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Computational Validation of a Kinetic PDE for Reinforcement Learning in
Market-Entry Games

Esther Bou Dagher ∗

Abstract. One-particle kinetic equations provide efficient descriptions of large adaptive populations, but their
reliability for finite, globally coupled learning systems is not automatic. We computationally assess
the nonlinear transport–diffusion equation derived in [4] from a stochastic reinforcement-learning
model of repeated market entry through a second-order Kramers–Moyal approximation and a molecu-
lar chaos-type closure. Rather than only quantifying particle–continuum discrepancies, we ask which
observables are preserved, how far the reduced model remains informative beyond the assumptions
of the analytical theory, and where finite-player information is lost. To probe the role of a posi-
tive probability floor, we compare a floored response map with a smooth vanishing-tail map outside
that setting. Independently audited particle and finite-volume computations show that the PDE
reproduces aggregate entry, within-agent Bernoulli uncertainty, and return towards market capac-
ity more reliably than the complete distribution of individual entry probabilities. These aggregate
conclusions persist for both maps, although the vanishing-tail case retains a detectable law-level
discrepancy. Mechanism-resolving diagnostics show that finite-player dependence weakens as the
population grows. Within an exact one-step generator audit, replacing focal finite-player informa-
tion by global moments produces the largest local discrepancy among the tested approximation
steps, whereas the second-order truncation remainder is much smaller. For the floored map, long-
time computations further reveal a pronounced separation between rapid aggregate learning and
slow, fluctuation-driven sorting. Taken together, the study provides a computational map of when
the kinetic PDE can serve as an efficient surrogate for repeated particle simulations, which observ-
ables it preserves, and where targeted corrections could broaden its use in finite-player parameter
studies and otherwise costly long-time calculations.

Key words. computational validation, stochastic reinforcement learning, market-entry games, kinetic equation,
Fokker–Planck equation, finite-volume methods, particle simulation, Kramers–Moyal approxima-
tion, molecular-chaos closure, finite-player effects, aggregate learning, sorting dynamics
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1. Introduction. Some opportunities lose their value precisely because too many people
pursue them. Consider a crowded opportunity: a trading strategy whose edge disappears
when it becomes popular, a product market with only a limited pool of profitable demand,
or a venue with finite room. Entry can be rewarding while only a few others make the same
choice. If too many enter, competition or congestion can erase the reward and turn entry
into a loss; staying out avoids that loss, but also gives up the possible gain. Market-entry
games isolate this feedback in a deliberately simple form. Each participant chooses privately
between entering and staying out; entry is rewarded below a known capacity and discouraged
when realised attendance exceeds it [16].

The El Farol Bar problem made this coordination problem a canonical example of induc-
tive decision making under limited information: agents choose before current attendance is
known, even though that attendance, and therefore the reward from entry, is created by their
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simultaneous decisions [1]. The central question is therefore dynamic: how can decentralised
agents, learning only from noisy outcomes, produce a reliable collective response? Laboratory
market-entry experiments reveal a striking divide between collective and individual behaviour:
aggregate entry approaches the equilibrium capacity benchmark, while persistent differences
remain across participants [16]. The population can therefore learn how many should enter
without yet settling who will do so.

Reinforcement learning supplies a natural mechanism for this adaptation. Rather than
solve the game afresh in every round, agents update their action propensities from realised
payoffs, becoming more likely to repeat rewarded actions and less likely to repeat disappoint-
ing ones. This idea has roots in adaptive-behaviour models and underlies influential models
and experiments on learning in games [11, 17, 9, 10]. Studies of repeated market-entry games
distinguish two outcomes: aggregate learning, in which the average number of entrants moves
towards capacity, and sorting, in which individuals gradually specialise into near-certain en-
trants and non-entrants in proportions compatible with capacity [8, 7]. Aggregate learning
can occur well before sorting is complete; matching total attendance therefore does not ensure
that a model reproduces the distribution of individual behaviour [7].

Two mathematical viewpoints illuminate these dynamics. Stochastic approximation re-
tains the finite population but relates its noisy updates to a deterministic dynamical system,
whose limiting ODEs reveal the stability of candidate equilibria [2]. This framework has been
used to study convergence and sorting in market-entry and El Farol games [7, 23]. The com-
plementary kinetic viewpoint follows the distribution of propensities rather than every agent’s
trajectory. Such equations have been developed for adaptive learning and strategic interac-
tions in large populations [14, 15], alongside mean-field models driven by local game-theoretic
equilibria [6].

The kinetic reduction is attractive analytically and computationally: it replaces M evolv-
ing propensities, and their M -dimensional joint law, by a single density on the one-dimensional
propensity space. This one-dimensional reduction permits broad parameter studies and long-
time calculations at much lower cost than repeated particle simulations. In classical mean-field
theory, such a reduction can sometimes be justified by propagation of chaos : as M grows, any
fixed set of tagged particles becomes asymptotically independent, with each governed by the
same one-particle law [13, 19, 5].

Against this background, Bou Dagher, Perepelitsa, and Zatorska derived a one-particle
kinetic PDE for stochastic reinforcement learning in a market-entry game [4]. Their derivation
contains two distinct approximation steps. First, the second-order Kramers–Moyal approxi-

mation replaces exact finite propensity shifts by the drift and diffusion determined by their
first two conditional moments. Second, a factorisation analogous to molecular chaos replaces
the two- and three-particle marginal laws by products of the one-particle density. Under
the stated hypotheses, the resulting nonlinear transport–diffusion equation admits a unique
strong solution and exhibits long-time sorting; under additional positive-floor and transport-
dominance conditions, the theory also bounds the long-time capacity error. It further predicts
that aggregate learning occurs much earlier than sorting.

That theory creates a computational question with practical consequences. The aim is not
simply to label the reduced PDE as reliable or unreliable, but to determine what it reproduces
at finite population sizes and jump scales, what information it loses, and why. If it preserves



COMPUTATIONAL VALIDATION OF A KINETIC EQUATION 3

the observables relevant to a given task, the one-dimensional PDE can screen broad parameter
families and reach sorting horizons that are costly to explore by repeatedly simulating every
agent. If a remaining discrepancy can be traced to a particular step of the reduction, that step
becomes a focused target for sharper analysis or correction. The goal is therefore a map of the
PDE’s accuracy that can turn it into a computational backbone for finite-player problems.

The two approximation steps in [4] remove different information from the finite game.
The Kramers–Moyal approximation replaces an agent’s actual one-round shift by its first two
conditional moments; its accuracy must therefore be tested against the realised size of those
finite shifts. The one-particle factorisation removes dependence between agents. Its algebra
resembles molecular chaos, but the interaction here is not the usual kinetic picture of locally
colliding particles: every entrant responds to the same aggregate attendance. In our case,
however, even though the entry decisions are conditionally independent, a crowded or sparse
round can move many propensities in the same direction and create dependence in later states.
For this learning process, the one-particle factorisation is therefore a modelling closure, not
the consequence of an established propagation-of-chaos limit. Whether its loss of information
becomes negligible as M grows is a question to be investigated in this paper.

A second axis of this study is the probability map that converts propensity into entry
probability. This map determines how strongly a discouraged agent can withdraw from the
market and enters directly into the assumptions of the long-time theory. We therefore study
two branches. Branch A is a floored logistic map, so an agent’s entry probability never falls
below pmin = 0.05; at the probability-map level, it is aligned with the hypotheses of the
analytical paper [4]. Branch B is smooth and increasing but tends to zero in its lower tail,
allowing sufficiently discouraged agents to become arbitrarily unlikely to enter. It lies outside
the positive-floor hypothesis in [4] used to control aggregate learning. Such a vanishing-tail
response is natural in settings where repeated losses can make future participation negligible.
Comparing the branches therefore asks whether particle–PDE agreement and the learning
mechanisms depend essentially on the analytical floor, or remain informative for a broader
class of behavioural response rules. The results show that several key aggregate conclusions
survive without the floor, broadening the computational scope of the PDE and identifying a
concrete direction for extending the theory. We organise the results around four questions:

1. When is the PDE an accurate finite-time surrogate, and what does it preserve? A dis-
crepancy is scientifically meaningful only after errors in the deterministic solver and
stochastic simulator have been separated from errors in the model reduction. We there-
fore certify conservation, positivity, refinement, calibration, Bernoulli randomisation,
update identities, and fixed-seed reproducibility before making matched comparisons.
We then move from the least to the most demanding targets: mean entry, within-
agent Bernoulli uncertainty, probability-interior mass, and the full law measured in
probability-space Wasserstein distance. Across 30 ≤M ≤ 30000, the aggregate quan-
tities are consistently easier to reproduce than the complete law. Branch A remains
within every declared finite-time behavioural and law-level threshold. Branch B re-
tains a small but resolvable law discrepancy even where its aggregate moments are
accurate. The design and certification are given in Section 3, and the matched results
in Section 4.

2. Which approximation matters when law-level agreement is imperfect? The two steps
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leave different empirical signatures. The one-particle factorisation discards finite-
player dependence, so any associated signal should weaken as M grows. After re-
moving the multinomial sampling baseline, excess dependence decays approximately
as M−1: doubling the population roughly halves it. This is consistent with, but
does not prove, increasing finite-population independence. The Kramers–Moyal ap-
proximation instead neglects effects beyond the first two conditional moments of each
finite shift. Realised one-round probability shifts scale almost one-for-one with the
prescribed jump parameter ρ and show negligible residual dependence on M .
Two further tests sharpen the diagnosis. Supplying the PDE with aggregate coef-
ficient paths measured from the particles does not systematically improve law-level
agreement, so aggregate feedback alone does not explain the discrepancy. An exact
one-step weak-generator hierarchy then isolates attendance heterogeneity, focal leave-
one-out information, and finite-shift truncation in sequence. For the tested states and
smooth observables, the largest local change occurs when a focal agent’s environment
is replaced by a single global mean; the remainder beyond the second-order Kramers–
Moyal approximation is much smaller. This identifies the loss of focal finite-player
information as the leading local target for refinement in the audited regime. Section 5
develops this diagnosis.

3. Does the restoring mechanism work away from the target, rather than only beside it?

The baseline comparisons begin with the mean entry probability calibrated to capacity.
That is useful for detecting distributional error, but by itself it could make a model
with weak attraction appear successful. We therefore displace the initial mean both
above and below capacity, vary the magnitude of the displacement, and rearrange the
initial density while holding its mean fixed. Every one of the 46 tested deterministic
PDE cases removes more than 99% of its initial capacity error over the prescribed finite
horizon. Replicated particle experiments show the same restoring direction. Because
an individual finite population continues to fluctuate after its systematic error has
contracted, independent zero-offset controls define the noise level at which “return”
can honestly be resolved. These off-capacity tests and the finite-M bridge are reported
in Section 6.

4. How much slower is sorting than aggregate learning, and what keeps it moving? Once
expected attendance is correct, the game can look settled even though most agents
remain far from pure behaviour. We therefore follow the mass left in fixed propen-
sity windows rather than inferring sorting from the mean. This creates a numerical
difficulty of its own: the analytical PDE lives on the whole real line, whereas a com-
putation has artificial walls. The long-time study uses a greatly enlarged domain,
monitors mass near its edges, and accepts a sorting milestone only before a prede-
clared boundary warning. For Branch A, aggregate return is visible on a scaled-time
horizon of order 10, while direct evacuation of the central window requires times of
order 105–106, a separation of at least four orders of magnitude. At those milestones,
diffusion generated by the residual capacity error is negligible relative to the Bernoulli-
fluctuation term: the mean has settled, but randomness in individual entry decisions
continues to rearrange the population. The near-collapse of scaled crossing times across
population sizes is robust, although the absolute times retain visible spatial-resolution



COMPUTATIONAL VALIDATION OF A KINETIC EQUATION 5

sensitivity. A comparable boundary-safe milestone for Branch B is unresolved on the
available horizon and is not interpreted as failed sorting. The boundary-safe long-time
analysis is given in Section 7.

