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Abstract

In sampling, the estimation of population parameters constitutes a vital component of statistical
analysis. Many researchers have developed various estimation methods for population parameters by
incorporating auxiliary data. This study proposes a new sine-based difference estimator to estimate the
general parameter utilizing supplementary data under simple random sampling without replacement
(SRSWOR). A traditional estimator t, o) is employed for the assessment of population parameters such
as the population mean, population mean square, coefficient of variation, and standard deviation. The
mean squared error (MSE) and bias for the developed estimator are derived using first order
approximation methods. We performed both empirical and simulation analyses to assess the efficiency
of the proposed estimator and to validate the theoretical findings. Theoretical derivations and empirical
analyses demonstrate that the suggested estimator exhibits improved accuracy over existing and
competing sine estimators examined in this study.

Keywords: Auxiliary variable, Sine-type estimator, Bias, PRE, Simulation study, MSE.

1. Introduction

In sampling theory, the integration of auxiliary variables with study variables is widely employed to
enhance the precision of population parameter estimation. Several techniques exist for utilizing
auxiliary information to enhance the performance of estimators. These approaches rely on selecting a
sample that adequately represents the population, and if the population is relatively homogeneous, unit
selection can be carried out through simple random sampling. Various authors have carried out
substantial work on population parameter estimation utilizing auxiliary information, for instance, see
Srivastava [1], Das and Tripathi [2], Kadilar and Cingi [3], Singh et al. [4] and Gupta and Shabbir [5].
In their 1997 study, Rizvi and Singh [6] examined the problem of population mean estimation and
developed several estimator classes, highlighting their properties. Solanki and Singh [7], Pal and Singh
[8], and Kumar Adichwal et al. [9] made use of known auxiliary variable to construct estimator
concerning general parameters. Additional related studies can be found in Singh et al. [10], Srivastava
and Jhajj [11-12], Singh and Tiwari [13], Yadav et al. [14], Abu-Dayyeh et al. [15], Almulhim et al.
[16], Alzahrani and Almohaimeed [17] and Aloraini et al. [18-19].



Although extensive work has been conducted on the estimation of population parameters (e.g., mean
and variance), the development of sine-type estimators remains comparatively underexplored, even
though sine functions provide powerful tools for representing periodic behaviors such as sound and
light waves, tidal cycles, seasonal weather patterns, electrical oscillations, and cyclical patterns in stock
prices (Bhattacharyya et al. [20]). Some significant studies have focused on sine-type techniques, such
as the work by Bhattacharyya et al. [20] on a sine-exponential hybrid imputation approach, Yunusa et
al. [21], who developed a sine-based median estimator. By leveraging known auxiliary information,
Singh et al. [22] proposed sine-based estimators to estimate mean. Notably, the estimation of general
population parameters using sine-type functions has remained largely unexplored. To address this gap
and inspired by previous research, we introduce new sine-type estimators for estimating the general
parameters of the variable of interest, leveraging existing auxiliary information under simple random
sampling.

2. Symbols and Notations

Consider a finite population W = (w;, w,, ..., wy) of N identifiable elements, from which a subset of
n units are randomly selected using the SRSWOR technique. Let Z; and Y; denote the auxiliary and
study population variables, respectively, for the i*" unit (i = 1,2, ..., N). Correspondingly, let z; and y;
represent the values of the i* sampled unit (i = 1,2, ..., n). The symbols and notations used throughout
the study are defined in Table 1.

Table 1: Symbols and notations.

Symbols Terminology
Z=N"13N. 7z The population mean of the auxiliary variable z
Y=N"13N v The population mean of the study variable y
Z=n"1YL 7 The sample mean of z
y=n"tY", ¥ The sample mean of y
S2 = o, The Variance of the auxiliary variable z
SJ% = Uyo The Variance of the study variable y
C,=S,/Z The coefficient of variation of z
Cy =S5,/ Y The coefficient of variation of y
Syz = M1 The population covariance between y and z
Pzy = Syz/(5:5y) Correlation coefficient between y and z
A = B st = 3y SR O~ D™ (2 = D)
(0 “Hoz ) N

and (m, n) being non-negative integers.

