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Abstract14

We numerically investigate the long-term dynamical structure of low Earth orbits15

(LEOs) using the Smaller Alignment Index (SALI), a fast numerical indicator of16

chaos, within a closed-form averaged model that incorporates the effects of solar17

radiation pressure and Earth’s oblateness. Our analysis reveals that the area-to-18

mass ratio is a key parameter governing the onset and extent of chaotic behavior19

in LEOs. We map the system’s chaotic regions, study the behavior of reentry20

trajectories and characterize their temporal laws over a timescale constrained by21

the 25-year mitigation guideline. Within this physically relevant timescale, we22

show that most of the reentry trajectories exhibit regular motion. Reentry basins,23

constructed according to different mitigation guidelines up to 25 years, display24

fractal-like structures for less-stringent guidelines. The degree of this fractality25

is quantitatively assessed using the uncertainty exponent method. In most cases,26

for large area-to-mass ratios, reentry occurs on relatively short timescales (a few27

years) – short enough that no fractal behavior is observed in the basin bound-28

aries. This numerical dynamical study offers insights into the development of29

dynamically informed deorbiting strategies.30

Keywords: Solar radiation pressure, Chaos indicator, Deorbiting strategies, Fractality31
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1 Introduction32

Exploiting – or “surfing” – the natural flow properties of a dynamical system instead33

of counteracting its dynamics is observed in real-world, living systems and shows up34

across several engineering disciplines. A few examples include the use of hydrodynam-35

ics properties in planktonic and fish navigation [1, 2], informed use of vortex dynamics36

in bio-inspired robotics for propulsion savings [3], near-optimal path planning using37

Lagrangian coherent structures in ocean engineering [4], and the increase or decrease38

of chaos in targeted mixing [5]. In the context of astrodynamics, examples include39

the modeling of natural transport phenomena through invariant sets [6], and the40

design of the Soviet Molniya constellation near the critical inclination to counteract41

the perigee drift [7], to name only a few.42

43

Quite recently, it has been recognized that the use of natural disturbances and44

resonant phenomena might play a key role in managing the space environment45

to enable sustainable circumterrestrial operations, see, e.g., [8–12] and the works46

cited therein. Understanding the effect of perturbations appears to be essential for47

end-of-life disposal (one of the most effective space debris mitigation measure) and48

monitoring of fragmentation events. Regarding the former, depending on the orbital49

regime, several perturbations of the idealized two-body problem can be exploited,50

such as the Earth’s non-spherical gravitational potential, the solar radiation pressure51

(SRP), the atmospheric drag, and the gravitational accelerations exerted by third52

bodies like the Moon and Sun.53

54

This work focuses on the dynamical properties arising from the secular coupled55

effects of Earth’s oblateness and SRP, referred to hereafter as the J2-SRP problem. A56

key aspect of this framework is the dependence of the dynamics on the area-to-mass57

ratio (A/m) of the orbiting object. This idealized model stems from our desire to58

understand the behavior of a satellite equipped with a large solar sail deployed at the59

end of its operational life. The resulting high A/m, combined with carefully selected60

initial conditions near resonant configurations – orbital inclination and orientation61

with respect to the Sun – might enable the satellite to naturally reenter Earth’s62

atmosphere within a few years, without requiring active propulsion. This reentry is63

driven by a resonance-induced growth in orbital eccentricity [10, 13–15]. Current64

technologies in solar sailing lead to an area-to-mass ratio of about 5m2kg−1 [16]. In65

the present study, we consider area-to-mass values up to 10m2kg−1 to reflect large66

A/m devices [17] and account for possible future advancements [18].67

68

Our work specifically differs from the recent works [13–15] based on a single-69

resonance hypothesis, used to explain the so-called “de-orbiting corridors” numerically70

found in [19]. Here we extend the analysis of the J2-SRP problem to investigate71

whether the overall dynamical picture changes when all resonant terms are included72

in the long-term model, with particular focus on large A/m devices. More specif-73

ically, we depart from the analytical endeavor and instead detect and portray74

numerically the location of chaos, its extent and geometry, associated timescale, and75

possible connection with reentry trajectories. The adopted J2-SRP model provides76
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a physically-motivated, reduced description of the long-term dynamics, especially77

for high area-to-mass-ratio objects, whose resonant structures have been extensively78

analyzed and shown to persist in higher-fidelity models [20–22]. It does not pretend to79

cover dynamical features under a full model complexity; yet and quite remarkably, this80

Hamiltonian construct has been shown to support the observed resonant evolution of81

the historical Echo I satellite [22]. Thus, in the regime and under the parameter sets82

investigated subsequently, the omission of drag is expected to have a limited impact on83

the dynamical structures investigated therein, allowing us to isolate and characterize84

properties induced by the eccentricity growth mechanism without the sophistication85

of higher-order geopotential or lunisolar perturbations. In this sense, this model once86

again provides a worthwhile testbed constituting a first step toward the broader goal87

of understanding the structures studied here in more comprehensive orbital models.88

89

The complexity of the lifetime problem is typically discussed in the context of90

reentry date prediction and event location, due to uncertainties in atmospheric drag91

modeling [23]. Here, we point out a different kind of difficulty. In certain regions of92

the parameter-configuration space we show that determining whether an orbit will93

reenter due to the eccentricity growth mechanism or not is a difficult task due to the94

fractal boundaries of reentry basins. For such domains, we explicitly quantify how95

uncertainties in the initial state must be reduced in order to achieve a corresponding96

reduction in prediction error, depending on the chosen mitigation scenario.97

98

The remainder of the paper is structured as follows:99

• In Sec. 2, we present the averaged (secular) Hamiltonian model we base our analysis100

on. The model includes Earth’s J2 perturbation and the SRP, both averaged in101

closed-form over the mean anomaly M of the satellite. The secular model is prone102

to resonate. We also describe the numerical tools used to explore its associated103

dynamics.104

• In Sec. 3, we numerically explore the system, focusing on two observables: the105

