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Abstract

Many sensing networks operate in heterogeneous environments, where different agents are called to act and
make decisions under varied individual conditions. In these settings, it may not be enough for an agent to
learn only its local state: reliable decisions can also depend on knowing the states present elsewhere in the
network, especially when centralized processing is costly, unreliable, or unavailable. To address this problem,
we propose cluster-aware social learning, a decentralized method that enables each agent to recover all hidden
states across the network using only local measurements and neighbor-to-neighbor exchanges. The method
allows agents to identify connected groups that share the same hidden state and to recover a single state
estimate per group. This group-based representation reduces the amount of information exchanged over the
network while preserving each agent’s ability to recover the network-wide state configuration. Experiments
on synthetic and real sensor data demonstrate accurate decentralized learning, highlighting the potential of
cluster-aware social learning for scalable sensing and monitoring applications.

1 Introduction

Networked sensing systems are widely used to monitor complex environments for disparate applications, includ-
ing industrial emissions containment, air-quality monitoring, infrastructure, health, disaster response, and public
safety. In these systems, sensing agents collect local measurements that provide only partial and noisy informa-
tion about the environment. Therefore, reliable decisions often require combining information distributed across
the network. A central processor could aggregate all measurements and infer the underlying state of the moni-
tored system. In practice, however, centralized processing may be costly, fragile, or unavailable, especially when
communication bandwidth is limited, infrastructure is damaged, or decisions must be made locally. These limi-
tations have motivated a broad literature on decentralized estimation, detection, and inference, where agents use
local measurements and peer-to-peer communication to recover hidden quantities without relying on a central
processor.

The objective of decentralized inference depends on how the hidden quantities are distributed across the
network. In some settings, all agents observe different aspects of the same underlying phenomenon, and the goal
is to infer the single common state. In other settings, different agents are associated with different local states,
and the goal is usually for each agent to infer its own local state. Nevertheless, in many sensing and monitoring
applications, neither objective is enough. The common-state objective is too restrictive when the monitored
environment is heterogeneous. For example, sensors deployed over a spatial region may be exposed to different
pollutant levels, gas sources, materials, structural conditions, or environmental regimes, as commonly observed
in air-quality monitoring and spatial-field reconstruction applications [1–4]. In these cases, different agents may
correspond to different hidden states, so a single common hypothesis cannot represent the inference problem.

On the other hand, a purely local objective may also be insufficient. An agent may need to know not only what
is happening at its own location, but also what is happening elsewhere in the network. For example, consider
an urban area monitored after an accident, fire, gas leak, or structural failure. A sensor located in one part of
the region may detect a high hazard level. However, this local information alone is not sufficient to decide which
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zones should be evacuated, which routes remain safe, where emergency teams should be deployed, or whether
the hazard is localized or spreading [5, 6]. These decisions depend on how the hidden states are distributed
across the entire monitored area. When the central communication infrastructure is damaged or overloaded,
this network-wide information must be inferred through neighbor-to-neighbor communication. This requires a
broader inference objective: Each agent should recover not only its own hidden state but also those of the other
agents in the network. We refer to this collection of local hidden states as the network-wide state configuration.

Most existing decentralized inference methods do not address this network-wide objective. A large body of
decentralized inference literature focuses on the homogeneous-state setting, where agents seek to infer a single
common quantity from measurements distributed across the network. In distributed estimation and filtering,
this quantity is typically a continuous-valued parameter or state [7–10], whereas in distributed detection and
hypothesis testing, it is a discrete-valued hypothesis [11–14]. The social learning literature addresses a closely
related formulation from the perspective of belief formation: agents maintain beliefs over a set of plausible
hypotheses and update them using local observations together with beliefs received from neighboring agents [15–
21]. Under appropriate connectivity and identifiability conditions, these beliefs concentrate on the common
hypothesis that best explains the observations collected across the network. Therefore, these models are well-
suited to settings where all agents are associated with the same underlying state.

Several related lines of work have considered decentralized inference in heterogeneous settings. In distributed
estimation, node-specific and multitask formulations allow different agents to estimate different continuous-
valued quantities. Some parameters may be local to one node, some may be shared by subsets of nodes, and
others may be common to the entire network [22, 23]. Node-specific signal estimation methods allow each
node to recover its own desired signal from observations collected across the network [24, 25]. Heterogeneous-
state settings have also been studied in distributed hypothesis testing and social learning. Self-aware social
learning considers a stationary setting in which agents may have different fixed hidden states and adapt their
communication patterns to rely primarily on neighbors that appear to share the same state [26]. Social learning
over community-structured graphs studies a related form of heterogeneity in which different communities may
be associated with distinct true hypotheses [27]. These works relax the classical common-state assumption.
However, the objective remains local: each agent seeks to recover its own parameter, signal, task, or hidden
state, while cooperation is used mainly to improve this local inference task.

The network-wide objective considered here is different. Each agent aims to infer the hidden states of all
agents in the network, not just its own. A preliminary formulation of this objective was introduced in our earlier
work [28]. In that approach, each agent maintains and exchanges a multivariate belief over all possible network-
wide state configurations. This allows agents to learn the hidden states of all agents, but it also introduces a major
scalability limitation: the belief dimension grows exponentially with the network size. As the number of agents
increases, the amount of information that must be stored, updated, and exchanged becomes substantial. However,
in many heterogeneous sensing environments, the network-wide state configuration has a repeated structure
where many agents may share the same hidden state. For example, although a network may contain hundreds
of sensors, several of them may be exposed to the same material, gas source, hazard level, or environmental
regime. The number of distinct hidden states present in the network can therefore be much smaller than the
number of agents. This observation motivates a group-based representation where, instead of treating every
agent separately or maintaining a belief over all possible network-wide assignments, agents can identify groups
of agents that share the same hidden state and maintain one belief per group.

We refer to these same-state groups as clusters, and to the process of discovering them as clustering. This
notion differs from classical clustering and community detection in networks, where nodes are often grouped
according to dense connectivity patterns or stochastic cluster models [29–33]. In contrast, in our problem the
clusters represent which agents share the same hidden state. Therefore, the clusters are statistical groupings
defined by the hidden states of the agents, and need not coincide with densely connected regions of the graph.
In this work, clustering is used as a preliminary step that maps the network-wide inference problem to a
lower-dimensional representation.

Building on this idea, we propose cluster-aware social learning for decentralized network-wide state inference.
The method allows each agent to use local measurements and neighbor-to-neighbor exchanges to identify clusters
of agents that share the same hidden state. Each agent then maintains one belief, and hence one state estimate,
per discovered cluster. Because agents keep track of the members of each cluster, the estimated state of a cluster
can be assigned back to all agents in that cluster. In this way, every agent can recover the network-wide state
configuration while exchanging only cluster-level information. Compared with the multivariate belief formulation
in [28], the proposed approach avoids maintaining beliefs over the full space of network-wide state assignments.
Instead, it exploits the shared hidden-state structure across the network to substantially reduce the dimension
of the beliefs exchanged among the agents. We validate the method on controlled synthetic experiments and
on a gas-classification task using real sensor measurements. The results show that cluster-aware social learning
enables agents to recover the network-wide state configuration through local communication while reducing the
amount of information exchanged across the network.
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2 Results

We evaluate cluster-aware social learning in a heterogeneous-state setting where different agents may be asso-
ciated with different hidden states. Each agent observes only a local measurement stream, which is informative
about its own state, and exchanges information only with neighboring agents connected to it, as illustrated in
Fig. 1. The objective is network-wide: every agent aims to recover the hidden states of all agents in the network,
rather than only its own state.
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for each agent Inference goal

Different agents may have different hidden states.
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Each agent seeks to infer the network-wide state using only local observations and neighbor-to-neighbor communication.

1

2

Fig. 1: Decentralized network-wide state inference problem. A network of agents is associated with
unknown local hidden states. Each agent observes only its own local measurement stream and exchanges infor-
mation with neighboring agents. The goal is for every agent to reconstruct the hidden states of all agents in the
network using only local observations and neighbor-to-neighbor communication.

Cluster-aware social learning addresses this task through two stages, summarized in Fig. 2. The first stage is a
cluster-discovery phase, in which each agent identifies the connected groups of agents that share the same hidden
state (i.e., the clusters). The cluster-discovery procedure is fully decentralized. Thus, each agent maintains its
own view of the clusters in the network.

We now introduce the main quantities used in this section, with bold symbols denoting random quantities.
Consider a network of K agents indexed by K ≜ {1, . . . ,K}. At time i, agent k represents its current view of the
network clustering through a partition Pk,i of K. Specifically, Pk,i is a collection of nonempty, pairwise disjoint
subsets of K whose union is K. We refer to these subsets as clusters. Accordingly, two agents that belong to the
same cluster of Pk,i are regarded by agent k as sharing the same hidden state at time i. These local partitions
are refined over time using local evidence and neighbor-to-neighbor exchanges, as detailed in Section 4.

The cluster-discovery phase terminates after T iterations and each agent freezes its resulting partition. We
denote the partition of agent k at the end of the cluster-discovery phase by

Pk ≜ Pk,T , (1)

where T denotes the clustering horizon.
To conveniently index the clusters it identified, agent k labels each cluster in Pk by the smallest-indexed

agent it contains, as illustrated in Fig. 3. Specifically, for each cluster C ∈ Pk, define its label as

m(C) ≜ min
ℓ∈C

ℓ. (2)

Accordingly, the set of cluster labels used by agent k is defined as

S(k) ≜
{
m(C) : C ∈ Pk

}
. (3)

Thus, each label r ∈ S(k) uniquely corresponds one cluster in the partition Pk.
The second stage is the network-wide state inference phase. During this phase, each agent uses the clusters

identified during cluster discovery to infer the hidden states across the network. Specifically, at each time i > T ,
agent k maintains a collection of private cluster beliefs,

µ
(k)
i ≜

{
µ

(k)
r,i : r ∈ S(k)

}
,

3



Cluster-aware social learning
Two-phase approach for decentralized network-wide state inference

PHASE I: Cluster discovery

Agent 1 identifies connected groups of agents that have the same hidden state.

PHASE II: Network-wide state inference

Agent 1 infers the hidden state of its own cluster locally and the hidden states of other clusters through exchanges with neighbors.

Cluster beliefs Agent beliefs → state estimates

Local observations
Learn about my own cluster

Local observations provide direct
evidence for own cluster

Neighbors’ beliefs

2

3

4

Learn about other clusters

Own cluster

Most likely state → state estimate

Same-state neighbor identification Exchange of clustering information
Local observations shape my belief about

my hidden state

1

4 2

Similar belief Different belief

Comparing neighboring beliefs helps identify neighbors
that share my hidden state.