The remainder of the paper is organised as follows: Section 2 introduces the finite-player
process, the two probability maps, the closed kinetic PDE, and the analytical targets, while
Section 3 sets out the frozen computational design, independent numerical implementations,
comparison metrics, and mechanism-resolving diagnostics. Section 4 reports the numerical
audits and establishes observable-dependent finite-time agreement, Section 5 investigates the
origins of the remaining law discrepancy, Section 6 tests deterministic and finite-player re-
covery from off-capacity states, and Section 7 quantifies the separation between aggregate
learning and sorting; the supplement provides the complete audits, diagnostic atlases, robust-
ness analyses, and supporting long-time calculations.

2. Microscopic model, kinetic PDE, and analytical targets. We use the stochastic
market-entry model and kinetic PDE of Bou Dagher, Perepelitsa, and Zatorska [4], intro-
ducing only the notation and analytical targets needed for the computational study.

2.1. Finite-player process and capacity target. There are M agents and an integer mar-
ket capacity Mc. At round n, agent i has propensity Xi

n ∈ R, which is mapped to an entry
probability by an increasing function p : R → (0, 1]. Conditional on the current propensities,

(2.1) δin ∼ Bernoulli
(
p(Xi

n)
)
, mn =

M∑

j=1

δjn,

where δin is the entry indicator and mn the realised attendance. The propensity evolves
according to

(2.2) Xi
n+1 = Xi

n + h
(
Mc −mn

)
δin,

so only entrants update, being reinforced below capacity and discouraged above it; this is
model (M1) of [4]. The symmetric mixed-equilibrium entry probability is

(2.3) κ(M) =
Mc − 1

M − 1
,

while Nash-equilibrium expected attendance lies between Mc − 1 and Mc, corresponding to
the mean-entry interval

(2.4) IM =

[
Mc − 1

M
,
Mc

M

]
, κ(M) ∈ IM .

Aggregate learning means that the expected entry rate approaches this capacity interval,
whereas sorting means that individual propensities eventually leave every fixed bounded in-
terval [4]; these behaviours are examined in Sections 6 and 7, respectively. For the particle
system, the corresponding mean entry probability is

(2.5) αM
n =

1

M

M∑

i=1

p(Xi
n).
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Computationally, Mc is chosen so that κ(M) remains close to the nominal target κ⋆ = 0.30,
and the baseline initial law is calibrated to satisfy

(2.6)

∫

R

p(x)f0(x) dx = κ(M)

up to numerical tolerance. The initial-law construction and calibration are given in Section 3.1,
while attraction from deliberately off-capacity states is tested in Section 6.

2.2. Two probability maps. The computations use two increasing maps p : R → (0, 1]
with deliberately different lower-tail behaviour. Branch A is the floored logistic

(2.7) pA(x) = pmin + (1 − pmin)σ(λ(x− s)) , σ(z) =
1

1 + e−z
,

with pmin = 0.05, λ = 0.9, and s = 0. This is the theorem-facing branch: its positive whole-
line floor and derivative structure are compatible with the probability-map assumptions used
in the analytical existence, uniqueness, and long-time results of [4]. Branch B is the softplus
ratio

(2.8) qℓ(x) = ℓ log
(

1 + e(x−s)/ℓ
)
, pB(x) =

qℓ(x)

qℓ(x) + x0
,

with ℓ = 0.6, x0 = 1, and s = 0. It retains the ratio structure used to motivate entry prob-
abilities in the analytical model while extending it smoothly to all x ∈ R. Unlike Branch A,
infR pB = 0, so it lies outside the positive-floor assumption used for the aggregate-learning part
of the long-time theorem. The two branches therefore serve distinct purposes. Branch A tests
the PDE in probability-map geometry aligned with the analytical theory [4], whereas Branch B
tests how robust the finite-player/PDE agreement and the learning and sorting mechanisms
are when the positive lower tail is removed. We compare the two branches throughout the
numerical study. The derivative checks, precise theorem assumptions, and probability-map
geometry are given in Supplementary Section SM1.1.

2.3. From the stochastic process to the closed PDE. The analytical paper passes from
the finite-player learning rule to a one-particle kinetic PDE through two approximations.
First, the Kolmogorov increment of the full M -particle law is expanded to second order in the
update size h. Keeping the h/τ and h2/τ terms, and discarding the O(h3)/τ remainder under
the small-step regime h, τ ≪ 1 with h2/τ ∼ 1, gives a Kramers–Moyal, or Fokker–Planck,
approximation; see Section 3 of [4]. Second, the resulting two- and three-particle marginals
are factorised into products of the one-particle density, as in the molecular-chaos closure
introduced in Section 3 of [4]. This closure is a modelling assumption rather than a proved
propagation-of-chaos theorem for the learning process. A central aim of the present numerical
study is therefore to test the closed PDE at finite M and to separate, where possible, the
effects of finite jumps and finite-population dependence; see Sections 4 and 5.

Let f(x, t) denote the one-particle propensity density. We use the aggregate observables

(2.9) α(t) =

∫

R

p(x)f(x, t) dx, a(t) = κ(M) − α(t), b(t) = α(t)
(
1 − α(t)

)
,



COMPUTATIONAL VALIDATION OF A KINETIC EQUATION 7

where α(t) is the mean entry probability, a(t) is its deviation from the symmetric capacity
target, and b(t) is the Bernoulli variance of the population mean. We also track

(2.10) β(t) =

∫

R

p(x)
(
1 − p(x)

)
f(x, t) dx,

the within-agent uncertainty quantity introduced in the analytical estimates of [4]. Since

(2.11) b(t) − β(t) = Varf(t)
(
p(X)

)
≥ 0,

β(t) measures average within-agent Bernoulli uncertainty, while b(t) − β(t) measures hetero-
geneity of entry probabilities across agents. After the second-order truncation and one-particle
closure, the density satisfies
(2.12)

∂tf +
M − 1√

τ
a(t) ∂x

(
p(x)f

)
− (M − 1)2

2

(
a(t)2 +

b(t)

M − 1

)
∂xx

(
p(x)f

)
= 0, f(·, 0) = f0.

This is the closed one-particle equation derived in Section 3 of [4]. The drift is controlled
by the capacity error a(t), whereas the diffusion contains both the squared capacity error
and the population uncertainty b(t). This structure is important computationally: aggregate
learning is tied to the decay of a(t), while sorting may continue through the remaining diffusive
dynamics.

2.4. Analytical targets for the computations. The analytical theory motivates two long-
time numerical targets: aggregate learning and sorting [4]. Aggregate learning asks whether
the mean entry probability approaches the finite-game equilibrium interval IM in (2.4). Sort-
ing is stronger: the density should leave every fixed bounded propensity window. We measure
this directly by

(2.13) SR(t) =

∫ R

−R
f(x, t) dx,

with sorting corresponding to SR(t) → 0 for every fixed R > 0. Aggregate return is tested
in Section 6, and direct long-time sorting diagnostics are reported in Section 7. The main
long-time theorem separates these questions. Theorem 5.1(i) proves sorting under the stated
regularity and curvature assumptions, while Theorem 5.1(ii) adds a positive probability floor
and the sufficient transport-dominance condition

(2.14) ĉp
√
τ(M − 1) < p4min.

This condition is used to control the long-time capacity error. Branch A is therefore theorem-
oriented at the probability-map level, whereas Branch B is a robustness branch outside the
positive-floor hypothesis. Finally, the analytical time-scale discussion predicts faster aggregate
adjustment than sorting [4]. The computational companion tests this separation at finite M :
finite-time PDE accuracy is assessed in Section 4, approximation mechanisms in Section 5,
and aggregate return versus long-time redistribution in Sections 6–7.
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3. Computational and statistical methodology. The computations follow a frozen staged
workflow. The grids, initial laws, scaling, seeds, report times, discrepancy metrics, and op-
erational thresholds were fixed before particle–PDE discrepancies were inspected. The PDE
solver and microscopic simulator were audited independently before matched comparisons,
mechanism diagnostics, and long-time runs were analysed.

3.1. Frozen design and calibrated initial laws. The population registry contains 100
distinct values of M , obtained by rounding a logarithmic grid from 30 to 30000, removing
duplicates, and retaining both endpoints. With nominal capacity fraction κ⋆ = 0.30, each
game uses

(3.1) Mc(M) = round(1 + κ⋆(M − 1)) , κ(M) =
Mc(M) − 1

M − 1
.

Thus the exact finite-player target κ(M), rather than the nominal value κ⋆, is used in both the
particle system and the PDE. This keeps the integer-capacity rounding error separate from
the numerical particle–PDE discrepancy. For the baseline comparisons, the initial density is
a fixed smooth three-bump law,

(3.2)

f̃0(x; c) = 0.80 exp

[
− (x− c)2

2(0.85)2

]
+ 0.10 exp

[
−(x− c+ 1.20)2

2(0.45)2

]

+ 0.10 exp

[
−(x− c− 1.20)2

2(0.45)2

]
,

followed by numerical normalisation. The three-bump shape is used to make the law-level
comparison nontrivial: the PDE must track internal structure, not only a single unimodal
aggregate. See the supplement SM2 for the baseline-law details. For each branch and each
population size, only the centre c is adjusted. A bracketed root solve selects c = c⋆ so that

(3.3)

∫

R

p(x)f0(x; c⋆) dx = κ(M).

Equivalently, the baseline laws lie, up to numerical tolerance, in the capacity-matched set

(3.4) Mκ(M) =

{
f ≥ 0 :

∫

R

f = 1,

∫

R

p(x)f(x) dx = κ(M)

}
.

These matched initial laws test preservation near the capacity manifold and local law evolu-
tion. Off-capacity perturbations are introduced in Section 3.6 and studied in Section 6. The
calibration audit records mass, |a(0)|, β(0), and the probability-space pushforward ν0 = p#f0.

1

The largest residual in (3.3) over the 2 × 100 baseline cases was 8.31 × 10−14, showing that
later aggregate discrepancies are not caused by imperfect initial calibration. Details of the
component interpretation, calibration plots, and full case registry are in the supplement SM2.