Smaller Alignment Index (SALI), a well-established chaos indicator, and the orbital106

lifetime computed over fine meshes of initial conditions. The parameter A/m is107

allowed to take three distinct values in the set {1, 5, 10}m2kg−1, which, within the108

context of this study and relative to one another, are regarded as low, intermediate,109

and high area-to-mass ratios, respectively. We present a cartography of regular and110

chaotic regions on a centennial timescale. We also find that the number of reentry111

orbits, at intermediate and high A/m values, follows an inverse-square power law in112

their lifetimes. The long-term stability of such orbits is then reconsidered over a more113

practical and physically relevant timescale, which we call the effective timescale,114

prescribed by the reentry dynamics that obey the 25-year guideline. While the long-115

term dynamics display widespread chaos, the vast majority of reentry orbits show116

a regular behavior over the effective timescale.117

• In Sec. 4, we reveal that reentry basins may exhibit complex geometries depending on118

the targeted post-mission disposal guideline. The complexity is assessed qualitatively119

and quantitatively by computing uncertainty exponents. Our results reveal reentry120
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k Tk(i) ψk(ω,Ω, λ⊙)

1 1

4
(cos ε+ 1)(cos i+ 1) ω +Ω− λ⊙

2 − 1

4
(cos ε+ 1)(cos i− 1) −ω +Ω− λ⊙

3 1

2
sin i sin ε ω − λ⊙

4 − 1

2
sin i sin ε ω + λ⊙

5 − 1

4
(cos ε− 1)(cos i+ 1) ω +Ω+ λ⊙

6 1

4
(cos ε− 1)(cos i− 1) −ω +Ω+ λ⊙

Table 1 The six harmonics governing the
secular evolution of the Hamiltonian given in
Eq. (1).

regions with clear fractal structures, highlighting that the robust design of reentry121

trajectories requires dynamically informed criteria.122

• Finally, Sec. 5 summarizes our results, discusses perspectives, and closes the paper.123

2 Secular Hamiltonian model and numerical tools124

In this section we present the secular Hamiltonian and the numerical tools used in our125

study.126

2.1 The secular Hamiltonian127

We consider a perturbed Hamiltonian formulation of the two-body problem, incor-128

porating the perturbations due to the Earth’s oblateness and SRP, as in [15]. In129

particular, we assume the so-called cannonball model, i.e., that the Sun’s radiation130

is normal to the surface of the space object at all times, and we neglect the effects131

of the Earth’s albedo and shadowing. Since our focus is on the long-term evolu-132

tion of the system, the Hamiltonian is averaged in closed form over the fast angle,133

namely the satellite’s mean anomalyM [24]. In terms of the Keplerian orbital elements134

(a, e, i, ω,Ω,M), corresponding respectively to the semi-major axis, eccentricity, incli-135

nation, argument of perigee, longitude of the ascending node, and mean anomaly, the136

averaged Hamiltonian takes the form137

H =
µr2EJ2

(

1− 3 cos2 i
)

4a3 (1− e2)
3/2

− 3

2
aecRP

A

m

6
∑

k=1

Tk(i) cosψk(ω,Ω, λ⊙). (1)

In Eq. (1), rE denotes the Earth’s radius and J2 its oblateness coefficient. The param-138

eter cR is the satellite’s reflectivity coefficient, A/m its area-to-mass ratio, and P139

the solar radiation pressure constant at 1 astronomical unit. Furthermore, we set140

µ = GmE , where G is the gravitational constant and mE the Earth’s mass. The Tk(i),141

for k = 1, . . . , 6, are the coefficients of the six SRP-induced harmonics listed in Table 1.142

The obliquity of the ecliptic is fixed at ε = 23.4°, while the ecliptic longitude of the Sun143

evolves as λ⊙ = λ⊙,0 +n⊙t, where λ⊙,0 is determined from astronomical ephemerides144

and n⊙ is the mean motion of the Sun at 2π/(86400× 365.25) s−1.145

146
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For the Hamiltonian formulation, it is convenient to introduce the canonical147

Delaunay action-angle variables (L,G,H, ℓ, g, h), defined through148

⎧

⎪

⎨

⎪

⎩

L =
√
µa, ℓ =M,

G = L
√

1− e2, g = ω,

H = G cos i, h = Ω.

(2)

The explicit time dependence introduced through the solar longitude λ⊙ is removed by149

extending the phase space and introducing a dummy action J conjugate to a variable150

s such that s(t) = n⊙t + λ⊙,0. The resulting autonomous Hamiltonian, describing a151

system with 3 degrees of freedom (DoF) in the variables x = (p,q) with p = (G,H, J)152

and q = (g, h, s), is finally written as153

H(p,q) = h0(p) + h1(p,q), (3)

with154

h0(p) =
r2EJ2µ

4
(

G2 − 3H2
)

4G5L3
+ n⊙J, (4)

and155

h1(p,q) = −3cRPL
2 A
m

2µ

√

1− G2

L2

6
∑

k=1

Tk(i(L,G,H)) cosψk(g, h, s). (5)

We note that since the angle ℓ is cyclic in Eq. (3), the corresponding action L, and156

consequently the semi-major axis a, is conserved. Thus, the Hamiltonian depends157

parametrically upon a and A/m.158

159

The equations of motion associated with the Hamiltonian in Eq. (3) are expressed160

in canonical form as161

ẋ = J∇H(x), (6)

where the matrix J is the standard symplectic matrix J =

(

03 I3
−I3 03

)

with I3 and162

03 denoting the 3 × 3 identity and zero matrices, respectively. The gradient of the163