Further, we define,

y=YA+n0),8; =s;(1+n1), Z=Z(1+1,),52 =s7(1+13)
such that

E(m;) =0,vi=0,1,2,3.



Considering the first-order approximation and ignoring fpc (finite population correction) term:

EM§) =n"1CH,EMD) =n"1(Aao — 1), EM3) =n"1CZ,EM3) =n" (s — 1),

E(mon1) = n"*A30Cy, E(Monz) = n~1py,C,C,, EMons) = n" A12Cy, E(yn2) = n7 251Gy,

E(min3) =n" (A — 1), E(yns) = n~ 293G,

3. Description of the general parameter

The general parameter is formulated as:

tpq) = YPSy.

Where; (p,q) = (—1,1),(0,1),(0,2),(1,0).

It should be noted that ¥ and 55 yield unbiased estimations of ¥ and S2, respectively.
When p and q take certain values, the general parameter t(;, 4y can be written as:

i. Takingp = 1 and q = 0, the parameter t( 4y = t(1,0) = Y.

ii. Takingp = 0and q = 2, the parameter t, 4y = t(o2) = S5
iii.  Takingp = —1 and q = 1, the parameter ¢, gy = t(—1,1) = Cy.
iv.  Taking p = 0 and q = 1, the parameter t¢, q) = t0,1) = Sy-

The conventional estimator corresponding to the general parameter ¢, 4y is denoted by;
gy = IPsy

Where, 7 = =1L, y;, and s3 = —Y7L,(y; — )2

By expressing Eq. (3.2) with respect to n’s, we have:

tpg) = YPS] (1 +19)P (1 + 771)%

Expanding Eq. (3.3), we obtain:

\ ( (a-2
Epa) = Lo (1+ P10 + 2 + BB nZ + By, + L2 52)

Or

2 1

Epa) — toa) = Loy (P10 + 21 + 2B + By, + L2n2)

By taking the square of Eq. (3.4) and discarding higher-order terms in 's, we get:

~ 2 2
Cww — twn) = tha (P21 +Ln? +panon,)

Applying the expectation to Eq. (3.5) provides:

MSE (¢ )—t‘z”—"“ 202 4+ T (2,0 — 1) + pga C)
o) =, P Ly T, o pqAzply ).

4. Proposed estimator

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)



Inspired by earlier studies of Singh et al. [22] and Rao [23], we introduce a new class of estimators for
estimating population parameter ¢ 4) as follows:

t* = [ty + k@ — D] [1 +sin {M}] [1+sin {WZ(% SZ)}] (4.1)

z

In this formulation, w; and w, are scalars taking values (0, 1), while k is selected in such a way that
MSE of developed estimator (t*) is minimized.

By expanding Eq. (4.1) in terms of the error components (n's) up to the first-order, we obtain the
following expression:

t* = [t (1 + 1P (1 + Mz - kZna | [(1 = winz) (1 = wans)] 4.2)

By carrying out the expansion of Eq. (4.2), we get:

q p(p 1) 2 4 q(q 1) 2
= (e (1 +Pmo +3m + ng + 5 mom + ;) - kZno) 4.3)

{1—wyns —wyn, + W1W2772773}

On taking the difference with general parameter (£, q)) in Eq. (4.3), we get:

PNo — Will2 — Walj3 + W{WyNal)3 — PWaT)pl3 — PWil)oM + %771

* twa (-1 (g-2)
t" = i) = — S Wallins = g wiany + =g + Elieny + 5=t (4.4)