3.2. Independent deterministic and microscopic implementations.

1For measurable A ⊂ [0, 1], (p#f0)(A) =
∫
p−1(A)

f0(x) dx; equivalently, p#f0 is the distribution of P = p(X)

when X ∼ f0.
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Finite-volume PDE solver. The closed equation (2.12) is solved on a uniform cell-centred
grid over Ω = [−14, 14]. This box is wide enough for the calibrated initial laws to start well
inside the computational domain, but small enough for repeated refinement and enlarged-
domain checks. Boundary influence is monitored by the mass in the outer 10% of the box.
Writing gi = p(xi)fi, the spatial discretisation is conservative:

(3.5)
dfi
dt

= −
Fi+1/2 − Fi−1/2

∆x
, F = c(t)g − d(t)∂xg,

where c(t) and d(t) are the drift and diffusion coefficients in (2.12). The same interface flux
is shared by neighbouring cells, and zero flux is imposed at the endpoints. Advection is
treated by MUSCL reconstruction with minmod limiting [20, 18], diffusion is centred, and no
positivity projection is applied; any negative density is retained as a numerical diagnostic.
The flux details are given in Supplementary Section SM3.1. After this spatial discretisation,
the cell values satisfy a finite system of ODEs in time. This system is advanced with SciPy’s
variable-order BDF solver [21]. The independent PDE audit uses Nx ∈ {101, 201, 401, 801}
over the common scaled-time horizon θ = 2, with tighter tolerances and smaller maximum
steps as the grid is refined. The 801-cell solution is the finest certified solution and is used
as the production reference. The refinement audit records moment errors, common-grid L1

law errors, native-grid window masses, conservation, negative mass, boundary mass, and the
empirical order q = log(Eh/Eh/2)/ log 2, where Eh and Eh/2 are successive-grid differences
for the diagnostic being tested. Thus q ≃ 2 means that halving the mesh width reduces the
observed error by about a factor of four. The finest-grid differences set the solver scale used
later in the operational thresholds: about 3.5 × 10−4 for common-grid law diagnostics and
at most a few 10−6 for smooth moments. Because probability-space W1 was not a direct
column in this deterministic refinement audit, the later 5× 10−4 W1 allowance is used only as
a conservative numerical allowance, not as a measured W1 refinement floor.

Microscopic simulator. The stochastic simulator implements the finite-player update (2.2)
directly. Initial particles are chosen as shuffled stratified quantiles of the calibrated density:

(3.6) ui =
i+ 1/2

M
, X

π(i)
0 = F−1

0 (ui), i = 0, . . . ,M − 1,

where F0 is the CDF of f0 and π is a random permutation. This gives an even initial
empirical law without tying quantile order to agent labels. The simulator audit uses both
probability branches, all 100 population sizes, four seeds, 100 microscopic rounds, and ρ ∈
{0.00125, 0.00175, 0.0025, 0.0035, 0.005, 0.0075, 0.01, 0.015, 0.02}, with reports at rounds 0, 25,
50, 75, 100. This gives 1800 parameter cases and 7200 seeded trajectories. Since the number
of rounds is fixed, the physical horizon is 100ρ2/M ; the audit checks implementation and
jump scaling before the matched particle–PDE study, rather than serving as a common-time
convergence test. At each round the code verifies the attendance and update identities from
(2.1)–(2.2), mn =

∑
i δ

i
n, and X i

n+1−Xi
n = h(Mc−mn)δin, together with state, action, proba-

bility, and attendance bounds. These checks catch errors in attendance counting, update sign,
update scale, or the entrant mask before any scientific comparison is made. The Bernoulli
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randomisation is checked conditionally on the current propensities through

(3.7)

zn =
mn −

∑
i P

i
n√∑

i P
i
n(1 − P i

n)
, P i

n = p(Xi
n),

Zglobal =

∑
nmn −

∑
n,i P

i
n√∑

n,i P
i
n(1 − P i

n)
.

The predeclared screens |z| ≤ 0.20, |sz − 1| ≤ 0.25, and |Zglobal| ≤ 4 are broad quality-control
checks for systematic bias or variance distortion, not formal hypothesis tests. Fixed-seed
sentinel cases must also reproduce identical final-state fingerprints and scalar summaries. The
numerical outcomes of these checks are reported in Section 4.1.

3.3. Matched clocks, observables, and discrepancies. For particle–PDE comparisons,
the microscopic update size, PDE time scale, and reported clock are fixed by

(3.8) h =
ρ√
M
, τ = h2 =

ρ2

M
, θ = (M − 1)t.

ρ sets the microscopic jump scale and θ is the scaled time used in the figures and tables. Let

(3.9) θmax(ρ) = 0.40
( ρ

0.02

)2
= 1000ρ2.

Here θ = 0.40 is the observation horizon used at the largest tested jump scale, ρ = 0.02. Since
τ = ρ2/M , this choice corresponds to approximately 1000M/(M − 1) microscopic rounds per
case. Let S be the number of microscopic seeds. The seed-mean empirical probability law is

(3.10) ν̂M (θ) =
1

S

S∑

s=1

[
1

M

M∑

i=1

δp(Xi
s(θ))

]
,

where δy is a unit point mass at y. The empirical moments α̂M and β̂M are averaged over seeds
in the same way, and the PDE probability law is νPDE = p#fPDE. Over a fixed comparison
window W , the main discrepancies are

Dα = sup
θ∈W

|α̂M (θ) − αPDE(θ)|,(3.11)

Dβ = sup
θ∈W

|β̂M (θ) − βPDE(θ)|,(3.12)

DW1,p = sup
θ∈W

W1(ν̂M (θ), νPDE(θ)) .(3.13)

The Wasserstein metric is the principal full-law discrepancy because it compares probability
laws without choosing histogram bins.2

For the finite-time sorting-related comparison, define the probability-interior mass

(3.14) Sp
ε (θ) =

∫

R

1{ε≤p(x)≤1−ε}f(x, θ) dx.

2For one-dimensional laws, we compute W1(µ, ν) =
∫ 1

0
|F−1

µ (u)− F−1
ν (u)| du.
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Its microscopic analogue is the seed-mean fraction of particles whose entry probabilities lie in
the same interval. The corresponding discrepancy is

(3.15) DSp
ε

= sup
θ∈W

⃓⃓
⃓Ŝp

ε,M (θ) − Sp
ε,PDE(θ)

⃓⃓
⃓ .

We record ε ∈ {0.05, 0.10, 0.20} and use ε = 0.10 in the primary behavioural screen. Since
p is increasing, this diagnostic measures mass whose entry probabilities remain away from
their endpoint behaviour and is therefore sorting-related. It is not identical to the whole-line
sorting diagnostic SR in (2.13), which remains the direct long-time measure used in Section 7.
As an auxiliary fixed-bin shape diagnostic, for a partition B1, . . . , BK of [0, 1] we also record
HK = 1

2

∑K
k=1 |m̂k−mk|, where m̂k and mk are the microscopic and PDE masses in Bk. This is

a histogram half-L1 diagnostic, so it is representation-dependent. All comparison windows are
fixed before inspecting the discrepancies. The finite-time atlas uses θburn = min(0.05, θmax/2),
and the mechanism study uses the final 95% of each realised horizon. These burn-in rules
remove a short startup transient without choosing windows after seeing the results.

3.4. Operational adequacy, uncertainty, and censoring. Raw discrepancies are reported
before any pass–fail label. For a diagnostic Q, the operational threshold is

(3.16) T op
Q (M) = max

{
T sampling
Q,0.95 (M) + TPDE

Q , T practical
Q

}
.

Here T sampling
Q,0.95 is the 95th percentile from 400 matched samples of the reference law, TPDE

Q

is the numerical-resolution allowance, and T practical
Q is the predeclared accuracy margin. The

practical margins are design choices, not results:

T practical
α = T practical

β = 0.01, T practical
W1,p

= 0.02,

T practical
H40

= 0.10, T practical
H100

= 0.15, T practical
Sp
0.10

= 0.05.

The corresponding PDE allowances are 10−4, 10−4, 5× 10−4, 5× 10−4, 5× 10−4, and 10−3.
We display RQ = DQ/T

op
Q (M) with the raw discrepancy DQ. The ratio RQ > 1 means that

the observed discrepancy exceeds the declared operational resolution at that population size.
Since the sampling part of the threshold decreases with M , RQ can increase even when DQ

decreases; reporting both keeps detectability separate from absolute error. Uncertainty is
handled at the seed and case levels. Two-seed atlas ranges are descriptive only. Cross-case
regressions treat each parameter case as one observation and use HC3 heteroskedasticity-
robust standard errors [12]; fits based on only three population sizes are labelled exploratory.
Off-capacity experiments start with a(0) ̸= 0. Persistent entry into a tolerance ε is defined by

(3.17) Tε = inf {θ : |a(s)| ≤ ε for every stored s ∈ [θ, θmax]} .

A trajectory must enter the tube and remain there. If entry is not observed by θmax, the event
time is right-censored rather than set to the terminal horizon. We use ε = 10−3 and a case-
matched noise-aware tolerance estimated from independent zero-offset microscopic controls.
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3.5. Mechanism-resolving diagnostics. The study separates sources of finite-time law
discrepancy: aggregate feedback through a(t) and b(t), finite-player dependence beyond inde-
pendent sampling, realised one-round changes in p(X), and weak-generator approximations.

Oracle intervention and corrected dependence. The oracle calculation keeps the finite vol-
ume operator fixed but replaces the PDE-generated paths a(t) and b(t) by piecewise-linear
interpolants of the microscopic seed means. For discrepancy DQ, define

(3.18) IabsQ = Dclosed
Q −Doracle

Q , IrelQ =
IabsQ

Dclosed
Q

, Dclosed
Q ̸= 0.

Positive IrelQ means that supplying the microscopic aggregate paths improves the comparison.
To measure dependence, probability space is partitioned into bins B1, . . . , BK . At a fixed
report time in seed s, define

(3.19) Nsk =
M∑

i=1

1{p(Xi
s)∈Bk}, ν̂s =

(
Ns1

M
, . . . ,

NsK

M

)
.

The independent multinomial baseline and corrected excess covariance are

(3.20) BM (ν) =
diag(ν) − ννT

M
, Cex = Ĉseed −BM (ν), χ+

K =
∑

j,k

max{(Cex)jk, 0},

with seed mean ν and covariance Ĉseed. χ+
K records positive bin co-fluctuation beyond what

an independent finite sample would already produce. The primary resolution is K = 20, with
K = 10, 40 used for resolution checks; the reliability screen is at least 6 seeds and M ≥ 5K.

Direct jumps and weak generators. The realised probability jump is ∆pin = p(Xi
n+1)−p(Xi

n),
with J90 = Q0.90(|∆pin|) as the primary upper-tail coordinate. Since non-entrants do not
update, move frequencies and conditional-nonzero summaries are also reported. Large jump
streams are stored by uniform one-pass reservoir sampling [22], with sentinel cases accumulated
exactly. The weak-generator audit is a local one-step diagnostic. For a test function ψ, it
compares successive approximations to Gψ = τ−1

E[ψ(Xn+1) − ψ(Xn) | Xn] . The hierarchy is

(3.21) Gmicro −→ GLOO −→ Gnonlocal −→ GKM2 −→ GPDE.

Here Gmicro is the exact finite-player one-step generator; GLOO replaces heterogeneous leave-
one-out attendance by a binomial law with the same leave-one-out mean; Gnonlocal replaces
focal leave-one-out information by global closed-model moments while retaining the finite
shift; GKM2 applies the second-order Kramers–Moyal expansion; and GPDE evaluates the
coded PDE weak form. The corresponding telescoping identity is

(3.22)

Gmicro −GPDE = Gmicro −GLOO⏞ ⏟⏟ ⏞
attendance heterogeneity

+ GLOO −Gnonlocal⏞ ⏟⏟ ⏞
leave-one-out/global replacement

+ Gnonlocal −GKM2⏞ ⏟⏟ ⏞
finite-jump truncation

+ GKM2 −GPDE⏞ ⏟⏟ ⏞
implementation identity

.
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This decomposition is local to one smooth observable and one stored state; it is not an additive
decomposition of a global metric such as W1. Exact Poisson–binomial quadrature is used
for M ≤ 300, with independent Monte Carlo one-step estimates as implementation checks.
Further details of the generator construction are given in Supplementary Section SM3.2.

