Online Supplementary Materials
The Optimal Intensity of Performance Evaluation: A Threshold Model of Incentive Alignment and Goal Displacement in Higher Education
1. How this supplement maps to the main text
This document accompanies the main manuscript and supplies the notation, calibration, robustness checks, alternative specifications, and executable code to which the main text refers. Tables S1–S5 are ordered to follow the main-text model sections §3.1–§3.5; the robustness derivation in Section 5 corresponds to main-text §3.4; and Tables S6–S7 with the code archive document the computational reproduction of Figures 1–4. Every object below is keyed to a specific section or proposition of the main text so that the two documents can be read in either direction.
Table 1. Correspondence between this supplement and the main text.
	Supplementary object
	Main-text location
	What it supplies

	Table S1 — Notation and definitions
	§3.1
	Complete symbol set for evaluation intensity, net effectiveness, parameters, and the drift–diffusion layer.

	Table S2 — Alternative dysfunction-cost functional forms
	§3.2
	Piecewise-exponential (baseline), quadratic, and S-shaped costs; robustness of the inverted-U.

	Table S3 — Qualitative-judgment sub-dimensions
	§3.3; Propositions 3–4
	Peer review, value orientation, and procedural justice; the primary parameter each lever shifts.

	Section 5 — Heaviside-to-logistic robustness
	§3.4
	Smooth replacement of the step function in Equations (2) and (17); proof that qualitative predictions are unchanged.

	Table S4 — Baseline parameters and empirical anchors
	§3.5; Figures 1–4
	Normalised baseline values (A=1.0, α=2.0, B=0.1, C=0.2, β=2.0); derived k**≈0.606, kbe ≈1.303.

	Table S5 — Sensitivity ranges and grid
	§3.5
	Parameter ranges, grid resolution, and the reported endpoint effects on k and kbe.

	Tables S6–S7 and code archive
	§3.5; Figures 1–4
	Figure-by-figure reproduction notes, numerical methods, and the Python/MATLAB/R implementation.


2. Notation and definitions
Evaluation intensity k is the unweighted mean of four 0–1 dimensions — metric weight in personnel decisions, measurement granularity, consequence magnitude, and cross-disciplinary standardisation (§3.1). Net effectiveness U(k) is the alignment benefit B(k) minus the dysfunction cost C(k). Table S1 defines every symbol used in the three model stages.


Table S1. Notation and definitions (main text §3.1)
	Symbol
	Meaning

	k
	Evaluation intensity on the 0–1 composite (§3.1).

	U(k)
	Net organisational effectiveness = alignment benefit minus dysfunction cost.

	B(k), U1(k)
	Alignment benefit, B(k)=A(1−e-αk) (Eq. 1).

	C(k), U2(k)
	Piecewise dysfunction cost (Eq. 2).

	A, A0
	Asymptotic maximum alignment benefit; A(w) in the bivariate model.

	α
	Rate at which alignment benefits saturate (diminishing marginal returns).

	B
	Baseline linear dysfunction rate (administrative burden below threshold).

	C
	Amplitude of the exponential dysfunction term above k0.

	β
	Growth rate of the exponential dysfunction term above k0.

	k0, k00
	Critical threshold; k0 under pure quantitative evaluation (w=0).

	k**
	Global optimum evaluation intensity (numerical root of Eq. 7).

	kbe
	Break-even point where U(k)=0 (root of Eq. 8).

	w
	Weight of qualitative judgment, w∈[0,1].

	γ
	Threshold-raising sensitivity: k0(w)=k00(1+γw) (Eq. 9).

	δ
	Benefit-enhancement sensitivity: A(w)=A0+δw (Eq. 10).

	wp, wv, wj
	Sub-weights for peer review, value orientation, and procedural justice (Eq. 14).

	x
	Effort quality level: x=0 pure metric optimisation, x=1 pure true-value production.

	e(x,t)
	Density of faculty effort at quality level x (Fokker–Planck).

	μ
	Drift strength above threshold.

	D
	Diffusion coefficient (random exploration/adaptation).

	Θ, σ(·)
	Heaviside step and its smooth logistic replacement of width τ.

	V(t), M(t)
	True-value production and metric score production rate (Eqs. 24–25).

	p(k)
	Proportion of faculty engaged in strategic metric gaming (Eq. 28).

	λ
	Initial-condition concentration parameter (Eq. 20).

	x̄
	Average steady-state effort quality (Eq. 27).

	v(x,k,w)
	Drift velocity of effort (Fokker–Planck, Eq. 17).

	r
	Social-norm feedback strength (Eq. 28).

	p0
	Initial proportion of strategically gaming faculty (Eq. 28).

