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Abstract8

This study investigates trailing-edge flow physics in a linear supersonic turbine cascade using wall-resolved9

large-eddy simulations. Three inlet Mach numbers (M∞ = 1.85, 2.00, and 2.15) are considered at a10

fixed Reynolds number of Re = 395 000 to assess the influence of shock-boundary-layer interactions11

(SBLIs) on the trailing-edge dynamics. Variations in Mach number shift the SBLIs downstream, caus-12

ing the suction-side interaction to merge with the trailing-edge recirculation region for M∞ = 1.8513

and 2.15. Cases with an SBLI located near the trailing edge also exhibit amplified pressure fluctuations14

within the shock–trailing-edge interaction region. Spectral analysis shows that the trailing-edge shocks15

are dominated by low- and mid-frequency unsteadiness, with increasing Mach number shifting the domi-16

nant content toward lower frequencies. Calculation of mass flux over the bubble surface reveals a strongly17

asymmetric exchange across the trailing-edge separation region, with larger mass-flux magnitudes along18

the suction-side interface. Temporal correlations indicate that bubble expansions and contractions precede19

the trailing-edge shock-system response, which is highly synchronized when a large shock-induced separa-20

tion bubble forms near the trailing edge. Along the wake, increasing Mach number enhances the pressure21

and density asymmetry between the blade surfaces, which deflects the flow toward the lower-density22

stream on the suction side. Spectral proper orthogonal decomposition identifies Kelvin-Helmholtz-type23

coherent structures at higher frequencies along the wake, with similar modal topologies for all cases.24

Finally, entropy-generation analysis shows that viscous dissipation dominates the aerodynamic losses,25

primarily within the suction-side boundary layer, whereas the wake contributes only a minor fraction.26

Keywords: Trailing edge flow, supersonic turbine, supersonic base flow, shock-boundary layer interaction,27

shock-trailing edge interaction28

1 Introdution29

The flow past a blunt turbine trailing edge can be characterized by several features, including flow separation,30

shear-layer development, turbulent mixing, shock waves, and wake formation. These phenomena strongly31

influence the aerodynamic performance, entropy generation, heat transfer, and structural integrity of the32

blade [1, 2]. Consequently, several authors have investigated the trailing-edge flow physics for turbines33

operating in subsonic and transonic regimes using both experimental and numerical approaches [3–10]. In34

contrast, studies focusing on the supersonic regime remain scarce, and the underlying flow physics in this35
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operating condition are not yet fully understood. Nevertheless, supersonic fluid machinery presents promising36

advantages for size and cost reductions in high-speed propulsion and power-generation systems [11].37

In turbomachinery guide vanes operating in a supersonic regime, the interaction between the suction38

(convex) and pressure (concave) surface boundary layers at the trailing edge generates complex flow dynam-39

ics, exhibiting features typical of supersonic base flows. The blunt geometry of the trailing edge forces these40

approaching boundary layers to separate, forming upper and lower shear layers above and below the recircu-41

lation bubble (the base region). These shear layers ensure a smooth and continuous transition between the42

inner subsonic recirculating flow and the outer supersonic flows, with the associated flow deflections gen-43

erating compression waves that coalesce into trailing-edge shock waves. Downstream, the upper and lower44

shear layers converge toward the wake centerline to form a unified mixing layer.45

The complex interaction of dual supersonic streams downstream of blunt-base geometries has been exten-46

sively investigated using both experimental methods [12–21] and numerical simulations [22–27]. Among these47

experimental investigations, Herrin and Dutton [12] examined the supersonic near-wake of an axisymmet-48

ric cylindrical afterbody at a uniform freestream Mach number of 2.5. Contrary to the historically assumed49

“dead-air” hypothesis, their measurements revealed significant reverse flow speeds, reaching up to 27% of50

the freestream velocity, accompanied by high turbulence intensity within the recirculation bubble. Herrin51

and Dutton [13] subsequently expanded on this work by comparing the near-wake flowfields of blunt and52

boat-tailed cylinder afterbodies. They observed that incorporating a boat-tail led to a substantial recovery53

in base pressure that ultimately reduced total base drag by 21%. Furthermore, their findings indicated that54

higher turbulence intensity levels within the shear layer correlate with a decrease in base pressure. They55

attributed this phenomenon to intensified fluid mass entrainment, where the shear layer draws more fluid56

mass from the recirculation region and, consequently, reattaches further upstream.57

Subsequent experimental work by Scarano and Van Oudheusden [15] examined a two-dimensional blunt58

base at a freestream Mach number of 2.0. Turbulent flow measurements showed pronounced streamwise59

turbulence intensity along the developing shear layers, which peaked near the reattachment region as a result60

of shear layer merging. Humble et al. [17] conducted PIV measurements on a two-dimensional blunt base61

across three incoming Mach numbers (1.46, 1.78, and 2.27). Their results demonstrated that increasing the62

Mach number shifts the reattachment location upstream while causing both the expansion fan and oblique63

shock waves to incline more sharply toward the wake centerline. From a computational perspective, Simon64

et al. [22] performed numerical simulations of a compressible mixing layer past an axisymmetric trailing65

edge at a freestream Mach number of 2.46. Spectral analysis of the separated flow and shear layer identified66

low-frequency unsteadiness, which the authors linked to the breathing motion (contraction and expansion)67

of the recirculation bubble alongside shear layer flapping.68

Stack [26] performed high-fidelity simulations to examine the influence of splitter plate thickness on69

near-wake dynamics separating two supersonic turbulent streams under non-equal flow conditions. For the70

full-thickness and half-thickness cases, the authors observed the presence of large-scale, spanwise-coherent71

rollers in the wake, whereas the one-tenth-thickness case exhibited coherent rollers only near the trailing72

edge prior to their breakdown into fine-scale turbulence downstream. For all thicknesses studied, the mixing73

layer consistently deflected toward the lower-density stream. Regarding turbulent structures in axisymmetric74

configurations, Kirchner et al. [20] experimentally investigated a longitudinal cylinder wake at Mach 2.49.75
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Their results highlighted the role of shear layer vortex orientation: upright hairpin vortices reduced spatial76

shear-layer growth rates, thereby reducing fluid mass entrainment from the recirculation region, which in77

turn displaced the reattachment location downstream and increased base pressure, whereas inverted hairpin78

vortices induced the opposite behavior.79

The majority of previous research on supersonic base flows has considered configurations in which the80

