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Abstract

We study the identical parallel-machine scheduling problem with multiple servers.
Each job has to be set up by a server before being processed on one of the
machines. Preemption is not permitted, and the objective is to minimize the total
weighted completion time. A time-indexed mixed-integer programming (MIP)
formulation is presented to obtain exact optimal solutions for small- and medium-
sized instances. As the MIP becomes intractable for large-scale instances, a
shortest weighted processing time (SWPT) algorithm is proposed. We establish
that SWPT yields a worst-case approximation bound of 3 −

k+1

m
for the gen-

eral case and 3 −

k

m
−

1

k
for the special case with equal job processing times.

Furthermore, the tightness of the second bound is verified for two-machine and
one-server configurations by constructing an instance. Numerical experiments
use MIP-derived optimal solutions as benchmarks and demonstrate that SWPT
achieves an average optimality gap below 5% across test instances. In addition,
we analyze the computational behavior of the time-indexed formulation with
varying numbers of jobs, servers, and machines.

Keywords: Parallel machine scheduling, Multiple servers, SWPT algorithm,
Worst-case analysis, mixed integer programming

1 Introduction

In this paper, we consider the problem of scheduling n jobs on m identical parallel
machines with k identical servers, where 1 ⩽ k ⩽ m. The setup and processing opera-
tions of each job must be performed non-preemptively on the same machine without
interruption. Each job has to be loaded or set up onto a machine by a server before
being processed. During the setup time, both the server and the machine are busy and
unavailable for other jobs. Once a server has completed a job’s setup on a machine,
the job can be processed immediately, and the server becomes free to set up another
job. Meanwhile, the server is free to perform the setup for another job. It is assumed
that the travel times of servers between machines are zero. In industrial and busi-
ness practices, the servers act like loading robots, humans or specific tools that assist
the execution of multiple machines or assembly lines. With widespread applications
of industrial robots, cloud services and centralized AI computing, these multi-server
parallel-machine scheduling problems have become increasingly crucial.
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Using the three-field notation proposed by Graham et al. [1], our problem can be
denoted as PmSk|sj , pj |

∑

wjCj . Hall and Potts [2] proved the NP-completeness of
the scheduling problem P2S1|sj = 1, pj |

∑

wjCj . Brucker [3] further complemented
the complexity results, and verified the variant P2S1|pj = p|

∑

Cj with constant pro-
cessing and arbitrary set-up times is NP-hard. Such theoretical results imply that
polynomial time optimal algorithms are unlikely to exist for our target problem.
Therefore, approximation algorithms serve as a practical and promising way to tackle
such scheduling problems. Existing approximation studies on multi-server parallel-
machine scheduling mainly focus on two classical objectives. For the total completion
time objective

∑

Cj , Ou et al. [4] proved that the classical SPT rule yields a 2-
approximation ratio for the problem PmSk|pj , uj = 1|

∑

Cj and proposed improved
SPT-based heuristics. For the makespan objective Cmax, Werner et al. [5] considered
the problem PmSk|sj , pj |Cmax and showed that arbitrary list scheduling (LS) algo-
rithm and longest processing time (LPT) algorithm have worst-case ratios of 3− k+1

m

and 3 − k
m

− 1
k
, respectively. Building upon their work, this paper extends these

performance results to the more general objective of minimizing the total weighted
completion time

∑

wjCj and propose a approximation algorithm.
Approximation algorithms for server-constrained parallel-machine scheduling have

attracted substantial research attention. For problems with equal processing times
of jobs, Hall and Potts [2] pointed out that when sj ≥ pj = 1, the single-server
parallel machine scheduling problem degenerates into classic single-machine scheduling
and can be solved in polynomial time. Furthermore, Zhang et al. [6] proved that the
SPT algorithm achieves a (2− 1

m
)-approximation for PmS1|pj = p|Cmax and obtains

a (1 +
√
m−1√

m+
√
m−1

)-approximation for problem PmS1|pj = p|
∑

Cj . In contrast, for

problems with distinct processing times, substantial results have been derived for
minimizing the total weighted completion time

∑

wjCj . For example, back in 2001,
Wang and Cheng [7] provided the first (5− 1

m
)-approximation algorithm. More than

a decade later, Hasani et al. [8] proposed an SWPT algorithm that improves the
performance bound to 3 − 1

m
, where jobs are sequenced in non-decreasing order of

1
wj

(sj +
pj

m
) . Recently, Liu et al. [9] further showed that the SWPT yields a tighter

ratio of 3 − 2
m
. In this paper, we extend the SWPT algorithm to the multi-server

setting and derive more general approximation ratios.
Exact optimization models for parallel-machine scheduling with server constraints

have been extensively developed, mainly to generate optimal benchmark solutions for
assessing approximation algorithms. Vilem Heinz [10] proposed a constraint program-
ming (CP) model to obtain optimal solutions and designed constructive heuristics for
large-scale instances. Li, Yantong [11] developed three novel mixed-integer linear pro-
grams for integrated discrete parallel-machine scheduling and location problems. For
the single-server parallel-machine scheduling problem with the makespan objective,
Elidrissi [12] and Silva [13] both proposed mixed-integer linear programming (MIP)
formulations, whose time-indexed formulations motivated our modeling approach.
Nevertheless, time-indexed formulations have not yet been developed for the multi-
server parallel-machine scheduling problem with the total weighted completion time
objective, which this work addresses by developing such a model.

