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Abstract

The displacement of proton cutting through the OO bridge seen in the estab-
lished geometry of singlet O

4
H+ ion, (a proton-bound dimer of molecular O

2
), is

focussed by constructiing the relevant ab initio potential energy curves computed
at the state of the art multi reference configuration interaction level of accuracy
with the augmented correlation consistent triple zeta basis set. The curves are
presented for two possible conformers (cis and trans) with distinctly varying pro-
file as a function of back and forth the motion of proton across the bridge along
with the detailed account of their modelling. The model can be used to compute
absorption and emission spectrum associated with the cis-trans interconversion
subject to the Franck Condon principle. The reported spectrum has the potential
to serve as a finger print for easy recognition when an experimental electronic
spectrum is going to be available. At the moment, no such spectrum exists.

Keywords: potential energy surfaces, adiabatic, analytical fitting model, hermitian
matrix, conical intersection, triple degeneracy, seam locus, matrix analytical
diagonalisation

Introduction

This is the second part of our recently reported work[1] bearing the same title. It
differs from earlier report[1] in the sense that the modelling details provided therein
were not sufficient to meet the correct electronic correlation at the long range and
also a discussion on cis conformer was not included. The present work is written to
address these issues and hence, has the details of cis conformer including its complete
analytical form describing proper electronic correlation at the asymptote. Using the cis
and trans models, a finite number of vibrational levels for first three (0,1,2) rotational
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states calculated followed by an electronic spectrum of vibronic transitions associated
with cis-trans interconversion is presented. The computed spectra will be useful to
someone who has measured such a spectra in a laboratory set up.

As written in the earlier work[1], the O4H
+ ion, a protonated form of molecular O2

dimer, was first detected[2] in a study combining mass spectral analysis and scattering
techniques. This discovery highlighted it as the main product resulting from the gas
phase reaction between the clusters of H2 and O2 when liquid helium nano droplets are
introduced into the mixture. An infrared photodissociation spectrum of this ion has
been documented[3] without resolving its multiple spin states. Consequently, assign-
ment of the observed peaks to a specific modes of motion for a specific spin state
proved to be a challenging task. Therefore, it is considered a spin average spectrum in
true sense since the studies done by us few years back[4, 5] (computational) established
beyond doubt the existence of multiple spin states with sizeable energy gap (spec-
troscopically resolvable). This trend follows exactly the same pattern as that of its
parent molecule, unprotonated O4 which was subjected to beam experiments[6, 7] at
low collision energy to study the nature of inter molecular interaction and conclusively
proving weak bonding of the complex in the singlet state.

Going by the literature survey in chronological order we were the first one to take up
this molecular ion and performed a systematic study[4, 5] with the goal of identifying
the molecular geometry in its ground electronic state, X 1Ag. Our search led us to
a lowest energy configuration corresponding to a trans isomer with C2h point group,
strictly a non polar arrangement. The repeated efforts to look for another structure
lower in energy than this went in vain and this made us to declare this geometry as the
global minimum. The cis geometry (approximately 0.001 hartrees higher in energy)
corresponding to the trans one was well characterised as a local minimum. Please see
the optimised structures in any of our old works for clarity. Given that this molecule
is relatively new, both theoretical and experimental investigations remain scarce but
are anticipated to increase in future.

In contrast, the parent molecule, a dimer of molecular O2 or O4, has been thor-
oughly explored from both theoretical and experimental perspectives. The primary
distinction between the dimer and its protonated variant lies in their binding ener-
gies. The dimer was well characterised as a weak van der Waals complex, exhibiting
a binding energy of 17 meV[4, 5] in the singlet state. In comparison, the protonated
form demonstrates a significantly stronger binding energy of approximately 0.15 eV,
indicating a robust bound molecular geometry formed upon the addition of a proton.
The van der Waals characteristics of the dimer have been confirmed through molecular
beam experiments and spectral studies[6–9], with theoretical work reinforcing these
findings[10–15]. The investigation however did not stop at the level of dimer but was
extended to cover the trimer[16, 17] and tetramer analogs[18, 19] of O2.