Cluster neighbors sharing my hidden state

1 4

Neighbors share their clustering views
of the network.
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My view of the network after cluster discovery
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Other clusters
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Illustrated from the perspective of agent 1. Every agent performs the same operations using its own observations and information received from its neighbors.

Final clustering view 

clustering view of neighbor 2
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Fig. 2: Cluster-aware social learning. The proposed method follows a two-phase strategy. In Phase I, agents
use local belief updates and neighbor exchanges to discover the connected groups of agents that share the same
hidden state (i.e., the clusters). In Phase II, agents update one belief vector per discovered cluster and map the
resulting cluster-level beliefs back to individual agents, yielding a network-wide state estimate.

Assign label 
to each cluster 

m(C) = minℓ ∈ C ℓ

1 3

C1 = {1,3}

1

m(C1) = 1

2

C2 = {2}

2

m(C2) = 2

4

C3 = {4}

4

m(C3) = 4

S(1) = {1,2,4}

 Cluster-label set

Final partition

P1 = {{1,3}, {2}, {4}}

1 3 2 4

C1 = {1,3} C2 = {2} C3 = {4}

Fig. 3: Set of cluster labels. Example with K = 4 and final partition P1 = {{1, 3}, {2}, {4}} for agent 1.
Each cluster is labeled by its smallest-indexed agent, resulting in the cluster-label set S(1) = {1, 2, 4}.

with one belief vector µ
(k)
r,i associated with each cluster labeled by r ∈ S(k). Let Θ ≜ {θ1, . . . , θH} denote the

finite set of possible hidden states. Then, µ
(k)
r,i is anH×1 probability vector over Θ, whose entry µ

(k)
r,i (θ) quantifies

the confidence of agent k that the cluster represented by r has hidden state θ, at time i. These private cluster
beliefs are updated using local observations and neighbor-to-neighbor belief exchanges, as detailed in Section 4.

To obtain a network-wide state estimate, each agent maps its private cluster beliefs back to the agents in
the network. Specifically, at time i, agent k constructs the collection of agent-level beliefs denoted by

µ̂
(k)
i =

{
µ̂

(k)
ℓ,i : ℓ ∈ K

}
,

where µ̂
(k)
ℓ,i is an H × 1 probability vector over the hypothesis set Θ, and its entry µ̂

(k)
ℓ,i (θ) represents the belief

of agent k that agent ℓ has hidden state θ, at time i. These agent-level beliefs are obtained directly from the
partition Pk. Specifically, for each cluster C ∈ Pk, agent k sets the agent-level beliefs of all agents ℓ ∈ C as the
private cluster belief associated with the cluster label r = m(C). Thus, all agents that agent k assigns to the
same discovered cluster inherit the same private cluster belief.

Finally, agent k estimates the hidden state of each agent ℓ, denoted by ŝ
(k)
ℓ , by selecting the hypothesis with

maximum belief:
ŝ
(k)
ℓ,i = argmax

θ∈Θ
µ̂

(k)
ℓ,i (θ).

This construction allows each agent to recover a network-wide state estimate while exchanging only beliefs at
the cluster level.

The results below evaluate this two-phase strategy in two settings. First, we consider a controlled synthetic
setting, where agents receive Gaussian measurements. This allows us to assess the error probability over repeated
Monte Carlo simulations. Then, we evaluate the method using real gas-sensor measurements. In both settings,
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we examine cluster-discovery, cluster-level belief evolution, and the final network-wide state estimates. Details on
the experimental setup, dataset, likelihood models, classifiers, and metric definitions are provided in Section 4.3.

2.1 Synthetic Gaussian Experiments

(a) Hidden states in the network. (b) Clusters in the network.

Fig. 4: Network in the synthetic-data experiment. Both panels show the same network. The graph
contains K = 20 agents. Edges represent communication links; each agent has a self-loop, which is not displayed.
Node colors indicate the hidden state of each agent. Panel (b) redraws panel (a) to highlight the cluster structure:
dashed red contours marks the connected same-state components used as reference clusters.

We first evaluate the method in a controlled synthetic Gaussian setting with K = 20 agents. Each agent
is assigned a local hidden state from a finite set of Gaussian means, Θ = {0.1, 0.2, 0.3, 0.4, 0.5}. At each time
instant, each agent receives a local Gaussian measurement whose mean is determined by its own hidden state.
Figure 4 shows the communication graph, the hidden-state assignment of the agents, and the corresponding
clusters. The clusters are defined as connected components of agents that share the same hidden state.

The objective is twofold. First, each agent must identify the clusters in the network using only local obser-
vations and communication with neighboring agents. In this experiment, agents in the same cluster receive
Gaussian observations with the same mean. Second, after discovering these clusters, each agent infers the Gaus-
sian mean associated with each cluster. The inferred cluster states are then mapped back to the agents assigned
to those clusters, yielding an estimate of the network-wide state configuration.

2.1.1 Cluster Discovery

We first examine the cluster-discovery phase. For visualization of the experimental results, we represent the
partition Pk,i maintained by agent k at time i through the K × 1 label vector

c
(k)
i =

[
c
(k)
1,i , . . . , c

(k)
K,i

]⊤
, (4)

where, for each cluster C ∈ Pk,i,

c
(k)
ℓ,i = m(C), ∀ℓ ∈ C. (5)

Thus, the agents belonging to the same cluster are labeled by their smallest-indexed agent, and two agents
belong to the same cluster if and only if they share the same label. In this experiment, the clustering procedure
is run for 50 iterations; see Algorithms 1 and 4. Figure 5 shows along the horizontal direction the label vectors

c
(k)
i maintained by all agents k at three time instants: i = 0, i = 9, and i = 50. The row index identifies the

agent whose label vector is being shown; we call this agent the observer agent. The column index identifies the
agent being assigned a label within that vector; we call this agent the target agent. Thus, the entry in row k

and column ℓ is the discrete cluster label c
(k)
ℓ,i assigned by observer agent k to target agent ℓ at time i.

At initialization, agents have no information about which nodes share the same hidden state. Consequently,

each agent treats every node as belonging to a distinct cluster, which results in a label vector c
(k)
0 initialized as

c
(k)
ℓ,0 = ℓ for every observer k and target ℓ. This initialization explains the first heatmap at time i = 0, where

each target agent is assigned its own label.

5



Fig. 5: Evolution of cluster labels in the synthetic-data experiment. Heatmaps show snapshots of the

labels c
(k)
ℓ,i maintained by each observing agent k for each target agent ℓ during cluster-discovery. Rows denote

observing agents and columns denote target agents; colors encode the assigned cluster label. Repeated colors
within a row indicate target agents that the observing agent groups into the same cluster.

During the cluster-discovery phase, agents progressively update their clustering of the network using both
their local observations and the information exchanged with their neighbors. At the intermediate time i = 9,
agents have already started to merge target agents into common clusters, as indicated by repeated labels and
the corresponding shared colors in the heatmap. For example, all agents assign the same label, namely label 4,
to agents 4, 9, 14, and 19, indicating agreement that these agents belong to the same cluster. However, the label
assignments are not yet fully consistent across all observer agents.

By the end of the cluster-discovery procedure, at time i = 50, the rows have stabilized to a common cluster-
label pattern. For example, all agents assign label 1 to agents 1, 6, 11, and 16, indicating consensus that these
agents belong to the same cluster. More generally, the final clustering recovered by the agents matches the
connected same-state components shown in Fig. 4b. This demonstrates that, in this experiment, the cluster-
discovery phase enables each agent to recover the correct cluster structure across the network. Importantly, this
phase only identifies which agents share the same hidden state; it does not reveal which state in Θ is associated
with each discovered cluster. The hidden states of the discovered clusters are inferred in the second phase.

2.1.2 Cluster-level Belief Evolution

After cluster-discovery, the agents freeze their recovered cluster structures and enter the network-wide state
inference phase. In this phase, each agent performs social learning at the cluster level by maintaining one belief
vector for each discovered cluster; see Algorithms 3 and 4. The cluster-discovery phase recovers 5 reference
clusters, as shown in Fig. 5. Consequently, each agent maintains 5 private cluster beliefs during the second
phase. We run the network-wide state inference phase for 50 iterations, from i = 50 to i = 100, and examine
how the beliefs evolve over time.

Fig. 6: Evolution of the private cluster beliefs for agent 1 in the synthetic-data experiment. Each
curve corresponds to one discovered cluster and shows the belief assigned by agent 1 to its true hidden state
over time.

Figure 6 shows the resulting private cluster belief trajectories for agent 1. Each curve corresponds to one
discovered cluster labeled by r and reports the belief that agent 1 assigns to the true state of that cluster,

namely µ
(1)
r,i (s

⋆
r), where s⋆r denotes the Gaussian mean associated with cluster r. The curves increase rapidly

from their initial values and approach 1 for all discovered clusters. This shows that, once the cluster structure
has been identified, agent 1 can correctly infer the hidden state associated with each cluster.
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Fig. 7: Evolution of the private cluster beliefs in the synthetic-data experiment. Heatmaps show the

private cluster beliefs µ
(k)
r,i (s

⋆
r) assigned by each agent k to the true hidden state s⋆r of each discovered cluster r.

Rows denote agents and columns denote clusters; colors encode belief values between 0 and 1.

Figure 7 shows the evolution of the private cluster beliefs assigned to the correct hidden state of each cluster,
across all agents, at three representative times: i = 50, i = 51, and i = 100. Each row corresponds to an agent
k, while each column corresponds to a discovered cluster r. The entry in row k and column r is the belief that

agent k assigns to the true hidden state of cluster r, namely µ
(k)
r,i (s

⋆
r). This quantity is a probability and therefore

takes values in the interval [0, 1].
At the start of the network-wide state inference phase, agents initialize their private cluster beliefs uniformly

over the set of plausible hypotheses. In this experiment, the hypothesis set contains the five Gaussian means
Θ = {0.1, 0.2, 0.3, 0.4, 0.5}. Hence, the initial belief assigned to the true state of each cluster is 1/5 = 0.2, as
shown in the first heatmap at time i = 50. After one learning step, at time i = 51, several entries have already
increased above this initial value, indicating that agents are beginning to assign larger probabilities to the correct
hidden states of the clusters. By the final displayed time, i = 100, all agents assign probability close to 1 to the
true state of each discovered cluster. This shows that the network-wide state-inference phase enables all agents
to concentrate their beliefs on the correct hidden state of every cluster.