3.6. Off-capacity attraction and finite-population noise. The capacity-matched laws in
(3.4) have a(0) ≈ 0, so they test preservation near the capacity manifold. To test attraction,
separate frozen experiments start from prescribed aggregate displacements, αtarget

0 = κ(M) +
δreqα , where δrealα =

∫
R
p(x)f0(x) dx − κ(M) = −a(0). The realised displacement is recorded

because finite-grid and finite-particle initialisation can slightly change the requested value.
Return to capacity is measured by Ca = |a(θmax)|

|a(0)| , a(0) ̸= 0. Thus Ca < 1 indicates contraction
toward capacity, and Ca ≪ 1 indicates strong return. We also record sign-correct return
and persistent entry into a tolerance tube around a = 0, using (3.17). Zero-offset controls
are handled separately because Ca is undefined when a(0) ≈ 0. The finite-population bridge
uses replicated microscopic cases at M ∈ {30, 100, 300}, with case-matched PDE trajectories.
These runs compare aggregate paths, W1, and SR, while independent zero-offset controls
estimate the finite-population noise floor. Persistent entry is reported both for ε = 10−3 and
for a case-matched noise-aware tolerance. The results are analysed in Section 6.

3.7. Long-time diagnostics and theorem connection. Long-time runs store the observ-
ables needed for the aggregate–sorting separation discussed in Section 2.4: |a(θ)|, β(θ),
and SR(θ). We also store the proof-facing quantity ϕ(θ) = β(θ)g2(θ)

3, where g2(θ) =∫
R

(p(x)f(x, θ))2 dx, for comparison with the analytical sorting argument [4]. Domain safety
is monitored by the edge mass in the outer 10% of the computational box, with headline
trajectories repeated on enlarged domains. The long-time results are reported in Section 7.

3.8. Sensitivity and reproducibility. Sensitivity checks vary grid/domain, report times,
bins, seeds, reservoir size, derivative step, Monte Carlo repetitions, and analysis window.
Failed, skipped, censored, and excluded cases remain in audit tables; invalid regressions are
omitted. Run provenance records configurations, seeds, outputs, checksums, and scripts, and
fixed-seed repeats must reproduce identical results.

4. Certified finite-time validity is observable dependent. Finite-time agreement depends
on the observable: the PDE may reproduce mean entry and within-agent uncertainty without
matching bounded-window mass or the complete probability law. We therefore audit the PDE
solver and microscopic simulator independently before their matched comparison.

4.1. Independent numerical verification. Throughout this section, a numerical result is
described as “certified” when the corresponding implementation passed the predeclared con-
vergence, conservation, boundedness, reproducibility, and calibration checks in Section 3.2.
These preliminary audits ensure that a later particle–PDE discrepancy is not simply an arte-
fact of a nonconverged PDE solver or an incorrectly implemented particle update. The four-
grid refinement procedure and empirical order q are defined in Section 3.2. Across the pri-
mary moment and law diagnostics in fourteen branch–population cases, 1.9785 ≤ q ≤ 2.0132.
Thus halving the mesh width reduced successive-grid differences by approximately a factor
of four. This near-second-order self-convergence shows that the deterministic numerical er-
ror contracts predictably under the production space–time refinement protocol and supports
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using the 801-cell solution as the finite-time reference. It is an empirical result for the cou-
pled refinement protocol. The remaining PDE checks concern the computed density f . The
mass defect

⃓⃓∫
Ω f(x, t) dx− 1

⃓⃓
was at most 2.00 × 10−15, while the integrated negative part∫

Ω max{−f(x, t), 0} dx remained zero and therefore below tolerance. The mass in the moni-
tored outer part of the finest computational domain was at most 5.68 × 10−26. These checks
show that the numerical density remains normalised, does not develop resolved negative values,
and is not being distorted by the artificial boundary; see Supplementary Table SM3. The mi-
croscopic simulator was audited independently over 1800 parameter cases and 7200 seeded tra-
jectories. For the update identity, the residual rupd = maxn,i

⃓⃓
(Xi

n+1 −X i
n) − h(Mc −mn)δin

⃓⃓

should vanish algebraically. Its observed maximum, 4.44 × 10−16, is consistent with floating-
point roundoff. This is a code-integrity check: an error in indexing, broadcasting, up-
date order, or the entrant mask would make the residual appreciably nonzero. The atten-
dance identity was satisfied exactly. The Bernoulli residuals defined in (3.7) also satisfied
max |Zglobal| = 3.06 < 4, where 4 is the predeclared calibration screen. Because the states
evolve adaptively, this is a quality-control diagnostic for systematic simulation bias rather than
an independent-sample hypothesis test. The complete microscopic audit is reported in Sup-
plementary Table SM4. The dependence of realised one-round probability changes on M and
ρ is a mechanism question rather than a code-integrity check and is analysed in Section 5.3.

4.2. Aggregate and sorting-related accuracy. The matched finite-time atlas contains
2 branches × 9 ρ-values × 21 M -values = 378 particle–PDE cases, with 30 ≤ M ≤ 30000.
Because θmax = 1000ρ2 in (3.9), larger ρ means both stronger jumps and a longer scaled
observation window. Comparisons across ρ therefore measure their combined effect, not jump
size alone. The observables α and β are defined in (2.9)–(2.10), and their discrepancies in
(3.11)–(3.12). Figure 1(a)–(b) shows both errors against M for representative ρ values. They
broadly decrease with population size and are largest under the high-ρ protocol. The light
bands are two-seed minimum–maximum ranges, not confidence intervals. Supplementary
Figure SM4 gives the complementary view against ρ: its influence is strongest at small M ,
whereas at large M the aggregate errors are smaller and DW1,p is nearly flat in ρ. For each
branch and ρ, Table 1 first takes the median over the 21 population sizes and then reports
the range over the nine ρ rows. Even the upper endpoints of the median Dα and Dβ ranges

remain below the predeclared practical margins T practical
α = T practical

β = 0.01 from Section 3.4.
Supplementary Figure SM3(a) confirms the small-M/large-ρ concentration over the complete
atlas. A case is behaviourally adequate when Dα, Dβ , and DSp

0.10
from (3.15) all satisfy their

operational thresholds (3.16). This tests finite-time particle–PDE agreement, not attainment
of the long-time sorting limit. Branch A passes all 189 cases, whereas Branch B passes 179
of 189. The α and β errors pass throughout [Supplementary Figure SM3(b)], so the only
failing component of the Branch B behavioural screen is the probability-interior mass (3.15).
In those ten cases, the microscopic and PDE fractions with 0.10 ≤ p(X) ≤ 0.90 differ beyond
the threshold. Figure 1(d) reports the number of passing populations out of 21 at each ρ.

4.3. Finite-population excess and residual law discrepancy. Section 4.2 established close
agreement for the aggregate observables. We now ask the stronger question of whether the
PDE reproduces the complete distribution of entry probabilities. The microscopic empiri-
cal law, PDE pushforward, and their worst-over-window Wasserstein discrepancy DW1,p are
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Figure 1. Observable-dependent finite-time validity. Panels (a)–(c) show Dα, Dβ, and DW1,p against
population size for representative ρ values. Colours encode ρ, line style distinguishes Branches A and B, and
the light bands are two-seed minimum–maximum ranges. Panel (d) reports coverage over the prescribed M
grid: each row is one branch–criterion pair, each column fixes ρ, and each cell gives the number of passing
populations out of 21. Panels (e)–(f) compare Branch A at ρ = 0.02 for M = 30 and M = 30000.

Table 1

Finite-time summary over the 9 ρ rows. Each discrepancy range is the minimum and maximum, over
ρ, of the median across the 21 population sizes. Coverage gives the total number of passing cases, followed in
parentheses by the least favourable ρ-row coverage. The W1 criterion additionally requires behavioural adequacy.

Branch median Dα range median Dβ range median DW1,p range behavioural coverage W1 coverage

A 6.82 × 10−4–3.641 × 10−3 1.34 × 10−4–1.504 × 10−3 0.016751–0.017186 189/189 (21/21) 189/189 (21/21)
B 7.31 × 10−4–3.581 × 10−3 1.72 × 10−4–1.624 × 10−3 0.021375–0.022356 179/189 (17/21) 78/189 (8/21)

defined in (3.10)–(3.13). Panels 1(e)–(f) illustrate the distinction. At M = 30, discrep-
ancies are visible in both the aggregate trajectories and W1,p. At M = 30000, α and β
follow the PDE much more closely, while W1,p remains nonzero. This is possible because
α and β are only two functionals of the probability law and do not determine it uniquely:
αmicro ≈ αPDE, βmicro ≈ βPDE, W1

(
νmicro, νPDE

)
> 0. Since both systems use the same
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κ(M), agreement in α also implies agreement in the capacity error a = κ − α. Thus accu-
rate capacity-restoring dynamics do not require exact agreement of the complete probability
laws. Figure 1(c) shows how the law discrepancy changes with population size. At small
M , DW1,p is elevated, especially under the high-ρ protocol. It then decreases towards an ap-
proximately flat branch-dependent level. We call the small-M elevation above this level the
finite-population excess. The complete atlas in Supplementary Figure SM3(a) confirms this
pattern, and Table 1 reports the branchwise median ranges. Increasing M therefore reduces
the finite-population excess, but not the entire measured law discrepancy. A nonzero raw W1

value is not automatically an operational failure. The threshold (3.16) includes an allowance
for sampling variability in the finite microscopic law. This allowance is largest at small M and
decreases as M grows. Branch A remains below the nested W1 threshold in all 189 cases, so its
nonzero law discrepancy is operationally acceptable throughout the atlas. Branch B satisfies
the criterion in only 78 of 189 cases. Its ρ-specific median discrepancies, 0.021375–0.022356,
lie slightly above the practical margin 0.02 (Table 1); as the sampling allowance contracts, this
level becomes detectable. The coverage boundary in Figure 1(d) therefore reflects increasing
resolution of the test, rather than a sudden growth of the raw discrepancy. For complete-
ness, the fixed-bin diagnostic compares the masses assigned to the same probability bins:

Dhist = 1
2

∑
j

⃓⃓
⃓Hmicro

j −HPDE
j

⃓⃓
⃓ . Because a small displacement across a bin edge can change

this quantity substantially, it depends strongly on the chosen binning. We therefore retain
it only as a representation-sensitive shape check; see Supplementary Figure SM3(c). These
results establish a law-level discrepancy but leave its origin unresolved. Section 5 goes be-
yond pass–fail validation to a mechanism-resolving diagnosis: by isolating aggregate-feedback
closure, finite-player dependence, and finite-jump and local-generator approximations, it tests
which approximation steps materially create or amplify the discrepancy, and which do not.