—{anz - kWZZ772773 - kwlan}

Evaluating the expected value of Eq. (4.4) gives:

wiwyn” ' 93C, — PWZn_1/112Cy - PW1n_1PCsz - ngn_l(lzz -1
. . tp, _ -
Bias(t*) = | ®? —%wln‘l/lmcz + p(p2 1)n‘lC}% + pz—qn‘l/1306‘y + q(qs 2)n‘l()u,o -1) (4.5)
+{kw,Zn"12y3C, + kw,Zn"1C2}

By taking the square of Eq. (4.4) and dropping (n's) terms of order higher than two, the following result
is derived:

_ 2
Gl t(p.q))z = [t(p.q) {PTIO — Wil —Woljz + gfh} - kZTIz] (4.6)

Applying the expectation to Eq. (4.6) results in:

w1 CZ + wy(Agq — 1) + 2wywy (A93C,) — w1 (2ppC, Cy + qA31C,
MSE(t") = MSE(tpq)) + <P D —2kZCEtg,) ) — W2 (2DA12Cy + q(Azp — 1) — 2kZAg3C;, tg,' )
+k2Z%C? t(—p?q) - kachcht(;q) — qkz/lmczt(;}q)
4.7)
Or

2
MSE(t*) = MSE (£p,q)) + t";"” [Aw? + BwZ + 2wyw,C —w;D — w,E + F . (4.8)

Where,



A=C2.

B = g4 — 1.

C = 2p3C,.

D = 2ppC,Cy + qAp1C, — 2kZCZt .

E = 2p215Cy + q(Ap — 1) — 2kZA03C; topy)-

F = k2Z2C2trq) — 2kpZpC,Cyto,tsy — qkZA21 Cot .-

The optimal values of w; and w, that minimize the MSE of (t*) are determined as,

__ (EC-BD) __ (DC-4E)
Wl(Opt) - Z(CZ—AB) and WZ(OPt) - Z(CZ—AB)' (49)

Employing the optimal weights wy (op¢) and wy(op¢) from Eq. (4.9) in Eq. (4.8), the resulting expression
is given by:

. R tf, AE?+BD?-2CDE
MSE(E Y min = MSE(Bgpp) + 22 [ F + {455 gl

2(C2—4B) (4.10)

Remark 4.1: Note that the expressions for the optimal values of (w;,w,) at Eq. (4.9) depend on
unknown population parameters. These quantities may be estimated with reasonable accuracy from a
pilot survey, available sample data, or prior knowledge acquired over time; see Das and Tripathi [2],
Srivastava and Jhajj [11], Singh and Solanki [24] and Adichwal et al. [9].

When Z is given, the sine-based difference estimator for the population parameter t(p,q)» 1s derived by
substituting w, = 0 in Eq. (4.1), and is given by:

t; = [ty + k(Z — D] [1 + sin {1 E2}] 4.11)

Here, w; is a scalar assuming values (0, 1), and k is selected for the purpose of minimizing the MSE
of the estimator (t7).

The minimum MSE corresponding to estimator (t7) is given by:
* — 2 t(ZP.Q) D2
MSE(t)min = MSE(igpq)) + 22 [F 2] . (4.12)

Table 2 provides various estimators formulated from Eq. (4.11), based on specific choices of the
parameters p, q, k, w; and w,.

Table 2: Specific cases of the estimator t7.

Estimators p q k wq W,
tio = tpa |1+ sin {2 p q 0 I 0
iy =Yy 1 0 0 0 0
tiy = 7[1+sin{£2}] I 0 0 I 0
tie = 7+ k@ - D] [1+sin { 2] I 0 Kk 1 0




tiw = [ + k(Z — 2)] (Difference Estimator) 1 0 k 0 0

When SZ is known, the sine-type ratio estimator for the parameter t(p,q) 18 derived by assigning (k =
0,w; = 0) in Eq. (4.1) leads to:

t; =ty [1 + sin {WZ(SSZZ v S| (4.13)

The scalar w, can take values 0 or 1, whereas k is determined such that the MSE of (t;) reaches its
minimum.