Considering these insights, we are revisiting the O4H
+ ion, a protonated dimer,

following the initial works[1, 4, 5]. It appears that previous studies focused primarily
on the ab initio aspects followed by their modelling to some extent and till to date,
this remains the sole work on the topic without any significant advancements. Thus,
we feel compelled to investigate this area further, specifically concentrating on provid-
ing a complete model form valid every where including the long range and calculating
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Fig. 1 The model curves of O4H
+ ion under cis and trans conformations as a function of displace-

ment (in Å) of proton back and forth in the molecular plane (see the previous article) The state
of the art ab initio points are embedded in the model curves.The vertical axis refer to energy in
hartrees. Inside the small plot, a harmonic approximation to the model curves is given, valid near
the equilibrium in C2h and C2v.

a vibronic spectrum for the cis-trans interconversion with the help of analytical mod-
els. The old literature concerned with this molecule did not cover modelling properly
leaving a space for further improvements and spectroscopic aspect in full and there-
fore, needs serous reconsideration and also details regarding the ab initio theory was
discussed briefly in the previous papers and hence no need to repeat them here as they
remain unchanged.

Modelling cis-trans interconversion

In the ground electronic state of zero spin, three stationary points were confirmed to
exist after extensive search and all of them were found planar and non linear with
two existing as cis-trans (ct) pair and the third one being left alone. The optimised
structures belonging to the pair were shown in the previous paper[1] and it shows a
middle hydrogen atom flanked by oxygen atoms on either side known as OO bridge. It
is this atom that is vibrating back and forth to produce the curves shown in Figure 1
while keeping other four oxygen atoms fixed and in fact, this is one of nine modes of
motion permitted for the molecule. Interestingly, no linear as well as van der Waals
stationary points were found in the ground electronic spin state. The ct pair is strongly
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bound covalent molecule with a binding energy of 5.44 eV with slight polarity and for
zero polarity this is just 4 eV.

Now, one can see the profile of the curves as a function of distance. The two disso-
ciated fragments undergo electron exchanges between the two curves leading to high
energy gap between them estimated as 1.36 eV which is underestimated in comparison
to 1.9 eV, a value estimated with experimental values. The likely source of discrep-
ancy is in the ab initio calculation of O4 and O +

4 fragments separately with strong
electron correlation methods such as MRCI with a uniform active space throughout to
compute the potential of fragments. However, the correlation does not fully account
for the contributions of dispersion forces to the accurate potential of weakly bound
molecules even though it helps to predict correct splitting pattern as expected, hence
cannot be done away without it. This type of issue arises when dealing with dispersion
interaction which dominates any weakly bound dimer.

The trans curve is the mutually reflecting one another across the midpoint at zero
while it is not so for cis curve. In other words, permutational symmetry exists in trans
and no such a reflection symmetry in the cis case. This will have profound influence
on the model chosen to fit the curve to be discussed next and it is expected the
mathematical model to possess the property of permutation. The minimum in the two
curves do not merge together at the same location as Figure 1 seems displaying but at
slightly different locations, trans curve at zero and cis at about 0.45Å, clearly visible
in the inset plot. The harmonic approximation is good near the equilibrium for both
the curves but fails once moving away from it. Therefore, a good model is mandatory
for accurate prediction of points accounting anharmonicity all along the curve. The
model is split into interaction as well as long range part and summing them up to
form a full model expression.

The model given in Eq 1 is the analytical expression for the C2h curve shown in
Figure 1 a symmetrical blue line with points embedded over it. It is clear that the
basis expansion is further expanded in a polynomial series as decided by the root mean
square deviation of the fit. The general form of the basis expansion is chosen as the
product of tanh× sech multiplied with fitting coefficients and the expansion denoted
as y is finite and limited to five terms in this model. y is again expanded in terms of
a polynomial in y with the degree of polynomial fixed at 13. The polynomial takes
care of the equilibrium region by minimising the root mean square deviation close to
it and long range region is taken care by pure tanh function seen as an additive term
in the model to correctly predict the electronic states of dissociated products. There
are two similar looking tanh functions to account for asymptotes on either side of
the curve. The parameters, (h1, c0) inside the tanh are known after fitting the data
and the factor 0.15513 is used here from the ab initio data and this factor can also
be obtained via fitting if one desires so but here, in this expression, this is inserted
into it directly taken from the data. This factor is known as the dissociation energy
of back and forth motion of proton in the C2h geometry. r1 is the running variable.
In the basis expansion r1 is computed as squared distance to maintain permutational
symmetry on either side of mid-point meaning that potential at a point must be equal
to its point of reflection across the inversion center (x, y, x) → (−x,−y,−z). All the
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parameters of the model are given in the supplementary information (SI) and any one
can reproduce the curve using the parameter given in SI