incoming boundary layer develops over flat surfaces. However, curved walls are inherent to turbomachinery81

blades, and they are influenced by the local pressure gradient and streamline curvature, which in turn affect82

the state of the approaching boundary layer prior to reaching the trailing edge. To account for these effects,83

the present work investigates the physics of trailing-edge flow in a supersonic turbine cascade using wall-84

resolved large-eddy simulations and post-processing techniques. Three inlet Mach numbers are analyzed in85

the cascade, M∞ = 1.85, 2.00, and 2.15 at a fixed Reynolds number Re = 395 000 based on the axial chord86

and inlet velocity. These inflow variations allow us to examine how the location of the shock-boundary-layer87

interactions (SBLIs) over the blade influence the trailing-edge flow dynamics.88

The remainder of this work is organized as follows: Section 2 describes the numerical methodology89

and flow configurations analyzed. Section 3 presents the flow field analysis, beginning with instantaneous90

structures in Section 3.1 and mean flow statistics in Section 3.2. Next, a spectral analysis of the shock waves91

and separation bubble in the trailing-edge region is performed in Section 3.3 to characterize their relevant92

flow frequencies. Sections 3.4 and 3.5 examine the mass flux across the trailing-edge bubble surface and93

the temporal correlations between bubble breathing and trailing-edge shocks, respectively, providing insight94

into the coupled dynamics of the separation region and shock system. The wake dynamics are investigated95

in Section 3.6 using spectral proper orthogonal decomposition to identify coherent structures and their96

characteristic frequencies. Finally, Section 3.7 analyzes the sources of entropy generation in the supersonic97

turbine, followed by the main conclusions in Section 4.98

2 Flow configuration and numerical methodology99

Wall-resolved large-eddy simulations (LES) of a linear cascade of supersonic turbines are carried out as100

described by Lui et al. [28, 29], and an overview of the flow configuration and numerical methodology is101

provided here. The vane geometry, as well as the fluid properties and inflow conditions, follow those used by102

Liu et al. [30], being summarized in Fig. 1(a). In the present study, however, the inlet Mach number is varied103

by prescribing a uniform inflow at three values: M∞ = 1.85, 2.00, and 2.15. The Reynolds number based on104

the inlet velocity uinlet and the axial airfoil chord cx is fixed at Re = 395 000. The fluid is considered as a105

calorically perfect gas with a ratio of specific heats γ = 1.31, Prandtl number Pr = 0.747, and the ratio of106

the Sutherland constant over the inlet temperature Sµ/T∞ = 0.07182.107

The non-dimensional compressible Navier-Stokes equations are solved in a curvilinear coordinate system.108

An overset mesh approach is used, comprising two overlapping grids: a body-fitted O-grid that accurately109

resolves the turbulent boundary layers around the blade, and an H-grid that facilitates the application110

of pitchwise periodicity in the cascade. In both grid blocks, spatial discretization is performed using a111

sixth-order compact finite-difference scheme implemented on a staggered grid [31]. A sixth-order compact112

interpolation scheme is employed to evaluate flow quantities at the required staggered-grid locations. At each113
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(a) (b)

Fig. 1: Overview of the computational setup: (a) Mach number contours of three-dimensional cascade

geometry with inflow conditions; (b) computational domain and boundary conditions, with every fifth grid

point displayed.

time step, a sixth-order compact filter [32] is applied in regions away from solid boundaries to suppress high-114

wavenumber numerical instabilities associated with mesh non-uniformities and overset-grid interpolations.115

No explicit subgrid-scale model is used in the present calculations; instead, the high-order compact filter116

provides an implicit approximation to such modeling [33]. To introduce only minimal numerical dissipation117

near shock waves, sufficient to maintain numerical stability, while avoiding excessive damping of turbulent118

scales, the localized artificial diffusivity (LAD) scheme LAD-D2-0 [34] is employed to compute additional119

artificial bulk viscosity and thermal conductivity, which are then added to their physical counterparts.120

Time integration in the O-grid block is performed using an implicit second-order scheme to mitigate the121

stiffness associated with the fine boundary layer resolution, whereas a third-order Runge–Kutta method is122

applied in the H-grid block. Data exchange between the overlapping grids is achieved using a fourth-order123

compact interpolation procedure. Additional information on the governing equations, non-dimensionalization124

procedure, and the LES numerical methodology is available in Nagarajan et al. [31], Bhaskaran and Lele125

[35], and Lui et al. [29].126

Although turbine blades are typically subjected to inflow turbulence, a uniform supersonic inflow is127

prescribed at the inlet. This allows a direct comparison against canonical SBLI configurations studied in the128

literature. Transition to turbulence in the airfoil boundary layers is triggered using a body-force formulation129

that mimics a tripping device [29, 36]. The trip is implemented as an unsteady forcing composed of random130

spanwise disturbances with an amplitude selected to induce bypass transition. It is applied over a wall-131

normal extent 0 < ∆n < 0.001cx at 0.22 < x < 0.27 on the suction side, and over the same wall-normal132

distance at 0.10 < x < 0.15, on the pressure side. At the outlet, a Navier–Stokes characteristic boundary133

condition (NSCBC) [37] is applied. Damping sponge layers are included near both the inflow and outflow134

boundaries to absorb convected numerical disturbances [31]. Adiabatic no-slip conditions are enforced on135

the airfoil surface. To model a linear cascade of vanes, pitchwise periodicity is imposed in the y-direction of136

the background grid, and spanwise periodicity is applied to both grid blocks. Details regarding the boundary137

conditions and computational grid are provided in Fig. 1(b).138

For all simulations, the O-grid block uses 1280 × 300 × 144 points in the streamwise, wall-normal, and139

spanwise directions, respectively. The background Cartesian grid has 960 × 280 × 72 points. In total, the140

computational mesh contains approximately 75× 106 points. In the present simulations, the grid resolution141

follows the standard recommendations for wall-resolved LES [38]. Chordwise distributions of grid spacing in142

wall units, as well as the ratio between the local grid spacing and the Kolmogorov length scale, are provided in143
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Ref. [28]. The spanwise domain size corresponds to 10% of the axial chord, which is equivalent to 7 incoming144

boundary layer thickness on the suction side for the M∞ = 2.15 case (thickest boundary layer computed145

for all cases). This value is comparable to or larger than those used in most high-fidelity computations [39–146