2.1.3 Agent-level State Estimation

The ultimate objective is for each agent to infer the hidden state of every agent in the network, not only the
hidden state of each discovered cluster. To obtain agent-level estimates, each agent maps its cluster beliefs
back to individual agents to construct agent-level beliefs. Figure 8 shows the evolution of the agent-level beliefs

Fig. 8: Evolution of the agent-level beliefs in the synthetic-data experiment. Heatmaps show the

agent-level beliefs µ̂
(k)
ℓ,i (s

⋆
ℓ ) assigned by each agent k to the true hidden state s⋆ℓ of each agent ℓ after mapping

private cluster beliefs back to individual agents. Rows denote observer agents and columns denote target agents;
colors encode belief values between 0 and 1.

assigned to the correct hidden state of each agent at three representative times: i = 50, i = 51, and i = 100.
Each row corresponds to an observer agent k, while each column corresponds to a target agent ℓ. Thus, the

entry in row k and column ℓ is the belief µ̂
(k)
ℓ,i (s

⋆
ℓ ) that agent k assigns to the true hidden state of agent ℓ.

By the final displayed time, the heatmap is uniformly close to one, indicating that all observer agents assign
high probability to the correct hidden state of every target agent. Each agent then forms a network-wide state
estimate by selecting, for every target agent, the hypothesis with maximum agent-level belief. Figure 9 shows
the network-wide state configuration inferred by agent 1 at i = 50, i = 51, and i = 100. At the beginning of the
inference phase, the hidden states are incorrectly assigned because the cluster-level beliefs are uniform. As the
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Fig. 9: Network-wide state estimates inferred by agent 1 in the synthetic-data experiment.

Snapshots show the hidden-state configuration inferred by agent 1 at selected times during the network-wide
state-inference phase. Node colors indicate the state estimated for each agent.

cluster-level beliefs concentrate on the correct hidden states, the inferred configuration progressively approaches
the ground-truth assignment shown in Fig. 4a. By i = 100, the state configuration inferred by agent 1 matches
the true hidden-state assignment.

2.1.4 Accuracy of Cluster-aware Social Learning

Cluster-aware social learning depends on two parameters that govern the cluster-discovery phase: the clustering
horizon T and the clustering threshold ε; see Algorithm 1. The parameter T specifies the number of iterations
allocated to the cluster-discovery phase. The threshold ε ∈ (0, 1) controls how strict the local clustering decision
is. Each agent maintains a belief about its own hidden state, updated only from its private observations. Because
neighboring agents exchange these beliefs, agent k can compare its belief with the belief of each neighbor. The
threshold ε specifies how close a neighbor’s belief must be to that of agent k before the neighbor is treated
as sharing the same hidden state. A larger ε makes the decision less strict: agent k may include a neighbor in
its cluster even when their beliefs are not very close. A smaller ε makes the decision more strict: a neighbor
is included only when its belief is highly similar to that of agent k. Thus, ε determines how strong the local
similarity between beliefs must be before agents are merged into the same cluster.

Both parameters affect the accuracy of the recovered clusters and the representation size of the second
phase, since the number of inferred clusters determines how many cluster-level beliefs each agent maintains and
exchanges during network-wide state inference.

(a) Average number of clusters for agent 1. (b) Clustering error probability for agent 1.

Fig. 10: Effect of the clustering parameters on the cluster-discovery phase. The cluster-discovery
phase is run for T = 30 iterations for different values of the threshold ε.

We first examine how these parameters affect the cluster-discovery stage. Using the synthetic setup described
above, we run the cluster-discovery procedure for 30 iterations over repeated Monte Carlo trials, while varying
the clustering threshold as ε ∈ {10−4, 10−3, 10−2, 10−1, 0.2}. For each value of ε, Fig. 10 reports two quantities
for agent 1: the average number of inferred clusters and the clustering error probability. The corresponding
metric definitions are provided in Section 4.3.
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(a) Varying clustering threshold ε and fixed clustering
horizon T = 30.

(b) Varying clustering horizon T and fixed clustering
threshold ε = 0.0001.

Fig. 11: Effect of the clustering parameters on network-wide state inference. State-inference error
probability for agent 1.

Figure 10a shows that the number of inferred clusters is initialized to K = 20, since each agent initially
treats every target node as a separate cluster. As cluster-discovery progresses, agents assign connected nodes
that appear to share the same hidden state to the same cluster, and the number of inferred clusters decreases.
For most threshold values, this number stabilizes close to the correct number of reference clusters, which is 5 in
this experiment. However, for ε = 0.1 and ε = 0.2, the number of inferred clusters stabilizes below 5, indicating
that some distinct reference clusters have been incorrectly merged.

This behavior is explained by the role of the threshold ε. The threshold controls how easily clustering
decisions are made: a larger value of ε allows agents to group nodes together more easily, whereas a smaller value
requires more evidence before nodes are assigned to the same cluster. Accordingly, larger thresholds lead to a
faster decrease in the number of inferred clusters, while smaller thresholds lead to a slower decrease. However,
when ε is too large, the cluster-discovery phase becomes too permissive, and agents may merge nodes before
there is enough evidence that they belong to the same connected same-state component.

The clustering error probability in Fig. 10b confirms this behavior. Smaller thresholds lead to a more con-
servative clustering process: the error probability decreases more slowly, but reaches lower final levels. Larger
thresholds lead to a faster initial decrease because clusters are merged more quickly, but the error may stabilize
at a higher value when early merges are incorrect.

Overall, Fig. 10 shows that ε trades faster reduction in the number of inferred clusters against clustering
accuracy: larger values reduce the number of clusters more quickly, while smaller values reduce the risk of
incorrect merges.

The trajectories of Fig. 10 can also be interpreted in terms of the clustering horizon T : choosing a larger T
means freezing the cluster structure later along these curves. If T is too small, cluster discovery may stop before
the number of inferred clusters and the clustering error probability have stabilized. If T is too large, agents
continue cluster discovery after the curves have already plateaued, which provides little additional benefit and
only delays the start of the network-wide state-inference phase.

We next examine how these clustering decisions affect the network-wide state-inference phase. Figure 11
reports the state-inference error probability for agent 1. In Fig. 11a, we vary ε ∈ {10−4, 10−3, 10−2, 10−1, 0.2}
while fixing the clustering horizon to T = 30. Smaller thresholds yield lower final error probabilities, whereas
larger thresholds yield higher error floors. This shows that the quality of the cluster structure recovered in the
first phase directly determines the accuracy achievable in the second phase. If ε is too large, agents with different
hidden states may be assigned to the same discovered cluster, and the state inference phase cannot undo this
incorrect grouping once the cluster structure is frozen.

In Fig. 11b, we vary the clustering horizon T ∈ {20, 30, 40, 50, 60} while fixing ε = 10−4. Each curve starts
at a different time because the network-wide state inference phase begins only after cluster discovery has ended.
The curves have nearly the same shape and reach the same final error level, but larger values of T shift the
learning curve to the right. Thus, for this conservative threshold, increasing T beyond the time needed to recover
a reliable cluster structure does not improve final inference accuracy; it mainly delays the start of the second
phase.

Overall, Figs. 10 and 11 show that ε and T must be selected jointly. The threshold ε determines how
aggressively clusters are formed, while T determines when this structure is passed to the state-inference phase.
A good choice uses a threshold small enough to avoid incorrect merges and a horizon long enough for the cluster
structure to stabilize.
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2.2 Real Gas-sensor Experiment

Fig. 12: Network used for real-data validation. Both panels show the same network. The graph contains
K = 10 agents. Edges represent communication links; each agent also has a self-loop, which is not displayed.
Node colors indicate the hidden state of each agent. Panel (b) redraws panel (a) to highlight the cluster structure:
dashed red contours marks the connected same-state components used as reference clusters.

We next evaluate cluster-aware social learning using real chemical gas-sensor measurements. This experiment
follows the same structure as the synthetic experiment, but replaces the Gaussian observations with empiri-
cal sensor recordings. The communication graph is synthetically generated, whereas the local measurements
processed by the agents are obtained from real gas-sensor recordings. Details on the dataset, preprocessing,
likelihood construction, and classifiers are provided in Section 4.3.

We consider a network of K = 10 agents, shown in Fig. 12. The hidden state of each agent corresponds to
one of four gas types: CO, ethanol, ethylene, and methane. Each agent is equipped with a four-channel chemical
sensor and, at each time instant, receives a four-dimensional real-valued conductance measurement associated
with the gas type assigned to that agent. Thus, the experiment tests whether the proposed cluster-aware social
learning procedure can recover a heterogeneous network-wide state when the local statistical evidence comes
from empirical sensor data rather than from a synthetic observation model.

Figure 12 shows the hidden gas assignment and the clusters over the network. As in the synthetic experiment,
agents do not initially know this cluster structure. They only observe their own measurement streams and
communicate locally with their neighbors. In the first phase of cluster-aware social learning, each agent aims to
discover the clusters in the network. In the second phase, they perform social learning at the cluster level and
map the resulting cluster beliefs back to individual agents.

2.2.1 Cluster Discovery

Fig. 13: Evolution of cluster labels in the real-data experiment. Heatmaps show snapshots of the

labels c
(k)
ℓ,i maintained by each observing agent k for each target agent ℓ during cluster-discovery. Rows denote

observing agents and columns denote target agents; colors encode the assigned cluster label. Repeated colors
within a row indicate target agents that the observing agent groups into the same cluster.
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We first examine cluster-discovery. Here, we also use the label vector defined in (4)-(5) to visualize the
results. To this end, we run the cluster-discovery phase for 5 iterations; see Algorithms 1 and 4. Figure 13 shows

the cluster label vectors c
(k)
i maintained by all agents k at three time instants: i = 0, i = 2, and i = 5. Each

row corresponds to an observing agent k, and each column corresponds to a target agent ℓ whose cluster label

is estimated by agent k. The entry at row k and column ℓ is the label c
(k)
ℓ,i assigned by observer k to target ℓ at

time i.
At initialization, every agent treats every target node as belonging to a separate cluster, which corresponds

to the heatmap at i = 0. After two iterations, the agents begin to merge labels associated with connected agents
whose observations correspond to the same gas type. By time i = 5, the label vectors have stabilized and agree
with the reference clusters shown in Fig. 12. This demonstrates that, in this real-data experiment, the cluster-
discovery phase enables each agent to recover the correct cluster structure. However, this phase only identifies
the clusters; it does not reveal which state is associated with each discovered cluster. This state-inference task
is performed in the second phase.

2.2.2 Cluster-level Belief Evolution

After cluster-discovery, the agents freeze their recovered cluster structures and enter the network-wide state
inference phase. We run this phase for 16 iterations, from i = 5 to i = 20; see Algorithms 3 and 4.

Fig. 14: Evolution of the private cluster beliefs for agent 4 in the real-data experiment. Each curve
corresponds to one discovered cluster and shows the belief assigned by agent 4 to its true hidden state over time.

Figure 14 reports the evolution of the private cluster beliefs maintained by agent 4, for the correct hidden
state of each cluster. For each discovered cluster, the belief assigned to the true gas state increases over time
and eventually approaches one. Thus, the private cluster beliefs concentrate on the correct gas identity, showing
that agent 4 can recover the hidden state of every discovered cluster.

