian updating weights the prior by the likelihood, while independent thinning weights



a Poisson intensity by a retention probability. The construction below identifies these two weights;
the later sections show how to generate the required retention event without evaluating the
likelihood.

2.1 Poisson point processes on a general parameter space

Let (X, X) be a measurable space and let A be a finite measure on it. A PPP with intensity
measure A is a random counting measure = = ZZ]\L 190, with the following property: for pairwise
disjoint measurable sets Aq,..., A, € X, the counts Z(4;),...,E(A,,) are independent and
Z(A;j) ~ Poisson(A(A4;)) for j =1,...,m. We write Z ~ PPP(A). Standard references include
[17, 18]. Since A(X) < oo, the process may equivalently be generated by

N ~ Poisson(A(X)) Qi| N4 A (2.1)

oisson , i A :

Thus a finite PPP contains two pieces of information: the total mass of its intensity is encoded by
the random cardinality, whereas the normalized intensity is encoded by the conditional location
law.

Independent thinning is a fundamental property of PPPs. Let r : X — [0, 1] be measurable
and, conditional on =, retain each atom (@); independently with probability r(QZ) The retained
process is a PPP with intensity measure rA, defined by (rA)(A4) = [, r AT , A€ X. Thus
thinning multiplies the original intensity by the retention functlon

Two further standard properties are useful computationally. If Z; ~ PPP(A;) and Zg ~
PPP(A3) are independent, then their superposition =1 + Z5 is PPP(A; + Ag). Conversely,
restrictions of a PPP to disjoint measurable subsets are independent. These identities justify
splitting the master population into independently processed batches without changing its law
and make atom-wise processing embarrassingly parallel. More generally, independent marking of
the atoms produces a marked PPP, and thinning is the special case in which the mark records
only “keep” or “discard.” Thus the posterior algorithm can be viewed as a marked point-process
construction whose retention mark is manufactured from Bernoulli forward events.

2.2 Bayesian updating as selective survival

Let ¢ € X denote the unknown, and let ug be its prior probability measure. For fixed data y, let

L(q;y) € [0,1] be a measurable reduced likelihood and assume 0 < Z(y) := [5 L(q; y) dpo(q) < oo.
Define L Liay)
H Y
dv(q) = L(g; y) dpo(a), q) = :

If a PPP with intensity uo could be thinned with retention probability L(q;y), its retained
intensity would be Y. In a PDE inverse problem the likelihood value may be unavailable without
a forward solve, so we replace the numerical value by a Bernoulli decision having the required
success probability.

Definition 2.1 (Scaled likelihood coin). A scaled likelihood-coin oracle with known factor
c € (0,1] returns, when queried at a parameter value ¢ € X, a Bernoulli variable C; € {0,1}
satisfying

P(Cq = 1) = cL(g; y)- (2.2)

Repeated queries use independent auxiliary randomness. The numerical value of L(g;y) need
not be available.

We use a positive parameter v as a Poissonization scale. It controls the overall size of the
generated point process; in particular, the retained process will have expected cardinality vZ(y).
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Figure 1: Likelihood-coin Poisson sampling. A Bernoulli forward oracle supplies the input coins
for a scaled likelihood coin, which thins the master prior PPP into the target posterior PPP.

Theorem 2.2 (Likelihood-coin posterior Poissonization). Suppose that the scaled likelihood-
coin oracle (2.2) is available. For any Poissonization scale v > 0, generate =, = le\i”l 0g; ~
PPP(%ILLQ). Conditional on E,, query the oracle independently at each atom @Q; and denote the
resulting Bernoulli mark by C;, so that P(C; = 1| Q;) = c¢L(Qs;y). Define the retained point
process by 1y = Zf‘i”l C;6qg,. Then ny ~ PPP(y1Y). Consequently,

N, :=ny(X) ~ Poisson(vZ(y)), (2.3)

and, conditional on N, =k > 1,
d u iid
11
| Ny =k} S ) 0 QF
i=1

Moreover, 27 = % is unbiased for Z(y) with Var(Zy) = @

Proof. Conditional on the master process, the marks C; are independent and the retention
probability of an atom at z € X is ¢L(z;y). Therefore, by the independent-thinning theorem,
the point process 7, = Zf\g Ci0q, has intensity T cL(z;y) po(dz) = yv¥(dz). Hence 1, ~
PPP(yvY). Its total intensity is vZ(y); hence (2.3) holds. Conditional on N, = k, the finite-PPP
representation (2.1) has iid locations with law % = p¥. Finally, since N, ~ Poisson(vZ(y)),

EZy = Z(y), Var(Z,) = 2. O

Conditional on N, = k, Theorem 2.2 makes the retained locations an ordinary iid posterior
sample. Hence, for any square-integrable posterior functional ¢, the empirical posterior average
has conditional variance

1 k Vl"y
ar (k;SO(Q:) | szk) :a;;f(go).

The same theorem also makes the rejection cost explicit: EM., = v/c and EN, = vZ(y), so the
ratio of their means is [cZ(y)]~!. This ratio records the average candidate count associated with
the outer thinning step; the forward-oracle work per processed candidate is analyzed separately
in Section 3.

The complete construction is summarized in Figure 1. A master PPP drawn from the prior
provides the candidate atoms. A Bernoulli forward oracle generates the required forward coins,
the Bernstein—Poisson factory converts them into a scaled likelihood coin, and independent
thinning yields the posterior PPP. Sections 3 and 4 develop the two middle steps.

3 Bernstein—Poisson likelihood coins for Gaussian observations

The posterior construction of Section 2 requires a scaled likelihood coin, while the model-specific
constructions developed later provide Bernoulli access only to individual bounded forward
observables. We first treat conditionally independent Gaussian observation errors, for which
the likelihood factory, the exact stopping rules, and the sharp work analysis share a common



componentwise architecture. Section 3.2 develops a compact correlated-Gaussian extension.
Conditional on the unknown ¢, let

yj:p](q)+€]7 ngN(())U]Z’)a jzla"'v‘L (31)

where p;(q) € [0,1], y; € R, and the noise components are independent. The quantities p;(q)
need not be independent or otherwise unrelated: conditional on ¢ they are deterministic values,
and in the PDE applications they are typically different observations of the same solution. After
removing the Gaussian normalizing constants, the reduced likelihood is

J
Ligy) = expd =Y ailpil@ —ul o 4= 53 (3:2)
j=1 J
The values p;(q) are not supplied to the sampler. For a queried parameter value, the sampler can
only call an oracle that returns independent Bernoulli variables with the corresponding success
probability. Since the vector likelihood factorizes, it is enough to construct a coin for one scalar
factor

b(p) =P pe0,1, yeR, a>0, (3.3)

from independent p-coins, without evaluating p.

The centered scalar factor y = 0 is unusually simple: two independent p-coins form a p?-event,
and a Poisson zero-event transform then returns e~%". For a general component y, however, the
term (p — y)? = p? — 2yp + y? contains a signed cross term and cannot itself be used as an event
probability. The construction below resolves precisely this scalar obstruction; the full vector
likelihood is recovered by multiplying the resulting independent component coins.