42]. Furthermore, two-point spanwise correlations of tangential and normal velocity fluctuations at several147

chord locations, presented in Lui et al. [28], confirm that the chosen spanwise extent is sufficient and does148

not constrain the turbulence dynamics.149

3 Results150

After an initial transient period, simulation data are collected for approximately 45 nondimensional time151

units (based on the inlet velocity and axial chord) to compute the flow statistics for different inlet Mach152

numbers of a supersonic turbine cascade. This dataset allows the evaluation of the trailing-edge flow physics153

in the present base flow configurations through flow visualizations, mean flow and spectral analyzes of154

the trailing-edge shock system and separation bubble, modal decomposition of the wake flow, mass-flux155

assessment over the separation bubble, and quantification of entropy generation over the entire turbine blade.156

3.1 Instantaneous flow features through the turbine cascade157

To contextualize the present investigation of trailing-edge flow dynamics, the key flow features of the super-158

sonic cascade reported in [28, 29, 43] are briefly summarized below. Instantaneous flowfields for different159

inlet Mach numbers are shown in Fig. 2. The turbulent boundary layers are depicted by isosurfaces of Q-160

criterion colored by streamwise velocity, with separated flow regions highlighted in blue. The shock waves are161

visualized on a background plane of density gradient magnitude ∥∇ρ∥. Detached bow shocks formed at the162

airfoil leading edges develop into oblique shocks that impinge on the turbulent boundary layers of adjacent163

blades. These SBLIs impose adverse pressure gradients that induce flow separation bubbles. On the suction164

side, the impinging oblique shock interacts with the turbulent boundary layer; however, unlike canonical165

interactions over flat plates or compression ramps, the upstream compression waves do not coalesce into a166

distinct separation shock. On the pressure side, a Mach reflection occurs, resulting in a thin recirculation167

bubble despite the severe pressure jump across the normal shock.168

The curved walls of the airfoils significantly influence the SBLIs by modifying the upstream boundary169

layer development and local pressure fields [28, 44]. Prior to shock impingement, the suction-side boundary170

layer evolves along a convex surface, subjecting it to a favorable pressure gradient and bulk dilatation.171

In contrast, the concave curvature of the pressure side imposes an adverse pressure gradient and bulk172

compression on the incoming boundary layer. Furthermore, variations in the inlet Mach number shift the173

shock impingement location, modulating the strength and spatial extent of these curvature-induced effects.174

As the inlet Mach number increases, the shock impingement locations and resulting SBLIs progressively175

shift downstream on both airfoil sides. At M∞ = 1.85, two distinct SBLIs develop on the suction side due176

to the leading-edge bow shock and the reflected shock from the adjacent pressure side. In contrast, only a177

single suction-side SBLI occurs at M∞ = 2.00 and 2.15. For M∞ = 2.15, the downstream displacement of178

the SBLI causes the interaction to occur sufficiently close to the trailing edge, merging the shock-induced179

separation bubble with the trailing-edge separated flow, yielding a complex coupled separation topology. As180

discussed by Lui et al. [28], the observed discrepancies in separation bubble size (between the suction and181
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(a) M∞ = 1.85 (b) M∞ = 2.00

(c) M∞ = 2.15

Fig. 2: Instantaneous flowfields for different inlet Mach numbers. The plots show isosurfaces of Q-criterion

colored by the streamwise velocity component (u/a∞), with background contours of density gradient mag-

nitude ∥∇ρ∥.

pressure surfaces, and across the various inlet Mach numbers) stem from the combined effects of upstream182

pressure gradients, bulk dilatation, and near-wall turbulent kinetic energy (TKE) levels within the upstream183

boundary layer.184

3.2 Mean flow and turbulence characteristics in the trailing-edge region185

To highlight the trailing-edge flow topology, including the effects of inlet Mach number, the spanwise and186

time-averaged contours of the streamwise velocity component are shown on the left-hand side of Fig. 3. Here,187

the values are normalized by the inlet speed of sound. Regions enclosed by white lines indicate separation188

bubbles, while dashed and solid black lines denote the sonic line and shock/expansion waves, respectively.189

As the supersonic boundary layers along the suction (convex) and pressure (concave) surfaces interact at190

the trailing edge, the flow develops characteristics typical of supersonic base flows and planar mixing layers.191

The blunt trailing-edge geometry induces separation of the approaching boundary layers, generating upper192

and lower shear layers on either side of the recirculation bubble. Farther downstream, these shear layers193

deflect and converge toward the wake centerline, merging to form a single mixing layer. This deflection of194

the flow is driven by compression waves that coalesce into shock waves at the trailing edge.195

Regarding the effects of the inlet Mach number on flow topology, SBLIs occur closer to the trailing196

edge of the suction side for both M∞ = 1.85 and M∞ = 2.15. In both cases, the shock-induced separation197

bubble merges (in the mean sense) with the trailing-edge bubble, resulting in a small separation region at198

M∞ = 1.85 and a large recirculation region at M∞ = 2.15. In these cases, the free shear layer formed199
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(a) M∞ = 1.85 (b) M∞ = 1.85

(c) M∞ = 2.00 (d) M∞ = 2.00

(e) M∞ = 2.15 (f) M∞ = 2.15

Fig. 3: Spanwise and time-averaged contours of the streamwise velocity component u/a∞ (left) and U · ∇p

superimposed by streamlines colored by u/a∞ (right) for different Mach numbers. In the left column, the

white lines depict the separation bubbles, while the dashed and solid black lines show the sonic lines and

shock/expansion waves, respectively.

downstream of the incident shock becomes the structure that ensures a continuous variation of the flow200

between the trailing-edge separation region and the outer supersonic freestream flow. As a result, the upper201

shear layer thickness increases, with the effect being more pronounced for M∞ = 2.15. In the mean sense,202

the reverse flow within the trailing-edge bubble reaches up to 8%, 10%, and 7% of the freestream velocity203

for M∞ = 1.85, M∞ = 2.00, and M∞ = 2.15, respectively. The subsonic flow regions near the trailing edge204

are strongly influenced by variations in the inlet Mach number. At M∞ = 1.85, the wake remains locally205

subsonic, permitting both upstream- and downstream-propagating waves. In the other two cases, the wake206

starts subsonic, accelerates to supersonic speeds, and then returns to subsonic flow with an accompanying207

deflection due to downstream shock-turbulence interactions (omitted for M∞ = 2.15 for visual clarity, but208

shown in Fig. 2(c))209

The right-hand panels of Fig. 3 display contours of U · ∇p to highlight shock and expansion waves. This210

quantity is negative (dark regions) during flow expansion and positive (light regions) during compression.211

In addition, streamlines colored by the streamwise velocity component are overlaid to illustrate the wake212

trajectory. As previously noted, when an SBLI occurs near the trailing edge of the suction side, a thicker213

upper shear layer develops. This displaces the sonic line away from the bubble, which consequently shifts the214

upper trailing-edge shock outward as well. On the pressure side near the trailing edge, the flow undergoes215
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(a) M∞ = 1.85

(b) M∞ = 2.00

(c) M∞ = 2.15

Fig. 4: Contours of spanwise- and time-averaged normalized pressure (p/pinlet) across inlet Mach numbers.