Fig. 15: Evolution of the private cluster beliefs in the real-data experiment. Heatmaps show the

private cluster beliefs µ
(k)
r,i (s

⋆
r) assigned by each agent k to the true hidden state s⋆r of each discovered cluster r.

Rows denote agents and columns denote clusters; colors encode belief values between 0 and 1.

Figure 15 reports the belief assigned by each agent to the true gas type of each discovered cluster at three
time instants: i = 5, i = 6, and i = 20. At the beginning of the inference phase, the private cluster beliefs
are still uninformative, as they are initialized to a uniform distribution. After one iteration, the agents start
assigning larger probability mass to the correct gas type of each cluster. By time i = 20, the belief assigned to
the true state of each cluster is close to 1 across the network. This confirms that, once the cluster structure has
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been recovered, the agents can learn the gas identity of every discovered cluster using only local measurements
and neighbor-to-neighbor communication.

2.2.3 Agent-level State Estimation

In order to recover the network-wide state, each agent maps the private cluster beliefs back to individual agents.
Specifically, for every target agent ℓ, observer agent k assigns to ℓ the belief of the cluster to which ℓ belongs.
This produces the collection of agent-level beliefs.

Figure 16 shows the resulting agent-level beliefs for all observing agents at the correct hidden states of all
target agents. At i = 5, the beliefs are still uniform because the private cluster beliefs have just been initialized.
At i = 6, agents begin to assign higher belief to the correct gas states of the target agents. By i = 20, the belief
assigned to the true gas state of each target agent is close to one. This demonstrates that cluster-aware social
learning enables the recovery of the hidden states of all agents across the network.

Fig. 16: Evolution of the agent-level beliefs in the real-data experiment.Heatmaps show the agent-

level beliefs µ̂
(k)
ℓ,i (s

⋆
ℓ ) assigned by each agent k to the true hidden state s⋆ℓ of each agent ℓ after mapping private

cluster beliefs back to individual agents. Rows denote observer agents and columns denote target agents; colors
encode belief values between 0 and 1.

Figure 17 provides a direct visualization of the network-wide state estimate formed by agent 4. At the
beginning of the inference phase, the gas states inferred by agent 4 are not all correct. As the private cluster
beliefs concentrate on the correct gas states, the inferred network-wide state becomes increasingly consistent
with the true hidden gas assignment shown in Fig. 12. By the final displayed time, agent 1 correctly recovers
the network-wide gas-state configuration.

Fig. 17: Network-wide state estimates inferred by agent 1 in the real-data experiment. Snapshots
show the hidden-state configuration inferred by agent 1 at selected times during the network-wide state-inference
phase. Node colors indicate the state estimated for each agent.

Overall, the real gas-sensor experiment confirms the behavior observed in the synthetic setting. Once the
agents recover the correct clusters, they learn the gas state associated with each discovered cluster, and suc-
cessfully recover the network-wide state configuration using only local measurements and neighbor-to-neighbor
communication.
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3 Discussion

In this work, we consider a setting that departs from standard social learning formulations. In many existing
works, agents either collaborate to infer a single hidden state shared by the entire network or, when hidden
states are agent-specific, each agent focuses only on recovering its own state. Here, the objective is network-wide:
each agent aims to recover the hidden state of all agents in the network. This is relevant in sensing applications
where the useful information is not only whether an event is present locally, but also how different events are
distributed across the network.

We introduced cluster-aware social learning as a decentralized method for network-wide state inference in
heterogeneous-state environments. The central idea is to exploit the fact that, although agents may have different
hidden states, several agents may share the same state. Rather than maintaining and exchanging beliefs for
every possible network-wide configuration, agents first identify groups of connected agents that appear to share
the same hidden state (i.e., clusters) and then perform social learning within these clusters. This allows each
agent to recover an estimate of the hidden state of every agent in the network while exchanging one belief per
discovered cluster.

The results show that the proposed two-phase structure can recover the network-wide state configuration
in both synthetic and real-data experiments. In the synthetic experiment, once the agents correctly recover the
clusters, they can successfully infer the hidden state associated with each cluster and obtain an estimate of
the hidden state of all agents. The real gas-sensor experiment shows the same behavior when the observations
come from empirical sensor recordings rather than from a synthetic Gaussian model. This suggests that cluster
discovery is a useful way to reduce the complexity of the network-wide inference problem.

The main advantage of the approach is that the number of beliefs maintained and exchanged by each agent
depends on the number of discovered clusters, rather than on the number of agents or on the number of possible
network-wide configurations. Thus, when the network contains only a small number of clusters, each agent can
recover a network-wide state while exchanging only cluster-level information. This substantially reduces the
representation used during the second phase.

The experiments also show that this reduction comes with a trade-off. The clustering threshold ε controls how
easily agents merge clusters, while the clustering horizon T represents the stopping time of the cluster-discovery
phase. A larger threshold can reduce the number of inferred clusters faster, but it can also lead to incorrect
merges between agents with different hidden states. A lower threshold is more conservative and can improve the
accuracy of recovered clusters, but may require a longer cluster-discovery phase. Similarly, increasing T gives
agents more time to stabilize their cluster labels, but it also delays the start of network-wide state inference.
Thus, the clustering parameters must be chosen so that the cluster structure is accurate enough before it is used
in the second phase.

A limitation of the current method is that cluster discovery and network-wide state inference are decoupled.
Agents must first complete the cluster-discovery phase before starting the main inference task. A natural exten-
sion would be to design a coupled version of cluster-aware social learning, where agents update their cluster
structure and their cluster-level beliefs in parallel.

Such a coupled approach could also address another limitation of the current method. If two agents with
different hidden states are incorrectly merged during cluster discovery, they share the same cluster belief in
the second phase. As a result, the state-inference phase cannot fully correct this type of error once the cluster
structure has been frozen. Allowing agents to continue revising their cluster structure during inference could
make the method more robust to early clustering mistakes. It would also remove the need to choose a fixed
clustering horizon T , since the clustering and inference phases would no longer be separated.

Several other extensions are possible. The present work focuses on stationary hidden states and fixed com-
munication graphs. In many monitoring problems, however, the underlying states may change over time, and
communication links may be unreliable or time-varying. Extending the method to such settings would make it
more suitable for dynamic sensing systems.

Overall, cluster-aware social learning provides a decentralized approach to network-wide state inference when
agents may have different, yet possibly shared, hidden states. By first identifying clusters and then learning
one belief per cluster, the method reduces the number of beliefs exchanged during inference while still allowing
agents to estimate the hidden state of every agent in the network.

4 Methods

4.1 Problem formulation

We consider a network of K spatially distributed agents, indexed by the set K = {1, . . . ,K}. Communication
among agents is peer-to-peer: each agent interacts only with its immediate neighbors. We denote by Nk ⊆ K
the neighborhood of agent k, including k itself.
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Information exchange over the network is described by a left-stochastic combination matrix A = [aℓk]. That
is, the entries on each column of A add up to 1:

K∑

ℓ=1

aℓk = 1, ∀k ∈ K, (6)

with aℓk > 0 for all ℓ ∈ Nk and 0 otherwise. An entry aℓk represents the relative weight assigned by agent k to
the information received from agent ℓ. Thus, each agent forms a convex combination of the information available
in its neighborhood. We impose the following standard connectivity condition on the combination matrix.

Assumption 1 (Primitive matrix) The combination matrix A is assumed to be primitive [34]. ■

A sufficient condition for the combination matrix A to be primitive is that undirected paths with nonzero weights
exist between every pair of distinct agents, and that at least one agent k has a self-loop (i.e., akk > 0).

Each agent observes a stream of noisy measurements governed by a fixed but unknown local state. This
state represents an unknown property associated with the agent and takes values in a finite hypothesis set
Θ = {θ1, . . . , θH}. We consider a general heterogeneous setting in which the hidden states of the agents are not
necessarily identical. We denote the true state of agent k by s⋆k ∈ Θ and the collection of all agents’ true states by

s⋆ =
(
s⋆1, . . . , s

⋆
K

)
∈ ΘK , (7)

where we refer to s⋆ as the network-wide state.
At each time instant i = 1, 2, . . ., agent k records a local measurement xk,i generated according to the

likelihood model Lk(· | s⋆k), independently over time. Each agent knows the family of local likelihoods {Lk(· |
θ)}θ∈Θ. These likelihoods allow each agent to assess how consistent its observations are with the competing
local hypotheses in the set Θ. We consider the following assumption on the statistical models of the agents.

Assumption 2 (Statistical model) Let xi ≜ {xk,i}
K
k=1 collect all observations from the agents at time i, and let

s =
(
s1, . . . , sK

)
∈ ΘK be a plausible network-wide state. The joint likelihood at time i satisfies

L(xi|s) =
K∏

k=1

Lk(xk,i|sk). (8)

■

We also require the log-likelihood ratios between competing hypotheses to be well behaved, which is
represented by the following assumption.

Assumption 3 (Finite divergence) For all θ, θ′ ∈ Θ with θ ̸= θ′, and for all k ∈ K, the Kullback-Leibler (KL)
divergence [15] between Lk(.|θ) and Lk(.|θ

′) is finite:

Eθ

[
log

Lk(x|θ)

Lk(x|θ′)

]
<∞, (9)

where the subscript on the expectation operator means that the expectation is computed under the model Lk(·|θ). ■

Finally, we assume that each local state is statistically distinguishable from the other plausible states from
the point of view of each agent in the network.

Assumption 4 (Identifiability) For all θ, θ′ ∈ Θ with θ ̸= θ′, and for all k ∈ K, the KL divergence [15] between
Lk(.|θ) and Lk(.|θ

′) is positive:

Eθ

[
log

Lk(x|θ)

Lk(x|θ′)

]
> 0, (10)

where the subscript on the expectation operator means that the expectation is computed under the model Lk(·|θ). ■

Assumption 4 is a feasibility condition for network-wide inference. Since agent k can be the only agent that
receives observations directly informative about its own hidden state s⋆k, it must be able to distinguish s⋆k from
all competing hypotheses in Θ. If this local ambiguity cannot be resolved by agent k, then no other agent can
recover the state of agent k, and the uncertainty persists at the network level.

However, Assumption 4 is only local: it requires each agent to distinguish its own hidden state using its
private observations. It does not imply that any single agent can distinguish the true network-wide state s⋆ from

14



all alternatives in ΘK . Thus, each agent initially has only partial information about the network-wide state,
and this information must be shared across the network. A straightforward way to do so would be for agents
to propagate separate decision statistics for every agent in the network. However, this agent-level statistics
exchange would make the communication cost grow with the network size.

The next subsection introduces cluster-aware social learning as a way to avoid this agent-level statistics
exchange. The key idea is to exploit shared hidden states: agents first identify groups that can be represented
by a common state, and then exchange beliefs about these groups rather than about individual agents.