5. Mechanisms of the finite-time law discrepancy. Section 4.3 showed that close agree-
ment in α and β does not imply equality of the microscopic and PDE probability laws.
Throughout this section, Dclosed

W1,p
denotes the discrepancy (3.13) for the unmodified closed PDE,

evaluated over the final 95% of each realised horizon as specified in Section 3.3. It measures the
law-level difference but does not explain its origin. As reviewed in Section 2.3, two approxima-
tion steps are central. First, the full M -particle Kolmogorov equation is expanded to second
order in h: contributions of orders h/τ and h2/τ are retained, while O(h3)/τ is discarded
under h, τ ≪ 1 and h2/τ ∼ 1; see Section 3 of [4]. Second, the marginal equation is closed
through g(x, y, t) = f(x, t)f(y, t), l(x, y, z, t) = f(x, t)f(y, t)f(z, t), as in the molecular-chaos
closure of Section 3 of [4]. These are, respectively, the second-order Kramers–Moyal truncation
and the molecular-chaos closure. The measured W1 difference may also include finite empir-
ical sampling, probability-map geometry, and accumulation over many rounds. We therefore
test specific mechanisms by asking four questions. First, is there finite-player dependence be-

yond sampling noise? The molecular-chaos factorisation treats particles as independent, but
finite bin counts fluctuate even under independence. Section 5.1 subtracts this multinomial
sampling covariance from the observed seed-to-seed covariance. Any excess that remains is
evidence, within this binned diagnostic, of dependence not represented by the closure. Second,

do inaccurate aggregate paths explain the law discrepancy? The oracle in Section 5.2 changes
only the PDE-generated coefficient paths a(t) and b(t), replacing them by their microscopic
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seed means. A reduction in DW1,p would show that aggregate-feedback error explains part of
the law discrepancy; otherwise, those paths are not sufficient to explain it. Third, how large

are the finite microscopic jumps? The update produces a propensity shift and a corresponding
probability change, ∆xin = h(Mc−mn)δin; ∆pin = p(Xi

n+∆xin)−p(Xi
n); ψ(x+∆x)−ψ(x) =

ψ′(x)∆x+ 1
2ψ

′′(x)(∆x)2 + O
(
|∆x|3

)
. The Kramers–Moyal approximation expands the finite

shift ∆x, whereas ∆p records how that same shift appears in the probability space where W1

is measured. Thus |∆p| indicates the realised jump scale relevant to the law comparison. Sec-
tion 5.3 measures these jumps, and Section 5.4 compares the jump and dependence diagnostics
with each other and with Dclosed

W1,p
. Fourth, which approximation changes the local dynamics

most? At a fixed microscopic state and for a fixed smooth observable, the weak-generator
audit in Section 5.5 changes one step of the hierarchy (3.21) at a time to separate the effects of
attendance heterogeneity, the closure-related replacement of focal leave-one-out information
by global moments, and the truncation of the exact finite shift at second order.

5.1. Corrected finite-player dependence. At a fixed report time, each microscopic seed
produces the probability-bin fractions ν̂s defined in (3.19). Their covariance Ĉseed measures
how the bin occupancies vary across seeds. Even if the particles were perfectly independent,
two finite samples of M particles would not place exactly the same numbers of particles
in every bin. Thus Ĉseed contains ordinary sampling variability as well as any dependence
between particles. The matrix BM (ν) in (3.20) is the theoretical covariance predicted for M
independent draws from the common bin law ν. It is therefore the finite-bin independence
benchmark corresponding to the molecular-chaos factorisation in equation (3.7) of [4]. The
correction Cex = Ĉseed − BM (ν),(3.20), removes this predicted sampling covariance from the
observed covariance. Under perfect independence, Cex should be close to zero, apart from
finite-seed estimation noise. A systematic residual instead identifies binned dependence not
represented by the closure. The score χ+

K in (3.20) sums the positive entries of Cex, preventing
positive and negative residuals from cancelling. A large value therefore means that some
bin masses co-fluctuate more strongly than independent sampling predicts. For the primary
resolution K = 20, each (branch, ρ,M) case is summarised over the post-startup window by

(5.1) χ+
ex = Q0.90

(
{χ+

20(θ) : θ ∈ W}
)
.

The 90th percentile represents a repeatedly reached upper-tail level without allowing one
isolated maximum to determine the case. The main question is whether this excess over the
molecular-chaos benchmark decreases as M grows. We estimate the trend with

(5.2) χ+
ex ≈ CχM

γMργρ exp
(
γB1{B}

)
,

where Cχ is a scale constant, γM measures the population trend, γρ measures the stress
dependence, and exp(γB) is the Branch B-to-A multiplier. A common γM tests one population
trend across both branches, while γB allows their fitted levels to differ. This is a descriptive
fit to the data: after taking logarithms, we fit it by ordinary least squares and report HC3
robust uncertainty [12]. Across the 104 strictly positive cases, γ̂M = −1.001017, with HC3
standard error 0.003876 and 95% interval [−1.008708,−0.993326] (Table SM5). The interval
contains −1 and excludes zero, supporting inverse population scaling rather than a flat trend.
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At fixed ρ and branch, doubling M multiplies the fitted score by 2γ̂M = 2−1.001017 = 0.4996.
Thus doubling the population approximately halves the corrected dependence excess. By
comparison, doubling ρ multiplies the score by 20.129224 ≃ 1.094, an increase of 9.4%, while
Branch B is exp(0.049603) ≃ 1.051 times Branch A at the same M and ρ (Table SM5).
Population size therefore has the largest fitted effect on these matched comparisons. The
nearly linear log–log decline in Figure 2(a) has R2 = 0.998718. Robustness checks using
the occupancy restriction, alternative bin resolutions K = 10, 40, and leave-one-ρ-out fits all
preserve the near-M−1 trend; Figure SM5. Hence the result is not driven by sparse bins, one
stress level, or the primary bin width. This is empirical evidence that the specific binned
finite-player dependence omitted by the molecular-chaos closure weakens over the audited
population range.

5.2. Does supplying microscopic aggregate paths repair the law?. The closed PDE
computes its coefficient paths from its own evolving law, (2.9). The oracle intervention of
Section 3.5 reruns the same PDE from the same calibrated initial law, on the same grid, with
the same finite-volume discretisation and time integrator, changing only the coefficient paths:

aPDE(t) = κ(M) − αPDE(t) −→ aoracle(t) = κ(M) − αmicro(t),

bPDE(t) = αPDE(t)
(
1 − αPDE(t)

)
−→ boracle(t) = bmicro(t).

Here the bars denote means over the same eight microscopic seeds; both paths are interpolated
linearly. These realised paths would be unavailable to a stand-alone PDE prediction, hence the
term oracle. The test deliberately favours the aggregate-path explanation: if errors in a(t) and
b(t) drive the law discrepancy, supplying their observed microscopic paths should reduce it.
We measure this using IrelW1

, (3.18), for which positive values indicate improvement. Because
the same eight seeds supply both the paths and the microscopic comparison law, this is an
in-sample mechanism test rather than a predictive validation. Across the 104 paired cases, the
median response is −2.314×10−3, a 0.23% deterioration. The upper quartile is −1.95×10−4,
so at least 75% of cases do not improve; even the 90th percentile is only 2.52×10−4, or 0.025%
improvement (Table SM5). Accordingly, the points in Figure 2(b) lie mostly on or above the
equality line. Supplying the observed aggregate paths therefore does not systematically repair
the probability law: aggregate-path error alone is insufficient to explain the discrepancy.
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Figure 2. Corrected finite-player dependence and aggregate-path intervention. (a) The corrected dependence
score χ+

ex versus population size M , with one point per (branch, ρ,M) case. (b) Closed-PDE law error versus
oracle law error. The dashed diagonal denotes no change; points below it improve.

5.3. Realised one-round probability changes. For the realised probability jump ∆pin =
p(Xi

n+1)−p(Xi
n), the primary case statistic over the post-startup window, defined as the final

95% of each realised horizon in Section 3.3, is the mean of the six seed-level 90th percentiles,

(5.3) J90 =
1

6

6∑

s=1

Q
(s)
0.90(|∆p|) .

For large streams, each seed is represented by a uniform one-pass reservoir of at most 105 ob-
servations [22]. Supplementary Figure SM6(d) shows that the relative seed-to-seed dispersion
does not increase systematically with source-stream size. By the microscopic update (2.2),
non-entrants have ∆pin = 0; an entrant also has zero change when mn = Mc. Consequently,
the unconditional jump law has a substantial atom at zero: approximately 70%–75% of the ob-
servations in the representative cases of Supplementary Figure SM6(a) are zero. The primary
statistic J90 retains them and therefore reflects both update frequency and move size. As a
sensitivity analysis, J+

90 removes the zeros before the seed-level 90th percentiles are computed,
thereby isolating the size of nonzero moves; the two definitions are compared in Supplementary
Figure SM6(b). The scaling h = ρ/

√
M in (3.8) is designed to offset attendance fluctuations

of order
√
M near capacity. In that regime, ∆x = h(Mc −mn)δin is of order ρ. The question

is whether this cancellation survives the nonlinear map p: if it does, |∆p| should grow nearly
proportionally to ρ while showing little residual dependence on M . The first two conditional
moments of the same finite increment generate the drift and diffusion retained in the Kramers–
Moyal derivation [4]; measuring |∆p| records its realised size in the probability space where
W1 is evaluated. For J ∈ {J90, J+

90}, we fit J ≈ CJM
ηMρηρ exp

(
ηB1{B}

)
, where CJ is a scale

constant, ηM and ηρ are the population and jump-stress exponents, and exp(ηB) is the fitted
Branch B-to-A multiplier. The log–linear regressions use HC3 robust uncertainty. For the
primary unconditional statistic, Table SM6 gives η̂ρ = 0.992954, with HC3 95% confidence
interval [0.984416, 1.001493]. Thus doubling ρ multiplies the fitted J90 by 20.992954 = 1.990, an
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Figure 3. (a) Primary unconditional J90 versus ρ. Faint points show all 104 cases and curves show branch
medians. Doubling ρ nearly doubles J90, while the fitted population effect is negligible (Table SM6). (b) J90

versus χ+
ex, coloured by Dclosed

W1,p
; symbols distinguish the branches. Larger M tends to move cases left and larger

ρ upward. The two axes have correlation 0.0737, confirming that they order the cases differently; the colour
overlay shows association rather than an additive error decomposition (Supplementary Figure SM7).

approximately 99% increase. By contrast, η̂M = 0.000604, with interval [−0.003072, 0.004280]
and p = 0.745; doubling M changes the fitted statistic by only 20.000604 = 1.0004, or 0.04%.
This negligible population effect is the intended consequence of the factor M−1/2 in h. Finally,
exp(0.133054) = 1.142, so at fixed M and ρ, Branch B has a 14.2% larger fitted upper-tail
jump than Branch A. These relations are displayed in Figure 3(a). Removing the zeros gives
the same leading picture. The sensitivity fit has η̂+ρ = 0.994065, with HC3 95% confidence in-
terval [0.987576, 1.000554], so doubling ρ again nearly doubles the fitted jump. Its population
exponent is η̂+M = −0.004653, with interval [−0.007420,−0.001887] and p = 0.00119: doubling
M multiplies J+

90 by 0.9968, a 0.32% reduction; although the confidence interval excludes zero,
the population effect is practically small. The Branch B multiplier is exp(0.119307) = 1.127,
corresponding to a 12.7% increase (Table SM6). Hence the treatment of zero updates does not
change the conclusion: ρ controls the realised upper-tail jump almost one-for-one, Branch B
produces moderately larger jumps, and the frozen scaling removes nearly all direct population
dependence. This result identifies the scale of the finite shift that the PDE must represent,
but not the truncation error itself. J90 measures the total realised probability change, in-
cluding the first- and second-order effects retained by the drift–diffusion approximation. The
generator component Gnonlocal − GKM2 in Section 5.5 instead measures the omitted third-
and higher-order contribution for smooth observables. The direct-jump result therefore estab-
lishes that ρ sets the realised probability-space shift; the generator audit determines whether
approximating that shift to second order is an important local error.