For an integer n > 2, let X1,...,X, i Bernoulli(p), K = Y. | X; ~ Binomial(n,p), and

3 2 Y
n = —7—1—7’ k:O,..., . 34

Lemma 3.1. For K ~ Binomial(n,p), E Bk, (y) = (p — y)*.
Proof. Use EK = np and E[K(K —1)] = n(n — 1)p? in (3.4). O

The statistic Sk, (y) is unbiased for the squared residual but may take negative values.
Moreover, setting p = y in Lemma 3.1 shows that E Sk ,(y) = 0, K ~ Binomial(n,y), and hence
ming<g<p Brn(y) < 0. We therefore define the smallest nonnegative upward shift

b (0) = |- i Guals)] 0.
<k< +

For y € [0, 1] the minimum is nonpositive, so the positive-part operation is inactive; for obser-
vations outside this interval it keeps the scaling factor below one while preserving the same
construction. Set

un(3) = Bin) + ). Cal) = e {1, umx cnl0)}- (35)

The shift makes ¢ ,,(y) nonnegative, while the normalization by Cy,(y) places it in [0, 1]. We can
therefore convert the random statistic cx ,,(y) into a Bernoulli event. After generating K, define
the auxiliary Bernoulli variable

H, ., | K =k ~ Bernoulli ’ . 3.6
Y | ( Cn(y) (3.6)



By conditioning on K and using Lemma 3.1,

bn(y) + (p — y)?
Cn(y) '

For y € [0,1], one in fact has 0 < ¢;,(y) < 1, and hence Cy(y) = 1; see Appendix A. For
observations y ¢ [0, 1], the same exact factory remains valid with the generic finite normalization
Cy(y) defined in (3.5); only the closed-form compensation and the sharp small-noise analysis
below use the interior-data restriction. We retain Cy,(y) in the formulas to make this distinction
explicit.

Crucially, the Bernstein coefficients ¢ ,,(y) are completely determined by the observed datum
y, the order n, and the realized success count k; they do not require the numerical value of p.
The forward model enters the construction only through K ~ Binomial(n, p), which is generated
by repeated calls to the p-coin oracle.

P(Hpy=1) =

Theorem 3.2 (Bernstein—Poisson Gaussian likelihood coin). Fiz p,y € [0,1], a > 0, and an
integer n > 2. Suppose independent p-coins and independent auziliary randomness are available.
Let R ~ Poisson(aCy,(y)). Independently generate R copies of H,,, from (3.6), and define the
Gaussian likelihood coin Gy, by setting G,y = 1 if and only if all R copies are zero. Then

]P)(Gnﬂ = ]_) = e_abn(y)e_a(p_y)Z‘ (37)

Thus Gy is a scaled likelihood coin for (3.3), with known scaling factor e~ abn(v)

Proof. Conditioning on R = r, we obtain

P(Gn,yzl‘R:T): {1—bn(y)+(p_y)2}r.

Using the probability generating function of a Poisson variable, E[s?] = exp{aC,(y)(s — 1)},
with s = 1 — [by(y) + (p — y)?]/Cy(y) proves (3.7). O

The deterministic compensation can be evaluated explicitly.

Proposition 3.3. Let k,(y,n) = y(n — 1) + 3, dy(y) = dist(ks(y,n),Z). Fory € [0,1] and
n > 2,

bu(y) — y(ln— v, inzndi(zl/f‘ (3.8)
Consequently,
y(ln_y) < ba(y) < y(ln_ i 4n(n1_ 5 (3.9)
and
() = 20 4 0@2)

Proof. As a function of a real variable k, (3.4) is a convex quadratic with coefficient [n(n —1)]~1
and minimizer k,. Completing the square puts this expression in the form

__y(—y) 1 (k — k.)*
Brnly) = ==~ n(n—1)  nn-1)

The nearest integer to ks € [1/2,n — 1/2] belongs to {0, ...,n}. Taking the discrete minimum
and changing sign establishes (3.8); (3.9) follows from 0 < d,, < 1/2. O



3.1 Assembly of the vector likelihood

The preceding subsection constructs an exact scaled likelihood coin for a single scalar Gaussian
observation. We now assemble these scalar constructions for a vector of conditionally independent
observations. Choose an order n; > 2 for each observation component and construct independent
coins Gy, 4 by Theorem 3.2. Define Bp(y) = ijl ajbn;(yj). Here a; = (20?-)*1 is the
componentwise counterpart of the scalar coefficient a used above. Since the Gaussian likelihood
factorizes across the observation components, the logical AND of the J component coins has
success probability

=B (g5 ). (3.10)

Corollary 3.4. Generate Z, ~ PPP ('yeB"(y)uo), write the master process as =, =Y . 0¢, and
retain an atom Q; if all component likelihood coins generated from the p;(Q;)-oracles succeed.
Then n, ~ PPP(yv¥). No numerical value of p;(q), L(q;y), or Z(y) is required by the sampler.

Proof. Equation (3.10) defines a scaled likelihood coin with factor ¢ = e~ B~ applying Theo-
rem 2.2 then establishes the posterior point-process statement. O

3.2 A compact extension to correlated Gaussian observations

The componentwise construction above exploits likelihood factorization. This is the architecture
used in the sharp work analysis below, but factorization is not essential to the Bernoulli-access
principle. To make this point without introducing a second complexity theory, we record a
multivariate construction for

y=p(q)+e, e~N(0,0°%), Q=%"'>0,
with p(q) = (p1(q),...,ps(¢))" €[0,1]7 and a, = (20%)~!. The reduced likelihood is
Ly(g;y) = exp{~ac[p(q) — y] " Qp(q) - y]}-

Choose orders n; > 2 and, using independent auxiliary oracle randomness, draw

] ) . K 2] K;j(K;—-1)
K, ~ Binomial(n;, p;(q)), P =—2, D; .
J 7 J n; J nj(nj—l)

Define

J
~ 2 ~ o~
BUIGy) =y Q-2 B+ > Qip +2 Y Qubidy.
7j=1 1<i<j<J

The cross-products are unbiased because the auxiliary counts are independent conditional on q.

Theorem 3.5 (Correlated-Gaussian likelihood coin). For every g,

E By (K3 y) = [p(a) — y] " Qp(q) — y]-
Let

0<k;<n;

0 = |-y, 8| 0B = max {1 mp a0 +150)] |

Conditional on K, generate

2(K;y) + b2 (y)
HY ~B i F n .
ny ernou 1( Cg (y) )

If R ~ Poisson(a,CS(y)) and G%y =1 exactly when all R independent copies of H,?’y are zero,
then .
P(Ghy=1) = e "W Ly (g y).

Hence correlated Gaussian observation errors can be handled without factorizing the likelihood or
evaluating the forward probabilities numerically.



Proof. The factorial-moment identities satisfy Ep; = p;(q) and }Eﬁ[f] = p;(q)?, while independence
of the auxiliary counts implies E(p;pj) = pi(q)pj(q) for i # j. Thus the displayed quadratic

statistic is unbiased. The shift and normalization make its affine rescaling a valid Bernoulli

probability, so
_ ba(y) + [p(e) — 9] Qp(a) — 9]
CR(y) ‘

The Poisson probability-generating function then evaluates to the stated success probability. [

P(H,,, =1)

For large J, the discrete minimum need not be enumerated. With §; = Q;;/(n; — 1), define

J
Baziy)=(GE—y) Qz—y) =Y §z(l—2), =ze[0,1),
j=1

and let b (y) = [— min, g 1)v B2(z;y)]4. Because the count grid is contained in [0,1)7, b2(y) >
b (y), so this continuous shift is safe. The minimization is strictly convex since its Hessian is
2Q + 2diag(dy,...,87) = 0; moreover, for fixed y € (0,1)7 and npy, = min; n; — 00,
Q 70 . Qjjy;(1 — yj) -2
bn(y)v bn(y) = Z TL—] + O(nmin)'
j=1

Appendix B contains the proof.

This extension shows that the likelihood-coin mechanism is not tied to diagonal observation
covariance. We do not develop a parallel sharp-work theory for the multivariate factory. The
remainder of this section returns to the independent factorized architecture, for which scalar
range stopping and componentwise Poisson streams expose the actual work exactly.