4.2 Cluster-aware Social Learning

In principle, since each agent seeks to infer the states of all agents in the network, it would need to keep track
of one state estimate for every agent. This means that the amount of information stored and exchanged by each
agent would grow with the network size K. Such a representation becomes costly in large networks, both in
terms of communication and computation.

However, this agent-level representation can be highly redundant when several agents share the same hidden
state. In that case, it is unnecessary to infer and communicate separate state estimates for agents that actually
have the same state. The key idea is therefore to exploit this redundancy. If each agent can identify subsets of
the network that share a common hidden state, it can group these agents into clusters and infer one state per
cluster instead of one state per agent. As a result, the information that each agent needs to store and exchange
scales with the number of discovered clusters, rather than with the total number of agents in the network.

Motivated by this observation, we propose cluster-aware social learning (CASL), a two-phase inference
strategy where in the first phase, agents use local observations and peer-to-peer exchanges to identify groups of
agents that share the same hidden state and in the second phase, agents cooperatively infer the hidden state
associated with each discovered group. This two phase procedure allows each agent to discover all the hidden
states in the network by assigning every agent the state inferred for its corresponding cluster.

In what follows, we present the two phases of the proposed strategy: i) cluster discovery and ii) network-wide
state inference. Algorithm 1 describes a single iteration of the cluster discovery procedure, and Algorithm 3
describes a single iteration of the state-inference procedure. Algorithm 4 presents the complete CASL strategy,
where cluster discovery is repeated until its stopping criterion is satisfied, after which the network-wide state-
inference phase is carried out.

4.2.1 Phase I: cluster-discovery

We recall that a cluster refers to a group of agents that share the same hidden state and can therefore be
represented by a single state estimate. Since agents do not initially know these groups, the goal of this phase is
to enable each agent to partition the network into groups of agents sharing the same state.

To implement cluster discovery, each agent k represents its clustering of the network at time i by a private
partition Pk,i of the set of agents K. Specifically, Pk,i represents a collection of subsets of K that are nonempty,
mutually disjoint, and collectively contain all agents:

⋃

C∈Pk,i

C = K, and C ∩ C ′ = ∅, ∀C,C ′ ∈ Pk,i, C ̸= C ′. (11)

Each block of Pk,i represents one cluster inferred by agent k at time i. Hence, two agents ℓ and ℓ′ are regarded
by agent k as belonging to the same cluster if and only if they belong to the same cluster of Pk,i.

At the beginning of the cluster-discovery phase, agent k has no information about which agents share the
same hidden state. It therefore starts from the finest possible partition by assigning each agent to a distinct
cluster:

Pk,0 =
{
{1}, {2}, . . . , {K}

}
. (12)

Then, at each iteration i ≥ 1, each agent k updates its private partitions using local observations and neighbor
exchanges by repeatedly applying the updates in Algorithm 1. To this end, each agent k first constructs a local
belief over its own hidden state,

πk,i =
[
πk,i(θ1), . . . ,πk,i(θH)

]⊤
.

The vector πk,i is a probability distribution over Θ, where πk,i(θ) represents the confidence of agent k that its
hidden state is θ at time i. The local belief is initialized uniformly so that all hypotheses are initially considered
equally possible. After observing xk,i, agent k updates its local belief using the Bayesian rule in line 2 of
Algorithm 1. The symbol ∝ indicates that the entries in πk,i are normalized so that they sum up to 1. This
update increases the belief assigned to hypotheses that better explain the local measurement xk,i.

After the local Bayesian update, agent k transmits its belief πk,i to its neighbors and receives their corre-
sponding local beliefs, as described in lines 3–4 of Algorithm 1. Agent k then uses these exchanged beliefs to
identify the neighboring agents that currently appear to share its hidden state. Specifically, in line 5, agent k
constructs the set N k,i by retaining those neighbors ℓ ∈ Nk whose beliefs πℓ,i are sufficiently concentrated on
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Algorithm 1 Cluster-discovery step for agent k

1: function ClusterDiscoveryStep(πk,i−1,Pk,i−1,xk,i)

2: Local Bayesian update:

πk,i(θ) ∝ πk,i−1(θ)Lk(xk,i|θ) ∀θ ∈ Θ.

3: Transmit πk,i to all neighbors ℓ ∈ Nk \ {k}.
4: Receive πℓ,i from all neighbors ℓ ∈ Nk \ {k}.

5: Same-state neighbor identification:

N k,i =
{
ℓ ∈ Nk : ∃θ ∈ Θ such that max

θ′ ̸=θ
πk,i(θ

′) ≤ ε and max
θ′ ̸=θ

πℓ,i(θ
′) ≤ ε

}⋃
{k}.

6: Intermediate partition update:

P̃k,i = Merge
(
Pk,i−1,N k,i

)
.

7: Transmit P̃k,i to all neighbors ℓ ∈ Nk \ {k}.

8: Receive P̃ℓ,i from all neighbors ℓ ∈ Nk \ {k}.

9: Private partition update:

Pk,i =
∨

ℓ∈Nk

P̃ℓ,i.

10: return πk,i, P̃k,i,Pk,i

11: end function

Merge and Join Operations in Cluster Discovery

1. MERGE

Previous partition: 
 

Same-state neighbor set:  

1 2 3 4 5 6 7

Intersection check:
For every cluster  check .

  

leave unchanged

  

select

  

select

  

select

Merge result: 

unchanged selected blocks become one cluster

2. JOIN

753

Three intermediate partitions:

Overlap chain:

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

shared agent 2

shared agent 3

Partition join result:  

Repeatedly take the union of overlapping clusters until the final clusters are disjoint

1 2 3 4 5

Fig. 18: Illustrative examples of the merge and partition join operations in Algorithm 1.

the same hypothesis as πk,i. More precisely, agent k treats ℓ as belonging to its cluster if there is a common
hypothesis θ such that both agents assign only a small probability, less than ε, to every alternative hypothesis
θ′ ̸= θ. The parameter ε ∈ (0, 1) is referred to as the clustering threshold. If no neighbor satisfies this condition,
then N k,i contains only agent k.

Agent k then incorporates the setN k,i into its previous private partitionPk,i−1 to construct the intermediate

partition P̃k,i, as specified in line 6 of Algorithm 1. The update is performed through the operator Merge,
represented in Algorithm 2. Specifically, this operator identifies all clusters of Pk,i−1 that contain at least one
agent in N k,i and merges these clusters into a single cluster. All remaining clusters are left unchanged (see
Fig. 18 for an illustrative example).

Since k ∈ N k,i, the cluster containing agent k always participates in the merge. Therefore, if agent k identifies
a neighbor ℓ as sharing its hidden state, the entire cluster to which ℓ was previously assigned is merged with the
cluster containing k. This allows agent k to preserve clustering information accumulated over earlier iterations
while incorporating the new evidence available at iteration i. For example, if we have

P2,i−1 = {{1, 2}, {3}, {4, 5}}, N 2,i = {2, 4},
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Algorithm 2 Merge operation at agent k

1: function Merge(Pk,i−1,N k,i)

2: P̃k,i ← Pk,i−1

3: Ck,i ← ∅
4: for each cluster C ∈ Pk,i−1 do

5: if C ∩N k,i ̸= ∅ then
6: Ck,i ← Ck,i ∪ C

7: P̃k,i ← P̃k,i \ {C}
8: end if

9: end for

10: P̃k,i ← P̃k,i ∪ {Ck,i}
11: end function

then
P̃2,i = Merge(P2,i−1,N 2,i) = {{1, 2, 4, 5}, {3}}.

Indeed, when agent 2 identifies agent 4 as sharing its hidden state, it merges their previously inferred clusters.
Thus, the steps in lines 2–6 primarily update the estimate by agent k for its own cluster. To also update

its view of the remaining clusters in the network, agent k exchanges clustering information with its neighbors.
Specifically, it transmits its intermediate partition and receives the corresponding intermediate partitions from
its neighbors, as described in lines 7–8. Then, agent k combines these intermediate partitions using the partition
join

∨
, a standard operation on set partitions [35], to obtain its updated private partition:

Pk,i =
∨

ℓ∈Nk

P̃ℓ,i, (13)

as specified in line 9 of Algorithm 1. Intuitively, the partition join combines the clustering relationships identified
by the different agents. Whenever two clusters from different intermediate partitions overlap, they are merged,
and this merging is repeated until all resulting clusters are disjoint; See Fig. 18. For example, consider

P̃1,i =
{
{1, 2}, {3}, {4}

}
, P̃2,i =

{
{1}, {2, 3}, {4}

}
.

Since the clusters {1, 2} and {2, 3} share agent 2, the join combines them into a single cluster, yielding

P̃1,i ∨ P̃2,i =
{
{1, 2, 3}, {4}

}
.

Hence, information that agents 1 and 2 belong to the same cluster in one partition, together with information
that agents 2 and 3 belong to the same cluster in another, implies that all three agents belong to the same
cluster in the joined partition.

Equivalently, the partition join can be viewed through a graph representation. The agents form the vertices
of a graph, and agents that appear in the same cluster of at least one intermediate partition are connected. The
clusters of the resulting join are then simply the connected components of this graph [36]. This interpretation
leads to efficient implementations using standard procedures such disjoint-set union (DSU) [37] or depth-first
search (DFS) [38]. Specifically, at agent k, combining the |Nk| intermediate partitions requires O(|Nk|K α(K))
operations with DSU, where α(·) is the inverse Ackermann function and is practically constant for all realistic
network sizes, or O(|Nk|K) operations with DFS.

In summary, during the cluster-discovery phase, each agent repeatedly identifies neighboring agents that
appear to share its hidden state and merges this information to its previous private partition to form an
intermediate partition. The agents then exchange these intermediate partitions with their neighbors and combine
them to update their private partitions. These steps are repeated for T iterations. At the end of the cluster-
discovery phase, each agent freezes its resulting partition, which is subsequently used during the network-wide
state-inference phase. To understand the structure of the clusters discovered at the end of the cluster-discovery
phase, we present the following theorem.

Theorem 1 (Correct cluster discovery) For each agent k ∈ K, let

N̄k ≜
{
ℓ ∈ Nk : s⋆ℓ = s

⋆
k

}
(14)

denote the set of neighbors that share the true state of agent k. Suppose that the neighbor-identification rule in line 5 of
Algorithm 1 selects only same-state neighbors at all times, and selects all same-state neighbors after some finite time
τ ≥ 1. That is,

N k,i ⊆ N̄k, ∀ k ∈ K, ∀ i ≥ 0, (15)

N k,i = N̄k, ∀ k ∈ K, ∀ i ≥ τ. (16)
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Let dℓk denote the minimum number of hops between agents ℓ and k, and let

D ≜ max
ℓ,k∈K

dℓk (17)

be the diameter of the communication graph. Under Assumption 1, repeated application of the cluster-discovery updates
in Algorithm 1 ensures that, within at most D iterations after time τ , all agents agree on a common partition. Formally,
there exists a partition P̄ such that

Pk,i = P̃k,i+1 = P̄, ∀ k ∈ K, ∀ i ≥ τ +D. (18)

The clusters of P̄ are exactly the connected components of the graph obtained by retaining only links between neighboring
agents with identical true states, i.e., the graph in which each agent k is connected to only the agents in N̄k.