	τ
	Logistic transition width; σ((k−k0)/τ) smooths the Heaviside step.

	σ(·)
	Logistic function σ(z)=1/(1+e−z).

	γp, γv, γj
	Sub-dimension threshold coefficients: peer review, value orientation, procedural justice (Eq. 15).

	δp, δv, δj
	Sub-dimension benefit coefficients (Eq. 15).

	ηj
	Procedural-justice cost-reduction coefficient: B(wj)=B0−ηj wj.

	B0
	Baseline dysfunction cost at wj=0 (B=0.1 in calibration).

	ρ
	Exogenous ranking-pressure sensitivity (main text §5.4).


3. Alternative dysfunction-cost functional forms
The baseline piecewise-exponential cost (Eq. 2) is a parsimonious representation of accelerating dysfunction. As noted in §3.2, an exponential form is not unique: quadratic or S-shaped costs also produce rising marginal cost. Table S2 compares the three specifications and shows that the qualitative result — marginal dysfunction increasing in k — is invariant; only the precise locations of k and kbe are function-form dependent.
Table S2. Comparison of alternative dysfunction-cost functional forms (main text §3.2).
	Specification
	Cost for k > k0
	Marginal cost above threshold
	Threshold character
	Inverted-U?

	Piecewise-exponential (baseline, Eq. 2)
	Bk + C(eβ(k−k0)−1)
	Cβ eβ(k−k0), rising exponentially
	Discontinuous at k0
	Yes; k**≈0.606, kbe ≈1.303 at baseline.

	Quadratic
	Bk + c(k−k0)2
	2c(k−k0), rising linearly
	Smooth, no discrete jump
	Yes; interior optimum retained.

	S-shaped (logistic-saturating)
	Bk + C·L(k−k₀) with L sigmoid
	Sigmoid, then saturates
	Gradual threshold
	Yes; optimum retained, boundary smoothed.


Conclusion. Across all three forms, marginal dysfunction increases with k and an interior optimum followed by a break-even point exists under the same admissibility conditions. The baseline exponential is adopted because it delivers the sharpest threshold and the cleanest closed-form steady-state distribution (Eq. 26); the robustness of the qualitative prediction justifies this choice.
A.1 Univariate first- and second-segment marginal conditions (Eqs. 4–6; main text §3.2).
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4. Qualitative-judgment sub-dimensions and mechanisms
Equation (14) decomposes the qualitative-judgment weight w into peer review (wp), value orientation (wv), and procedural justice (wj). Table S3 states the primary parameter each lever shifts and the underlying mechanism, operationalised for the empirical tests in Propositions 3 and 4. These are dominant channels, not exclusive effects: procedural justice may also raise k0, peer review may also raise A, and value orientation may also reduce B; Proposition 4 designs the interaction test that separates dominant from secondary effects.




Table S3. Qualitative-judgment sub-dimensions, mechanisms, and parameter shifts (main text §3.3).
	Sub-dimension
	Operational measure (Prop. 3)
	Primary parameter
	Mechanism
	Sign

	Peer review (wp)
	Share of promotion criteria from external peer review of research quality
	Raises k0
	Expert assessment reduces information asymmetry, distinguishing genuine impact from strategic publication and blunting the returns to gaming.
	∂k0 /∂wp > 0

	Value orientation (wv)
	Extent to which evaluation documents explicitly reference the institutional mission
	Raises A
	Aligning metrics with the mission credits hard-to-quantify outputs (teaching, service, interdisciplinarity), lifting the benefit ceiling.
	∂A/∂wv > 0

	Procedural justice (wj)
	Transparent appeal mechanisms and faculty representation on evaluation committees
	Reduces B
	Voice and transparent criteria mitigate resentment, resistance, and administrative friction.
	∂B/∂wj < 0