5.4. Dependence, jump size, and law error. Figure 3(b) plots the corrected dependence
score χ+

ex against the unconditional jump statistic J90, with colour recording Dclosed
W1,p

. The

fitted scalings organise the plane: because χ+
ex ∼M−1, larger populations tend to move cases

left, whereas J90 ∼ ρ moves higher-stress cases upward. Across the 104 cases, Corr(χ+
ex, J90) =
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0.0737 and Corr(χ+
ex, J

+
90) = 0.0872. These low correlations, Supplementary Figure SM7(a),

show that the dependence and jump diagnostics order the cases differently. This is consistent
with what they measure: χ+

ex probes finite-player dependence omitted by the molecular-chaos
closure, whereas J90 records the finite shift approximated by the Kramers–Moyal expansion
[4]. Their weak co-movement therefore suggests distinct empirical signatures rather than
duplicate measurements; it does not establish independence or causal shares of the law error.
Both diagnostics are nevertheless positively associated with the law error: Corr(χ+

ex, D
closed
W1,p

) =

0.6444, Corr(J90, D
closed
W1,p

) = 0.3137, and Corr(J+
90, D

closed
W1,p

) = 0.3183. Thus stronger corrected
dependence and larger jumps both tend to accompany a larger discrepancy, Supplementary
Figure SM7(a). To test what each diagnostic adds beyond the design variables, we fit

(5.4)
Dclosed

W1,p = β0 + βM logM + βρ log ρ+ βB1{B}

+ βχχ
+
ex + βJJ90 + ε.

with one observation per case and Branch A as the reference. Here β0 is the intercept,
βM and βρ control for population and stress, βB is the Branch B-to-A shift, and βχ and
βJ are the adjusted associations with corrected dependence and jump size. The residual
ε is the unexplained case variation. The design-only baseline (logM, log ρ,1{B}) has R2 =
0.697708. Adding χ+

ex raises R2 to 0.885224, an increase of 18.75 percentage points; adding J90
raises it only to 0.887941, a further 0.27 percentage points (Supplementary Figure SM7(b)
and Supplementary Table SM7). Corrected dependence therefore adds substantial case-to-
case information beyond branch, M , and ρ. The small final increase does not make jumps
dynamically irrelevant: because J90 is nearly proportional to ρ, it adds little new case ordering
once log ρ is present. The full coefficients and HC3 intervals are reported in Supplementary
Table SM7. The branch term answers a different question. At the same M , ρ, χ+

ex, and
J90, the fitted Branch B law error exceeds the Branch A error by β̂B = 0.004413, with HC3
95% confidence interval [0.003800, 0.005027] (Supplementary Table SM7). Thus an otherwise
matched Branch B case is predicted to have approximately 0.0044 more absolute probability-
space W1 error. For scale, 0.0044 is about 26% of the representative unadjusted Branch A level
near 0.017 in Section 4.3. This shows that the remaining branch gap is substantial. Corrected
dependence and jump size therefore do not exhaust why Branch B is harder for the closed
PDE to match. The design cannot isolate one cause because changing branch simultaneously
changes the probability floor, derivatives and curvature of p, visited states, and pushforward
geometry; doing so would require probability maps that vary these features separately.
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Figure 4. Exact local weak-generator hierarchy. The audit contains 384 = 16 × 4 × 6 case–snapshot–
observable rows from 16 selected cases, four snapshots, and six smooth observables across both branches and
M ∈ {30, 100, 300}. Bars show the median absolute differences for Steps 1–3 of (3.22); annotations give the
number of rows in which each is largest. The focal-to-global replacement GLOO −Gnonlocal dominates 378/384
rows, compared with four for attendance heterogeneity and two for finite-jump truncation.

5.5. Exact one-step weak-generator audit. The dependence score χ+
ex and J90 identify

two case-level signatures, but neither measures the local error produced by its associated
approximation. The weak-generator audit supplies that missing comparison. It freezes one
microscopic state and one smooth observable, then changes one ingredient of the expected
next-round evolution at a time. Closure-related and Kramers–Moyal effects are therefore
compared before subsequent trajectory dynamics mix them. The operator hierarchy (3.21)
and its exact decomposition (3.22) are defined in Section 3.5; further construction details are
given in Supplementary Section SM3.2. At a stored state Xn = (X1

n, . . . , X
M
n ), the conditional

weak generator for focal agent i and smooth test function ψ is

(5.5) Gψ(Xn, i) =
1

τ
E
[
ψ(Xi

n+1) − ψ(X i
n)

⃓⃓
Xn

]
, Gψ(Xn) =

1

M

M∑

i=1

Gψ(Xn, i).

This is the expected one-round change of ψ, averaged uniformly over the focal agents. Con-
ditional on Xn, only the next Bernoulli actions are random. For agent i, write

K−i =
∑

j ̸=i

δjn, p−i =
1

M − 1

∑

j ̸=i

p(Xj
n).

The exact law of K−i is Poisson–binomial. Dynamic programming evaluates its complete
probability mass function, after which (5.5) is averaged over i. The primary generator values
therefore contain no Monte-Carlo sampling noise.
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Step 1: attendance heterogeneity. Gmicro retains the unequal probabilities p(Xj
n) of the

other agents. GLOO replaces them by Binomial(M − 1, p−i), which preserves their mean
attendance. Hence Gmicro − GLOO measures the effect of unequal attendance probabilities
beyond their leave-one-out mean.

Step 2: focal environment versus global mean field. The global mean at the frozen micro-
scopic state is

(5.6) αmicro
n =

1

M

M∑

j=1

p(Xj
n).

Gnonlocal replaces every focal-specific p−i by αmicro
n , while retaining the complete finite incre-

ment ψ(x+∆x)−ψ(x). Consequently, GLOO−Gnonlocal isolates the loss of focal environmental
information before Taylor expansion. This is the finite-player analogue of replacing conditional
multi-particle information by the one-particle mean under molecular-chaos closure [4].

Step 3: exact finite shift versus second order. Using the same global moments and atten-
dance model, GKM2 replaces ψ(x + ∆x) − ψ(x) −→ ψ′(x)∆x + 1

2ψ
′′(x)(∆x)2. Therefore

Gnonlocal − GKM2 directly measures the omitted third- and higher-order contribution for the
selected state and observable [4]. This is the local truncation error that the total jump-size
statistic J90 in Section 5.3 cannot determine.

Step 4: coded PDE weak form. GPDE evaluates the same second-order expression as GKM2

in the coded PDE weak form. Their difference is an implementation check, not another
modelling approximation.

These are the adjacent terms in (3.22). Every pair uses the same state, observable, and uni-
form focal-agent average, so only the declared ingredient changes. The signed terms telescope
exactly, but they are local one-step differences, not additive or causal shares of Dclosed

W1,p
. The re-

stricted audit contains 16 selected cases spanning both branches and M ∈ {30, 100, 300}. Four
snapshots and six smooth observables per case give 16×4×6 = 384 case–snapshot–observable
rows (Figure 4 and Supplementary Table SM8). The observables include localised bump func-
tions, which detect regional mass movement that aggregate moments can miss. For each row,
the dominant modelling component is the largest absolute value among Steps 1–3; Step 4 is
excluded because it is a code check. Within this audit, the hierarchy is clear. The focal-to-
global replacement GLOO − Gnonlocal (Step 2) is dominant in 378/384 = 98.44% of the rows,
compared with 4/384 = 1.04% for attendance heterogeneity (Step 1) and 2/384 = 0.52%
for finite-jump truncation (Step 3). Across the 60 observable-by-observable grouped sum-
maries derived from these 384 generator rows, the corresponding median absolute generator
differences are 1.494 × 10−2, 1.039 × 10−4, and 3.209 × 10−8 (Figure 4 and Supplementary
Table SM8). The principal local change therefore occurs when the focal environment is re-
placed by one global mean. Because Step 2 preserves the global value αmicro

n but removes
which agent experiences which leave-one-out environment, it can retain the population-wide
restoring signal while altering how updates are distributed across agents. This makes the
aggregate–law split intuitive: agreement of the scalar observables α and β can coexist with a
nonzero whole-law W1 discrepancy, as recorded in (4.3). The generator result is a local mech-
anism consistent with that pattern. By contrast, Step 3 is extremely small for the selected
states, smooth observables, and populations M ≤ 300. This is positive evidence that the
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second-order Kramers–Moyal replacement is locally accurate in the audited regime, without
extrapolating the ordering to larger populations or other observables. Nor does it require
J90 to be small: J90 measures the complete realised shift, whereas Step 3 measures only the
remainder after its first- and second-order contributions have been retained. The exact Gmicro

calculation was independently checked on 64 rows using 105–106 simulated next rounds. With

ZMC = ĜMC−Gexact

SE(ĜMC)
, the largest observed |ZMC| was approximately 2.38, consistent with ordi-

nary simulation variability (Supplementary Figure SM8 and Table SM8). Because the exact
and Monte-Carlo calculations estimate the same conditional expectation by different algo-
rithms, this is an independent validation of the exact generator computation. Taken together,
the local audit identifies a clear hierarchy over the selected states, observables, and popula-
tions M ≤ 300. Replacing the focal leave-one-out environment by one global mean produces
the largest tested local change, whereas replacing the exact finite shift by its second-order
Kramers–Moyal expansion is much smaller.

6. Return to capacity from off-capacity initial states. Sections 4 and 5 begin from initial
laws whose population-average entry probability is calibrated to the capacity target. They
therefore test preservation and particle–PDE agreement near capacity, not recovery from
an incorrect aggregate state. Here we ask: if the population initially enters too often or too
rarely, do the microscopic and PDE dynamics move its average entry probability back towards
capacity? With α(θ) defined in (2.9) and κ(M) in (2.3), we use the signed capacity error

(6.1) a(θ) = κ(M) − α(θ).

Thus a < 0 denotes over-entry, a > 0 under-entry, and a = 0 the symmetric capacity target.
Aggregate learning in [4] concerns approach to the finite-game equilibrium interval IM in
(2.4). Our numerical diagnostic measures displacement from the particular point κ(M) ∈ IM ,
consistently with the calibration in (2.6) and the capacity-matched set (3.4). Hence |a(θ)|
measures the distance from the chosen target, while its sign records the direction of the
imbalance. This section examines the faster aggregate stage over the pre-specified intermediate
horizon θmax = 20. The horizon tests recovery from a finite displacement rather than the limit
θ → ∞. The slower sorting problem is treated separately in Section 7, using a broad screen
at θ = 200 and targeted trajectories on the O(105)–O(106) scales required to resolve direct
bounded-window sorting. This separation reflects the analytical prediction that aggregate
learning precedes the slower redistribution of the full propensity density [4].

6.1. A controlled deterministic return-to-capacity test.
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Figure 5. (a) Final-to-initial capacity-error ratio Ca for all 46 displaced PDE cases. The lines at 1 and
10−2 mark no contraction and the strong-return benchmark, respectively. (b) Maximum excursion Emax for the
20 capacity-matched controls. The dashed line is the fixed 10−3 preservation tolerance.

The capacity-matched three-bump law defined in (3.2) and calibrated by (3.3) has a(0) ≃
0. We use it to test two complementary properties of the deterministic PDE: whether an
initially displaced aggregate mean returns towards capacity, and whether an already matched
mean remains there. For a displaced case, a(0) ̸= 0, the remaining fraction of the initial
capacity error is

(6.2) Ca =
|a(θmax)|
|a(0)| .