Shock waves are indicated by black isolines of pressure gradient magnitude, ∥∇p∥.

stronger expansion as the inlet Mach number increases. Downstream of these expansion waves, a weak216

compression wave, commonly termed a lip shock, forms at the separation point to balance the pressure217

between the supersonic outer stream and the separated flow. A suction-side lip shock is also observed for218

the M∞ = 2.00 case. Increasing the inlet Mach number also causes the lower trailing-edge oblique shock to219

incline more steeply toward the wake centerline, consistent with findings for planar base flows by Humble220

et al. [17].221

To assess the influence of turbine passage pressure fields on wake deflection, Fig. 4 presents spanwise-222

and time-averaged pressure contours normalized by the inlet value, with shock waves visualized by isolines223

of pressure gradient magnitude ∥∇p∥. Increasing the inlet Mach number shifts the SBLIs downstream on224

both suction and pressure sides and amplifies the pressure and density differences near the trailing edge.225

This occurs because the suction-side boundary layer develops under a favorable pressure gradient while226

the pressure-side boundary layer is subjected to an adverse pressure gradient; therefore, the downstream227

displacement of the SBLI leads to a reduced pressure jump on the suction side and an increased jump on the228

pressure side. For the M∞ = 1.85 case, the appearance of the second SBLI on the suction side equalizes the229

pressure between the suction and pressure surfaces near the trailing edge, thereby preventing wake deflection.230

In contrast, the higher Mach number cases exhibit pronounced pressure asymmetry, resulting in a deflection231

of the wake toward the lower-pressure (lower-density) side, as evidenced in Figs. 2 and 3. Similar behavior232

has been reported in the literature of high-speed mixing layers [26, 45, 46].233

Figure 5 presents the wall distributions of normalized flow quantities along the trailing edge for different234

inlet Mach numbers, using the inlet values as reference. A local coordinate system along the trailing edge is235
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(a) (b)

(c) (d)

Fig. 5: Spanwise and time-averaged normalized (a) base density ρb, (b) base pressure pb, (c) base temperature

Tb, and lastly (d) the RMS of normalized base pressure pb,rms. The inset shows the new coordinate system

along the trailing edge. The suction side (SS) distributions appear on the left of S = 0.0, while those on the

pressure side (PS) are shown to the right. Note that the outer flow is essentially right to left for the PS, as

indicated by the black arrow.

parameterized by the curvilinear coordinate S (see inset), where S < 0 and S > 0 correspond to the suction236

side (SS) and pressure side (PS), respectively (S = 0 marks the trailing-edge apex). The normalized base237

density ρb/ρ∞ in Fig. 5(a) confirms that, in the mean sense, higher inlet Mach numbers amplify the density238

difference between the suction and pressure sides near the trailing edge, consistent with the mean pressure239

flow fields in Fig. 4. The normalized base pressure pb/p∞ is displayed in Fig. 5(b). On the pressure side,240

expansion waves induce a large pressure drop upstream of the trailing edge, followed by a mild pressure rise241

across the lip shock (Fig. 3). On the suction side, the SBLI occurring near the rear section of the airfoil for242

M∞ = 1.85 and M∞ = 2.15 imposes an adverse pressure gradient. In contrast, for the M∞ = 2.00 case, a243

favorable pressure gradient develops downstream of the SBLI, as discussed by Hamada et al. [44], until a244

lip shock causes a slight compression, downstream of which a characteristic pressure plateau develops along245

the trailing-edge separation bubble.246

The normalized base temperature Tb distribution is displayed in Fig. 5(c). Higher inlet Mach numbers247

increase wall temperatures due to enhanced viscous dissipation within the boundary layer [47]. Furthermore,248

the temperature rise induced by the pressure-side lip shock intensifies with increasing inlet Mach number.249
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(a) M∞ = 1.85 (b) M∞ = 1.85

(c) M∞ = 2.00 (d) M∞ = 2.00

(e) M∞ = 2.15 (f) M∞ = 2.15

Fig. 6: Root-mean-square values of pressure (left) and turbulent kinetic energy (right) for different inlet

Mach numbers. The white lines indicate the shock and expansion waves, visualized using the pressure-

gradient magnitude. The separated flow regions are shown in magenta. Black dashed lines in the left-column

panels indicate the probe locations used for the spectral analysis of the trailing-edge shocks. The green

circles indicate the probe locations used for the time-correlation analysis.

Figure 5(d) shows the root-mean-square (RMS) of the normalized base pressure. Across all cases, the RMS250

pressure peaks near the pressure-side lip shock, with substantially higher peak amplitudes observed when an251

SBLI occurs near the trailing edge (M∞ = 1.85 and M∞ = 2.15). These trailing-edge SBLIs also markedly252

amplify wall pressure fluctuations along the suction-side rear section compared to the non-interacting baseline253

case (M∞ = 2.00).254

To characterize the unsteady dynamics in the near-wake region and the trailing-edge shock system,255

the distributions of root-mean-square (RMS) pressure fluctuations and turbulent kinetic energy (TKE) are256

analyzed in Fig. 6 over different inlet Mach numbers. In each subfigure, the mean recirculation regions are257

delineated by magenta lines. For all cases, pronounced pressure RMS levels are observed along the trailing-258

edge shocks. High pressure RMS values also occur within the shear layers near the shock foot, with the259

highest peaks developing when an SBLI takes place near the trailing edge. Distinct flow features emerge for260

individual cases. In the M∞ = 1.85 case, elevated pressure RMS levels appear within the suction-side SBLI261

region, specifically along the incident shock emanating from the adjacent airfoil pressure surface and along262

the reattachment compression waves. In addition, the lower shear layer exhibits higher pressure fluctuations263
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than the upper shear layer. For M∞ = 2.00 and M∞ = 2.15, significant pressure fluctuations also develop264

within the shock-wake interaction region. Overall, the M∞ = 2.15 case, which features an SBLI resulting in265

a large separation bubble, displays the highest RMS values over the trailing-edge region.266