Hamiltonian is written as ∇H(x) = (∂pH, ∂qH).164

165

Resonances strongly influence the dynamics associated with the equations of166

motion in Eq. (6). For a wavenumber k ∈ Z
3 labeling a specific resonance, the167

resonance condition takes the form168

k ·ϖ0(p) = 0, (7)
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where ϖ0(p) = ∂ph0(p) is the unperturbed frequency vector. This vector contains169

the frequency rates associated with ω̇, Ω̇ under the secular J2 effect and the constant170

frequency n⊙. The “resonant manifolds” associated to Eq. (7), defining a 2D surface171

in the space of the actions (L,G,H) – equivalently, (a, e, i) in orbital elements – have172

been portrayed in several instances for low values of |k|, see e.g., [13].173

2.2 The Smaller Alignment Index method174

To distinguish between regular and chaotic motion in the 6-dimensional phase space175

of the Hamiltonian of Eq. (3), we use the SALI method, first developed in [25]. This is176

a variational indicator based on the time evolution of the alignment of two deviation177

vectors from the studied orbit [26–28], which has been successfully applied to studies178

of various dynamical systems [29–36]. The evolution of a deviation vector w from a179

reference orbit is governed, at first order, by the variational equations180

ẇ = J∇2H(x)w. (8)

To quantify the chaoticity of an orbit with initial condition x0, we compute the181

SALI by simultaneously integrating the equations of motion (Eq. (6)) and the varia-182

tional equations (Eq. (8)) for two initially linearly independent deviation vectors, w1
0183

and w2
0. The SALI at time t is defined as184

SALI(x0,w
1
0,w

2
0, t) = min

{⃦

⃦ŵ1(t)− ŵ2(t)
⃦

⃦ ,
⃦

⃦ŵ1(t) + ŵ2(t)
⃦

⃦

}

, (9)

where ∥ ·∥ denotes the Euclidean norm and the normalized deviation vectors are given185

by186

ŵi(t) =
wi(t)

∥wi(t)∥ , i = 1, 2. (10)

For brevity, we simply denote the index as SALI(t).187

188

In our study, the equations of motion and the corresponding variational equations189

are numerically integrated using the variable time-step integrator DOP853 [37].190

The integrations are performed over timescales of up to 100 years, corresponding191

to approximately 105 orbital revolutions for the considered semi-major axis values.192

Throughout all simulations, the relative energy error typically remains below 10−8
193

ensuring the reliability of the numerical results. For the computation of the SALI,194

the initial deviation vectors are randomly drawn from a normal distribution and195

subsequently orthonormalized to unit length, so that SALI(0) =
√
2.196

197

The distinction between regular and chaotic motion is efficiently captured by the198

SALI through its markedly different time evolution in the two cases. In particular,199

it has been shown in [27] that, after a short transient, the SALI for chaotic orbits200
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Fig. 1 Time evolution of the SALI for a representative regular orbit (blue curve) with initial con-
dition (a0, e0, i0, ω0,Ω0) = (11 100km, 0.05, 70°, 0°, 0°) and a representative chaotic orbit (red curve)
with initial condition (a0, e0, i0, ω0,Ω0) = (11 100km, 0.05, 100°, 0°, 0°), for the Hamiltonian system
of Eq. (3) with A/m = 10m2kg−1. The SALI of the chaotic orbit decays to machine precision expo-
nentially fast while the regular orbit exhibits bounded fluctuations about some positive constant.

exhibits an exponential decay of the form201

SALI(t) ∝ e−(λ1−λ2)t, (11)

where λ1 ≥ λ2 are the orbit’s two largest Lyapunov exponents. This behavior202

originates from the tendency of deviation vectors to align along the most unstable203

direction, associated with the maximal Lyapunov exponent. As a consequence, the204

SALI rapidly tends to zero, providing a clear signature of chaotic dynamics. In con-205

trast, for regular motion in Hamiltonian systems with N ≥ 2 DoF, deviation vectors206

eventually fall on the N -dimensional tangent space of the invariant torus. In this207

case, there is no mechanism enforcing their alignment along a single direction. As208

a result, the SALI does not decay to zero but instead fluctuates around a positive209

value, remaining practically constant on average [26, 27].210

211

This qualitative difference (exponential decay to zero for chaotic orbits versus212

bounded, non-zero fluctuations for regular ones) renders the SALI a particularly effi-213

cient and reliable indicator for distinguishing between ordered and chaotic dynamics.214

This behavior is demonstrated in Fig. 1 showing the time evolution of the SALI for two215

representative orbits. The chaotic orbit (red curve) exhibits the characteristic rapid216

exponential decay of the index, which reaches machine precision over the timescale217

considered. In contrast, the regular orbit (blue curve) displays bounded fluctuations218

of the SALI around a nearly constant positive value. These two examples highlight219

the clearly different temporal behavior of the index in chaotic and regular regimes.220
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Fig. 2 Initial conditions in the i− a space colored according to the log10 SALI value computed at
tf = 100 years, over the interval a0 ∈ [8 000km, 12 000km] and i0 ∈ (0°, 180°), with e0 = 0.05 fixed and

ω0 = Ω0 = λ⊙,0 = 0°, for (a) A/m = 1m2kg−1, (b) A/m = 5m2kg−1, and (c) A/m = 10m2kg−1.
The presence of chaos increases with increasing A/m.