3.3 Early stopping and order selection

A direct implementation of H,, , draws all n forward coins, but many outcomes can be decided

earlier. Write ¢, (y) = Cgf((yy)) € [0,1], draw V' ~ Unif(0, 1), and note that Hyy = Ly, ()}

After s forward flips with k successes, the final total K can only lie in {k,...,k 4+ n — s}. With
{=n — s, define

Emin(l/% 6) = j:lgl.if}wr@ Ej,n(y)a Emax(ka E) = j:ir,l.%,)liJr@ Ej,n (y)
If V' < €min(k, £), the final event is already true for every possible continuation; if V' > ¢nax(k, £),
it is already false.

Lemma 3.6. The range test above has exactly the same output as first drawing all n forward
coins, computing K, and returning 1yy <z, . (y)y- It therefore leaves the law of Hy, unchanged.

Proof. Early stopping occurs only when the indicator has the same value for every final success
count that remains reachable. No admissible continuation can therefore change the result. [

The Bernstein order trades master-process inflation against the number of forward-oracle calls
used by each factory event. Proposition 3.3 shows that the compensation is of order n~!'. The
next subsection specializes to a common small-noise scale and common order in order to derive
both a full-batch benchmark and the sharp work of the actual range-stopped implementation.

Combining the Bernstein likelihood coin, the range-stopped implementation, and Poisson
thinning completes the exact sampler summarized in Algorithm 1. For independent Gaussian
observations its output is the posterior point process 7, ~ PPP(y1Y).



Algorithm 1 Likelihood-coin posterior PPP for independent Gaussian observations

1: Choose orders n; and compute by, (y;) and Bp(y) = >_; a;jbn; (y;)-
2: Set Ay, = Z}le a;jCy, (y;) and 7 := a;Cp; (yj)/An.

3: Draw M, ~ Poisson('yeB"(y)) and candidates Q; S po, ©=1,..., M,.

4: fori=1,..., M, do

5: Draw R ~ Poisson(A,,) and set keep = 1.

6: for h=1,...,R do

7 Independently draw a component label j with probability ;.

8: Generate an early-stopped Bernstein event Hy, ,. from stochastic p; (Qi)-coins.
9: if Hyj gy =1 then

10: Set keep = 0 and terminate the remaining likelihood tests for candidate i.
11: end if

12: end for

13: if keep = 1 then

14: retain Q;.

15: end if

16: end for

17: Return the retained point process.

The marked Poisson stream in Algorithm 1 is equivalent, before stopping, to independent
component streams with counts R; ~ Poisson(a;Cp;(y;)). Its randomized component order
preserves the likelihood-coin law and is used in the exact work identity below. Algorithm 1
contains two distinct forms of early termination. Within each Bernstein event, the range test of
Lemma 3.6 may decide the event before all n; forward coins are generated. At the candidate
level, the first rejected auxiliary event terminates all remaining likelihood tests for that candidate.
Neither mechanism changes the retained point-process law; both affect only the amount of
forward-oracle work. The choice of the orders nj, and hence the balance between master-process
inflation and range-stopped work, is analyzed in Section 3.4.

3.4 Common-order benchmark and sharp stopped-work complexity

Algorithm 1 saves work in two different ways. Within a single Bernstein event, the range rule
may determine the event before all forward coins are revealed. At the candidate level, the first
rejecting auxiliary event terminates all remaining likelihood tests for that candidate. The goal of
this subsection is to quantify these two savings and to identify the small-noise regime in which
each one matters.

The exact likelihood factory above permits arbitrary fixed real observations. For the sharp
complexity analysis we impose the additional interior-data condition y € (0,1)7, which yields
Ch(yj) = 1 and the explicit compensation asymptotics of Proposition 3.3. To keep the complexity
analysis focused on the stopping mechanism rather than on componentwise allocation, we
specialize to a common observational scale o1 = --- = 0 = o, write a, = (20%)7!, and use
the same Bernstein order n for every component. The scaled order ¥, = n/a, compares the
Bernstein order with the inverse-noise scale. We also set

J J

J
Qu(a) == _Ipi(@) —wil®, B W)= baly;),  Dy:=> yi(1—y).

j=1 7=1 7j=1

Here Q,(g) is the predictive squared misfit. The quantity bi°'(y) is the total deterministic
compensation introduced by the Bernstein factories, and therefore controls the inflation of the



master PPP. By Proposition 3.3,

D
bt (y) = —L +O(n™?). (3.11)

n
We begin with a benchmark in which both stopping mechanisms are disabled. In this full-
batch implementation every auxiliary event uses all n forward coins, and every Poisson event is

processed even if the candidate could already have been rejected.

Proposition 3.7. Assume y € (0, l)J and define the scaled Bernstein order ¥, :=n/a,. Suppose
that ¥y — ¥ € (0,00) as o | 0. Equivalently, n = n(o) ~ Ya,, so ¥ measures the asymptotic
Bernstein order per unit small-noise scale. If Wi denotes the total number of forward Bernoulli
calls in the full-batch implementation, then

EWnu — Jﬁexp(Dy) .

ya2 J

Among orders with n/ay, — ¥ € (0,00), the limit is minimized at 9 = D,. Hence the minimizing
full-batch scale satisfies

tot
n~ aqD,y, aob;"t(y) — 1, @b (W) _y ¢,

Proof. The master PPP has mean size ’ye“f’b:tot (%), Because Cr(yj) = 1, each of the J component
factories has a Poisson(a,) auxiliary count, and each completed event costs exactly n forward
calls. Therefore EWpy = ’yea"b?t(y) Jasn. Equation (3.11), together with ¥, — ¥, establishes
the stated limit. Minimizing 9eP»/? yields ¥ = D,. O

Proposition 3.7 identifies the full-batch benchmark: without early stopping, the natural
complexity scale is ya2 = ©(yo~*). We next quantify the first saving mechanism: stopping
within a single Bernstein event.

For a scalar component with forward probability p € [0,1], let 7, ,(p) be the number of
p-coin calls used by the range rule in Lemma 3.6, and let 7, ,(p) = E7, (p). Suppose that a
fraction t of the n forward coins has been revealed. For large n, the revealed successes contribute
approximately tp to the final normalized count, while the unrevealed fraction 1 — ¢ may still
contribute anything between 0 and 1 — ¢. This motivates the interval I;(p) := [tp,tp + 1 — t].

Define .
Ky (P) ::/0 ( sup (z—y)?— inf (z—y)Q) dt.

z€li(p) 2€I+(p)

The integrand measures how much uncertainty about the final normalized count can still change
the squared residual after a fraction ¢ of the forward coins has been revealed. Accordingly, x,(p)
will be the asymptotic fraction of the n calls that remain necessary under the range rule.

Proposition 3.8. For every fized y € [0, 1],

Tny (p)
n

- /@y(p)’ — 0. (3.12)

Moreover, ky is continuous and 1/12 < ky(p) < 1 for all p € [0, 1].

Proof. Let K,, be the number of successes among the first m input coins and put ¢, = m/n.
After these m calls, the reachable normalized final counts form the grid

Im,n;:{Km—i_r;()grSn_m}C [KmeJr“—””b

n n n
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For z = k/n, a direct calculation gives

Bunly) = (2 — ) — 22,
SO 1
2
S )

The compensation b,(y) is additive and therefore does not affect the range width. Since
2+ (2 — y)? is 2-Lipschitz on [0, 1], the width of the reachable threshold range differs, by at
most a universal constant times

K 1
n n

from
2

sup (z—y)2— inf (z—y)>
2€Ily,, (p) z€lty (p)
Here the additional n~! term accounts for the count-grid spacing and the O(n ') factorial-moment

correction above. Uniformly in p € [0, 1],

K,, mp(1l — p) 1
E|l—= —¢ < .
n ’”p’ n =2vn

Consequently the expected reachable-range width converges uniformly in p and m to the corre-
sponding deterministic width, up to an O(n_l/ 2) error.