The expression for the least MSE of the estimator (t3) is given by:

* 2 tz E2
MSE (t3)min = MSE(L,q)) — %’;‘” E]' (4.14)

Table 3 provides various estimators formulated from Eq. (4.13), based on specific choices of the
parameters p, q, k, w; and w,.

Table 3: Specific cases of the estimator t;.

Estimators P q k wq wy
tya) = Sy 0 2 0 0 0
£ _ 2 . ((s7-s%) 0 0 1
t22) = tpg) [1 + sin {—Szz }] p q
* (Sz 5;) 0 2 0 0 1
L2y = [1 + sm{ s2 }]

5. Effciency comparison

t? _AE2_RBp2
s . _ tpg [((2CDE-AE?-BD?)
MSE (Epq) = MSE(t )min = 2L [{E2=222 0 — F| = 0. (5.1)
t? _AF2_Rp2 2
X N _ tog [((2CDE-AE?2-BD?)) D
MSE(t)min = MSE(t Yin = 22 [{F22222 0 - 2] > 0, (5.2)
. . _ tloq [((2CDE-AE2-BD?)  E?
MSE(t3)min — MSE(t )in = 22 [{S22E220 - 2 — F| > 0. (5.3)

It is clear from Egs. (5.1) - (5.3) that suggested sine-based estimators achieve better performance than
estimators f(p_q), tyandt, .
6. Proposed estimator for the population mean

By assigning values (p, q, k, wy,w,) = (1,0, k,w;,w,) into Eq. (4.1), the estimator (t*) formulated
by:

t® = [+ k(Z - DI [1 +sin {2 E2) [1+ 5 n{‘”Z(SSZZ wa(sil)) 6.1)

MSE expression for estimator t@, is presented by:



V2
MSE(t®) = MSE(®) + — [Aw? + Bw} + 2w;w,C — wiD — wyE + F ], (6.2)

The minimum MSE of (t@) in Eq. (6.2) occurs at the values:

__ (EC-BD) __ (DC-4E)
Wl(OPt) - Z(CZ—AB) and WZ(OPt) - Z(CZ—AB)' (63)

Substituting the values of Wy (opr) and wy(opy) into Eq. (6.2), we obtain:

@ _ -, 7 (AE?+BD?-2CDE)

MSE(t®), . = MSE@)+—|F + {Z 2220 e 1] (6.4)

The minimum MSE values for the estimators t7 4y, t(2), t1(3) and tj4) are expressed as:
X _\_ ¥2c

MSE(t;{(y)) = Var(y) = —. (6.5)
* — , 7

MSE(t{z)) = Var() + — [CZ —2pC,C,). (6.6)
* — 7

MSE(t{(3)) = Var(y) —— p2C3. (6.7)
* — 7

MSE(t{(4)) = Var(y) —— p2C3. (6.8)

7. Efficiency comparison

* @ _ Ty (2¢cDE-AE?-BD?)
MSE(t;y) — MSE(t®), . =—|c3 + {F 22— Fl| = 0.
* @ _ V%[ (2CDE—AE?-BD?)
MSE (t}(5)) — MSE(t )min =G —200,C+ F] >0
X 72 [(2CDE-AE?-BD?) 72
MSE(t1(3)) - MSE(t@)min = 7 W - 7p2C§ - F] > 0.
X _ 7?2[(2cDE-AE?-BD?) Y2
MSE(ti)) = MSE(t®), == [E2m2 - 2 p2cE — F| 2 0

8. Empirical illustration

The performance of the developed estimators is examined through two real-world datasets to establish
their efficiency and practical relevance.

The following section provides a description of the population datasets:
Population 1. (Source: Suzuki Motor Corporation [25], (Feb 1 to Mar 25, 2025)).
Y: Daily high stock price of Suzuki Motor Corporation.

Z: Daily opening stock price of Suzuki Motor Corporation.

Descriptive statistics of the population 1 are shown as follows.