Thus Ca = 1 means no net contraction, whereas Ca = 10−2 means that only 1% of the initial
error remains. We use 10−2 as the strong-return benchmark. When a(0) ≃ 0, this ratio is
uninformative, so preservation is measured instead by the maximum excursion

(6.3) Emax = max
0≤θ≤θmax

|a(θ)|.

The imposed displacement is δα = α(0) − κ(M) = −a(0). Positive and negative val-
ues represent initial over-entry and under-entry, respectively. The pre-specified determinis-
tic family contains both signs and several magnitudes, with principal nonzero magnitudes
|δα| ∈ {0.02, 0.05}. Because Ca uses absolute values, Figure 5(a) compares the amount of
contraction without encoding the initial sign. To impose a prescribed δα without changing
the probability map, we exponentially reweight a chosen base density b:

(6.4) fη(x) =
b(x)eηp(x)

Z(η)
, Z(η) =

∫

R

b(y)eηp(y) dy,

∫

R

p(x)fη(x) dx = κ(M) + δα.

A one-dimensional root solve selects η. The construction preserves positivity and unit mass,
and the target moment is monotone because d

dη

∫
p(x)fη(x) dx = Varfη(p(X)) ≥ 0. Mo-

ment calibration fixes the initial aggregate displacement but not the arrangement of mass in
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Figure 6. (a) Final-to-initial capacity-error ratio Ca of the microscopic seed-mean path. (b) Late RMS
capacity error in independent zero-offset controls. (c) Fraction of displaced realisations that persistently enter
the fixed 10−3 tube (dashed) or the case-specific noise-aware tube (solid) by the case horizon. Exact values are
reported in Supplementary Table SM10 and Supplementary Table SM11.

propensity space. We therefore apply (6.4) to three base shapes. With Tsf(x) = f(x− s),

btilt(x) = fmatch
0 (x),

btrans(x) = T4fmatch
0 (x),

bbi(x) = 1
2T−7f

match
0 (x) + 1

2T+7f
match
0 (x).(6.5)

These are the baseline law, a translated copy, and a separated two-component mixture. Within
each comparison, all three are reweighted to the same chosen value α(0) = κ(M) + δα. The
shape therefore changes while the magnitude and direction of the aggregate displacement are
held fixed. Figure 5 reports the complete deterministic screen. Panel (a) contains all 46
displaced PDE cases, spanning both probability maps, both displacement signs, the tested
magnitudes, M and ρ values, and the three initial-law shapes. Every case satisfies Ca < 10−2,
so more than 99% of the initial capacity error is removed by the endpoint. Panel (b) contains
the 20 zero-offset controls. All satisfy Emax < 10−3, and the largest observed excursion is
5.84 × 10−4. The PDE therefore both restores a displaced aggregate mean and preserves one
that is already capacity matched. Across both branches, ρ = 0.02, M ∈ {30, 300}, and all
three shapes, the twelve deterministic shape cases satisfy Ca ≤ 1.233 × 10−3 < 10−2. Exact
values are given in Supplementary Table SM9. Because Ca is only an endpoint statistic,
Supplementary Figure SM9 shows the normalized trajectories over the full horizon and an
enlarged early-time interval. Their curvature and return speed vary, so the evidence supports
robust endpoint contraction across the tested shapes, not a universal shape-independent decay
law. This finite-horizon result should be distinguished from the sufficient asymptotic statement
in Theorem 5.1(ii) of [4]. At the probability-map level, Branch A satisfies the regularity and
positive-floor requirements, although application of the theorem also requires the transport-
dominance condition (2.14). Branch B has infx∈R pB(x) = 0 and therefore lies outside the
theorem’s positive-floor assumption. Strong return in both branches is thus direct numerical
evidence for the specified family, not a proof of global attraction for arbitrary initial laws.
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6.2. Finite-player return under stochastic resolution. The preceding deterministic test
showed strong return towards capacity. We now ask whether the stochastic finite-player game
has the same restoring tendency and, because individual populations continue to fluctuate,
when a finite population can reasonably be said to have returned. We use

ρ = 0.1, M ∈ {30, 100, 300}, δα = 0.05,

with 20 independent realisations for each branch and population size. For each realisation
we track the empirical mean entry probability defined in (2.5); averaging the 20 paths gives
the seed-mean path. Each ensemble is compared with its case-matched PDE as specified in
Section 3.6. The design and law-level comparisons are summarized in Figure 6 and Supple-
mentary Table SM10. Additional initial-shape checks and representative aggregate trajectories
are given in Supplementary Table SM9 and Supplementary Figure SM10, respectively. Fig-
ure 6 separates three questions. Panel (a) applies the contraction ratio Ca from (6.2) to the
seed-mean path and therefore measures the systematic displacement remaining on average.
Panel (b) measures the fluctuation present even without an imposed displacement. For an
independent zero-offset control, let Wlate be the stored times in the final half of the trajectory
and define

(6.6) RMSlate(a) =

⎡
⎣ 1

|Wlate|
∑

θ∈Wlate

a(θ)2

⎤
⎦
1/2

.

This is the ordinary late fluctuation scale of a population that began at capacity. Panel (c)
uses the persistent-entry rule in (3.17): a trajectory must enter a tube around a = 0 and
remain there at every later stored time. The fixed tube |a| ≤ 10−3 asks whether every case
reaches the same strict absolute accuracy. The noise-aware tube instead uses

(6.7) εnoise = Q0.95 (|a(θ)| : θ ∈ Wlate of the matched zero-offset control) ,

calibrated separately for each branch, M , and ρ. It asks whether the residual displacement
is no larger than the fluctuations ordinarily observed in an otherwise identical population
that started at capacity. The seed mean returns towards capacity in both branches, with less
systematic error remaining as M increases. From M = 30 to M = 300, Ca falls from 0.1806
to 0.0152 in Branch A and from 0.2832 to 0.0382 in Branch B (Figure 6(a) and Supplemen-
tary Table SM10). Thus only about 1.5% and 3.8%, respectively, of the imposed seed-mean
displacement remains at M = 300. Branch B retains the larger aggregate residual, but both
branches show the same strengthening of return over the tested population ladder. The same
supplementary table also shows that aggregate return does not imply complete law-level agree-
ment: bounded-window and probability-space discrepancies remain visible after the mean has
moved close to capacity. The background fluctuation floor narrows with population size but is
larger for Branch B. Between M = 30 and M = 300, the late RMS decreases from 2.419×10−3

to 5.17× 10−4 in Branch A and from 1.2256× 10−2 to 2.002× 10−3 in Branch B (Figure 6(b)
and Supplementary Table SM11). This explains why a strict absolute tube and a noise-aware
tube can give different answers. At M = 100, neither branch enters the fixed 10−3 tube
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persistently, whereas all 20 realisations in each branch enter their noise-aware tubes. The im-
posed displacement has therefore fallen to the scale of ordinary finite-population noise, even
though that noise is still wider than 10−3 (Figure 6(c) and the same supplementary table).
Noise-aware entry need not vary monotonically with M , because its tube tightens as the con-
trol fluctuations decrease. For Branch B, for example, the threshold narrows from 0.006316
at M = 100 to 0.002270 at M = 300; the corresponding entry fraction changes from 100%
to 55%, while the fixed-tube fraction at M = 300 is 35%. Branch A at M = 300 reaches
100% under both criteria (Figure 6(c) and Supplementary Table SM11). The reported case
horizons are not all identical: most equal 20, whereas the Branch A, M = 300 case has hori-
zon 2.9. The entry fractions are therefore finite-horizon resolution diagnostics, not a scaling
law in M (same supplementary table). If persistent entry is not observed by a case’s final
stored time, the event is right-censored: Tε > θmax, rather than assigned to the endpoint or
treated as impossible. The full entry-time curves are shown in Supplementary Figure SM11.
Overall, the finite-player game reproduces the aggregate restoring direction of the PDE, while
finite-M fluctuations set the resolution at which return can be recognized for an individual
population. Section 7 turns to the slower distributional question: after the aggregate mean is
near capacity, does the propensity density continue to reorganise towards sorting?

7. Long-time dynamics: fast aggregate learning, slow sorting. Section 6 established
the fast aggregate stage: over θ ≤ 20, all 46 displaced deterministic PDE cases ended with
Ca < 10−2, leaving less than 1% of their initial capacity error (Figure 5). In the notation of
(2.9), small |a(θ)| therefore means that the population-average entry probability is close to
κ(M). Sorting is stronger: as reviewed in Section 2.4, SR from (2.13) is the mass remaining
in a fixed propensity window [−R,R], and sorting requires

(7.1) SR(θ) −→ 0 as θ → ∞ for every fixed R > 0.

Aggregate learning concerns the mean entry rate, whereas decreasing SR records the slower
outward redistribution of the full density towards increasingly extreme propensities. This is
the one-particle sorting criterion proved in Theorem 5.1(i) of [4]. Section 5 of [4] explains the
expected separation of scales. In the original parameters, the transport coefficient h(M−1)/τ
governs aggregate adjustment; once a is small, the remaining b-driven diffusion scales as
h2(M−1)/(2τ) and is associated with slower sorting. The long-time computations test whether
this ordering is visible at finite M and finite time. Because the analytical problem is posed on
R whereas the solver uses a finite domain, boundary interaction is monitored explicitly below.

7.1. Boundary-safe sorting after aggregate learning. The long-time calculations start
from the capacity-matched baseline laws satisfying (2.6). Unlike the displaced tests in Sec-
tion 6, they ask whether the propensity density continues to reorganise after the aggregate
entry probability has settled near capacity. For the bounded-window mass SR(θ) defined in
(2.13), we monitor R ∈ {10, 50, 100}. Because these intervals are nested, S10(θ) ≤ S50(θ) ≤
S100(θ). Reaching the same low threshold for a larger R therefore requires density to propa-
gate farther from the centre. In particular, S10 ≤ 0.10 means that at least 90% of the density
lies outside [−10, 10], while S10 ≤ 0.05 raises this fraction to at least 95%. These are finite-
time milestones for the sorting condition (7.1). The whole-line PDE is approximated by the
finite-volume solver of Section 3.2 on x ∈ [−L,L], L = 2000, with zero numerical flux at
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x = ±L. To identify central-window evacuation before the artificial walls materially influence
the solution, we monitor the mass in the outer 10% of the box,

(7.2) BL(θ) =

∫

{x: 0.9L≤|x|≤L}
f(x, θ) dx,

and retain a sorting event only while

(7.3) BL(θ) < 5 × 10−3.

Thus less than 0.5% of the numerical density lies near the boundaries when an event is
recorded, so the observed loss of central mass precedes appreciable interaction with the trun-
cated domain. We count a threshold crossing only when it is sustained. For a window R and
level q, ΘR,q is the linearly interpolated first crossing for which

(7.4) SR(θj) ≤ q at every later stored time θj for which (7.3) holds.