The reachable threshold intervals are nested as m increases. Because the auxiliary V' ~
Unif(0,1) is independent of the input coins, P(7,,(p) > m | Kp,) equals the width of the
reachable normalized threshold interval after m calls. The tail-sum identity therefore yields

1 n—1
Tn’y — Z E reachable threshold width at m]
n m=0

The preceding uniform estimate and the uniform Riemann convergence of the continuous range-
width function establish (3.12). Continuity of x, follows from continuity of the extrema of a
continuous function over the interval I;(p). Since (z —y)? € [0, 1], the upper bound is immediate.
Finally, any interval of length 1 — ¢ has squared-residual range at least (1 — t)?/4; integrating
over t € [0, 1] gives the lower bound 1/12. O

For the vector likelihood write

J
—tot — tot
E :T Y5 p] z :K?JJ p]

The previous proposition describes the cost of one auxiliary event. The second, and more
important, saving comes from terminating a candidate as soon as the first auxiliary event rejects
it. The next identity combines both levels of stopping.

Theorem 3.9 (Exact mean actual-work identity). Let Waey be the total number of forward
Bernoulli calls made by Algorithm 1 with common order n, exact scalar range stopping, and
candidate termination at the first auziliary event equal to one. Then

- . tht(y)/ ot )1 — e~ ao b (y)+Qy(a)] (dg) (3.13)
et = yetoon T . .
7 xR Q)

11



Proof. In the common-order setting Cy,(y;) = 1, so the marked stream in Algorithm 1 has
R ~ Poisson(Ja,) events and independent uniform component labels in {1,...,J}. For fixed g,
a randomly labelled event rejects with probability h,(q) = [b°*(y) + Qy(q)]/J, while its mean
forward-call cost is J~17%(g). Conditional on R = r, the expected number of events that are
started before the first rejection is [1 — (1 — h,(q))"]/hn(q). Averaging over the Poisson count

evaluates to
1 — e~ ac b (y)+Qy(a)]

b (y) + Qy()

Multiplying by the mean cost of a started event cancels the factor J. Finally, averaging over the
master PPP leads to (3.13). O

The identity separates the two sources of computational cost and makes the small-noise
mechanism transparent. Apart from the master-process inflation and the cost of one started

event, the decisive factor is
1— e 95

If ays < 1, then g, (s) ~ a,; if ays > 1, then g, (s) ~ s71. Thus a parameter value with large
predictive misfit Q,(q) is rejected after only a few auxiliary events, whereas a nearly exact fit
with @Q(q) ~ 0 survives much longer. The total work is therefore determined by how much prior
mass lies near the exact-fit set {¢q : Q,(¢) = 0}.

We encode this local geometry through a small-ball condition.

Assumption 3.10 (Prior-predictive small-ball law). For the fixed observation vector y, there
exist ¢, > 0 and o > 0 such that

Fy() = uo{q: Qy(@) <t} = ¢,t* {1 +o(1)}, 110,

The exponent @ measures the local amount of prior mass that can produce an almost exact
fit. If the prior predictive law of p(q) has a nondegenerate dpeq-dimensional density near y, then
Qy(q) = |lp(¢) — y||3 and a ball of squared radius ¢ has mass of order t%red/2, Hence @ = dpred /2,
50 dpred = 2a is the effective local predictive dimension. This dimension concerns the image of
the prior under the observation map and need not agree with the dimension of the unknown gq.

For 0 < a < 1, define

]_ — 6_(B+t)

1
Y dt =T'(a + 1)/ e P57 ds. (3.14)
0

oy

Theorem 3.11 (Sharp small-noise complexity). Assume y € (0,1)7, Assumption 3.10, and
Yo =n/a; =Y > 0. Put = Dy/V. Then

el Iey k(Y)W (B)a2™®, 0<a <1,

y
EWaer ~ { 7e¥0e sl (p)ag logas, o =1, (3.15)
weﬁﬂIyag, a>1,
here T — [ 5 (@) C
where T, = [y @ po(dg) < oo, (a > 1). Consequently,

O(yo—4+2a), 0<a<l,

EWaer = { O(y0~21og(1/0)), a=1,

O(yo~2), a>1.

12



Proof. Equation (3.11) and n/a, — 9 imply a,b°*(y) — (. Proposition 3.8 gives the uniform
expansion

sup itzOt(Q) _ tot

gex axV

Because Qy(q) = |[p(¢) — yl|3, the condition @, (g) < t forces ||p(q) — yll2 < v/t. Continuity of
the functions r,; from Proposition 3.8 therefore implies

tot

sup |k (p(q)) — Kyt (y)] — 0, 0.

Qy(g)<t

Moreover J/12 < f-;;“ft < J, so the uniform o(1) term above is negligible relative to the weighted
integrals appearing in (3.13). The regular-variation lemma in Appendix C, applied with w(q) =
fi;ff)t (p(q)), now yields the cases 0 < aw < 1 and a = 1 with the displayed leading constants.

If a > 1, Assumption 3.10 implies 10{@, = 0} = 0 and local integrability of Q, ! near the
exact-fit set. Away from that set Q) 1'is bounded. Since ntyOt is bounded, dominated convergence
gives the finite constant Z, and the third asymptotic regime. Finally, a, = (202)71 gives the

equivalent rates in o. O

Theorem 3.11 is the main asymptotic complexity result of the paper: it provides leading-order
constants as well as the phase transition in the small-noise exponent. The theorem shows precisely
what early candidate rejection changes. The full-batch benchmark is always of order yo—4. With
exact stopping, the rate is governed by the local predictive exponent. In particular, if dpreq = 2a,
then

dpred = 1: @(7073), dpred = 2 @(7072 log(1/0)), dpred > 2 @(7072).

—1 near the exact-fit

The transition at dpreq = 2 comes from the borderline integrability of Q,(q)
set.
For fixed v, however, the expected number of retained posterior atoms also decreases as the

noise level shrinks. Indeed, the same small-ball law implies
Zo(y) = / e” WD 1y (dg) ~ ¢, (@ + 1)ag®,

so ENy, = vZ,(y). Dividing the total work by the expected retained count is the cost per
posterior atom.

Corollary 3.12. Under Assumption 3.10,

- O(a?), 0<a<l,
2t — O(a2logay), a=1,
EN,
O(a2 ™), a> 1

Equivalently, in terms of dpreq = 2cr, the cost per expected posterior atom is @(0*4) for dprea = 1,
O(c *1log(1/0)) for dprea = 2, and O(c~(dereat2)) for deq > 2.

Proof. Use the same regular-variation lemma for Z,(y) and divide (3.15) by vZ,(y). O

The same asymptotics determine how the Bernstein order should scale with the noise level.
Because ¥, = n/a, — 9 and = D, /¥, the parameter  is exactly the limiting compensation
exponent: a,b'*(y) — B and the master-process inflation tends to eP. Optimizing the order is
therefore equivalent to optimizing the leading constant with respect to 5.

13



Theorem 3.13 (Asymptotically optimal Bernstein order). Under the assumptions of The-
orem 3.11, consider orders satisfying n/a, — 9 € (0,00). The leading asymptotic work is
minimized by

D
’n*(O') ~ LOI—B y7
(6%
where 5
v
argminw, 0<a<l,
Ba = B>0 I}
1, a > 1.