7=49449, n=14 ¥=51002 C,=0031, C,=0026 p,, =0724 A, =03395
/103 = 03312, Ao4 = 2.6491.

Table 4: Comparison of MSEs and PREs for various estimators based on population 1.

Estimator MSE PRE




ti) 0.122 100.000
tie2) 0.086 141.718
ti3) 0.058 210.098
tw 0.058 210.098
t® 0.057 212.995
Mean Squared Error (MSE) Percentage Relative Efficiency (PRE)
0.10
E E 160
0.08
120
0.06
t;n: t;:: t;:z f 1@ t;n: f f f {2
Estimator Estimator

Figure 1: Graphical representation of the estimator's MSE and PRE results using population 1.

The PRE is computed through the following equation:

MSE (ti(1) )
MSE (Sine based Estimator)

PRE = X 100.

Population 2. (Source: Cochran [26], p.325)).

Y: Individuals in each block.

Z: Rooms in each block.

Descriptive statistics of the population 2 are shown as follows.

Z=588 n=10, Y=1011, C,=0.1281, Cy = 0.1450, Pzy = 0.650, A;, =0.5714,
A03 = 04861, }\04 = 22387

Table 5: Comparison of MSEs and PREs for various estimators based on population 2.

Estimator MSE PRE




o 21.490 100.000
ti2) 13.582 158.228
ti3) 12.411 173.160
tw 12.411 173.160
t® 11.012 195.156
Mean Squared Error (MSE) Percentage Relative Efficiency (PRE)
210
180
20
E E 150
15
120
10
90
t;:1: t;:: t;:‘2 f t@ t;:1: t;:: t;:‘2 f t@
Estimator Estimator

Figure 2: Graphical representation of the estimator's MSE and PRE results using population 2.

As shown in Table 4 and 5, the efficiency of proposed estimator t@ surpasses that of conventional mean
estimator ¢ ;) as well as the other comparable estimators t7 ;) , t1(3) and t1(4y , given that its PRE is
comparatively higher.

9. Simulation analysis

The following procedure computationally compares the estimators t1(qy, t1(2), ti(3), and ty(4y to the

estimator t@, as implemented using the algorithm developed by Singh et al. [22]. The process of
simulation is executed step by step as outlined below:

(a) The R software was utilized to generate simulated datasets of Z and Y, each consisting of
N=1000 observations, drawn from two distributions - Bivariate Normal distribution, and
Gamma distribution.

(b) Normal Distribution: defined by a mean vector u = [24, 42] and covariance matrix Y, given as

2
y = Oy 0y02zPzy
- 2

0y0zPzy 0z



where, 03% =16,0% =9 and pzy = 0.3,0.5,0.7,0.9;

Gamma Distribution: characterized by its shape parameter k, = 9, k, = 6 and rate parameter
A, =17,A, =12 and p,,, = 0.3,0.5,0.7,0.9.

Table 6: Comparison of MSE and PRE values of estimators using bivariate normal population.

N = 1000
Pzy n Estimator MSE PRE
£ 0.400569 100.000
f) 0.775805 51.632
40 ts) 0.355335 112.729
Eoa 0.355335 112729
t@ 0.346097 115.739
o 0.319976 100.000
£ 0.620551 51.563
0.3 >0 ti3) 0.285368 112.127
Eoa 0.285368 112.127
t@ 0.279330 114.551
o 0.265895 100.000
. £ 0.517879 51343
£ 0.238196 111.628
£ 0.238196 111.628
t@ 0.234120 113.572
£ 0.400594 100.000
. £ 0.565115 70.887
£ ) 0.292826 136.802
£ 0.292826 136.802
t@ 0.285346 140.388
£ 0.319999 100.000
t) 0.451996 70.796
05 >0 £ 0.235276 136.010
Eay 0.235276 136.010
t@ 0.230305 138.945
£ 0.265926 100.000
t2) 0.377430 70.457
60 tis) 0.196663 135217
£ 0.196665 135217
t@ 0.193284 137.583
£ 0.400559 100.000
£ 0.354598 112.961