Proof According to (16), the neighbor-identification rule in line 5 of Algorithm 1 selects exactly the same-state neighbors
starting from time τ . Hence, at time τ , the merge step performed by agent k places agent k and all agents in N̄k in the
same cluster of P̃k,τ . Since the algorithm only merges clusters and never splits them, these agents remain in the same
cluster at all later times. Therefore, after time τ , the intermediate partition update at agent k introduces no further
change:

P̃k,i = Pk,i−1, ∀i ≥ τ + 1. (19)

Consequently, for all i ≥ τ + 1,

Pk,i =
∨

ℓ∈Nk

Pℓ,i−1. (20)

First, we show that after m ≥ 1 iterations beyond time τ , the private partition held by agent k is the join of the private
partitions held at time τ by all agents within m hops of k. Specifically, we prove by induction that

Pk,τ+m =
∨

ℓ: dℓk≤m

Pℓ,τ , ∀m ≥ 1. (21)

We see that (20) implies that the claim holds for m = 1. Suppose it holds for m− 1. Then, we have

Pk,τ+m

(a)
=

∨

q∈Nk

Pq,τ+m−1
(b)
=

∨

q∈Nk

∨

ℓ: dℓq≤m−1

Pℓ,τ

(c)
=

∨

ℓ: dℓk≤m

Pℓ,τ , (22)

where (a) follows from (20) and (b) follows from the induction hypothesis. Moreover, (c) follows from the associativity
of the partition join [35] and the fact that the agents within m hops of k are precisely those within m− 1 hops of some
neighbor of k. This proves (21) by induction. Since D is the graph diameter, every agent lies within D hops of every
other agent. Hence, (21) implies that for all i ≥ τ +D,

Pk,i =
∨

ℓ∈K

Pℓ,τ , ∀ k ∈ K. (23)

Thus, all agents agree on the same partition within at most D iterations after τ . It remains to identify the partition
in (23). To this end, we equip the set of partitions of K with the standard refinement order ⪯ [35]: for two partitions P
and Q, we write

P ⪯ Q,

if every cluster of P is contained in some cluster of Q. Thus, we say that P is finer than Q, or equivalently, Q is coarser
than P. Under this order, the join P ∨ Q is the least upper bound of P and Q. That is, among all partitions that are
coarser than both P and Q, the join P ∨ Q is the finest one [35]. This is analogous to the subset order for sets. Under
⊆, the union A ∪B is the smallest set containing both A and B. Under ⪯, the join P ∨ Q is the finest partition that is
coarser than both P and Q.
Let Ḡ be the same-state subgraph, that is the graph obtained by retaining only links between neighboring agents with
the same true state, and let P̄ be the partition of K representing the connected components of Ḡ. We first show that

∨

ℓ∈K

Pℓ,T ⪯ P̄. (24)

Starting from the singleton initialization in (12), it is straightforward to verify by induction that, under condition (15),
every cluster generated by the cluster-discovery procedure remains contained in a connected component of Ḡ. Specifically,
the updates of Algorithm 1 only expand clusters in each step. Condition (15) ensures that a cluster can be expanded
only by adding neighbors with the same true state. Hence, in every iteration, clusters may expand within a same-state
connected component, but they can never merge two distinct same-state connected components. Therefore, for all ℓ ∈ K,

Pℓ,τ ⪯ P̄, (25)

which makes P̄ a common upper bound of the partitions Pℓ,τ for ℓ ∈ K. Since their join is the least upper bound under
the refinement order, it must be finer than any other common upper bound, which proves (24). Conversely, we now show
that

P̄ ⪯
∨

ℓ∈K

Pℓ,τ . (26)

Under condition (16), from time τ onward the neighbor-identification rule in line 5 of Algorithm 1 selects all same-state
neighbors. Therefore, for every edge (q, r) of Ḡ, agents q and r are placed in the same cluster of the private partition
Pq,τ , and hence also in the same cluster of the join

∨

ℓ∈K

Pℓ,τ . (27)
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Now consider any two agents in the same connected component of Ḡ. They are connected by a path of consecutive agents
that are same-state neighbors. Since each two agents forming an edge along this path are contained in a cluster of the
join in (27) and the join must place all agents on the path in one cluster, every connected component of Ḡ is contained
in a cluster of ∨

ℓ∈K

Pℓ,τ ,

which proves (26). Combining (24) and (26) gives
∨

ℓ∈K

Pℓ,τ = P̄, (28)

and completes the the proof. □

Theorem 1 is stated under the deterministic conditions in (15) and (16). These conditions can be justified
probabilistically from the asymptotic behavior of the beliefs. In particular, a refined analysis shows that, for
sufficiently small ε, there exists a large enough finite time τ such that the conditions in (15) and (16) hold with
high probability.

The intuition follows from the same-neighbor identification step in line 5 of Algorithm 1. Agent k adds a
neighbor ℓ to N k,i only if both their local beliefs concentrate on the same hypothesis. If s⋆k = s⋆ℓ , then both
beliefs concentrate on the same true hypothesis, so this test is eventually satisfied. If s⋆k ̸= s⋆ℓ , then the two
beliefs concentrate on different hypotheses, so for small ε the test is unlikely to be satisfied. Thus, a smaller ε
reduces the probability of including neighbors with different true states, as required by (15), while a sufficiently
long time horizon allows all same-state neighbors to be included, as required by (16).

Consequently, the recovered partition is only as reliable as the local sets N k,i. When these sets do not
include neighbors with different states and eventually contain all same-state neighbors, Theorem 1 guarantees
the convergence of the cluster-discovery procedure: all agents partition the network into same-state connected
components.

4.2.2 Phase II: Network-wide State Inference.

The cluster-discovery phase stops after T iterations. Then, the network-wide state inference phase begins, during
which each agent infers the hidden state of each cluster in its final partition. From Theorem 1, if one could
identify a time τ that satisfies conditions (15) and (16), then choosing T = τ + D would guarantee that all
agents have reached the same partition P̄ by the end of the clustering phase. In this ideal case, each agent can
maintain one belief vector for each cluster in P̄. Then, in each network-wide state-inference iteration, the agents
update their beliefs about the clusters using local observations and beliefs received from neighbors. Since all the
agents agree on the same partition P̄, their cluster beliefs are consistent: each cluster belief held by an agent
has a matching belief, for the same cluster, in the belief collection of every neighbor. Hence, each agent can
combine beliefs received from neighbors, for each cluster, without ambiguity.

Technically, conditions (15) and (16) hold with high probability, for sufficiently small ε and sufficiently large
time τ . In practice, agents may still hold different private partitions when the cluster-discovery phase is stopped
at time T , and the subsequent network-wide state-inference phase must be well-defined in this scenario.

When neighboring agents stop clustering with different partitions, a mismatch can arise after beliefs are
exchanged. An agent may transmit a belief associated with one of its clusters, but that belief may not match
any cluster maintained by its neighbor. Discarding all such unmatched beliefs avoids ambiguity, but it is too
conservative because useful information may be ignored.

OCA-GSL resolves the mismatch between cluster beliefs by separating the partition used for transmission
from the partition used for belief updates. Specifically, before entering the network-wide state inference phase,
agent k executes lines 7–8 of Algorithm 4 and freezes the two partitions obtained at the clustering horizon T :

P̃k ≜ P̃k,T , Pk ≜ Pk,T .

The intermediate partition P̃k determines what agent k transmits: one belief vector for each cluster in P̃k. The
private partition Pk determines what agent k updates: one belief vector for each private cluster.

This strategy ensures that each transmitted belief can be assigned to a unique cluster in the receiving agent’s
partition. Specifically, consider two neighboring agents k and ℓ. During the final clustering update, agent k
has already received P̃ℓ and used it, together with the intermediate partitions of its other neighbors, to form
Pk. Therefore, every cluster in P̃ℓ is contained in exactly one cluster of Pk. To highlight the relevance of the
intermediate partition P̃ℓ, note that if agent ℓ sends a belief associated with a cluster in P̃ℓ, then agent k can
assign it to one cluster in Pk, without ambiguity. This lets neighboring agents exchange cluster-level beliefs and
combine them consistently, even when their final private partitions differ.

We now introduce the belief collections associated with these two partitions. Each cluster is labeled by its
smallest-indexed agent. For any cluster C ⊆ K, let

m(C) ≜ min
ℓ∈C

ℓ. (29)
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Algorithm 3 Belief update step for agent k

1: function BeliefUpdateStep(P̃
(k)

, ,S(k), T (k), {µ
(k)
r,i−1}r∈S(k) ,xk,i)

2: Local Bayesian update:

η
(k)
r,i (θ) ∝

⎧
⎨
⎩
µ
(k)
r,i−1(θ)Lk

(
xk,i | θ

)
, r and k belong to the same cluster of Pk,

µ
(k)
r,i−1(θ), otherwise,

∀ θ ∈ Θ, r ∈ S(k).

3: Prepare intermediate cluster beliefs for transmission:

For each r ∈ T (k), identify the unique cluster C ∈ Pk containing r, and set

ψ
(k)
r,i (θ) = η

(k)
m(C),i

(θ), ∀ θ ∈ Θ.

4: Transmit {ψ
(k)
r,i : r ∈ T (k)} to all neighbors ℓ ∈ Nk \ {k}.

5: Receive {ψ
(ℓ)
r,i : r ∈ T (ℓ)} from all neighbors ℓ ∈ Nk \ {k}.

6: Private cluster belief update:

µ
(k)
r,i (θ) ∝

⎧
⎪⎨
⎪⎩

η
(k)
r,i (θ), r and k belong to the same cluster of Pk,∏

ℓ∈Nk

[
ψ

(ℓ)
r,i (θ)

]aℓk

, otherwise, ∀θ ∈ Θ, r ∈ S(k).

7: Agent-level belief mapping:

For each ℓ ∈ K, identify the unique cluster C ∈ Pk containing ℓ, and set

µ̂
(k)
ℓ,i

(θ) = µ
(k)
m(C),i

(θ), ∀ θ ∈ Θ.

8: return
{
µ
(k)
r,i

}

r∈S(k)
,
{
µ̂
(k)
ℓ,i

}

ℓ∈K
.