The model given in Eq 2 is the analytical expression for the C2v curve shown in
Figure 1, an asymmetrical orange line with points embedded over it. On both sides of
dissociation, electrons are swapped among the fragments albeit with unequal exchange
of energy from one fragment (say, O4, H

+) to another (say, O +
4 , H) leading to asym-

metrical energy correlation profile and this contrast is clearly visible in both curve
in Figure 1. There is no permutational symmetry as there is no inversion centre in
C2v point group. The minima is now shifted by 0.45Å from zero along the positive
axis. This is obvious in the basis expansion where the running variable r1 is accord-
ingly shifted by r0, a numerical equilibrium value to be known from fitting the curve.
Because of shifting of minimum, the expression for basis expansion, y looks shifted
and squaring is not done just as in C2h where r0 = 0. This will not influence the fit as
there is no symmetry constraints in this case unlike the previous case and hence, this
expansion is retained. The model given in Eq 2 gives a fit with a accuracy of 37 cm−1

where else the model given in Eq 1 give a fit to the respective data with a accuracy of
just 6.7 cm−1. The model in Eq 2 deserves special mentioning since it takes care of two
different asymptote’s with two limiting values at infinity and term1 (1− tanh(X1))
and term2 (1 + tanh(X2)), each of them is multiplied with two different values, picked
up from ab initio data (could be subjected to optimisation to find one but not fol-
lowed in this report and values should be similar to one given in the model even if
obtained via explicit optimisation). The sum of term1 and term2 fits the long range
part simultaneously, with X1, X2 differing in sign and parameters and the net sum
is added to interactive term concentrating the region near the equilibrium and far to
give the total potential. All the parameters given in Eq 1 and Eq 2 are given in SI
and using them, it is possible to reproduce the curves with the same root mean square
deviation as they are reported in the manuscript.

y =

i=5∑

i

ai

[

tanh(βi r
2
1)
][

sech(µi r
2
1)
]

︸ ︷︷ ︸

basis expansion
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i
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i

]
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1

2
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(
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])

]
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long range term


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

no
permutational

symmetry

(2)

Computing vibrational levels

With the models available, it becomes easy to compute vibrational Eigen values numer-
ically for the back and forth motion (one of the normal modes) of proton in the
molecular plane. The Hamiltonian to compute the Eigen values is given in Eq 3 which
is non relativistic Schrödinger equation with effective potential energy function involv-
ing the orbital motion and the model potential energy function V (y). Solving this
equation is relatively simple except the model potential as defined in Eq 1 and 2 and
can be done with any programming software. In this work, MATHEMATICA is being
used to do the job and the results reported were obtained using it. The computed
results are meant for L assuming 0, 1, 2 only and µ is the reduced mass as usual and
the proton mass in atomic units were used for it since the vibrational motion refers
to the oscillatory motion of proton alone in the specific mode. However, this is not
entirely true but mass of proton could be used as a good approximation to start with
as the relative vibration of other four oxygen atoms are negligibly small and can be
ignored. This can be verified numerically by looking at the magnitudes of resulting
Eigen vector containing normal coordinates of four oxygen atoms as well as that of
proton. The normal mode displacement of proton is found to be higher than other
four oxygen atoms and hence they do not contribute sizeably to the estimation of µ.
Evib refer to the resulting Eigen value after solving the Eq. 3 normally reported in the
units of cm−1 in the form of Tables and Figures. The effective potential energy func-
tion is indicated inside the parenthesis in Eq. 3 as the sum of fitted model potential
and the centrifugal potential.

In Fig 2, Evib in cm−1 as a function of quantum states are plotted for different L
values 0, 1, 2 for both the conformers. A maximum of 23 non degenerate levels were
computed for the cis conformer and beyond 23, the results were not converged as well as
ill conditioned and this made us to stop at 23 (please have a look at the supplementary
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information (SI) for the values in the form of a Table as it is new and not published
in the previous work[1] and also look at Fig 3 where the computed levels are shown
for clarity on a measured scale for L = 0. Fig 2 also convey the same information but
in the form of curve.) A maximum of 39 levels were computed for the trans conformer
for L = 0, few of them doubly degenerate mostly near lower levels (see Fig 2) but
assigned different quantum numbers. When L = 1, 2, the computed levels are paired
up to form a doubly degenerate set of levels and for the cis conformer, numerically
exact degeneracies are not seen for all three L values, 0, 1, 2.