40 f) 0.199119 201.165
£ 0.199119 201.165

t@ 0.194019 206.453

f 0.319966 100.000

£ 0.283577 112.832

0.7 >0 ) 0.160046 199.921
£ 0.160046 199.921

t® 0.156667 204.232

£ 0.265884 100.000

) 0.236851 112257

60 ti) 0.133902 198.565
Ea) 0.133902 198.565

t© 0.131603 202.034

£ 0.400469 100.000

£ 0.144217 277.683

40 t) 0.074179 539.864
Eoa 0.074179 539.864

t@ 0.072237 554.380

£ 0.319885 100.000

£ 0.115285 277472

0.9 >0 t3) 0.059640 536.355
£ 0.059640 536.355

t@ 0.058397 547.769

£ 0.265798 100.000

fo) 0.096264 276,111

60 ts) 0.049928 532,361
£ 0.049928 532.361

t@ 0.049074 541.623

(c) Statistical parameters were calculated for the simulated dataset.
(d) SRSWOR was employed to select samples of sizes n=40, 50, 60 from the simulated population.

(e) The performance indicators, MSE and PRE, for both the newly suggested and conventional
estimators were computed across various correlation levels p,,, based on the chosen samples.

Table 7: Comparison of MSE and PRE values of estimators using gamma distribution.

N =1000

Pzy n Estimator MSE PRE
tf(l) 0.001043 100.000




t; 2y 0.001236 84.371
40 tiea) 0.000926 112.537
5 a) 0.000926 112.537
t® 0.000900 115.808
ts ) 0.000834 100.000
ts 2y 0.000991 84.218
0.3 50 £ 0.000746 111.859
5 a) 0.000746 111.859
t® 0.000728 114.536
s 1) 0.000693 100.000
0 t ) 0.000825 84.0401
ts ) 0.000622 111.329
5 ) 0.000622 111.329
t® 0.000610 113.529
t ) 0.001042 100.000
20 t; ) 0.000897 116.189
ts ) 0.000767 135.939
ts ) 0.000767 135.939
t® 0.000743 140.203
t; ) 0.000834 100.000
t2) 0.000719 115.957
0.5 >0 tis) 0.000617 135.034
tr ) 0.000617 135.034
t® 0.000602 138.571
ts 1) 0.000693 100.000
0 t2) 0.000598 115.712
t; 3y 0.000515 134.339
tr ) 0.000515 134.339
t® 0.000505 137.231
t ) 0.001042 100.000
‘0 t2) 0.000555 187.689
t; 3y 0.000524 198.685
tr ) 0.000524 198.685
t® 0.000507 205.351
t; ) 0.000833 100.000
t2) 0.000445 187.327
0.7 >0 tr3) 0.000422 197.248
tr ) 0.000422 197.248
t® 0.000411 202.690
t ) 0.000692 100.000




fio 0.000370 186.937

60 tiea) 0.000353 196.168
£ 0.000353 196.168

@ 0.000345 200.653

£ 0.001042 100.000

fi o) 0.000209 496369

40 £ 0.000197 528.026
i 0.000197 528.026

t® 0.000190 547.842

t 0.000833 100.000

fio 0.000168 495.784

0.9 >0 £ 0.000159 524.027
£ 0.000159 524.027

@ 0.000154 540.136

ti 0.000692 100.000

. fi o) 0.000139 494751
fis) 0.000132 520978

£ 0.000132 520,978

t® 0.000129 534.429

() The complete procedure for calculating the MSEs under SRS was executed 12,000 iterations to
ensure accuracy.

Simulation experiments were conducted to evaluate the efficiency of the suggested mean estimator.
According to the data in Tables 6 and 7, the MSEs and PREs highlight the comparative performance of
the estimators.