9: end function

Agent k maintains one intermediate cluster belief for each cluster in its intermediate partition P̃k. The
collection of intermediate cluster beliefs maintained by agent k at time i is denoted by

ψ
(k)
i ≜

{
ψ

(k)
r,i : r ∈ T (k)

}
, (30)

where T (k) is the set of labels of the clusters in P̃k, namely

T (k) ≜
{
m(C) : C ∈ P̃k

}
. (31)

For every r ∈ T (k), the corresponding intermediate cluster belief

ψ
(k)
r,i =

[
ψ

(k)
r,i (θ1), . . . ,ψ

(k)
r,i (θH)

]⊤
(32)

is a probability distribution over Θ, where the entry ψ
(k)
r,i (θ) represents the confidence of agent k at time i that

the cluster labeled by r has hidden state θ.
Similarly, agent k maintains one private cluster belief for each cluster in its private partition Pk. The

collection of private cluster beliefs maintained by agent k at time i is denoted by

µ
(k)
i ≜

{
µ

(k)
r,i : r ∈ S(k)

}
. (33)

where S(k) is the set of labels of the clusters in Pk, namely

S(k) ≜
{
m(C) : C ∈ Pk

}
. (34)

For each r ∈ S(k), the vector

µ
(k)
r,i =

[
µ

(k)
r,i (θ1), . . . ,µ

(k)
r,i (θH)

]⊤
(35)

is likewise a probability distribution over Θ. Its entry µ
(k)
r,i (θ) quantifies the confidence of agent k at time i that

the cluster labeled by r has hidden state θ.
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The private cluster beliefs µ
(k)
0 are initialized uniformly for all agents k ∈ K. Then, these collections of beliefs

are updated by repeatedly applying the steps in Algorithm 3. At each iteration i ≥ 1, agent k proceeds in four
main steps.

First, agent k incorporates its new observation xk,i. Since this observation is generated at agent k, it is
informative only about the hidden state of the cluster containing agent k in Pk. Therefore, agent k applies
the Bayesian update in line 2 only to the private cluster belief associated with its own cluster. The beliefs
associated with all other clusters in Pk are simply carried over from the previous iteration. The resulting beliefs

are denoted by η
(k)
r,i , for r ∈ S(k).

Second, agent k prepares the beliefs to transmit to its neighbors. At this point, agent k has one updated
belief for each cluster in Pk. However, it must transmit beliefs indexed by the clusters of P̃k. To do this, agent
k identifies, for each cluster in P̃k, the cluster in Pk that contains it. Then, it assigns the updated belief of

that cluster in Pk to the corresponding cluster in P̃k. This produces the intermediate cluster beliefs ψ
(k)
r,i in

line 3, one for each r ∈ T (k). Agent k then transmits these intermediate beliefs to its neighbors and receives
their corresponding intermediate beliefs, as specified in lines 4–5.

Third, after this belief exchange, agent k updates its private cluster beliefs. For its own cluster, agent k
keeps the locally updated belief obtained from the Bayesian update step. For every other cluster in Pk, agent
k combines the corresponding intermediate beliefs received from its neighbors using the geometric pooling rule
in line 6. This update is well-defined because each received belief is indexed by an intermediate partition that
was used to form Pk, so it can be associated with a unique cluster in Pk.

Finally, agent k maps its private cluster beliefs back to individual agents, as specified in line 7 of Algorithm 3.
Each agent is assigned the private belief associated with the cluster of Pk to which it belongs. Hence, all agents
that agent k places in the same cluster inherit the same private cluster belief.

Algorithm 4 Cluster-aware social learning (CASL-executed by all agents k ∈ K in parallel)

Require: Hypothesis set Θ; local likelihoods {Lk(· | θ)}θ∈Θ; neighborhood Nk; combination weights {aℓk}ℓ∈Nk
;

clustering threshold ε; clustering horizon T .

Initialization for cluster-discovery:

1: Set πk,0(θ)←
1
H for all θ ∈ Θ.

2: Set Pk,0 ←
{
{1}, {2}, . . . , {K}

}
.

Phase I: cluster-discovery

3: for i = 1, . . . , T do

4: Observe local measurement xk,i.

5:
(
πk,i, P̃k,i,Pk,i

)
← ClusterDiscoveryStep(πk,i−1,Pk,i−1,xk,i).

6: end for

Freeze discovered clusters:

7: Set P̃k ← P̃k,T ; Pk ← Pk,T .

8: Set T (k) ←
{
m(C) : C ∈ P̃k}; S

(k) ←
{
m(C) : C ∈ Pk}.

Initialization for network-wide state inference:

9: Set µ
(k)
r,0 (θ)←

1
H for all θ ∈ Θ and r ∈ S(k).

10: Phase II: Network-wide state inference

11: for i = 1, 2, . . . do
12: Observe local measurement xk,i.

13:

{
µ
(k)
r,i

}

r∈S(k)
,
{
µ̂
(k)
ℓ,i

}

ℓ∈K
← BeliefUpdateStep(P̃

(k)
,P(k),S(k), T (k),

{
µ
(k)
r,i−1

}

r∈S(k)
,xk,i)

14: Network-wide state estimate:

ŝ
(k)
ℓ,i

= argmax
θ∈Θ

µ̂
(k)
ℓ,i

(θ), for all ℓ ∈ K.

15: end for

The complete procedure is summarized in Algorithm 4. All agents run the algorithm in parallel and infer

the network-wide state as in line 14: agent k estimates the hidden state of agent ℓ by maximizing µ̂
(k)
ℓ,i , and

collecting these estimates over all ℓ ∈ K yields its estimate of the network-wide state s⋆.

Theorem 2 (Correct network-wide state inference) Suppose that, after cluster-discovery, no agent places two
agents with different hidden states in the same cluster. Equivalently, for every agent k ∈ K, every cluster C in its final
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private partition Pk contains agents with one common hidden state:

s
⋆
p = s

⋆
q , ∀ k ∈ K, ∀C ∈ Pk, ∀ p, q ∈ C. (36)

Then, under Assumptions 1–4, every agent recovers the correct network-wide state almost surely. That is, for all k, ℓ ∈ K,

lim
i→∞

µ̂
(k)
ℓ,i

(s⋆ℓ ) = 1 almost surely. (37)

Proof Fix any agents k and ℓ, and let r be the cluster label that agent k assigns to agent ℓ. By assumption, this cluster
contains only agents with the same hidden state as ℓ. By following similar steps to the proof of [15, Lemma 2.2], we can

show that this cluster belief converges almost surely to the truth. Since the agent-level belief µ̂
(k)
ℓ,i

is exactly the belief of

that cluster, it also converges almost surely to s⋆ℓ . □

Theorem 2 states that, under condition (36), all agents recover the correct network-wide state. Notice that
this condition holds for the partition P̄ of Theorem 1: if all agents recover the connected same-state components
as the clusters, then no cluster contains agents with different hidden states. However, condition (36) does not
hold only for P̄: an agent may have a partition that splits a connected same-state component into several smaller
clusters and still satisfy condition (36).

This distinction is useful because the cluster-discovery phase stops at a prescribed finite horizon T . At that
time, agents may not yet have reached the partition P̄ , especially if information has not fully propagated through
the network. Theorem 2 shows that this does not necessarily prevent correct network-wide state inference.
Correct inference only requires that no final cluster mixes agents with different hidden states. The critical error
is not splitting a true same-state component into several smaller clusters. Such splits increase the number of
beliefs that must be maintained and exchanged, but each belief still represents a single hidden state. The critical
error is placing agents with different hidden states in the same cluster, because then one belief vector is forced
to represent incompatible states.

4.3 Experimental setup

We evaluate cluster-aware social learning in two settings. The first is a synthetic Gaussian experiment where the
data is Gaussian and the observation model is known. The second uses real chemical gas-sensor measurements,
with an unknown observation model. In both cases, agents use the cluster-aware social learning procedure
described in Algorithms 1, 3, and 4.

In all experiments, the combination matrix A = [aℓk] is chosen to assign equal weights to all agents in the
neighborhood of agent k, including agent k itself.

4.3.1 Synthetic Gaussian Experiment

The synthetic experiment uses K = 20 agents and H = 5 possible hidden states, where the set of hypotheses

Θ = {0.1, 0.2, 0.3, 0.4, 0.5}. (38)

Each agent k has a fixed hidden state s⋆k ∈ Θ. The hidden-state assignment is fixed as

(s⋆1, . . . , s
⋆
20) = (0.1, 0.2, 0.3, 0.4, 0.5, 0.1, 0.2, 0.3, 0.4, 0.5,

0.1, 0.2, 0.3, 0.4, 0.5, 0.1, 0.2, 0.3, 0.4, 0.5).
(39)

The clusters identified by cluster-aware social learning are the connected components of the communication
graph, that have the same hidden state. In the synthetic experiment, we consider a simple case in which all
agents with the same hidden state form a single connected component, and therefore a single cluster. Hence,
each cluster corresponds to exactly one hidden state, which simplifies the visualization and interpretation of the
results. Specifically, we consider the 5 clusters

{1, 6, 11, 16}, {2, 7, 12, 17}, {3, 8, 13, 18}, {4, 9, 14, 19}, {5, 10, 15, 20}. (40)

This one-to-one correspondence between clusters and hidden states is used solely to simplify the illustrations.
In general, if agents with the same hidden state are disconnected, they form multiple connected components
with the same state, each treated as a separate cluster.
The communication graph is a fixed-seed, random, undirected graph. To ensure that all agents with the same
hidden state form a single connected component, we first connect agents within each group with the same hidden
state, and then add links between the groups to connect the full network. Self-loops are included at every agent.
The resulting graph is strongly connected and represented in Fig. 4.

22



At each time instant i, each agent k observes a scalar measurement

xk,i = s⋆k + ξk,i, ξk,i ∼ N (0, σ2), (41)

with σ = 0.05. The variables ξk,i are independent across agents, time, and Monte Carlo trials. Each agent k
uses the Gaussian likelihood

Lk(xk,i | θ) =
1√
2πσ

exp

{
− (xk,i − θ)2

2σ2

}
, for all θ ∈ Θ. (42)

For every agent k, the initial local beliefs are uniform over the hypotheses,

πk,0(θ) =
1

H
, for all θ ∈ Θ, (43)

and the initial partitions are set to
Pk,0 =

{
{1}, {2}, . . . , {K}

}
. (44)

To generate Figs. 5–9, we run Algorithm 4 on the network shown in Fig. 4 for T = 100 iterations. The
cluster-discovery phase is run for T = 50 iterations with threshold ε = 10−4. The discovered clusters are then
frozen, and the network-wide state-inference phase is run until time T .