In Fig 2 the presence of double degeneracy (numerically exact) is revealed by a
pair of dots forming a step like feature for L = 1, 2 in the trans conformer and for
L = 0 degeneracy formed by a pair of dots occurs at lower levels (levels less than 20
and higher than 5) and all other levels are non degenerate as well as linear as are seen
clearly in the C2h case (see the legends in Fig 2). In the case of cis conformer with C2v

geometry, the Fig 2 reveals the non degeneracy and smoothness of levels for L = 0 (see
the curve with embedded points labelled with legend L = 0 (C2v)) but the spacing
(v → v + 1) between them gradually decrease as v increase and finally converge to
dissociation energy. This can be seen clearly in Fig 3 for L = 0 case. For L = 1, 2, it
is possible to see degeneracy occasionally but they are not strictly degenerate in the
numerical sense but quasi degenerate. This can be seen in the plot given in Fig 3 for
the levels of cis conformer. In Fig 3, the computed vibrational levels for the cis isomer
with C2v point group are shown for three angular momentum values, 0, 1, 2 and the
zero point energy at the v = 0 level is seen shifted to higher energy as L changes.
This trend happens for all v and any one can see it via dashed line pointing to higher
energy levels as L changes. The two non degenerate level at v = 5 and v = 6 for L = 0
moves to degeneracy when L = 1 and again become non degenerate when L = 2 and
this shows influence of orbital momentum on the vibrational energy levels. Similar
case happens with non degenerate v = 8 and v = 9 levels, becoming degenerate at
L = 1 and non degenerate at L = 2. The convergence of levels at 35000 cm−1 (a mode
specific value) is a common result whatever be the L value and however irregular be
the spacings among them. It applies to the levels of both C2h and C2v calculations.
The C2v result are shown in Fig 3 while that of C2h is given in the supplementary
information (SI) in the form of Tables. It gives credence to the calculation done on
the system.

By looking at Fig 1 it is possible to conclusively decide that the wider potential wall
of trans conformer can accommodate more levels than the narrow wall of cis conformer.
This alters the associated derivatives of higher order found in Taylor expansion of
both conformers. This is the reason why different number of levels were obtained as
the topography of the two curves drastically differs in all the region.

−

ℏ
2

2µ

d2ψ(y)

dy2
+











V (y)
︸ ︷︷ ︸

model

+
ℏ
2L(L+ 1)

2µy

︸ ︷︷ ︸

effective potential energy











ψ(y) = Evibψ(y) (3)

7



10 20 30

5000

10000

15000

20000

25000

30000

35000

Fig. 2 The effect on vibrational levels in the presence L = 1, 2 and absence L = 0 of orbital angular
momentum for the cis and trans conformers. It has a huge effect on the levels with regard to their
degeneracy. See next figure too for more clarity.

Cis-trans interconversion spectrum

The previously discussed level calculation form the basis to compute the electronic
spectrum based on vibronic transitions from lowest state to the highest one and the
assumption of fixed nuclear geometry is well maintained in calculating the spectrum.
As of now, direct experimental proof of the interconversion spectrum is not yet avail-
able. The computed spectrum will serve the purpose of easy identification to any one
who are likely to do a spectral analysis in the days to come.

In Fig 4, the potential energy curves involved in the cis-trans interconversion is
presented with a portion of computed absorption and emission spectrum in certain
wave length range shown. A detailed spectrum is given in Fig 5 covering all the peaks.
In the curves in Fig 4 are shown anharmonic probability densities at different levels
and the blackish vertical lines (solid and dashed) stand for electronic transitions. The
lowest is the C2h trans curve and the above is C2v cis curve. The layout of vibrational
levels is complicated by the existence of degeneracies among themselves in the C2h
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Fig. 3 The computed vibrational levels for the cis isomer are shown for three angular momentum
values, L = 0, 1, 2.

case[1] and in the other case, no such complication arises even though the convergence
of levels are not numerically uniform until the dissociation limit (see Fig 3 for L = 0).
An interesting note worthy point is the number of levels contained in each potential
energy profile. The total number of acceptable levels differ drastically in both the
point groups on account of the degeneracy issue and is found to be more (exactly 39)
when some of the Eigen functions (not all) are nearly quasi degenerate. The labels
are given for the counting purpose distinctly level by level inclusive of the degenerate
pair assigned distinct labels. The total number of computable levels in the absence
of such degeneracies is exactly 23 for the non degenerate C2v arrangement. Beyond
this number, converged bound levels were found to be impossible. This is about fifty
percent reduction when compared with the degenerate C2h arrangement. This made
us to think that a pair of levels at degeneracy correlate to a well defined single level at
non degenerate configuration when the cis-trans conversion takes place. This could be
one reason for the reduction in the total number of bound levels. Another valid reason
lies in the shape of potential energy curves shown in Fig 1. The densities of levels
contained inside the wider potential (the distance between right and left turning point
is considerably more relative to the same aspect near equilibrium region based on C2h