A.2 Bivariate marginal conditions and sub-dimension decomposition (Eqs. 12–15; main text §3.3).
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5. Robustness of threshold activation: Heaviside step versus smooth logistic transition
The dysfunction cost in Equation (2) and the drift velocity in Equation (17) use the Heaviside step Θ(k−k0), which jumps from 0 to 1 at k0. The main text (§3.4) notes that this is a parsimonious device; this section shows that replacing it by a smooth transition leaves every qualitative prediction unchanged.
Define the logistic transition of width τ>0:
σ((k−k0)/τ) = 1 / (1 + exp[−(k−k0)/τ])
As τ→0, σ((k−k0)/τ) converges to Θ pointwise except at k=k0; for finite τ the activation rises smoothly over a boundary layer of width O(τ) around the threshold. Two consequences follow.
First, in the dysfunction cost the exponential term C(eβ(k−k0)−1) is weighted by σ((k−k0)/τ) rather than switched on by Θ. The cost remains continuous and convex on either side of the boundary layer, and marginal cost stays positive and rising with k. The first-order condition in the second segment changes quantitatively but retains its sign structure, so an interior optimum with U′(k)=0 exists wherever it did under the step specification.
Second, the drift becomes v(x,k,w) = −μk·x(1−x)·σ((k−k0(w))/τ). Drift no longer switches on abruptly but grows smoothly from zero; for (k−k0(w))/τ ≫ 1, σ(·)≈1 and the drift equals its Heaviside magnitude. The steady-state balance D e*' = v e* still admits a solution whose mass shifts toward low x as k rises, with the same exponential shape as Equation (26), now weighted by σ(·).
Three predictions are therefore robust to smoothing: (i) drift direction remains toward x=0 because v≤0 for all x∈(0,1) regardless of τ; (ii) the divergence between V(t)=∫ x e dx and M(t)=1−V(t) persists above threshold, because any positive drift biases the distribution toward low x; and (iii) a rapid-transition region of width O(τ) exists around k0 for every finite τ. Only the sharpness of the boundary changes: a smoothed threshold predicts a gradual onset of dysfunction, which is if anything closer to observed institutional change. The Heaviside step is thus the limiting case of a family whose qualitative conclusions do not depend on the discontinuity.
A.3 Fokker–Planck boundary, initial, and auxiliary steady-state conditions (Eqs. 18–23, 27–28; main text §3.4).
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6. Baseline parameters and empirical anchors
The baseline values in Table S4 are normalised and illustrative; they demonstrate the model’s structure rather than constitute estimated quantities. Each is chosen to be consistent with the qualitative evidence reviewed in §3.5. Numerical solution of Equations (7) and (8) at the baseline yields k**≈0.606 and kbe≈1.303, the values reported in Figure 1 and reproduced by the code archive (Table S6).
Table S4. Baseline parameter values and empirical anchors (main text §3.5).
	Symbol
	Baseline
	Definition
	Empirical anchor / rationale (§3.5)

	A
	1.0
	Asymptotic alignment benefit
	Normalised to unity without loss of scale.

	α
	2.0
	Benefit saturation rate
	Education-production-function estimates show strongly diminishing returns to instructional inputs; admissible range 1–3.

	B
	0.1
	Baseline linear dysfunction rate
	Fixed administrative/compliance burden; high-B systems can be net-negative even at low intensity (Woelert, 2023).

	C
	0.2
	Exponential dysfunction amplitude
	Magnitude of above-threshold gaming; dysfunction compounds over a 2–5 year horizon.

	β
	2.0
	Above-threshold dysfunction growth rate
	Goal-displacement studies; admissible range 1–4.

	k00
	0.5
	Threshold at w=0
	Promotion systems in which quantitative metrics carry roughly 50–60% of weight, as in research-intensive practice.

	γ
	0.8
	Threshold-raising sensitivity
	Adding qualitative judgment shifts k0 by about 0.04 per 0.1 increase in w.

	δ
	0.3
	Benefit-enhancement sensitivity
	Crediting hard-to-quantify outputs lifts the benefit ceiling.

	μ
	1.5
	Drift strength
	Normalised strong-drift regime; qualitative patterns are robust.

	D
	0.1
	Diffusion coefficient
	μ/D=15, chosen to bias the steady state toward low x once drift activates.

	λ
	5.0
	Initial concentration
	Initial effort concentrated near high quality (x=1).

	k** (derived)
	≈0.606
	Global optimum (Eq. 7)
	Numerical root; matches code output 0.6063.

	kbe (derived)
	≈1.303
	Break-even point (Eq. 8)
	Numerical root; matches code output 1.3026.



7. Sensitivity analysis
Table S5 documents the one-at-a-time sensitivity grid. The inverted-U, the existence of a threshold, and the direction of above-threshold drift hold across the entire admissible region; only the precise locations of k and kbe move with the parameters. Endpoint values are numerical and illustrative, exactly as cautioned in §3.5.
Table S5. Sensitivity-analysis parameter ranges and grid (main text §3.5).
	Parameter
	Baseline
	Range
	Grid
	Reported effect (§3.5)

	α
	2.0
	1.0–3.0
	0.25 step
	k moves from about 0.83 to about 0.51 (at k0=0.5); inverted-U preserved.

	C
	0.2
	0.1–0.5
	0.05 step
	kbe moves from about 1.60 to about 0.96; larger dysfunction accelerates the break-even.