For 0 < a < 1, the minimizer is unique and s characterized by

BRI A
L Ty

Proof. Since y € (0,1)7, one has D, > 0, and the change of variables ¥ = D,/ is one-to-one on
(0,00). The B-dependent factor in (3.15) is D,e’ ¥, (B)/B for 0 < a < 1 and Dye” /B for a > 1.
For 0 < a < 1, (3.14) writes ¥, as the Laplace transform of a nondegenerate positive measure
on (0,1), hence log ¥, is convex. Therefore

B +1log ¥, (B) —log

is strictly convex because — log [ is strictly convex. The objective diverges as (3 | 0 because of the
factor A~! and also as 3 — oo because the exponential factor dominates the polynomial decay
of ¥, (B). A unique minimizer therefore exists, and differentiation gives the stated first-order
equation. For o > 1, ef /3 has the unique minimizer 5 = 1. ]

Thus early stopping does more than reduce a constant. The within-event range rule changes
the average cost of each started Bernstein event, while candidate-level termination changes the
small-noise exponent itself. The latter effect is controlled by the local prior-predictive geometry
through «, not by the nominal dimension of q. The only remaining model-specific requirement is
exact Bernoulli access to the bounded forward observables; Section 4 constructs such access for a
class of elliptic PDEs.

4 A PDE realization of the Bernoulli-access interface

The likelihood-coin framework developed in Section 3 is model-agnostic once exact Bernoulli
access to the forward observables is available. The likelihood factory does not otherwise depend
on the governing equation. This section provides one concrete realization of that interface for a
bounded class of elliptic PDEs. A Feynman—Kac representation expresses each observable as the
expectation of a bounded path functional, which can be realized directly as a Bernoulli event
rather than estimated by Monte Carlo averaging. For the elliptic resolvent problem below, the
reaction term is implemented through Poisson killing and the source term through a terminal
Bernoulli mark. Function-valued coefficients are handled by lazy evaluation of convergent random
series, so the posterior sampler requires neither a deterministic PDE solve nor a fixed truncation
of the unknown.

4.1 Feynman—Kac representation and Bernoulli access

Let D ¢ R% be bounded, let (Bt)t>0 be Brownian motion with generator %A, and let 7p be its
first exit time. For

14



with ¢ > 0, under the standard regularity assumptions ensuring the classical Feynman-Kac
representation, the solution is represented as
™D

TD
u(w) = Eq e Jo7 1B)dg(B, )+ / e Joa®Ids (B dr| .
0

See, for example, [19, 20]. The exponential factor is the survival probability under the pathwise
hazard ¢(B;). Whenever a stochastic representation can be written as uq(x) = E[Y,(x) | ¢] with
0 < Y,(x) <1, an independent U ~ Unif(0, 1) turns it directly into the exact forward coin
14y <y,(z)} ~ Bernoulli(uy(z)). Thus the method uses a single randomized path event rather
than first estimating uq(2) numerically:

path event — wug(x)-coin — likelihood coin — PPP thinning.

4.2 A bounded Feynman—Kac resolvent class

On the two-dimensional torus T2, let A > 0 and gmax > 0, and assume 0 < ¢(z) < Gmax,
0 < h(z) < \. Consider

<)\ +qlx) — ;A> w(@) = h(z)  on T (4.1)

If T ~ Exp()) is independent of Brownian motion on T?, the resolvent form of Feynman-Kac is

u(s) = E, {exp{— /OT o(BY) dt} h(fﬂ] . (4.2)

The bounds on g and A imply 0 < u < 1. Here A is both the resolvent parameter and the rate of
the exponential clock; the choice h = A used later is only a specialization for which the terminal
source coin is identically one.

Assume that at a queried location x we can generate independent coins with success prob-
abilities ¢(z)/qmax and h(z)/A. The first coin marks potential killing events and the second
determines the terminal payoff.

Theorem 4.1 (Poisson-killing forward coin). Fiz s € T? and a coefficient pair (q, h) satisfying
the bounds above. For each oracle query use fresh auziliary randomness, conditionally independent
giwen (q,h). Draw T ~ Exp(\) and generate a homogeneous Poisson process of rate Gmax on
[0,T]. At each event time T,, simulate the Brownian location B;, and generate a q(Br,)/qmax-coin.
Return zero at the first successful killing mark. If no killing mark succeeds before T, generate an
h(Br)/A-coin and return its outcome. Then

Ju(s) ~ Bernoulli(u(s)),
where u is defined by (4.2).

Proof. Condition on T and the Brownian path. Thinning the rate-¢mua.x Poisson process with
acceptance probability ¢(B;)/¢max induces an inhomogeneous killing process with rate ¢(B;). The

conditional probability of no accepted killing event before T is therefore exp{— fOT q(By) dt}.

Conditional on survival, the terminal coin succeeds with probability A(Br)/A. Taking expectation
with respect to the Brownian path and the independent exponential time 7" recovers (4.2). [
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4.3 Lazy Bernoulli access to function-valued unknowns

Let {¢¢}¢>1 be measurable functions on a domain D with |¢y(x)| < 1, and let

fe(@) =b+ ) wilege(x), &l <1,

(=1
where
(o]
A:=>"|w| < min{b,1 - b}. (4.3)
/=1
The coordinate space is Xy = [—1, 1]N with its product o-algebra and a product prior mg. If

the ¢y are continuous, absolute summability implies uniform convergence and measurability of
& — fe into C(D); the coordinate prior therefore induces a function-space prior by pushforward.
By (4.3), fe(x) € (0,1) uniformly. Define S,.(z) = b+ >4 wibede(x), Rr = 3, lwe|. Then

Sr(z) — Ry < fe(x) < Sp(x) + R, (4.4)
For a single U ~ Unif(0, 1), reveal coefficients sequentially until either U < S,— R, or U > S, +R,..

Theorem 4.2 (Exact lazy function-value coin). Assume (4.3). For every fired x, the lazy
decision stops after finitely many coefficient reveals almost surely and returns J¢(x) = L« fe(x)}-
Hence, conditional on fe¢, Jr(x) ~ Bernoulli( fe(x)). If 7 is the number of revealed coefficients,
then

oo
P(r >r|€) <min{l,2R,},  E(r|&) <) min{l,2R,}. (4.5)
r=0
In particular, if |we| = A(1 — p)p*™!, 0 < p <1, then R, = Ap" and, when 2A < 1, Er < %.

Proof. Since R, — 0, the intervals in (4.4) shrink to f¢(z). Because U is continuous and
independent, P(U = f¢(x) | £) = 0, so the decision resolves almost surely. The event {7 > r}
requires U € [S, — R,, S, + R,|N][0, 1], whose length is at most 2R,.. Summing the tail probabilities
establishes (4.5); the geometric case follows directly. O

A retained atom may therefore be represented by a lazily revealed infinite coefficient sequence.
Each resolved field-value decision is measurable with respect to the revealed prefix and its
auxiliary uniform variable and is unchanged for every admissible completion of the tail. Because
the coordinate prior is a product measure, coefficients beyond the largest revealed index retain
their product-prior law conditional on the realized algorithmic history and may be generated
later when a fuller realization is needed.

We use two specializations of (4.1). If ¢ = 0 and h = Af¢, then

<>\ _ ;A> ug, = Afe, uy, (s) = Es[fe(Br)],

and Theorem 4.2 implements the terminal f¢(Br)-coin. This furnishes an exact inverse-source
specialization of the same oracle construction.

If h=Xand
9e(x) = Gmax fe(x), 0< fe(x) < 1, (4.6)

then X
<)\ + qe(z) — 2A> Uge = A, (4.7)

and

palae) = g (s) = E, [exp{— / ' qg(Bt)dtH |
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Here the terminal coin is one and each killing mark is generated by the lazy f¢-coin.
For this reaction specialization, define Ry := Y °° min{1,2R,}. For a common Bernstein

order n, write B, (y) := Z;j:l a;bn(y;).
Proposition 4.3. Let Ny be the number of candidate killing events inspected by one forward

coin for (4.7), and let Neoet be the total number of random-series coefficient terms inspected by
its lazy field-value coins, counting repeated inspections across distinct field queries. Then

ENyin < QH;\ax7 ENcoet < qrr)l\ax Ry.