10. Findings and Discussion

The findings presented in Table 4 reveal that the difference-cum-sine-type estimator t@ attains the
minimum MSE (0.057) and a relatively higher PRE (212.99%), thereby demonstrating its advantage
over the conventional mean and some sine-type estimators. Likewise, the outcomes reported in Table 5
indicate that the developed estimator t©@ achieves a lower MSE (11.012) along with a higher PRE
(195.16%), further confirming its superiority over existing and competing sine estimators. In addition,
Figs. 1 and 2 depict line diagram illustrating the MSE and PRE of different estimators corresponding
to population 1 and population 2, respectively. The simulation results derived through the stepwise
procedures are displayed in Tables 6 and 7. As indicated in Tables 6 and 7, for correlation coefficient
values p = 0.3, 0.5,0.7, 0.9 and sample sizes n = 40, 50, 60. The proposed estimator t@ demonstrates
higher efficiency compared to the traditional mean estimator ti‘(l) along with the competing estimators

t;(z), tI(3) and ti((4)

11. Conclusion

This article presents an improved sine-type estimator for the general parameter related to the study
variable. By specifying appropriate scalar values, the general parameter reduces to particular statistical
measures such as the mean, variance, standard deviation, and coefficient of variation. A new class of



estimators is introduced to achieve better estimation of the general parameter by incorporating known
auxiliary information. The properties of the proposed estimators have been established up to the first-
order approximation. According to the findings, the traditional mean estimator, along with Singh et al.
[22] and difference estimator, can be represented as members of the proposed class. An empirical study
using two real datasets (Tables 4 and 5) and simulated datasets from bivariate normal and gamma
distributions (Tables 6 and 7) demonstrates that the proposed estimator consistently outperforms the
sample mean and competing sine estimators, achieving minimum MSE and higher PRE. Evidence from
the literature indicates that the estimator with the smallest MSE exhibits the highest efficiency.
Therefore, the findings from the empirical and simulation analyses indicate that the suggested estimator
t@ vyields improved results over the conventional mean estimator t1(1) and competing sine estimators
t1(2) t1(3) @nd t1 (4. Hence, we recommend the proposed class of estimators for application in practical

settings.

12. Future works

The findings of this study provide a foundation for future research aimed at exploring additional aspects
and potential applications of the proposed methodology. Specifically, future work may focus on:

(1) Utilizing multiple auxiliary variables to enhance estimation.

(2) Incorporating considerations of both measurement errors and non-response effects.

(3) Extending the methodology to alternative sampling designs such as stratified, ranked set, and
double sampling.

(4) Applying two-phase and stratified two-phase sampling techniques within the proposed
methodology.
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  M S E  (     t ^   ( p , q ) ) =     t   ( p ,   q ) 2  n  (   p 2   C  y 2 +     q 2 4  (   𝜆 40 − 1 ) + p q   𝜆 30   C  y )


    t  ( p , q )


    t ∗ =  [     t ^   ( p , q ) + k  (   Z - −   z - ) ]  [ 1 + s i n  {     w 1  (   Z - −   z - )    Z - } ]  [ 1 + s i n  {     w 2  (   S  z 2 −   s  z 2 )    S  z 2 } ]


    w 1


    w 2


   ( 0 ,   1 )


  ( i = 1 , 2 , … , N )


  k


   (   t ∗ )


  (   𝜂 ′ s )


    t ∗ =  [   t   ( p , q )    ( 1 +   𝜂 0 )  p    ( 1 +   𝜂 1 )    q 2 − k   Z -   𝜂 2 ]  [ ( 1 −   w 1   𝜂 2 ) ( 1 −   w 2   𝜂 3 ) ]


    t ∗ =  [     {   t   ( p , q )  ( 1 + p   𝜂  o +   q 2   𝜂 1 +   p  ( p − 1 ) 2   𝜂  o 2 +   p q 2   𝜂 0   𝜂 1 +   q  ( q − 1 ) 8   𝜂 1 2 ) − k   Z -   𝜂 2 }    { 1 −   w 2   𝜂 3 −   w 1   𝜂 2 +   w 1   w 2   𝜂 2   𝜂 3 } ]