Contours of turbulent kinetic energy (TKE) are presented in Figs. 6(b), (d), and (f). In these subfigures,267

the shock waves are indicated by white lines. In all cases, elevated TKE levels develop along the shear layers,268

with peak values localized in the upper shear layer, particularly downstream of the trailing-edge bubble,269

where shear layers of opposite spanwise vorticity merge. Downstream of this confluence region, TKE decays270

monotonically as the wake recovers, consistent with previous base-flow investigations [15, 17, 26]. Increasing271

the inlet Mach number amplifies TKE levels both within the shear layers and throughout the near wake.272

Moreover, both the M∞ = 1.85 and M∞ = 2.15 cases begin to experience an amplification of TKE values273

near the rear end of the airfoil’s suction side due to the free shear layer generated by the SBLI near the274

trailing edge [48].275

3.3 Spectral analysis of trailing-edge shock system and separation-bubble276

dynamics277

To examine the unsteadiness of the trailing-edge shocks, the power spectral density (PSD) maps obtained278

from pressure probes along the upper (left panels) and lower (right panels) shocks are shown in Fig. 7. The279

probe locations are indicated by the black dotted lines in the left panels of Fig. 6. The PSDs are calculated280

using Welch’s method, in which the time signals are divided into four segments with a 66% overlap, and281

a Hann window is applied to mitigate edge discontinuities. The frequency is nondimensionalized in terms282

of two Strouhal numbers based on different characteristic length scales: Stc = fcx/U∞, based on the axial283

chord, and Stte = fdte/U∞, based on the trailing-edge thickness. For the present configuration, the trailing-284

edge thickness dte is approximately 0.02cx. Therefore, to obtain Stte from Stc, Stc must be multiplied by285

0.02. Both Strouhal numbers use the inlet velocity U∞ as the characteristic velocity. The PSD contours286

are plotted on a logarithmic scale, with the contour ranges chosen to highlight the most energetic spectral287

content for each case.288

For the M∞ = 1.85 case, the upper trailing-edge shock displays high spectral energy content across289

Stc ≈ 0.30–2.00 (Stte ≈ 0.008–0.040), with distinct peaks near Stc ≈ 0.50, 0.70, 1.20, and 1.80. In addition,290

a weak, very-low-frequency signature is present around Stc ≈ 0.08–0.15 (Stte ≈ 0.001–0.003). For the lower291

trailing-edge shock, high spectral energy is found in a range similar to that of the upper shock, with the most292

energetic frequencies located at Stc ≈ 2.00–3.00 (Stte ≈ 0.045–0.060). For the M∞ = 2.00 case, the PSD293

of the upper trailing-edge shock exhibits high-amplitude energy concentrated in the range Stc ≈ 0.45–0.60294

(Stte ≈ 0.009–0.012), along with noticeable spectral content at Stc ≈ 1.20 (Stte ≈ 0.025). Where the shock295

originating from the pressure side of the adjacent blade intersects the upper trailing-edge shock (see Fig. 6296

at x ≈ 1.10), very-low-frequency fluctuations (Stc ≈ 10−2–10−1) are excited. Furthermore, downstream of297

x ≈ 1.20, the most energetic frequencies are significantly amplified, and a low-frequency content emerges298

across Stc ≈ 10−2–10−1. This behavior is likely associated with the proximity of the upper trailing-edge299

shock to the reattachment shock from the SBLI, as observed in Fig. 6. Regarding the lower trailing-edge300

shock, significant spectral energy is found across the range Stc ≈ 0.40–4.00 (Stte ≈ 0.008–0.080), with two301

dominant peaks visible at Stc ≈ 0.50 (Stte ≈ 0.010) and Stc ≈ 2.00 (Stte ≈ 0.040).302
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M∞ = 1.85 M∞ = 1.85

M∞ = 2.00 M∞ = 2.00

M∞ = 2.15 M∞ = 2.15

Fig. 7: Power spectral density maps of pressure probes along the upper (left) and lower (right) trailing-edge

shocks for different inlet Mach numbers. The probe locations are indicated by black dotted lines in Fig. 6.

For the M∞ = 2.15 case, high spectral energy along the upper trailing-edge shock is distributed across303

Stc ≈ 0.20–1.00 (Stte ≈ 0.004–0.020), exhibiting distinct peaks at Stc ≈ 0.25, 0.50, and 0.80. Downstream304

of the intersection with the shock originating from the pressure side of the adjacent blade (at x ≈ 1.18), the305

spectral energy at these frequencies is significantly amplified, as shown in Fig. 6. For the lower trailing-edge306

shock, elevated spectral energy spans a frequency range similar to that of the upper shock, with dominant307

frequencies concentrated at Stc ≈ 0.20–0.30 (Stte ≈ 0.004–0.006). Overall, increasing M∞ from 1.85 to308
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(a) M∞ = 1.85

(b) M∞ = 2.00

(c) M∞ = 2.15

Fig. 8: Spectral analysis of the bubble area for different inlet Mach numbers. The left panel shows the

temporal signal, while the right panel shows the corresponding PSDs.