curve) wall is higher suggesting that they are closely spaced even though degeneracy
does not play any role in increasing or decreasing the number of overall levels since
wider wall is energetically well separated from the degeneracy in the particular case
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Fig. 4 Cis-trans interconversion electronic spectrum based on vibronic transitions of emission and
absorption. The intensities are decided by overlap of vibrational Eigen functions. The emission and
absorption lines are shown in the simulated spectrum for the corresponding vertical transitions
depicted as black dashed and solid lines.
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under focus. It is strongly believed both these reasons have the potential to exert
influence in changing the number of bound vibrational levels during the cis-trans
interconversion. Which one dominates over the other is a matter to be discussed in
depth considering the shape and the nature of potential energy curves. In this example,
lower energy regime favours the change in bound levels via degeneracy while higher
energy regime favours the same via lowering the densities of levels across the rigid
walls. Whatever stated here is valid only for this system and cannot be generalised
to cover other systems not discussed in this manuscript. If so, care must be exercised
thoroughly to study the involved potential energy curves of interconversion to arrive
at a correct conclusion.

A model plot of calculated spectrum is shown as an example within a specific
range of wavelength on the left side of Fig 4. It shows both absorption (light blue) and
emission (light yellow) lines and as usual, emission lines occur at higher wave length
than the corresponding absorption line for a given transition. The full calculated range
is given in Fig 5 which has more broader range covering all the lines starting from the
transition originating from the ground level to higher levels. The height (intensity) of
the lines are overlap dependent of vibrational wave functions, higher the overlap higher
the intensity. It shows lines of few transitions that fall within the specified range and
the transition which fall outside the range are shown in a separate plot in Fig 5 As
pointed out above, each absorption transition is followed by a corresponding emission
but at higher wavelength. 0 ↔ 0 is an exception as the energy of transition in both
direction remain the same rendering both the peaks indistinguishable and appear as
one single line. In other words, 0↔ 0 is a peak referring to the transition from v = 0
level in the lowest curve to the same level in the higher lying curve and back at the
same wavelength (frequency) and the same frequency for both direction and happens
only for 0↔ 0, lowest energy transition among all. There is huge gap between 0↔ 0
and 0 → 1 or 0 ← 1, next lowest energy transition. Unlike 0 ↔ 0 case, the energy
of transition differs a lot in both the direction, mostly 1 ← 0 (emission) at a higher
wavelength. Please have a look at the computed spectrum in Fig 5 to see if this is
indeed so. This behaviour is obeyed every except 0 ↔ 0 where two lines merge one
over other at the same wavelength. The intensity of emission line decreases rapidly
in comparison with the absorption lines because of existence of degeneracy in the
lowest energy state reducing the overlap between the vibrational wave functions for
few transitions. The emission line after 7← 0 is almost zero while the corresponding
line for the absorption for 0 → 7 survives and can well be seen in the spectrum. The
spectrum is computed for the transition originating from v = 0 of both the curves and
it looks like what is shown in Fig 5 and the maximum intensity is achieved for this
case. For the transitions originating from other levels, say v = 1, of both the curve,
the intensity will not be maximum and be less than the intensity already predicted in
the Fig 5. This study is restricted starting from v = 0 level in both the directions.
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Fig. 5 Interconversion vibronic spectrum with 0 ↔ 0 transition is left isolated and other lines are
close together with a average spacing of roughly 300nm and the intensity is overlap dependent. This
is a single spectrum split into two for clarity.
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Conclusion

The two curves have been modelled with a correct analytical models which accounts
the curves every where giving smallest possible fitting error well within the spectro-
scopic accuracy. The models have the same frame work but structurally different as
they need to explain the curves with permutational symmetry and without such sym-
metry. The models have been subjected to computing the vibrational levels accurately
with and without angular momentum contribution whose effect on the levels is well
tested. Finally, the models have been used to compute and discuss the vibronic spec-
trum based on Franck Condon principles and most intense peak distribution is found
to be away from the v = 0 level as both the curve are not directly one over other but
slightly moved away from the centre.
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