3 Stability and orbital lifetimes221

In this section we discuss stability results in the long-term, the distribution of reentry222

orbits and the stability over an effective timescale.223

3.1 Long-term stability224

Using the SALI indicator, we perform a stability analysis of the secular Hamiltonian225

in Eq. (3) to reveal the geometry and extent of possible chaotic structures. To this226

end, taking into account that the phase space of the autonomous Hamiltonian has227

dimension 6, we compute dynamical maps over 2-dimensional slices of fine Carte-228

sian meshes of initial conditions. From the computation of several dynamical maps229

parameterized by the angular variables, we noticed that the observed structures do230

not significantly change for different values of the system’s initial phases ω0, Ω0 and231

λ⊙,0, as maps presented in Fig. A1 in AppendixA denote. This allows us, in what232

follows, to present results with specific fixed values of initial angles, namely set to233

Ω0 = 0°, ω0 = 0°, and λ⊙,0 = 0°. Thus, we have 3 remaining coordinates, (G,H, J),234

and 2 free parameters (a and A/m). The action J has no actual dynamical meaning,235

leading to
(

4
2

)

= 6 possible different coordinate planes. Here, we specifically focus on236

results in the i− a space by freezing the initial eccentricity to e0 = 0.05, underlining237

that the resonant manifolds of Eq. (7) do not strongly depend on the choice of e0 for238

values e0 ∈ {0.001, 0.005, 0.01, 0.05} (see FigA2 in AppendixA). The only parameter239

left, A/m, takes a value in the set {1, 5, 10}m2kg−1.240

241

Fig. 2 shows three dynamical maps of the region i0 ∈ (0°, 180°) with an initial242

semi-major axis covering the range a0 ∈ [8 000km, 12 000km] for increased values of243

the parameter A/m. For A/m = 1m2kg−1 (panel (a)), the vast majority of orbits are244

8



regular and do not show a chaotic signature on the considered timescale. We note,245

however, that SALI delineates several thin structures related to the resonances of246

Table 1. Increasing the value of A/m to 5m2kg−1 (panel (b)), we observe the appear-247

ance of an inverted U-shaped, yellow-colored, region corresponding to connected248

chaotic seas, located around i0 ∼ 100◦ and a0 ∼ 11 000km. Thinner chaotic structures249

emanate from the main sea along resonant lines. The chaotic structures grow further250

with the increase of A/m to 10m2kg−1 (panel (c)). Several chaotic filamentary struc-251

tures emerge at higher and lower altitudes, predominantly along the resonant lines252

and across resonant junctions. In particular, highly-inclined orbits, with i0 ∼ 110◦,253

might now be chaotic at lower semi-major axis values, e.g., at a0 ∼ 8 000km, and254

connect to the large chaotic sea at larger a values.255

256

For the sake of completeness, Fig. B3 in AppendixB and Fig. C5 in AppendixC257

complement the cartography by presenting dynamical maps in two other slices of the258

phase space, namely i− e and e− a space, respectively. Even in these spaces, we see259

that the presence of chaos grows with the increase of A/m.260

3.2 Orbital lifetimes261

Connections between chaotic transport and orbital lifetimes in Earth’s orbits have262

been reported in many instances as the result of the eccentricity growth mechanism,263

especially in medium Earth orbits, see e.g., [8, 38, 39]. In the following, an orbit is said264

to be a reentry orbit over the time window [0, tf ] if it reaches it’s critical eccentricity265

e⋆ at time t⋆ ≤ tf , where tf is set to 100 years. The critical eccentricity e⋆ is derived266

from the perigee altitude condition267

rπ = a0(1− e⋆) ≥ rE + δ, (12)

where δ is set to 120km. Solving for e⋆, one finds that268

e⋆ = 1− rE + δ

a0
. (13)

In the following, we investigate the connection between chaos and orbital lifetime,269

restricting our analysis to reentry trajectories with orbital lifetimes below or equal270

to 25 years, in accordance with standard mitigation guidelines [40, 41]. For this set271

of initial conditions, we further distinguish orbits achieving reentry within 5 years,272

reflecting more stringent targets currently advocated [42–44].273

274

Fig. 3 shows the distribution of reentry orbits in the i− a space, classified accord-275

ing to the two mitigation scenarios (5 and 25 years), for A/m = 5 and 10m2kg−1.276

The case where A/m = 1m2kg−1 is omitted due to the absence of significant struc-277

tures, as not many orbits reenter within 25 years for this value of A/m. We observe278

that the distribution of the reentry orbits in Fig. 3 is overall reminiscent of the279

chaotic regions depicted in Fig. 2, particularly the inverted U-shaped structure at280

large a0 and i0 values. Nevertheless, this correspondence is not one-to-one. The most281

9



Fig. 3 Identification of initial conditions in the i − a space consistent with the 5-year (violet)
and 25-year (orange) mitigation guidelines, for e0 = 0.05 and ω0 = Ω0 = λ⊙,0 = 0°, with (a)
A/m = 5m2kg−1 and (b) A/m = 10m2kg−1. Initial conditions corresponding to orbits with reentry
times 25 < t⋆ ≤ 100 years are colored in green.

noticeable example is the well delineated reentry corridor emanating from i0 ∼ 40◦282

which corresponds to ψ̇1 = 0. Interestingly enough, most of the reentry orbits comply283

with the stringent 5-year rule. Orbits that fail to satisfy the 5-year criterion but still284

comply with the 25-year rule are predominantly found at large values of a0, and tend285

to lie mostly near the boundaries of the reentry domain. Lifetime maps shown in286

Fig. 3 for the i− a space are also shown for the i− e and a− e spaces in Fig. B4 and287

Fig. C6 in Appendices B and C respectively.288

289

We further characterize the reentry orbits by looking at the number N⋆ of reentry290

orbits at time t⋆. We find that N⋆ closely follows an inverse-square power law,291

N⋆ ∝ tγ⋆ , γ ∼ −2, (14)

as shown in Fig. 4. Both fits have a determination coefficient of R2 > 0.96 and small292

residuals. Table 2 extends this analysis to various e0 values and reports the corre-293

sponding exponents γ. This consistent value, γ ∼ −2, provides a clear functional form294

that can be useful for predictions.295

3.3 Effective stability296

In subsection 3.1, regularity and chaoticity were assessed at a rather large time set to297

100 years. In this section, we instead use the SALI to characterize the nature of an298

orbit at a more practically relevant time τ , referred to as the effective time. Over the299

10



Fig. 4 The number of initial conditions N⋆ from Fig. 3 leading to orbits that reenter in the time
window of 25 years as a function of the reentry time t⋆, for (a) A/m = 5m2kg−1 and (b) A/m =
10m2kg−1. The results follow power laws with exponents γ very close to γ = −2.