2.15 systematically shifts the dominant shock unsteadiness toward lower frequencies, an effect particularly309

evident along the lower trailing-edge shock. This behavior could be related to the larger separation bubble310

formed near the trailing edge at M∞ = 2.15. In addition, the PSD magnitude increases monotonically with311

Mach number across both shocks, indicating stronger pressure oscillations that agree with the pressure RMS312

distributions in Fig. 6. Furthermore, the results reveal that key energetic peaks along the upper trailing-313

edge shock are consistent with the characteristic frequencies associated with the suction-side SBLI bubble,314

especially for the M∞ = 2.00 and 2.15 cases [28]. Moreover, the fluctuation amplitudes of the upper trailing-315

edge shocks are consistently higher than those of the lower trailing-edge shocks, indicating that the former316

exhibit a more pronounced unsteady dynamics.317

To investigate the unsteadiness of the trailing-edge bubble, the time evolution of the bubble area nor-318

malized by its maximum value and its corresponding PSD are presented in Fig. 8 for all Mach numbers.319

Here, the bubble is defined as the region enclosed by the contour line of u = 0. The signals reveal that320

in the cases where an SBLI occurs near the trailing edge (M∞ = 1.85 and 2.15), the trailing-edge bubble321

undergoes stronger expansion and contraction. This occurs due to the merging of the SBLI-induced bubble322
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on the suction side and the trailing-edge bubble. This merging effect is significantly more intense for the323

M∞ = 2.15 case, where the bubble dynamics exhibit an intermittent behavior driven by the large difference324

in size between the two bubbles. Specifically, when these regions merge, the trailing-edge bubble expands325

drastically, whereas it remains small when they separate.326

The PSD analysis reveals that the characteristic frequencies of the trailing-edge bubble are sensitive to327

inlet Mach number. For the M∞ = 1.85 case, the most energetic fluctuations are concentrated in the mid-328

frequency range, exhibiting a dominant peak at Stc ≈ 3.00. Interestingly, this frequency does not emerge as329

a dominant peak in the spectral signatures of the upper and lower trailing-edge shocks shown in Fig. 7. At330

M∞ = 2.00, the dominant spectral energy shifts to the low-frequency range, with prominent peaks observed331

at Stc ≈ 0.09, 0.30, 0.45, 0.60, and 1.25. Several of these frequencies (e.g., Stc ≈ 0.45, 0.60, and 1.25)332

correspond to those of the suction-side SBLI [28] and the upper trailing-edge shock. Similarly, forM∞ = 2.15,333

the unsteadiness is governed by low-frequency dynamics, featuring dominant peaks at Stc ≈ 0.25, 0.50, and334

0.80. These frequencies also correspond to those excited by the suction-side SBLI [28], as well as with the335

spectral signatures of the upper and lower trailing-edge shocks shown in Fig. 7. These results indicate that336

both the bubble dynamics and the trailing-edge shock waves are directly influenced by upstream features of337

the SBLI, with this effect becoming more pronounced at the higher Mach numbers considered.338

3.4 Mass flux over the trailing-edge bubble surface339

To investigate the mass entrainment and ejection within the trailing-edge separation bubbles for all Mach340

numbers, the mass flux is computed along the bubble surface as341

m′′ = ρ(V⃗r · n⃗) , (1)

where V⃗r is the local fluid velocity relative to the bubble surface and n⃗ is the normal vector pointing outward342

from the surface. The mass flux is evaluated following the procedure presented by Lui and Wolf [43], which343

adapts the methodology commonly used to calculate local entrainment velocities across turbulent/non-344

turbulent interfaces [49, 50]. Figure 9 shows the time-averaged normalized mass flux m′′ along the trailing-345

edge bubble (top plots) and the mean u-velocity flow fields in the trailing-edge region (bottom plots) for346

different inlet Mach numbers.347

For all cases, higher inflow and outflow mass fluxes are observed along the upper part of the trailing-348

edge bubble (suction side), indicating that mass exchange across its interface is strongly asymmetric. Along349

the suction-side interface, mass leaving the bubble (positive values of m′′) predominantly occurs near the350

airfoil trailing-edge apex (x = 1.0). Farther downstream, m′′ changes sign, and mass entering the bubble351

(negative values of m′′) becomes dominant as the flow approaches the downstream closure point. Despite the352

changes in size and shape of the trailing-edge separation region with inlet Mach number, all cases exhibit a353

similar spatial organization of mass flux, characterized by ejection in the upstream portion of the suction-354

side interface followed by entrainment near the downstream closure. Along the pressure-side interface, the355

opposite trend is observed, although with lower magnitudes of m′′. To better visualize the trailing-edge356

bubble dynamics, Movies 1, 2, and 3, corresponding to M∞ = 1.85, 2.00, and 2.15, respectively, show the357

mass injection and ejection along the bubble surface and are provided as Supplementary Material.358
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(a) M∞ = 1.85 (b) M∞ = 2.00 (c) M∞ = 2.15

Fig. 9: Normalized mass flux m′′ along the trailing-edge bubble surface for different inlet Mach numbers

(top panels) and mean u-velocity fields in the trailing-edge region (bottom panels), with the bubble interface

indicated by the white dashed line corresponding to the u = 0 contour.

3.5 Time correlations between the trailing-edge separation bubble and shocks359

To investigate the relationship between the trailing-edge bubble dynamics and the motion of the trailing-360

edge shocks, Fig. 10 shows the time correlations between (a) the bubble area and the upper shock, (b) the361

bubble area and the lower shock, and (c) the upper and lower shocks. The temporal signals associated with362

the upper and lower shocks are obtained from pressure probes located at the respective shock locations, as363

indicated by the green circles in Fig. 6. The results indicate a clear relationship between the trailing-edge364

bubble dynamics and the unsteadiness of the trailing-edge shocks.365

(a) Bubble area and upper shock (b) Bubble area and lower shock (c) Upper and lower shocks

Fig. 10: Time correlations between the trailing-edge bubble area and the pressure signals measured at the

upper and lower trailing-edge shocks for different inlet Mach numbers.

For all Mach numbers, the bubble-area signal exhibits a pronounced negative correlation with both the366

upper and lower shock pressure signals, with the largest correlation magnitudes occurring at relatively small367

positive time lags. Since the bubble-area signal is used as the reference, the positive time lag indicates that368

variations in the shock signals follow changes in the bubble area. When the bubble expands, the shocks369

move downstream, causing the pressure at the probe locations to decrease; the opposite occurs when the370

bubble contracts. This behavior indicates that the trailing-edge shock system is dynamically coupled to371
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the breathing of the separation bubble, with the shock response lagging the bubble-area fluctuations. In372

contrast, the upper and lower shock signals are positively correlated, with a pronounced peak close to zero373

time lag. Large correlation values are observed for the cases in which an SBLI occurs near the trailing edge.374