	β
	2.0
	1.0–3.0
	1.0 step
	k shifts while the existence of an interior optimum is retained.

	k00
	0.5
	0.3–0.7
	0.1 step
	Threshold translates horizontally; curve shape unchanged.

	w
	0
	0–1
	0.1 step
	k0(w) and A(w) expand the safe operating range.

	μ/D
	15
	5–30
	5 step
	Steepness of the steady-state skew; drift direction unchanged.


Robustness boundary. The inverted-U collapses only where the marginal benefit at k=0 does not exceed the baseline cost B, i.e. when Aα ≤ B; this is the high-fixed-cost regime discussed at the end of §3.5. All baseline and sensitivity points above satisfy Aα > B strictly.
8. Computational reproduction
The package Reproducibility_Package/ supplies equivalent Python, MATLAB, and R implementations that regenerate Figures 1–4 from the model alone; no external empirical data are used. All baseline values are those of Table S4 and the sensitivity grid of Table S5; this section does not restate them but documents the computational protocol.
8.1 Environment
Python ≥ 3.9 with numpy, scipy, matplotlib (pip install numpy scipy matplotlib).
MATLAB ≥ R2018b, no toolboxes required (base fzero, ode15s, trapz, sparse matrices).
R ≥ 4.0 with deSolve for the stiff method-of-lines integration.
8.2 Quick start
Python: cd code/python; python reproduce_figures.py.
MATLAB: cd code/matlab; reproduce_figures.
R: cd code/r; Rscript reproduce_figures.R.
Each implementation writes four PNG files to figures/ and prints the reproduced k and kbe to the console.
8.3 Figures reproduced

Table S6. Figures reproduced by the code archive.
	Figure
	Content
	Model layer
	Equations

	Figure 1
	Non-monotonic U(k) with k and kbe
	Univariate utility
	(1)–(8)

	Figure 2
	Effect of w; k0(w)/A(w); β sensitivity
	Bivariate extension
	(9)–(15)

	Figure 3
	Steady-state effort distributions and average quality
	Fokker–Planck
	(16)–(23), (26)–(27)

	Figure 4
	Dynamic divergence of V(t) and M(t)
	Fokker–Planck
	(16), (20), (24)–(25)



8.4 Figure-by-figure notes
Figure 1. U(k) evaluated on k∈[0,1.6]; k and kbe found by Brent root-finding on U′(k)=0 and U(k)=0 in the second segment. Verified output: k** = 0.6063, kbe =1.3026.
Figure 2. Panel (a) plots U(k,w) for w ∈{0,0.5,1.0}; panel (b) plots k0(w) and A(w) on separate axes; panel (c) varies β∈{1, 2, 3} at w =0, confirming that an interior optimum persists across this range (Table S5).
Figure 3. For k ≤k0 the steady state is uniform; for k>k0, e*(x) ∝ exp[−(μ k/D)(x2/2−x3/3)] is normalised numerically. Average quality x̄(k) is flat at 0.5 below threshold and declines monotonically above it.
Figure 4. The PDE is discretised by the method of lines (Nx=400, upwind advection, central diffusion, reflecting boundaries) and integrated with a stiff solver. At k=0.9>k0, V(t) declines while M(t) rises; for k ≤k0, pure diffusion converges to V→0.5.
8.5 Numerical methods
Table S7. Numerical methods and parameters.
	Component
	Method
	Tolerance / resolution

	Root-finding (k, kbe)
	Brent’s method
	tol = 1e-10

	Steady-state normalisation
	Numerical quadrature
	N = 1000–2000 points

	PDE spatial discretisation
	Method of lines, upwind + central
	Nx = 400

	PDE boundary conditions
	Reflecting (zero flux) at x=0,1
	—

	PDE time integration
	BDF / ode15s / lsoda (stiff)
	rtol=1e-6, atol=1e-9

	Figure output
	PNG
	300 DPI



8.6 Reproducibility declaration
No proprietary or restricted datasets are used; all figures are generated from the model specified in the main text.
All parameter values, computational methods, and resulting figures are described in §3.5, Tables S4–S5, and this document.
The Python implementation is verified to produce k**=0.6063 and kbe=1.3026, matching the main text (k** ≈0.61, kbe ≈1.30).
The three implementations are algorithmically equivalent; floating-point differences below 0.1% do not affect any qualitative conclusion.
9. Data availability and contact
Data availability statement. The numerical simulations and sensitivity analyses supporting the findings of this study are fully reproducible. All model parameters are specified in §3.5, and complete Python, MATLAB, and R code to regenerate Figures 1–4 is provided in the accompanying reproducibility package. No proprietary or restricted datasets were used.
For questions regarding the computational implementation, please contact the corresponding author.