A/m = 5m2kg−1 A/m = 10m2kg−1

e0 γ γ

0.001 −2.02± 0.07 −2.03± 0.06
0.005 −1.98± 0.07 −2.04± 0.05
0.01 −1.99± 0.07 −2.05± 0.05
0.05 −1.97± 0.09 −1.99± 0.06

Table 2 Power law exponents γ (Eq. (14)) as a
function of e0. All numerical fittings have a
determination coefficient of R2 > 0.96.

set of reentry trajectories that comply with the 25-year rule, R25, where300

R25 = {x0 | t⋆(x0) ≤ 25 [years]}, (15)

we define the effective time τ of an initial condition x0 as301

τ : R25 → (0, 25] (16)

x0 ↦→ τ(x0) = t⋆.

Thus, the effective time has an upper bound of 25 years over the timescale of interest.302

Moreover, if a reentry occurs earlier, the orbital behavior is characterized over the303

reentry timescale. By recording the value of the SALI at time τ , we can classify304

the orbits as regular or chaotic at the more practically effective time governed by305

the reentry dynamics. We underline that this approach is facilitated by the intrinsic306

design of the SALI, which monitors the instantaneous alignment of deviation vectors,307

reflecting in this way the local nature of the orbit, contrarily to, for example, the308

11



maximal Lyapunov exponent which averages the growth of tangent vectors over time.309

310

The composite plot of Fig. 5 shows that most of the orbits previously identified311

in Fig. 3(b) are regular over the effective time interval. More specifically, among all312

reentry orbits, 99.7% for A/m = 5m2kg−1 and 99.8% for A/m = 10m2kg−1 have313

log10(SALI(τ)) ≥ −3. In addition to the SALI dynamical map evaluated at the effec-314

tive time (panel (a)), the time evolutions of the SALI of some representative orbits315

(panels (b), (c) and (d)) are also shown. In panels (b), (c) and (d) the reentry time is316

denoted by a dashed vertical line. Panels (b) and (c) display the prototypical behav-317

ior of the index for regular motion (see Fig. 1). Although the orbit in panel (b) has a318

longer reentry time than that of panel (c), both orbits are regular up to their respec-319

tive reentry times. In contrast, the orbit in panel (d) exhibits chaotic behavior at the320

time of reentry (approximately, 24.7 years). This orbit is one of the very few effectively321

chaotic orbits present in panel (a), as further confirmed by panel (e), which shows the322

distribution of log10 SALI(τ) values in colors corresponding to panel (a). The scarcity323

of values below log10 SALI(τ) = −5 further supports the predominance of regular324

behavior over the effective timescale. Thus, the results of Fig. 5 clearly demonstrate325

that over the effective timescale, the reentry dynamics of almost all orbits are regular.326

327

To further illustrate this point, Fig. 6 shows the long-term evolution (up to 50328

years) of the eccentricity of two nominal chaotic orbits. In gray, the evolutions of a329

cluster of 50 orbits near to the respective nominal orbits are shown. These neighboring330

initial conditions are drawn from a two-dimensional normal distribution and further331

constrained to lie within 1° and 1 km of the corresponding nominal orbit. Despite the332

chaotic nature of both nominal orbits, we observe a clear divergence of the nearby333

orbits from the nominal one, occurring at approximately 10 years for the blue orbit334

in panel (a) and around 3 years for the red orbit in panel (b). Nevertheless, in the335

case of panel (a), the nominal orbit remains effectively regular up to its reentry time,336

with no appreciable divergence of nearby orbits prior to this event. Importantly, this337

evolution complies with the 5-year rule. For this case, the separation of nearby orbits338

becomes evident only after the crossing of the critical eccentricity (indicated by dotted339

horizontal lines in both panels of Fig. 6). This is an example of an eventually chaotic340

orbit which behaves regularly on the effective timescale. In contrast, the nominal orbit341

in panel (b) exhibits a much earlier divergence of neighboring orbits, revealing its342

chaotic character well before reentry. We note that this orbit does not satisfy the 25-343

year mitigation requirement and therefore does not appear in Fig. 5, as it reaches the344

critical eccentricity at approximately 40 years.345

4 Smooth and fractal boundaries of reentry basins346

While the previous sections have focused on the regularity of transport and the iden-347

tification of ordered and chaotic regions, the present section explores the geometry of348

reentry basins.349

350
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Fig. 5 (a) Stability of the reentry orbits of Fig. 3(b) at the effective time τ (Eq. (16)) for A/m =
10m2kg−1. Over the reentry process, almost all orbits are regular, as the coloring of initial conditions
according to their log10 SALI(τ) indicates. Specific initial conditions are denoted by green, blue and
red dots. The time evolution of SALI(t) of these three orbits are respectively shown in panels (b), (c)
and (d). Reentry times are marked by the dashed vertical lines in these panels. The orbits considered
in (b) and (c) behave regularly until their reentry time with the one in (b) requiring more time to
reenter. The orbit considered in (d) is a chaotic orbit which reenters at 24.7 years. In (e) we see the
distribution of the log10 SALI(τ) values for the orbits displayed in (a).

Fig. 6 Evolution of the eccentricity of 50 nearby randomly generated initial conditions (shown
in gray) in a neighborhood of a nominal orbit (blue or red). The nominal orbit in (a) corre-
sponds to the initial condition (a0, e0, i0, ω0,Ω0) = (11 100km, 0.05, 100°, 0°, 0°) (blue) and in (b) to
(a0, e0, i0, ω0,Ω0) = (10 727.98km, 0.05, 118.36°, 0°, 0°) (red). The dotted horizontal line corresponds
to the value of the respective nominal orbit’s critical eccentricity e⋆ (Eq. (13)). All orbits in (a) and
(b) have A/m = 10m2kg−1.
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Fig. 7 Distribution of initial conditions of reentry orbits (black points) complying with the (a) 5-
year and (b) 25-year mitigation guideline, over a0 ∈ [10 000km, 11 250km] and i0 ∈ [115°, 133°] with
e0 = 0.05 and ω0 = Ω0 = λ⊙,0 = 0°, for A/m = 10m2kg−1. The reentry basin boundaries exhibit
increasing structural complexity depending on the mitigation scenario. A visual inspection of the
boundaries suggests fractality, something which is confirmed and quantified through the computation
of uncertainty exponents.