  (   t   ( p , q ) )


    t ∗ −   t   ( p , q ) =  [      t   ( p , q )  {    p   𝜂  o −   w 1   𝜂 2 −   w 2   𝜂 3 +   w 1   w 2   𝜂 2   𝜂 3 − p   w 2   𝜂  o   𝜂 3 − p   w 1   𝜂  o   𝜂 2 +   q 2   𝜂 1   −   q 2   w 2   𝜂 1   𝜂 3 −   q 2   w 1   𝜂 1   𝜂 2 +   p  ( p − 1 ) 2   𝜂  o 2 +   p q 2   𝜂 0   𝜂 1 +   q  ( q − 2 ) 8   𝜂 1 2 }   −  { k   Z -   𝜂 2 − k   w 2   Z -   𝜂 2   𝜂 3 − k   w 1   Z -   𝜂 2 2 } ]


  B i a s  (   t ∗ ) =  [      t   ( p , q )  {      w 1   w 2   n  − 1   𝜆 03   C  z − p   w 2   n  − 1   𝜆 12   C  y − p   w 1   n  − 1 𝜌   C  z   C  y −   q 2   w 2   n  − 1  (   𝜆 22 − 1 )   −   q 2   w 1   n  − 1   𝜆 21   C  z +   p  ( p − 1 ) 2   n  − 1   C  y 2 +   p q 2   n  − 1   𝜆 30   C  y +   q  ( q − 2 ) 8   n  − 1  (   𝜆 40 − 1 ) }   +  { k   w 2   Z -   n  − 1   𝜆 03   C  z + k   w 1   Z -   n  − 1   C  z 2 } ]


  (   𝜂 ′ s )


     (   t ∗ −   t   ( p , q ) ) 2 =    [   t   ( p , q )  { p   𝜂 0 −   w 1   𝜂 2 −   w 2   𝜂 3 +   q 2   𝜂 1 } − k   Z -   𝜂 2 ] 2


    z  i


  M S E  (   t ∗ ) = M S E  (     t ^   ( p , q ) ) +


      t   ( p , q ) 2  n  [      w 1   C  z 2 +   w 2  (   𝜆 04 − 1 ) + 2   w 1   w 2  (   𝜆 03   C  z ) −   w 1 ( 2 p 𝜌   C  z   C  y + q   𝜆 21   C  z   − 2 k   Z -   C  z 2   t   ( p , q )  − 1 ) −   w 2 ( 2 p   𝜆 12   C  y + q  (   𝜆 22 − 1 ) − 2 k   Z -   𝜆 03   C  z     t   ( p , q )  − 1 )   +   k 2     Z - 2   C  z 2   t   ( p , q )  − 2 − 2 k p   Z - 𝜌   C  z   C  y   t   ( p , q )  − 1 − q k   Z -   𝜆 21   C  z   t   ( p , q )  − 1 ]


  M S E  (   t ∗ ) = M S E  (     t ^   ( p , q ) ) +


      t   ( p , q ) 2  n  [ A   w 1 2 + B   w 2 2 + 2   w 1   w 2 C −   w 1 D −   w 2 E + F   ]


  A =   C  z 2


  B =   𝜆 04 − 1


  C =   𝜆 03   C  z


  D = 2 p 𝜌   C  z   C  y + q   𝜆 21   C  z − 2 k   Z -   C  z 2   t   ( p , q )  − 1


  E = 2 p   𝜆 12   C  y + q  (   𝜆 22 − 1 ) − 2 k   Z -   𝜆 03   C  z     t   ( p , q )  − 1


  F =   k 2     Z - 2   C  z 2   t   ( p , q )  − 2 − 2 k p   Z - 𝜌   C  z   C  y   t   ( p , q )  − 1 − q k   Z -   𝜆 21   C  z   t   ( p , q )  − 1