For a common Bernstein order n and Gaussian observations (3.2),

J
EWeoer < veB”(y)n ZajC'n(yj) qm% Ry. (4.8)
=1

The bound contains neither a spatial discretization parameter nor a fixed truncation dimension
for the random field.

Proof. If every rate-gmax event on [0, T] were inspected, the conditional mean count would be
(maxI - Early termination at the first accepted killing event can only reduce the count, so
ENuin < gmaxET = gmax/A. Each inspected killing location invokes a lazy field-value coin with
expected inspection count at most Ry. A Bernstein event uses at most n forward coins, sensor j
generates a Poisson number of such events with mean a;C),(y;), and the inflated master PPP
has mean cardinality ve®»(®). Ignoring all early terminations leads to (4.8). O

Proposition 4.3 is a model-side work bound for one Bernoulli-accessible PDE class. When the
prior predictive law of the observable vector also satisfies Assumption 3.10, Theorem 3.11 supplies
the corresponding sharp likelihood-factory rate; the factor gmaxR /A remains a conservative
bound for the average coefficient-query cost of one forward Bernoulli call.

Corollary 4.4. Let my be a product prior on Xe, let Q(§) = qe¢, and let pg = Qumo be the
induced prior on the reaction fields (4.6). Use Theorem 4.1 to generate the forward coins in the
Bernstein—Poisson likelihood factory at every sensor, keeping the same sampled field q¢ for a
candidate while using fresh path and marking randomness for repeated oracle calls. Then

1y ~ PPP(y1/Y). (4.9)

Conditional on its cardinality, the retained fields are independent draws from the continuum
Bayesian posterior. No deterministic spatial discretization or fized parameter truncation enters
the mathematical target.

Proof. Theorem 4.1 establishes exact Bernoulli access to each p;(g¢). The Gaussian factory
therefore constructs a coin with success probability e‘B"(y)L(qg; y), and Corollary 3.4 establishes
(4.9). The conditional-iid statement follows from Theorem 2.2. O

The continuum oracle is deliberately restricted to bounded Bernoulli-accessible resolvent
observables. In the present construction the reaction term is nonnegative and bounded by a known
(max, and the terminal source mark lies in [0, 1]. Unknown diffusion coefficients, sign-changing or
unbounded potentials, and oscillatory or complex-valued observables require different stochastic
representations and are outside the current theory.
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Table 1: Two-parameter benchmark: continuum forward-coin validation.

sensor  exact probability coin estimate observed data 2SE
(0,1/4) 0.520226 0.521000 0.532226 0.005768
(1/4,0) 0.396220 0.396200 0.386220 0.005648

5 Numerical experiments

The numerical study proceeds from validation to computational assessment. We first verify
the forward and likelihood coins against analytically available reference quantities and test the
sharp work regimes predicted by the small-ball theory. We then move to a function-valued
inverse problem, where the continuum Bernoulli interface is implemented through Feynman—Kac
sampling and lazy coefficient revelation. The final experiment compares the resulting stochastic
sampler with finite-difference rejection at matched posterior accuracy. Deterministic PDE solves
enter only through reference calculations and the comparative benchmark, not through the
continuum sampler itself.

5.1 Two-parameter PDE benchmark

We first use a two-dimensional problem with an analytically available reference to validate
separately the forward Bernoulli oracle, the likelihood factories, and the resulting posterior
Poisson thinning.

On T2, let § = (61, 02) € [-1,1]? and consider

1 1
(36 - 2A) ug(x) = 32 {2 + 0.2460; cos(2mx1) + 0.246, cos(27m2)} .

The prior is uniform on [—1,1]%. At s; = (0,1/4) and s = (1/4,0),

16 32(0.24)

pi(0) = 3¢ Grat  J=L2
The closed form is used only for deterministic reference calculations and calibration; the continuum
PDE oracle uses the Feynman—Kac construction of Section 4.

We take 1 = (0.55, —0.35) and o = 0.055, and generate the observations by adding the fixed
perturbation (0.012, —0.010) to the corresponding forward values. Table 1 reports the resulting
data and compares the exact forward probabilities with estimates based on 30000 continuum
forward coins.

Figure 2 provides a direct calibration of both likelihood factories. At each of four fixed
parameter values, we run 10000 independent likelihood coins and divide the raw success frequency
by the known compensation scale. The compensated frequencies are plotted against the exact
reduced likelihoods, which are available analytically in this benchmark. In all eight experiments,
the exact likelihood lies within the reported two-standard-error Monte Carlo interval around the
compensated coin estimate.

For posterior sampling we use n = 128 and v = 3000. Under independent errors the

scalar compensations result in master inflation 1.8786. For the correlated experiment we

1 075
take 3 = (0.75 1

bg(y) = 0.008717, the auxiliary normalization is C,? (y) = 2.6373, and the corresponding master
inflation is 4.2241. In both panels of Figure 3, retention is decided by the actual likelihood coin.
For the correlated coin the reachable threshold range is propagated backward over the balanced
component-reveal schedule, so the multivariate Bernstein event can also terminate before all 2n
input coins are revealed.

), and apply Theorem 3.5. The discrete multivariate compensation is
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Table 2: Sharp-complexity experiment: predicted rates and empirical tail exponents. Tail fits
use the five largest values of a,. For dpreq = 2, the fitted quantity is W/ log a,-.

dpred  «  sharp scale tail fitted exponent predicted exponent

1 1/2 axl? 1.418 1.500
2 1 aq loga, 0.965 1.000
3 3/2 aq 1.006 1.000

Normalization by the predictive small-ball rate

Sharp early-stopped work: independent observations
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Figure 4: Sharp actual-work scaling under independent observations.

For independent noise, the reference evidence is 0.18943, while the displayed realization
gives N, /v = 0.19367. Its posterior mean, (0.51030, —0.36354), is close to the quadrature value
(0.50891, —0.36276). For correlated noise, the reference evidence is 0.12313 and the PPP estimate
is N/~ = 0.12600; the corresponding posterior means are (0.55225, —0.45358) from quadrature
and (0.56071, —0.42746) from the PPP. The rotation of the correlated posterior reflects the
off-diagonal precision terms rather than a change in the forward model.

Thus the benchmark validates the forward oracle, likelihood factory, and posterior thinning
against independently available reference quantities. We next turn to the work scaling predicted
by the sharp complexity theory.

5.2 Small-ball dimension and sharp actual-work scaling

For dprea € {1,2,3}, take a uniform prior on [0, 1]%red, the identity forward map, and observation
vector (1/2,...,1/2) with independent errors of common variance o2. Then o = dprea/2. The
implementation uses the marked Poisson stream of Algorithm 1, as in Theorem 3.9: each event
independently selects a scalar component and uses its range-stopped Bernstein event; a candidate
terminates at the first rejection.

We use v = 600 and four independent runs at each noise level. The common order follows
Theorem 3.13; here Dy = dpreq/4. Figure 4 compares measured work with the sharp rates, and
Table 2 reports tail fits after removing the logarithmic factor for dyeq = 2.