The boundaries of reentry basins develop in a complex way, depending on the351

mitigation guideline chosen. An example is provided in Fig. 7 for the 5-year and 25-352

year scenarios, where initial conditions leading to reentry orbits are colored in black.353

In the more restrictive 5-year case, the basin boundaries appear relatively smooth. In354

contrast, for the 25-year scenario, the boundaries become considerably more struc-355

tured and complex, showing multiple intricate patterns on small scales. This property356

indicates that even tiny variations in the initial conditions might influence whether357

an orbit leads to reentry or not. To quantify and characterize this complex transition358

witnessed over several domains, we employ the uncertainty exponent method, often359

traced back to [45], and subsequently applied in various dynamical systems contexts360

[46–48]. As our results will demonstrate, distinct fractal-like structures emerge in the361

basin boundaries depending on the mitigation scenario. In the following, we continue362

our focus on domains within the i− a space, considering the case A/m = 10m2kg−1,363

with e0 = 0.05 and ω0 = Ω0 = λ⊙,0 = 0 as before.364

365

The uncertainty method compares labels assigned by a given observable to two366

nearby initial conditions, namely x0 ± ϵ, where ϵ represents a small perturbation of367

the considered initial condition x0. In our case, the observable assigns a binary label368

to each initial condition depending on whether the corresponding orbit satisfies the369

prescribed mitigation guideline. The initial condition x0 is said to be ϵ-uncertain if370

the two perturbed initial conditions x0 + ϵ and x0 − ϵ receive different labels under371

the action of this observable.372

373
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Over discretized domains D of initial conditions in the i − a space containing374

substantial reentry boundaries, we computed the uncertainty fraction375

f(ϵ) =
Nuncertain(ϵ)

N
, (17)

over a range of ϵ values, setting A/m = 10m2kg−1 throughout. In this investigation,376

we perturb the initial condition only in the i-direction, so that ϵ has a nonzero compo-377

nent only in i; we therefore denote it simply by ϵ. The values of ϵ used to generate the378

best fit lines in Fig. 8 consist of 13 logarithmically spaced points between (5.4×10−4)°379

and 0.13°. The quantities Nuncertain(ϵ) and N denote, respectively, the number of ϵ-380

uncertain initial conditions and the total number of sampled initial conditions in D.381

As established in [45], the uncertainty fraction f(ϵ) scales as382

f(ϵ) ∝ ϵα, (18)

where α is called the uncertainty exponent. For smooth boundaries α = 1, whilst383

0 < α < 1 indicates fractal basin boundaries.384

385

This power law scaling has important practical implications for reentry predic-386

tions when α ̸= 1. For illustrative purposes, let us consider the case α = 1/2. A387

reduction of the initial condition uncertainty by a factor 100 then leads to a reduction388

in the fraction of uncertain points by a factor of only 10. In other words, substantial389

improvements in the precision of the initial conditions translate into limited gains390

in the reliability of the predicted label. This situation worsens for smaller α, i.e., for391

increasingly fractal boundaries.392

393

The composite plot in Fig. 8 illustrates how the uncertain regions (i.e., the sets of394

uncertain points) evolve as the mitigation guideline becomes progressively less restric-395

tive. For pedagogical purposes, we consider scenarios corresponding to 5-, 10-, 15-, 20-396

and 25-year thresholds. Comparing Fig. 7 and Fig. 8, we observe a strong correlation397

between the uncertain points computed from the boundary of the reentry set and the398

points lying on the boundary itself, at least for the cases shown in panels (b), (c) and399

(d) of Fig. 8, which correspond to ϵ ≈ 0.034°. From the results of Fig. 8 it is evident400

that, in the 5-year case the set of uncertain points forms a smooth curve. In contrast,401

in the 10-year, and especially the 25-year scenario, the set of uncertain points devel-402

ops a significantly more intricate structure. This qualitative observation is confirmed403

quantitatively through the estimation of the associated uncertainty exponents α. The404

values of α reveal a sharp transition in the power laws, ranging from smooth basin405

boundaries (with α close to 1) to strongly fractal ones (reaching α = 0.393) as seen406

in panel (a) of Fig. 8. We note that the linear fits in that panel have R2 coefficients407

ranging from 0.993 to 0.999. Overall, in the considered i− a domain, the variation in408

uncertainty exponents demonstrates that compliance with the 25-year reentry guide-409

line requires significantly higher precision in the initial conditions than satisfying the410

5-year criterion. While this result is consistent with intuition, the present analysis411
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Fig. 8 (a) Slopes of the linear fits reveal the uncertainty exponents α (Eq. (18)) computed for a
series of mitigation guidelines for domain D (see Fig. 7 and Table 3). Fractality becomes progressively
more pronounced for less restrictive mitigation scenarios, with an uncertainty exponent close to α = 1
for the 5-year case, decreasing to α = 0.393 for the 25-year scenario, confirming the emergence of
fractal basin boundaries. The corresponding transition is qualitatively reflected in the structure of the
set of uncertain points presented in (b), (c), and (d) for the 5-, 10- and 25-year scenarios respectively,
which range from smooth to increasingly complex patterns. The uncertain points shown in (b), (c)
and (d) are computed using ϵ ≈ 0.034°.

provides a quantitative and rigorous characterization of this dependence.412

413

We repeated the same computation and analysis over several domains D1, D2414

and D3, and obtained qualitatively and quantitatively similar results. Although the415

values of α vary from one domain to another, the presence of fractal basin boundaries416

remains clearly pronounced, with exponents α < 1 in all cases for the 25-year scenario.417