The 56-case PDE screen already shows the separation. With α(θ) and the capacity error
a(θ) defined in (2.9), at θ = 200 all 56 values of α(200) lie in the finite-game equilibrium
interval IM from (2.4), and the median |a(200)| is only 5.628 × 10−7. The aggregate entry
probability is therefore effectively at capacity. At the same time, S100(200) remains equal
to 1 to stored numerical precision, far from the 0.10 milestone: essentially all of the density
is still inside [−100, 100]. The complete values are reported in the supplement. The direct
boundary-safe test follows the eight Branch A trajectories

(7.5) ρ ∈ {0.0025, 0.02}, M ∈ {30, 300, 3000, 30000}.
Whereas the aggregate moment is already settled by θ = 200, the first direct sorting milestones
occur only when the scaled time reaches the order of 105–106. Every trajectory reaches S10 ≤
0.10 before the boundary warning, and the six trajectories with M ≥ 300 reach S10 ≤ 0.05:

2.551 × 105 ≤ Θ10,0.10 ≤ 2.704 × 105,(7.6)

1.068 × 106 ≤ Θ10,0.05 ≤ 1.079 × 106.(7.7)

Figure 7(a) shows the evacuation of the central window, while Supplementary Table SM13
gives the case counts and ranges. The first range is the time required to place at least 90%
of the density outside [−10, 10]; the second is the later, stricter event at which this fraction
reaches at least 95%. The quoted ranges are the baseline results. Their dependence on spa-
tial resolution is examined separately in Section 7.2 and Supplementary Table SM15. No
boundary-safe S50 ≤ 0.10 or S100 ≤ 0.10 crossing is resolved within the available domain and
horizon. This does not indicate an absence of outward motion: it reflects the longer propa-
gation required to evacuate wider intervals and shows how slowly the later stages of sorting
unfold. The nested-window trajectories in Supplementary Figure SM12 display this order-
ing without assigning post-warning crossing times. The contrast with Section 6 is therefore
sharp. The deterministic capacity error is strongly reduced by θ = 20 (Figure 5), whereas
the directly resolved S10 milestones occur only at scaled times of order 105–106 (Figure 7 and
Supplementary Table SM13). Aggregate learning precedes bounded-window sorting by several
orders of magnitude; monitoring only the population mean would hide most of the subsequent
redistribution of individual propensities.
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7.2. A common late sorting scale across population sizes. The computational clock is
the scaled time θ = (M − 1)t defined in (3.8). Let t10,q be the physical time corresponding to
the persistent S10 = q crossing defined in (7.4). Its scaled crossing time is

(7.8) Θ10,q = (M − 1)t10,q.

If Θ10,q is approximately independent of population size, then

(7.9) t10,q =
Θ10,q

M − 1
∝ (M − 1)−1,

so a log–log regression of physical crossing time against M − 1 should have slope −1. Fig-
ure 7(b) shows this scaled-time collapse. At fixed ρ, the fitted physical-time slopes are

d log t10,0.10
d log(M − 1)

≃ −0.9923,(7.10)

d log t10,0.05
d log(M − 1)

≃ −0.9977,(7.11)

with R2 ≥ 0.999996. The slopes change negligibly when ρ increases from 0.0025 to 0.02; the
complete regressions are reported in Supplementary Table SM14. Thus the tested Branch A
sorting milestones occur at nearly common values of the scaled time across M , and are also
stable under the tested eight-fold change in ρ. This statement concerns the late PDE clock, not
an absence of population-size effects. Physical crossing times still decrease with M according
to (7.9), while the finite-population and closure effects studied in Sections 4 and 5 remain M -
dependent. The analytical paper motivates the characteristic scaling in its closing discussion
of Section 5 [4]; the near-collapse of these finite S10 thresholds is an additional numerical
result. The numerical value of the crossing time is more sensitive to spatial resolution. To
measure this effect, the ρ = 0.0025 cases with M = 3000 and M = 30000 were recomputed on
the same domain with ∆x ∈ {4, 2, 1}. Averaging the two population sizes, refinement from
∆x = 2 to ∆x = 1 lowers the mean S10 = 0.10 crossing time from 2.6388×105 to 2.3221×105,
and the mean S10 = 0.05 crossing time from 1.0709×106 to 9.4199×105. Relative to the fine-
grid values, these are shifts of 13.6% and 13.7%, respectively (Figure 7(c) and Supplementary
Table SM15). The population-size comparison is much more stable. Holding ∆x fixed, the

relative separation

⃓⃓
⃓Θ(M=3000)

10,q −Θ
(M=30000)
10,q

⃓⃓
⃓

1
2

(
Θ

(M=3000)
10,q +Θ

(M=30000)
10,q

) lies between 0.0293% and 0.0301% across both

thresholds and all three grids (Supplementary Table SM15). Refining the grid therefore moves
the two crossing times together: it changes the absolute clock appreciably, but leaves their
near-collapse across population sizes essentially unchanged.

7.3. Late sorting is fluctuation driven.
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(d) Sorting occurs after aggregate learning
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Figure 7. (a) Central-window mass S10; the levels 0.10 and 0.05 correspond to 90% and 95% of the density
outside [−10, 10]. (b) Persistent crossing times on the scaled clock, showing weak residual dependence on M .
(c) Spatial-resolution audit: changing ∆x shifts the absolute crossing time but leaves the two population sizes
nearly coincident. (d) The mechanism ratio (7.13) at the direct crossings. Values far below one show that the
surviving b-driven diffusion, rather than the residual capacity error, governs the observed redistribution. All
reported crossings precede the prescribed boundary warning.

Rewriting the closed one-particle PDE (2.12) on the scaled clock θ = (M − 1)t from (3.8)
gives

(7.12) ∂θf +
a√
τ
∂x
(
pf

)
− 1

2

[
(M − 1)a2 + b

]
∂xx

(
pf

)
= 0, b = α(1 − α).

This is the same PDE used in the computations, expressed on the common time scale. Equa-
tion (7.12) separates the two stages of the dynamics. When the capacity error a is appreciable,
the transport term a/

√
τ drives the aggregate correction studied in Section 6; the diffusion

also contains the a-dependent contribution (M − 1)a2. Both weaken as a → 0. The second
diffusion contribution survives because, near capacity, b ≃ κ(M)(1 − κ(M)) > 0. Thus cor-
recting the mean entry probability does not freeze the density: fluctuations in individual entry
decisions continue to redistribute propensities. This transition from aggregate restoration to
slower diffusion is the mechanism predicted in the analytical long-time analysis [4]. The direct
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S10 crossings let us test which diffusion contribution is active when sorting is observed. Let

(7.13) Rdiff =
(M − 1)a2

b
.

This is a mechanism diagnostic, not a second sorting criterion: Rdiff ≪ 1 means that diffusion
caused by the residual capacity error is negligible relative to the surviving b-term. At the
S10 = 0.10 crossings, its median and maximum are 2.65 × 10−11 and 8.99 × 10−11; at the
S10 = 0.05 crossings, they are 9.02× 10−12 and 2.67× 10−11 (Figure 7(d) and Supplementary
Section SM6.1). Even the largest value is below 9×10−11, so the a2 contribution is more than
ten orders of magnitude smaller than the b-contribution. The maximum transport coefficient
also falls from 4.40 × 10−4 at the 0.10 milestone to 1.19 × 10−4 at the 0.05 milestone, con-
firming that the a-driven motion continues to weaken as sorting progresses (Supplementary
Section SM6.1). The leading late-time dynamics are therefore

(7.14) ∂θf ≃ b

2
∂xx

(
pf

)
.

Although b, κ(M), the probability map, and the evolving density can still depend on the
model parameters, equation (7.14) contains no explicit factor of M or ρ. This explains why
the Branch A sorting times can nearly collapse on the scaled clock. The additional numerical
finding is that this fluctuation-dominated regime is already established at the directly observed
finite-time sorting events. As a proof-facing consistency check, we also monitor the diagnostic
introduced in Section 2.4,

(7.15) g2(θ) =

∫

R

(
p(x)f(x, θ)

)2
dx, ϕ(θ) = β(θ)g2(θ)

3.

Under the hypotheses of Lemma 5.4 and Corollary 5.5 in [4], this quantity controls the mass
in any fixed bounded window through

(7.16) SR(θ) ≤ CR ϕ(θ)1/7.

In the Branch A trajectories, ϕ continues to decrease while S10 passes through both direct
milestones (Supplementary Figure SM12). This is consistent with the analytical route to
sorting, but the reported crossing times are measured directly from S10; the bound (7.16) is
not used as a finite-time clock. The direct quantitative result is restricted to Branch A. For
Branch B, pB(x) > 0 at every finite x but infR pB = 0, as discussed in Section 2.2. Because
the PDE flux acts through pBf , very small values of pB in the far-left tail make outward
propagation harder to resolve, and no comparable boundary-safe S10 milestone is observed on
the available horizon (Supplementary Section SM6.1). The Branch B crossing time is therefore
unresolved, not evidence of failed sorting. This remains compatible with Theorem 5.1: the
uniform positive lower bound on p is an additional assumption for its aggregate-learning
conclusion, not for the sorting statement [4].

8. Conclusion, limitations, and future directions. This study assessed when the one-
particle kinetic PDE provides a useful finite-population surrogate for stochastic reinforcement
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learning in a market-entry game. The answer is observable dependent. Across the tested
range 30 ≤ M ≤ 30000, the PDE reproduced the aggregate entry rate and within-agent
Bernoulli uncertainty more accurately than the complete probability law. Branch A satisfied
all declared finite-time behavioural and law-level criteria, whereas Branch B retained a small
but detectable distributional discrepancy despite accurate aggregate moments. Thus the PDE
is especially well suited to questions about aggregate learning, while law-level predictions
require greater caution for probability maps with a vanishing lower tail.

The mechanism diagnostics clarify this distinction. Corrected finite-player dependence de-
creased approximately as M−1, while realised probability jumps scaled almost linearly with ρ
and showed negligible residual dependence on M . Supplying microscopic aggregate coefficient
paths did not systematically improve the PDE law, and the exact one-step generator audit
identified the replacement of focal leave-one-out information by a single global mean as the
leading local change in the audited regime; the second-order Kramers–Moyal remainder was
much smaller. The off-capacity experiments further showed a robust restoring mechanism:
all tested deterministic cases removed more than 99% of their initial capacity error, and the
finite-player systems displayed the same restoring direction once their intrinsic noise was taken
into account. Finally, Branch A exhibited a separation of at least four orders of magnitude
between aggregate adjustment and directly resolved sorting. At the sorting milestones, redis-
tribution was governed by the surviving fluctuation-driven diffusion rather than by residual
capacity error.

Limitations. These findings are numerical and apply to the specified probability maps,
parameter ranges, initial-law families, observables, and finite horizons; they do not constitute
a propagation-of-chaos theorem or a uniform error bound. The corrected dependence statistic
is bin based, and the generator hierarchy is a local audit restricted to selected states and
smooth observables. Moreover, the absolute long-time crossing times retain visible spatial-
resolution sensitivity. A boundary-safe sorting milestone was obtained only for Branch A, so
the corresponding Branch B time remains unresolved rather than disproved.

Further directions. The most direct next step is to develop a finite-(M) correction that
retains focal or two-particle information and to test whether it improves law-level accuracy
without sacrificing the efficiency of the one-dimensional PDE. Analytical work could seek
quantitative propagation-of-chaos or finite-population error estimates adapted to the shared
attendance and extend the long-time theory to probability maps with vanishing lower tails.
A parameterised family of response maps that varies the probability floor, slope, and curva-
ture separately would help identify why Branch B is harder to reproduce. Adaptive-domain
and higher-resolution methods could resolve its long-time behaviour and sharpen the abso-
lute Branch A sorting times, while fixed-horizon experiments could isolate jump-size effects
from their accumulation over time. The focal-to-global discrepancy also provides a princi-
pled target for reduced-order or data-assisted corrections that retain the closed PDE as their
computational backbone. Taken together, the results position the kinetic PDE as an efficient,
observable-specific reduced model: its aggregate predictions are already strong, and its prin-
cipal finite-player limitation has been sufficiently localised to guide the next analytical and
computational refinements.
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