The empirical scaling distinguishes the three regimes predicted by the sharp work theory.
For dyreq = 3, the tail exponent 1.006 is essentially the predicted linear rate. At the critical
dimension dpreq = 2, removing the logarithmic factor produces a tail exponent 0.965, close to the
predicted value one. Convergence is slower for dpeq = 1: the fitted tail exponent 1.418 remains
below the asymptotic value 3/2, and the normalized work retains a mild downward drift over the
simulated range. The experiment measures the work required to process the master PPP rather
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Table 3: Function-valued reaction-coefficient example: observation data and continuum forward-
oracle validation.

sensor z; FD64 perturbation Yj coin estimate potential-killing events
(0.5,0.5) 0.65030 0.008 0.65830 0.65053 0.811
(0,0.5) 0.52586 -0.006 0.51986 0.52457 0.658
(0,0) 0.57319 0.006 0.57919 0.57190 0.722
(0.5,0) 0.75309 -0.007 0.74609 0.75033 0.956
(0.5,0.72) 0.68927 0.006 0.69527 0.68933 0.863
(0.5,0.28) 0.68927 -0.005 0.68427 0.68857 0.863
(0,0.28) 0.54389 0.004 0.54789 0.54167 0.675
(0,0.72) 0.54389 -0.006 0.53789 0.54407 0.675

than posterior Monte Carlo accuracy; consequently, the small number of retained atoms at the
smallest noise levels does not enter the work estimate. This experiment deliberately isolates the
independent scalar-factor architecture for which the sharp actual-work theorem is proved.

5.3 A function-valued heterogeneous reaction coefficient

We next place the function-valued unknown directly in the elliptic operator. Let

1 > ii .
ge(x) =40 {2 + ngfg cos(2mky - x)} , & id Unif[—1, 1],

/=1

where wy = A(1 — p)p*~1, A=0.48, p = 0.5. Then 0.8 < g¢(z) < 39.2 almost surely and

(32 +qe(x) — ;A) g () = 32, x € T2

Eight observations are used with ¢ = 0.1, and a fixed low-mode field generates synthetic
data. Table 3 reports the sensor data, continuum forward-coin estimates, and mean numbers
of inspected potential-killing events per forward coin. The deterministic posterior is used as a
finite-resolution validation reference; the experiment is not intended to demonstrate recovery of
the full field from only eight observations.

Figure 5 compares the same continuum coin estimates with deterministic FD refinement.

The deterministic reference uses the first 24 modes; the omitted pointwise field amplitude is
at most 2.86 x 1078, This truncation is used only for validation. The likelihood-coin sampler
has no fixed coeflicient cap. Each prior candidate starts with a cache of 16 iid coefficients. If
the deterministic geometric tail enclosure does not resolve a field-value Bernoulli decision, fresh
iid coordinates are appended one at a time from the product prior while the same auxiliary
uniform decision is continued. Revelation stops as soon as the shrinking tail enclosure certifies
that decision. Thus the implementation follows the infinite-series construction of Theorem 4.2:
the stored prefix is a dynamically extensible cache, not a truncation of the posterior parameter.
In the reported posterior run 290 new coefficients were generated on demand across 9446 master
candidates, and the largest prefix required by any candidate was 28 coefficients. The average
number of inspected coefficients per potential-killing event was about 1.92.

The Bernstein order is selected from n € {48,64, 80,96, 112, 128}. Figure 6 shows the tradeoff
between master-process inflation and coefficient-inspection work; the empirical score is minimized
at n = 80. The compensated likelihood estimates fluctuate around the FD64 reference value
0.88665 without systematic drift in n.

A 20 x 20 finite-difference importance calculation based on 5000 prior functions is compared
with the posterior PPP in Table 4. The PPP uses v = 3000 and n = 80; 9446 master candidates
produce 658 retained atoms.

Figure 7 makes the validation criterion explicit. The coefficient plot includes truth markers
only for context. The field plot compares the four-mode FD-reference posterior mean directly with
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Heterogeneous reaction coefficient: continuum coin vs FD refinement
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Figure 5: Continuum forward-coin estimates (dashed levels) compared with deterministic FD
refinement at the eight sensors.
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Figure 6: Bernstein-order diagnostics for the function-valued example.

Table 4: Function-valued reaction-coefficient example: posterior validation against the finite-
difference importance reference.

method Z El& |yl El&lyl Ellyl Elély]
FD importance reference 0.216810 0.62107 -0.17511 0.00531 -0.02136
posterior PPP 0.219333 0.60203 -0.13922 -0.01602 -0.01271
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Figure 7: Posterior validation for the heterogeneous reaction coefficient.

the four-mode PPP posterior mean and their difference. The relative L? difference between these
two projected posterior means is approximately 8.87 x 1073, with maximum pointwise difference
about 0.396. Their discrepancy from the synthetic truth instead reflects limited identifiability
under the eight-observation design.

Taken together, these results show that the continuum likelihood-coin construction is im-
plementable for a genuinely function-valued unknown. The stochastic posterior estimates are
consistent with the deterministic reference at the resolution and Monte Carlo accuracy used
here, while neither a spatial PDE discretization nor a fixed truncation of the random field enters
the posterior target. The next experiment isolates the computational consequence of the first
distinction by comparing continuum sampling with finite-difference computation at matched
posterior accuracy.

5.4 Accuracy—cost comparison with deterministic PDE rejection

To assess the computational effect of removing deterministic forward discretization, we compare
the continuum likelihood-coin sampler with deterministic FD prior rejection at the same target
RMS error for the posterior mean of the first four coefficients in the heterogeneous reaction-
coefficient problem. This comparison uses the same observation locations, the same data, and
bilinear periodic interpolation at every FD resolution. A 64 x 64 FD posterior is used as a
high-resolution numerical reference for the benchmark; it is not treated as an exact continuum
posterior. The benchmark uses a common pool of 5000 prior draws across FD grids and ten
continuum timing replicates. Its purpose is to compare accuracy—cost mechanisms on a common
implementation.

Let pgqs and Xgq denote the posterior mean and covariance estimated from the 64 x 64 FD
reference. For the continuum sampler, g4 is used only as a numerical proxy for the continuum
posterior covariance when projecting Monte Carlo error. Thus, for m independent continuum
posterior atoms, the benchmark uses

2 >
RMSEcoin(m) ~ tr( 64) .

5.1
= (5.1)
For an FD grid N, let uy, X, and Zy be the corresponding discretized posterior mean,
covariance, and reduced evidence. Taking ug4 as the high-resolution reference mean, its projected
rejection error and cost are

tr(E N)

t
RMSEZ (m) & [|pun — poall3 + . COn(m)=m -~ (5.2)
m ZN

where ¢ is the measured mean time for one deterministic PDE likelihood evaluation. Thus a grid
is infeasible for a requested tolerance ¢ whenever its estimated discretization bias ||uny — 1642
already exceeds €. The factor ZK,l makes the prior-rejection penalty explicit on the deterministic
side as well.
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Deterministic posterior discretization bias
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Figure 8: Estimated FD posterior-mean discretization bias relative to the 64 x 64 reference.

The continuum timing is measured from ten independent likelihood-coin runs after an untimed
warm-up call, with each run using PPP scale v = 3000. The elapsed wall time is pooled across
runs and reported per retained atom. The deterministic benchmark uses a common pool of 5000
prior draws across grids N € {16, 20, 24, 32, 40,48, 64}, reducing Monte Carlo noise in differences
between grid-dependent posterior means.

The enlarged common pool exhibits a monotone decrease in the estimated four-mode posterior-
mean bias, from 7.39 x 107* at N = 16 to 4.4 x 107> at N = 48. Across the ten continuum
timing replicates, the pooled cost is 3.376 x 1072 seconds per retained atom; the replicate wall
times have a coefficient of variation of about 1.2%. These diagnostics indicate that the qualitative
accuracy—cost comparison is not driven by a single timing realization.

Figure 8 shows the deterministic bias component that was absent from a comparison based
only on time per retained draw. At coarse resolution this bias is small enough for moderate
accuracy targets, so inexpensive deterministic solves dominate. At tighter tolerances, however, a
fixed grid ceases to be admissible regardless of how many Monte Carlo samples are drawn.