The definitions of the considered domains {Di}3i=1, together with the corresponding418

results, are reported in Table 3. The evolution of the reentry sets for the extreme 5-419

and 25-year scenarios, along with their uncertainty exponents as a function of time,420

are shown in Fig. 9.421

422

To further assess the robustness of our results, we extended the analysis to the423

parameter space A/m− a for frozen metrical and angular variables. The view offers a424

substantially finer sampling in A/m, compared with the three values {1, 5, 10}m2kg−1
425

coarsely considered so far, providing a more detailed view of the evolution of the426

uncertain sets across the parameter space. The transition from smooth to increasingly427

intricate structures of reentry basins, reflected in the uncertainty exponent, is clearly428

not a consequence of the chosen A/m used previously. The results of Fig. 10 therefore429

provide an additional confirmation of the properties of the reentry basins identified430

above.431
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Fig. 9 Upper row: Reentry basins denoted by black points for the domains {Di}
3

i=1
of Table 3.

Lower panel: Uncertainty exponent α (Eq. (18)) as a function of the years considered in the various
mitigation scenarios, for the domains reported in Table 3. The basins exhibit a clear fractality for the
25-year mitigation scenario.

5 Conclusions432

Based on an averaged model incorporating Earth’s J2 oblateness and SRP, the present433

study complemented and supplemented several aspects of the problem. The main434

contributions and conclusions are summarized as follows:435

1. The secular Hamiltonian has 3 DoF and depends parametrically on two quantities:436

the secularly invariant semi-major axis a and the area-to-mass ratio A/m. To visu-437

alize the onset and extent of chaos within this high-dimensional space, the SALI438

chaos indicator was used, focusing primarily on sections in the i − a space (with439

results in the e − i and a − e spaces reported in AppendixB and C, respectively)440

for several A/m values. We showed numerically that the extent of chaotic motion441

increases with increasing A/m, while the overall dynamical structures remained442

practically unchanged for different initial phases of the system (see AppendixA).443

2. For A/m ≥ 5m2kg−1, the number of orbits reaching their critical eccentricity444

within 25 years follows an inverse-square power law with respect to the correspond-445

ing reentry time. Moreover, for sufficiently large values of A/m, most reentry orbits446

reach their critical eccentricity within only a few years.447

3. Despite the potential for long-term chaotic behavior, the majority of orbits that448

reach their critical eccentricity within 25 years exhibit regular dynamics until their449

reentry.450
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α of D α of D1 α of D2 α of D3

5 years 0.99± 0.01 0.958± 0.006 0.984± 0.004 1.015± 0.006
10 years 0.8± 0.02 0.986± 0.002 1.005± 0.005 1.027± 0.009
15 years 0.594± 0.009 0.981± 0.007 0.92± 0.01 0.97± 0.01
20 years 0.469± 0.008 0.85± 0.01 0.81± 0.02 0.83± 0.02
25 years 0.393± 0.007 0.77± 0.02 0.64± 0.03 0.73± 0.02

Table 3 Uncertainty exponents α (Eq. (18)) computed over various
domains in the i− a space according to various mitigation guidelines. We
namely consider the domains D = [115°, 133°]× [10 000km, 11 250km] (Fig. 7),
together with D1 = [85°, 95°]× [10 250km, 11 500km],
D2 = [100°, 110°]× [8 500km, 10 000km], and
D3 = [87°, 96°]× [9 620km, 10 380km] (Fig. 9), all having e0 = 0.05,
ω0 = Ω0 = λ⊙,0 = 0° and A/m = 10m2kg−1. In general, for mitigation
timescales above 10 years the uncertainty exponents are significantly smaller
than 1, indicating the fractal nature of the reentry basin boundaries.

4. By varying the mitigation guideline from 5 to 25 years, we found that the associated451

basins of reentry orbits develop increasingly pronounced fractal-like structures. This452

fractality was quantified using the uncertainty exponent method, with uncertain453

points corresponding to the boundaries of the reentry basins. As fractality increases,454

so does the precision required in specifying initial conditions. Hence, from an oper-455

ational point of view, it is easier to target the 5-year reentry basin as opposed to456

the 25-year basin. This suggests that the enforcement of a lower mitigation guide-457

line is, from the dynamical perspective, advantageous for satellite mission design458

and disposal strategies.459
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Fig. 10 Panel (a) identifies initial conditions complying with the 5-year (violet), 25-year (orange)
mitigation guidelines, for initial conditions in the parameter space A/m − a where A/m ∈
[0.001m2kg−1, 10m2kg−1] and a0 ∈ [8 000km, 12 000km], for e0 = 0.05, i0 = 100°, and ω0 = Ω0 =
λ⊙,0 = 0°. Initial conditions corresponding to orbits with reentry times 25 < t⋆ ≤ 100 years are col-
ored in green. Panel (b) shows the stability of the reentry orbits at the effective time τ (Eq.(16)) for
the same initial conditions as in (a). Once again, evidenced by the predominance of high log10 SALI(τ)
values, all orbits are regular at least up until reentry. Panel (c) maps the uncertain points calculated
from a perturbation in a0 at ϵ ≈ 4.68km for the 5- and 25-year mitigation guidelines, showing the
transition from smooth to fractal-like boundaries qualitatively. Panel (d) reports the slopes of the lin-
ear fits which reveal the uncertainty exponents α (Eq.(18)) of the boundaries in the parameter space,
for the same domain as in panel (c), with colors as those in Fig. 8, for the boundaries corresponding
to the 5-, 10-, 15-, 20-, 25-year mitigation guidelines. For less strict mitigation guidelines, fractality is
more pronounced, as indicated by the α < 1 value for the 25-year guideline and α ≈ 1 for the 5-year
guideline.