For the clustering threshold sweep in Figs. 10 and 11a, we use

T = 100, T = 30, ε ∈ {10−4, 10−3, 10−2, 10−1, 0.2}. (45)

For the clustering horizon sweep in Fig. 11b, we use

T = 100, ε = 10−4, T ∈ {20, 30, 40, 50}. (46)

The probability of error and average cluster count curves are estimated using NMC = 10000 independent Monte
Carlo trials. The graph, hidden-state assignment, and reference clusters are kept fixed across trials, while the
observation streams are resampled independently.

4.3.2 Real Gas-sensor Experiment

The real-data experiment uses the UCI Twin Gas Sensor Arrays dataset [39], associated with the chemical
sensor array measurements reported in [40]. The dataset contains measurements from five independent chemical
sensing units, each equipped with eight metal-oxide gas sensors. To construct the agents, we split each sensing
unit into two composite agents. The first agent uses the measurements from sensor channels {0, 2, 5, 7}, while
the second agent uses the measurements from sensor channels {1, 3, 4, 6}. Thus, each agent receives observations
from four sensor channels of a single sensing unit. Since there are five sensing units in total, this split produces
K = 5× 2 = 10 agents.

Each sensing unit was exposed separately to each of the four gases: carbon monoxide, ethanol, ethylene, and
methane. During each exposure, the sensor conductivities were recorded continuously. In our experiment, we
therefore take the hypothesis set Θ to be the set of gas classes in the dataset:

Θ = {CO, ethanol, ethylene,methane}. (47)

In [40], the responses of the five chemical sensing units were measured using the same experimental protocol
over a period of 22 days. On each testing day, one unit was exposed to the four gas types, and the sensor
conductivities were recorded. Each unit was tested up to four times on different days. In our experiment, we
use only the measurements from the first testing day available for each unit: day 4 for unit 1, day 1 for unit 2,
day 2 for unit 3, day 3 for unit 4, and day 18 for unit 5.

Unlike in the synthetic setting, the likelihood models of the measurements are not available in closed form.
We therefore need to construct local likelihood values from data. To this end, for each agent, we first transform
its raw four-channel conductivity measurements into a stream of feature vectors, which we split into training
and test sets. Then, we train a local classifier on the labeled feature vectors of each agent. During cluster-aware
social learning, the outputs of the classifier on test feature vectors serve as a proxy for local likelihood values.

For each raw measurement trajectory, the exposure protocol in [40] consisted of three stages: 50 s of clean air
to establish the baseline, 100 s of exposure to one gas at one concentration level, and 450 s of clean-air recovery.
This gives a total duration of 600 s per trajectory. Sensor conductivities were recorded continuously at 100 Hz,
resulting in 60000 raw conductivity samples per sensor channel.

In our experiment, we only use the response interval [50, 150] s, during which the sensors are exposed to the
target gas. The initial interval [0, 50] s is used to estimate the baseline response of each sensor channel, while
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the recovery interval after 150 s is discarded because it mainly reflects the return of the sensors to clean-air
conditions. Thus, the observations used for learning are extracted from the 100 s gas-exposure interval.

Instead of using the raw conductivity samples directly, we convert each response trajectory of a sensor channel
into a sequence of feature vectors. The response interval is divided into 20 non-overlapping windows of duration
5 s each. From each window, we extract a set of features that describe the sensor response. Specifically, we
construct 22 features based on summary statistics, including the mean, standard deviation, minimum, maximum,
median, first, and third quartiles. Since each composite agent contains four sensor channels, each window is
represented by a feature vector of 4× 22 = 88 components. Therefore, each raw measurement trajectory of an
agent provides a sequence of T = 20 observations, with each observation being an 88-dimensional feature vector.
This window-based representation reduces the size of the raw signal and minimizes the temporal dependence
between consecutive measurements.

The dataset contains measurements for each gas type at ten concentration levels. Following the split used
in [40], we train and test on disjoint concentration levels. The training set uses concentration levels {2, 4, 6, 8, 10},
while the test set uses concentration levels {1, 3, 5, 7, 9}. Within the training set, concentration level 6 is used for
validation, and levels {2, 4, 8, 10} are used for fitting the classifier. This split ensures that the likelihood streams
used during social learning are generated from concentration levels that were not used to fit the local classifiers.

For each agent, we train a separate feedforward neural-network classifier to distinguish the four gas classes:
CO, ethanol, ethylene, and methane. The classifier takes the agent’s 88-dimensional feature vector as input and
outputs a probability vector over the four gas classes. The network has two hidden layers of sizes 32 and 16,
ReLU nonlinearities, dropout probability 0.2, and a final softmax layer. The input features are standardized
using a StandardScaler fitted only on the local fitting data; the same transformation is then applied to the
validation and test samples. The network is trained using the AdamW optimizer with learning rate 5 × 10−4,
weight decay 10−3, batch size 32, a maximum of 250 epochs, and early stopping with patience 25.

For each agent, the training set contains four gas types, five training concentration levels, and 20 feature
vectors per gas-concentration pair. This gives 4 × 5 × 20 = 400 training feature vectors before the validation
split. The validation set contains 4 × 20 = 80 feature vectors from concentration level 6, and the remaining
4× 4× 20 = 320 feature vectors are used for fitting. The test set contains four gas types, five test concentration
levels, and 20 feature vectors per gas-concentration pair, giving 4× 5× 20 = 400 test feature vectors per agent.
After training, the classifier scores are used to construct the likelihood ratios for cluster-aware social learning
as in [15, Chapter 12] and [41].

To validate cluster-aware social learning on this real gas-sensor data, each agent is assigned one gas type and
one test concentration. The gas type determines the true local state s⋆k, while the test concentration determines
which test trajectory provides the feature vector stream. The true gas-state assignment for agents 1, . . . , 10 is

(s⋆1, . . . , s
⋆
10) = (CO, ethanol, ethylene, ethanol,methane,

methane, ethylene,methane, ethanol, ethylene).
(48)

The selected test concentration levels for agents 1, . . . , 10 are

(3, 5, 5, 5, 1, 1, 9, 7, 7, 9). (49)

Similarly to the synthetic scenario, we consider a simple case in which all agents with the same hidden state
form a single connected component, and therefore a single cluster. This is guaranteed by the communication
graph in Fig. 12. Thus, the 4 clusters corresponding to the 4 gas types are

{1}, {2, 4, 9}, {3, 7, 10}, {5, 6, 8}. (50)

To generate Figs. 13–17, we run Algorithm 4 on the communication graph shown in Fig. 12. Each agent
has a test observation stream of T = 20 feature vectors, one for each 5 s window of the gas-response interval.
The cluster-discovery phase uses the first T = 5 feature vectors and threshold ε = 10−3. After this phase, the
discovered clusters are frozen. The remaining observations are then used to update the private cluster beliefs
and recover the network-wide state estimates until the final time T = 20.

4.3.3 Evaluation Metrics

Cluster labels and beliefs.

During the cluster-discovery, we visualize the private partition of each agent k at time i through the label vector

c
(k)
i , defined in (4) and (5). We display these label vectors as heatmaps, where each entry at row k and column

ℓ represents the value of the label c
(k)
ℓ,i . These visualizations are shown in Fig. 5 for the synthetic experiment

and Fig. 13 for the real gas-sensor experiment.
During the network-wide state inference phase, we visualize the private cluster beliefs maintained by each

agent. For a discovered cluster label r, we plot the belief mass assigned by agent k to the correct hidden state
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of that cluster, namely µ
(k)
r,i (s

⋆
r). These cluster-level belief trajectories and snapshots are shown in Figs. 6 and 7

for the synthetic experiment, and in Figs. 14 and 15 for the real gas-sensor experiment.
We also visualize the agent-level beliefs obtained by mapping the private cluster beliefs back to individual

agents. For each observing agent k and target agent ℓ, we plot the belief assigned to the correct hidden state

of agent ℓ, namely µ̂
(k)
ℓ,i (s

⋆
ℓ ). These agent-level belief snapshots are shown in Fig. 8 for the synthetic experiment

and Fig. 16 for the real gas-sensor experiment.

Cluster count.

The number of clusters inferred by agent k at time i is given by |Pk,i|. This quantity counts the number of
distinct sets (i.e., clusters) in the private partition of agent k at time i. Thus, it determines the size of the
cluster-level representation that would be used in the second phase if the cluster-discovery phase were stopped
at time T = i. Figure 10a reports the Monte Carlo average of |Pk,i| for agent k = 1 as the time index i increases.

Clustering error probability.

We evaluate the clustering performance directly in terms of the partitions inferred by the agents. Let P̄ denote
the target partition characterized in Theorem 1, whose clusters are the connected same-state components of the
communication graph. The clustering error probability of agent k at time i is defined as

pclustk,i ≜ P
[
Pk,i ̸= P̄

]
. (51)

Thus, a realization is counted as erroneous whenever the partition inferred by agent k differs from P̄ in any way,
whether because a true cluster is split or because distinct clusters are incorrectly merged. Figure 10b reports the
clustering probability pclustk,i , estimated using Monte Carlo simulations, for agent k = 1, and as the time index i
progresses.

State-inference error probability.

The state-inference error probability for agent k at time i is defined as

pstatek,i = P

[
∃ℓ ∈ {1, . . . ,K} : argmax

θ∈Θ
µ̂

(k)
ℓ,i (θ) ̸= s⋆ℓ

]
. (52)

This metric evaluates network-wide state recovery. It is stricter than local accuracy, since a realization is counted
as erroneous if any agent in the network is assigned an incorrect state. Figure 11 reports the state-inference
probability pstatek,i , estimated using Monte Carlo simulations, for agent k = 1, and as the time index i increases.

4.4 Implementation and Reproducibility

All simulations were implemented in Python using the standalone project npj simulations. The main
notebooks were simulation synthetic data.ipynb, simulation real data.ipynb, and Plots.ipynb. The
corresponding scripts are main synthetic data.py and main real data.py. The software environment used
Python 3.12.2, NumPy 1.26.4, pandas 2.2.2, Matplotlib 3.9.2, NetworkX 3.3, scikit-learn 1.5.1, PyTorch 2.11.0,
SciPy 1.13.1, IPython 8.37.0, and Jupyter Core 5.7.2.

The synthetic random seeds are: graph seed 777 and Monte Carlo observation seed 20260601. The real-data
random seeds are: graph seed 123, hidden gas-state assignment seed 123, test-concentration assignment seed
456, classifier seed 123 + k for agent k.

Data availability

The synthetic data used in this study were generated from the Gaussian observation model described in the
Methods section. The real-data experiments use the publicly available Twin Gas Sensor Arrays dataset associated
with the chemical sensing measurements reported in [40]. The dataset is available from the UCI Machine
Learning Repository at https://archive.ics.uci.edu/dataset/361/twin+gas+sensor+arrays.

Code availability

The Python code used to run the synthetic and real-data experiments, train the local classifiers, and generate
the figures will be made publicly available at ⟨repository-url⟩ upon publication.
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