The matched-accuracy comparison in Figure 9 shows a regime-dependent tradeoff. For
moderate tolerances, the inexpensive N = 16 FD rejection calculation is cheaper. As the target
approaches the N = 16 discretization-bias floor, however, the number of posterior draws required
by (5.2) grows rapidly even before that grid becomes infeasible. The projected cost curves cross
at approximately 1.31 x 1073, At the tightest target shown, 1073, the cost-minimizing admissible
grid has refined to N = 20. The continuum sampler itself introduces no spatial-discretization
bias into its posterior target; the FD64 quantities enter only as numerical proxies for evaluating
the benchmark. We therefore use the crossing only to identify the operating regime of this
implementation, not as evidence of a universal speed advantage: its location depends on the
PDE solver, implementation, hardware, prior, data, and accuracy functional.

The comparison is intentionally focused: it contrasts two independent-sampling constructions
while accounting for deterministic discretization bias in the accuracy budget. It is not a
benchmark against optimized multilevel, surrogate, transport, SMC, or MCMC methods. The
64 x 64 reference and the estimated bias/covariance quantities also carry finite-sample and
residual discretization error. Within this controlled comparison, the experiment shows how the
absence of a spatial-discretization bias term changes the accuracy—cost balance as the requested
tolerance is tightened.
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implementation-specific crossover near 1.31 x 1073,

6 Conclusion

We developed an exact Bayesian computational framework that acts directly on stochastic forward
information. The key interface is Bernoulli access to selected bounded forward observables: a
Bernstein—Poisson construction converts these events into scaled Gaussian likelihood coins, and
Poisson thinning converts the likelihood decisions into posterior atoms that are iid conditional
on the retained count. This separates the proposed construction from Bernoulli-factory methods
whose primitive coins arise from regeneration, target-density bounds, or MCMC acceptance rules.

For independent Gaussian observations, exactness is accompanied by a sharp analysis of the
work actually performed by the early-stopped implementation. The mean-work identity shows
explicitly how sequential revelation and candidate-level rejection reduce the full-batch cost. Under
a local prior-predictive small-ball law, the small-noise complexity undergoes a phase transition
determined by the mass near the exact-fit set. The resulting predictive-dimension dependence
provides a direct connection between posterior concentration geometry and computational work.
The factorial-moment construction for correlated Gaussian errors extends the likelihood-coin
mechanism, while the sharp work theory is intentionally confined to the independent architecture
analyzed here.

The Feynman—Kac example demonstrates that the required forward oracle can be realized
without first computing a deterministic PDE solution. For the bounded elliptic class considered
here, Poisson killing and lazy random-series decisions provide Bernoulli access even for a function-
valued coefficient. The numerical experiments support the calibration of the forward and
likelihood coins, the predicted stopped-work regimes, and the function-valued implementation.
In the matched-accuracy benchmark, coarse finite-difference rejection is cheaper at moderate
tolerances, whereas deterministic posterior discretization bias becomes increasingly restrictive as
the target accuracy is tightened. The observed crossover is therefore an implementation-specific
illustration of the tradeoff between exact stochastic computation and deterministic discretization,
not a universal efficiency claim.

The framework leaves several computational questions open. Of particular interest are
likelihood models admitting practical factories beyond the Gaussian setting, stochastic forward
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representations beyond the Feynman—Kac class used here, and adaptive order-selection rules
that exploit information accumulated during sampling. More broadly, the small-ball analysis
suggests that the usefulness of exact stochastic computation should be assessed jointly through
the available probabilistic primitive and the local predictive geometry of the statistical model.

A Bernstein compensation details

For the normalized scalar factors used in Section 3, the auxiliary normalization in (3.5) is in
fact inactive. Since B, (y) is convex in k, the maximum of ¢ n(y) = Brn(y) — min; B, (y) is
attained at k = 0 or k = n. For every k € {0,...,n},

_k{2yn—1) = (k=1)} _ k(@2n—k-1)

Bon(y) — Brn(y) = < 1.

n(n —1) - nnh-1) —
Hence ¢ n(y) < 1. The symmetry 3, n(1 —y) = Bin(y) implies ¢, n(y) < 1 as well. Therefore
0 <cpnly) <1, Cnly) =1, y € [0,1].

The factor C), is retained in the main formulas because it makes the Bernoulli admissibility
explicit and allows harmless rescalings of the scalar construction without changing the derivation.
The centered scalar factor is a useful special case of the same construction. If a particular

component has y = 0, then b,(0) = 0, and already at n = 2,
K(K-1
ﬁK,Q(O) - (2)

This variable equals one if and only if both input p-coins are one. The Poisson zero-event
transform therefore reduces to a Poisson number of independent p?-events and has success
probability e~%” This simplification concerns one scalar likelihood factor; the observation model
in the paper remains the vector model (3.1).

B Continuous safe shift for correlated Gaussian errors

Let 5_7' == ij/(nj — 1) and
J
Brzy)=(—y) Az —y) =Y 5z —2), ze[0,1).
j=1

The count grid is contained in [0, 1], so the continuous minimum is no larger than the discrete
one and hence b5} (y) > b (y). Moreover,

V2B = 20 + 2diag(6y,...,6;) = 0,

so the box-constrained problem is strictly convex. Put Sp(z) = 3;d;2;(1 — 2;). Since t(1 —1) is
one-Lipschitz on [0, 1], [Sn(2) — Sn(y)| < O(nh )|z — yll2, while (2 — ) (1) > Auin (D)2 —
y||3. Optimizing this quadratic bound leads to
L Qi (1 —y)
baly) = Y I 02,

min
N,

Evaluation at a nearest count-grid point has the same expansion for b%(y)
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C Small-ball integral asymptotics

The following standard regular-variation lemma provides the analytic step used in Theorem 3.11
and Corollary 3.12; see, for example, [21].

Lemma C.1. Let Q : X — [0,00) be measurable and suppose F(t) := po{Q <t} = ct*{1+0(1)}
ast ] 0, withc>0 and a > 0. Let w: X — [0,00) be bounded and assume that for some wy > 0,

sup |w(q) —wo| — 0 (¢ ]0).
Qg)<t

If a — o0, by >0, and ab, — B € (0,00), then

1 — e—(bat+Q(a)) q cwoVy(B)al=%, 0<a<l,
/w(q) b T O() fo(dg) ~

cwy log a, a=1,

where U, is defined in (3.14). If a > 1, then Q™' is locally integrable and

_ e—a(bat+Q(a)) w
[t =g mtn) — [ 8 wlda) < .

Moreover,

/e_aQ(q) po(dq) ~ cl'(a+1)a™ .

Proof. Push pg forward by @. The assumption on w implies that the weighted sublevel measure
Fult) = [ wla)po(do
{Q<t}

satisfies F,(t) ~ cwot® under the stated assumption wg > 0. For 0 < o < 1, Karamata’s theorem
for Stieltjes transforms, applied after the rescaling ¢t = aQ yields

1— efa(ba+Q) 00 1— ef(Bth)
a—1 a—1

- dF, — T ——— dt,
a / b1 0 (Q) cwga/o

which is the first displayed asymptotic. At a = 1, split the integral at a fixed small §. On
a~! < @ < § the kernel is Q71{1 + o(1)}, and Stieltjes integration by parts with F,(t) ~ cwot
implies cwg log a{l + o(1)}; the regions Q = O(a~!) and Q > § contribute only O(1).

If @ > 1, then F(t) — 0 implies pp{@ = 0} = 0, and Stieltjes integration by parts shows that

1)
/ Q' puo(dg) = F((;s) +/ Ft) dt < oo.
{0<Q<d} 0

t2
On {Q > 6} the function Q~! is bounded by §~!; hence Q! is integrable on all of X. Since
w is bounded, the kernel multiplied by w is dominated by an integrable multiple of @~ and
converges pointwise to w/@. Dominated convergence therefore establishes the high-dimensional
limit. Finally, the Laplace asymptotic is the standard Karamata Laplace-transform asymptotic
for a distribution function regularly varying at zero with index a. O
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