The correlation is particularly strong for M∞ = 2.15, where a large shock-induced separation bubble forms375

near the trailing edge, indicating a highly synchronized motion of the two trailing-edge shocks. This result is376

consistent with the spectral analysis presented in Fig. 7, in which both shocks exhibit very similar spectral377

content and energetic peaks.378

3.6 Spectral modal decomposition of coherent structures in the wake379

Spectral proper orthogonal decomposition (SPOD) is employed to identify coherent structures and their380

characteristic frequencies in the wake [51]. The modal analysis is performed over a total sampling duration381

of 45 flow-through times, with the data partitioned into eight segments using a 75% overlap and a Hann382

window. To properly account for compressibility effects, the inner product is defined based on the Chu383

energy norm [52], which incorporates kinetic and thermal fluctuations into a single measure of perturbation384

energy. Figure 11 presents the normalized SPOD energy spectrum of the leading mode across different inlet385

Mach numbers. The eigenvalues are normalized by the total flow energy integrated over all frequencies, such386

that the area under each curve reflects the fractional energy captured by the first mode, which accounts387

for approximately 65% to 72% of the total fluctuating energy depending on the Mach number. In addition,388

Fig. 12 displays the SPOD spatial modes of the v-velocity component computed over a domain restricted389

to the trailing-edge region (light-blue area). The selected frequencies (magenta dots in Fig. 11) are chosen390

based on their energy levels and distinct spatial support to prevent plotting redundant mode shapes.391

(a) M∞ = 1.85 (b) M∞ = 2.00 (c) M∞ = 2.15

Fig. 11: Normalized SPOD energy spectrum across different inlet Mach numbers. The magenta dots indicate

the selected frequencies used to compute the SPOD spatial modes.

The SPOD energy spectrum plots reveal that the majority of the modal energy is concentrated in the392

lower-frequency range (Stc < 2.0) for M∞ = 2.00 and 2.15, whereas the spectrum displays a more broadband393

distribution for M∞ = 1.85. This lower-frequency content is associated with the trailing-edge shocks, as394

shown in Fig. 7. Furthermore, the SPOD analysis indicates that the wake-flow dynamics are governed by395

higher frequencies (Stc > 7). At these selected frequencies, the corresponding SPOD spatial modes reveal396

organized, alternating wave packets that originate immediately downstream of the trailing-edge separation397

bubble (highlighted by the green-shaded area). The spatial organization of these structures is consistent398

with a shear-layer instability of Kelvin–Helmholtz type, with the resulting coherent motions convecting399
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(a) M∞ = 1.85

Stc = 8.5

(b) M∞ = 1.85

Stc = 10.3

(c) M∞ = 1.85

Stc = 12.6

(d) M∞ = 2.00

Stc = 8.6

(e) M∞ = 2.00

Stc = 10.6

(f) M∞ = 2.00

Stc = 12.8

(g) M∞ = 2.15

Stc = 7.4

(h) M∞ = 2.15

Stc = 9.3

(i) M∞ = 2.15

Stc = 13.2

Fig. 12: SPOD spatial modes in the trailing-edge region at selected wake-flow frequencies across different

inlet Mach numbers. The green-shaded area indicates the separation bubble

downstream into the wake, as commonly observed in near-wake flows [17, 26, 53, 54]. As the frequency400

increases, the coherent structures exhibit shorter streamwise wavelengths. In general, the topology of the401

wake modes is preserved across the different Mach numbers, suggesting that the fundamental instability402

mechanism remains robust within the investigated regime. However, a shift in the orientation of the wake403

deflection toward the suction side is evident as M∞ increases, consistent with the earlier analysis of the404

mean flowfields.405

3.7 Entropy Generation406

To investigate the sources of entropy generation in the present supersonic turbine cascade at different inlet407

Mach numbers, the entropy transport equation is examined. This equation is derived by combining the408

Gibbs relation, the kinetic energy equation, and the internal energy equation for a fluid element [55]:409

∂(ρs)

∂t
+∇ ·

(

ρUs−
M∞µ

RePr

∇T

T

)

=
1

T

M∞

Re
τ : ∇U

⏞ ⏟⏟ ⏞

Φ

+
M∞µ

RePr

(∇T )2

T 2

⏞ ⏟⏟ ⏞

Υ

. (2)

The equations are written in a nondimensional form, using the procedure presented by Lui et al. [29]. Here,410

s is the entropy, U is the velocity vector, τ is the viscous stress tensor, and µ is the dynamic viscosity. The411

first term on the left-hand side of Eq. 2 represents the time rate of change of entropy per unit volume at412

a fixed point, and the terms in parentheses on the same side are associated with the entropy flux due to413

mass and heat fluxes. The right-hand side of Eq. 2 corresponds to the entropy source terms due to viscous414

dissipation of kinetic energy Φ and irreversible heat transfer Υ. Figure 13 presents the spatial distribution415
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(a) M∞ = 1.85 (b) M∞ = 1.85

(c) M∞ = 2.00 (d) M∞ = 2.00

(e) M∞ = 2.15 (f) M∞ = 2.15

Fig. 13: Contours of spanwise- and time-averaged nondimensional entropy generation rate per unit volume

due to viscous dissipation Φ (left) and irreversible heat transfer Υ (right) for different inlet Mach numbers.

The contours are plotted on a log10 scale for better visualization.

of the entropy source terms per unit volume. The left and right panels display the viscous dissipation Φ and416

the irreversible heat transfer Υ terms, respectively.417

For all Mach numbers, viscous dissipation is the dominant source of entropy generation. This is corrobo-418

rated by comparing the results in Fig. 13 with those in Fig. 14, which present contours of the spanwise- and419

time-averaged non-dimensional total entropy generation rate per unit volume (Φ+Υ). Elevated values of Φ420

appear within the boundary layers, shear layers and wake. While the spatial distribution of the irreversible421

heat conduction term is similar to that of the viscous dissipation term, its magnitude is consistently lower. In422

high-speed flows, the kinetic energy of the flow is substantial, leading to severe velocity gradients along shock423

structures and near-wall regions. The mechanical energy dissipated by these intense shear stresses naturally424

outweighs the entropy produced by thermal diffusion, especially for a case with an adiabatic wall [47].425

Figure 15 quantitatively presents the spanwise- and time-averaged entropy generation rate per unit426

volume, segmented by both flow regions and entropy source terms. The first observation from Fig. 15(a)427

is that the total entropy generation increases monotonically with the inlet Mach number. Regarding the428

entropy generation in each region of the flow, the suction side (SS) acts as the primary driver of aerodynamic429

losses, accounting for approximately 50% to 58% of the total entropy generated across all Mach regimes.430

The pressure side (PS) represents the second most significant contribution, yielding roughly 35% to 38% of431

the total losses, whereas the wake region accounts for a comparatively minor fraction, ranging from 6% to432

12%. A detailed decomposition of these irreversibilities is illustrated in Fig. 15(b). Across all regions and433

Mach numbers, viscous dissipation (Φ) overwhelmingly dictates the entropy generation when compared to434

irreversible heat transfer (Υ), as previously observed in Fig. 13.435
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(a) M∞ = 1.85

(b) M∞ = 2.00

(c) M∞ = 2.15

Fig. 14: Contours of spanwise- and time-averaged nondimensional total entropy generation rate per unit

volume (Φ + Υ) for different inlet Mach numbers. The contours are plotted on a log10 scale for better

visualization.