Appendix A Additional results in the i − a space470

A.1 Sensitivity of the maps with respect to the initial phases471

Fig.A1 shows several dynamical maps based on the SALI values at time tf = 100472

years for e0 = 0.05 when the initial phases of the system are varied, for A/m ∈473

{1, 5, 10}m2kg−1. The dynamical structures (large chaotic seas or filamentary struc-474

tures) are not significantly influenced by the initial phases of the system. Due to this475

lack of sensitivity, the initial phases can be set to any values without notable changes476

in the results, thereby justifying the choice made in the main text to set all initial477

phases to zero, namely ω0 = Ω0 = λ⊙,0 = 0°.478
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Fig. A1 Dynamical maps when the phases of the system are varied. Initial conditions are col-
ored according to the log10 SALI value computed at tf = 100 years, over the interval a0 ∈
[8 000km, 12 000km] and i0 ∈ (0°, 180°), with e0 = 0.05 fixed and ω0 = Ω0 = λ⊙,0 varied according
to the column headings. Each row corresponds to A/m ∈ {1, 5, 10}m2kg−1. The observed dynamical
structures do not significantly depend upon the phases of the system.

A.2 Additional maps when e0 is varied479

In order to witness the changes (if any) to the chaotic structures present in the phase480

space when varying the value of e0, Fig. A2 shows several SALI maps computed at time481

tf = 100 years for e0 ∈ {0.001, 0.005, 0.01, 0.05}. As in the case of the initial phases482

shown in Fig.A1, variations in e0 cause barely discernible differences in the chaotic seas483

and filaments across the corresponding maps, for all considered A/m values, justifying484

the choice of e0 = 0.05 throughout the main body of our investigation.485
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Fig. A2 Dynamical maps when e0 is varied. Initial conditions are colored according to the log10 SALI
value computed at tf = 100 years, over the interval a0 ∈ [8 000km, 12 000km] and i0 ∈ (0°, 180°), with
ω0 = Ω0 = λ⊙,0 = 0° fixed and e0 ∈ {0.001, 0.005, 0.01, 0.05} per column. Each row corresponds to
A/m ∈ {1, 5, 10}m2kg−1. The observed dynamical structures of the system do not show a significant
dependence on the value of e0 within the considered range of initial eccentricities.

Appendix B Stability and lifetime maps in the i − e486

space487

To provide a more holistic visualization of the entire 6-dimensional phase space of488

the Hamiltonian in Eq. (3), another slice of this phase space, namely i − e space,489

is considered here. Mapping the SALI at tf = 100 years and the orbital life-490

time respectively, Fig. B3 and Fig. B4 show initial conditions chosen over the range491

i0 ∈ (0°, 180°) and e0 ∈ (0, 1), with a0 taking on three different values, namely492

a0 ∈ {8 000, 9 500, 11 000} km, for A/m ∈ {1, 5, 10}m2kg−1. A white sheen is placed493

over a large upper portion of each map to identify initial conditions corresponding to494

an initial eccentricity e0 exceeding the associated critical eccentricity e⋆. These orbits495

are nonphysical; we plot them, however, for completeness’ sake. As with the i − a496

space in the main manuscript, the extent of chaos in the i − e space increases with497

increasing A/m, with the largest amount of chaos observed for a0 = 11 000km and498

A/m = 10m2kg−1.499

Turning to the orbital lifetime maps of Fig. B4, while keeping in mind the SALI500

maps of Fig. B3, we see a correspondence (albeit not one-to-one, due to the broad band501
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Fig. B3 Initial conditions colored according to the log10 SALI value computed at tf = 100
years, over the interval i0 ∈ (0°, 180°) and e0 ∈ (0, 1), with ω0 = Ω0 = λ⊙,0 = 0° fixed and
a0 ∈ {8 000, 9 500, 11 000} km per column. Each row corresponds to A/m ∈ {1, 5, 10}m2kg−1. Non-
physical initial conditions are masked using a white sheen.

of reentry orbits around i0 ∼ 35° to i0 ∼ 40°) between the orbits that reenter within 25502

years and the chaotic regions revealed by the SALI. We see, in fact, that most orbits503

reenter within 5 years, apart from the nonphysical orbits which naturally have t⋆ = 0.504

Appendix C Stability and lifetime maps in the e− a505

space506

Continuing the exploration of the high-dimensional phase space of the Hamiltonian507

in Eq. (3), Fig. C5 and Fig. C6 present maps of the SALI at tf = 100 years and the508

orbital lifetime, respectively, over initial conditions in the e − a space. The scans are509
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Fig. B4 Initial conditions colored according to their orbital lifetime t⋆, over the interval i0 ∈
(0°, 180°) and e0 ∈ (0, 1), with ω0 = Ω0 = λ⊙,0 = 0° fixed and a0 ∈ {8 000, 9 500, 11 000} km per col-
umn. Each row corresponds to A/m ∈ {1, 5, 10}m2kg−1.

performed for e0 ∈ (0, 1), a0 ∈ [8 000km, 12 000km] and i0 ∈ {50°, 100°, 150°}, with510

A/m ∈ {1, 5, 10}m2kg−1. As before, nonphysical orbits are masked by a white sheen.511

The e−a space again follows the trend of the i−a and i−e spaces, with the extent512

of chaotic regions increasing with A/m. The most pronounced chaotic behavior in this513

space occurs for i0 ∼ 100°, as expected from the prominent inverted U-shaped chaotic514

sea observed around i0 ∼ 100° in Fig. 2. Furthermore, a qualitative correspondence515

can be identified between the chaotic regions in Fig. C5 and the reentry structures in516

Fig. C6.517
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Fig. C5 Initial conditions colored according to the log10 SALI value computed at tf = 100 years,
over the interval e0 ∈ (0, 1) and a0 ∈ [8 000km, 12 000km], with ω0 = Ω0 = λ⊙,0 = 0° fixed and
i0 ∈ {50°, 100°, 150°} per column. Each row corresponds to A/m ∈ {1, 5, 10}m2kg−1. Nonphysical
initial conditions are masked using a white sheen.
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