(a) (b)

Fig. 15: Quantitative breakdown of the entropy generation per unit volume in the suction side (SS), pressure

side (PS), and wake regions for different Mach numbers. (a) Total entropy generation rate (Φ +Υ) and (b)

decomposition of the entropy generation into its constituent source terms: viscous dissipation (Φ, solid bars)

and irreversible heat transfer (Υ, hatched bars).

These findings exhibit both similarities and key distinctions when compared to entropy source term436

analyses in subsonic turbines [56–58]. Across both flow regimes, viscous dissipation dominates irreversible437

heat transfer along the vane boundary layers, with the suction side remaining the dominant source of438
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entropy generation. However, the entropy generation in the wake region diverges: while it is substantial in439

the subsonic regime relative to the blade surfaces, it accounts for a comparatively minor fraction in the440

supersonic regime, even with trailing-edge shock waves present. This disparity is most likely associated with441

the much steeper velocity gradients within the supersonic boundary layers, which cause viscous losses along442

the surface to dominate over downstream wake contributions.443

4 Conclusions444

The present work investigates the physics of the trailing-edge flow in a linear supersonic turbine cascade using445

wall-resolved large-eddy simulations and post-processing techniques. Three inlet Mach numbers (M∞ = 1.85,446

2.00, and 2.15) are analyzed at a fixed Reynolds number of Re = 395 000, based on the axial chord and inlet447

velocity. These inflow variations enable the detailed examination of how the location of the SBLI over the448

airfoil influences the trailing-edge flow dynamics, particularly the near-wake flow topology, the unsteadiness449

of the shock system and recirculation bubble in the trailing-edge region, as well as the sources of entropy450

generation.451

Mean flow analysis shows that increasing the inlet Mach number shifts the SBLIs downstream on both the452

suction and pressure sides of the blade. For the M∞ = 1.85 and 2.15 cases, the downstream displacement of453

the suction-side SBLI causes its shock-induced separation bubble to merge with the trailing-edge recirculation454

region. This merging yields a significantly thicker upper shear layer, displacing the sonic line away from the455

bubble and consequently shifting the upper trailing-edge shock outward. Analysis of unsteady flow features456

reveals that pressure fluctuations intensify with the presence of an SBLI near the trailing edge. For all457

Mach number cases, pronounced pressure RMS levels are observed along the trailing-edge shocks and shear458

layers, especially near the shock foot. Moreover, elevated turbulent kinetic energy develops along the shear459

layers, with peak values localized in the upper shear layer downstream of the trailing-edge bubble, where460

the magnitude increases with the inlet Mach number.461

Spectral analysis indicates that the unsteadiness of the trailing-edge shocks is associated with low-462

and mid-frequency content (Stc < 3.0), and that increasing M∞ from 1.85 to 2.15 systematically shifts463

this dominant unsteadiness toward lower frequencies. This shift, which is particularly evident along the464

lower trailing-edge shock, is likely related to the larger separation bubble formed near the trailing edge at465

M∞ = 2.15. Furthermore, the characteristic frequencies of the trailing-edge bubble are highly sensitive to466

the inlet Mach number. The most energetic frequencies observed in the M∞ = 1.85 case are associated with467

mid-frequency content (Stc ≈ 2.0–3.0), whereas for the higher Mach numbers, the unsteadiness is governed468

by low-frequency dynamics (Stc < 1.2), featuring dominant peaks similar to those excited by the suction-side469

SBLI and the upper trailing-edge shock.470

Analysis of the bubble dynamics reveals a strongly asymmetric mass flux over the surface of the trailing-471

edge separation bubble. For all Mach numbers, the suction-side bubble interface exhibits larger mass-flux472

magnitudes than that on the pressure-side, with mass ejection occurring predominantly near the trailing-edge473

apex and entrainment becoming dominant farther downstream, close to the bubble closure. These mass-474

flux processes are closely related to the breathing of the trailing-edge bubble, which in turn is dynamically475

coupled with the motion of the trailing-edge shock system. Time-correlation analysis reveals that variations476

in the bubble area precede the corresponding shock response. For the M∞ = 2.15 case, where a large477
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shock-induced separation bubble forms near the trailing edge, the upper and lower shocks exhibit strongly478

synchronized motion.479

Wake flow analysis indicats that higher Mach numbers amplify the pressure and density asymmetry480

between the suction and pressure surfaces near the trailing edge, causing a deflection of the wake toward the481

suction side (the lower-pressure and lower-density region). In addition, increasing the Mach number tran-482

sitions the wake from a fully subsonic regime at M∞ = 1.85 to a localized supersonic flow that decelerates483

back to subsonic speeds due to shock-turbulence interactions. Spectral proper orthogonal decomposition of484

the near-wake region identifis Kelvin-Helmholtz-type coherent structures associated with higher frequen-485

cies (Stc > 7.0). As the frequency increases, these coherent structures exhibit shorter spatial wavelengths.486

Overall, the topology of the wake modes is preserved for the different Mach numbers, suggesting that the487

fundamental instability mechanism remains robust within the investigated regime.488

Finally, an entropy generation analysis shows that viscous dissipation dominates over irreversible heat489

transfer across all Mach number cases. The suction-side boundary layer acts as the primary source of490

aerodynamic losses, accounting for 50% to 58% of the total entropy generation, followed by the pressure-491

side boundary layer (35% to 38%). Notably, in contrast to typical subsonic turbine flows, the wake region492

contributes a relatively minor fraction (6% to 12%) to the overall entropy generation. This disparity is493

attributed to the severe velocity gradients present within the supersonic boundary layers along the blade494

surfaces, which dictate the overall loss generation.495
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