In this paper, we consider the multi-server parallel machine scheduling problem
with the objective of minimizing total weighted completion time, which has rarely
been studied in existing literature. We develope a time-indexed MIP formulation to
provide reliable optimal benchmarks for algorithm evaluation. Furthermore, we present
a generalized SWPT algorithm, in which the job sequencing priority is determined by
the weighted processing time 1

wj
(
sj
k
+

pj

m
). We prove that the SWPT algorithm achieves

a worst-case ratio of 3− k+1
m

for general cases and 3− k
m
− 1

k
when all jobs have equal

processing times. In addition, we show that the bound of 3− k
m

− 1
k
is tight. The rest

of the paper is organized as follows. Section 2 provides the problem description and
some required notations. The time-indexed MIP formulation is developed in Section 3.
In Section 4, we analyze the worst-case performance of the SWPT algorithm. Finally,
the conclusions are provided in Section 5.
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2 Problem Description

Let N = 1, 2, ..., n denote the set of jobs which has to be processed on m identical
parallel machines with k servers. Each job has a setup time sj , a processing time pj ,
and a weight wj , and we assume that all setup times sj and processing times pj are
positive integers. Furthermore, each job is restricted to commence its setup operation
only at integer time instants. Prior to job processing on a machine, a server must first
perform its setup, during which both the assigned server and machine are occupied
for sj time units. Once the setup is finished, the server is immediately released, and
the machine continues to process the job for pj time units. Each machine and each
server can handle at most one job at a time, and preemption of jobs is not allowed.
The objective is to minimize the total weighted completion time

∑

wjCj .
In this paper, we adopt the notation that j, ⟨j⟩ and [j] denote the job index, the

j-th started job, and the j-th completed job under a given schedule, respectively. Note
that ⟨1⟩ → ⟨2⟩ · · · → ⟨n⟩ and [1] → [2] → · · · → [n] can represent the same schedule. It
is well known that no optimal schedule allows meaningless idle time for any machine
or server. Consequently, each eligible job is assigned to the machine and server with
the earliest available time, which reduces the original problem to job sequencing.

To illustrate the above problem and notation, we present a representative instance
with 3 machines, 2 servers, and 6 jobs. The index, setup time, processing time, and
weight of each job are listed in Columns 1-4 of Table 1. In Figure 1, Wij denotes the
waiting time of server i after completing job j, and Ij denotes the idel time of the
machine after finishing job j. Under the SWPT algorithm, the job processing order
will be 5 → 1 → 2 → 3 → 4 → 6.

Table 1 A typical instance and its schedule φ̃

j sj pj wj ⟨j⟩ Sj Cj [j]

1 1 6 12 5 0 7 2
2 2 2 6 1 1 5 5
3 4 2 6 2 5 11 1
4 3 3 5 3 6 12 3
5 2 4 12 4 0 6 4
6 1 2 2 6 9 12 6

Fig. 1 Gantt Chart of the Instance Under Scheduling φ̃

3 Mathematical Formulation

In this section, we derive a MIP formulation based on completion-time variables
and time-indexed variables for the problem PmSk|sj , pj |

∑

wjCj . The time horizon is
divided into T unit-length periods, where period t denotes the interval [t, t + 1] for
t = 0, 1, 2, ..., T . And the value of T significantly affects the size of the model. Let
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τj = sj + pj denote the total duration of job j, where sj and pj are its setup and
processing times, respectively. The problem is to find a schedule that minimizes total
weighted completion time.

Sets

N = {1, 2, · · · , n}: set of jobs
M = {1, 2, · · · ,m}: set of machines
K = {1, 2, · · · , k}: set of servers
Parameters

wj : weight of job j

sj : setup time of job j

pj : processing time of job j

τj : the duration of job j, τj = sj + pj
Decision variables

xt
j =

{

1 if job j starts processing at time t

0 otherwise

Auxiliary variables

Cj : completion time of job j
Model

min
∑

j∈N

wjCj (1)

T−τj
∑

t=0

xt
j = 1, ∀j ∈ N (2)

∑

j∈N

min(t,T−τj)
∑

s=max(0,t−τj+1)

xs
j ≤ m, ∀t ∈ [0, T ] (3)

∑

j∈N

min(t,T−τj)
∑

s=max(0,t−sj+1)

xs
j ≤ k, ∀t ∈ [0, T ] (4)

Cj =

T−τj
∑

t=0

(t+ τj)x
t
j , ∀j ∈ N (5)

xt
j ∈ {0, 1}, ∀j ∈ N, ∀t ∈ [0, T ] (6)

The objective function 1 minimizes the total weighted completion time. Constraints
2 ensures that each job is processed exactly once. Constraints (3) and (4) are the
capacity constraints, which jointly limit the total workload assignable to the available
resources at any time. Constraints 3 enforces that no more than m jobs are processed
on all machines simultaneouly, while Constraints 4 ensures that at most k jobs are
served at any time. Equation 5 defines the completion time Cj of each job j, supporting
the construction of scheduling objective functions. Finally, constraints 6 define the
feasibility domain of the decision variables.

The proposed time-indexed MIP formulation yields optimal solutions, but its
discrete-time structure causes the number of variables to grow rapidly with the prob-
lem size. Therefore, it is only applicable to small- and medium-sized instances and
serves as a benchmark for the approximate algorithm developed in the following
sections to handle large-scale cases.

4 The performance of the SWPT algorithm

The SWPT algorithm sequences jobs in non-decreasing order of 1
wj

(
sj
k
+

pj

m
). We then

schedule these jobs sequentially at the earliest feasible time slot where both a server
and a machine are available. In addition, we derive a lower bound and an upper bound
for the problem.
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Lemma 1. Let φ be an arbitrary schedule for the problem PmSk|sj , pj |
∑

wjCj. Then,

the following inequality holds for all j ∈ {1, 2, · · · , n}:

C[j](φ) ⩾
1

k

j
∑

q=1

s[q]. (7)

Proof By definition, the jobs [1], [2], · · · , [j] are completed by time C[j]. By that time, the

total setup time of the first j completed jobs is no less than
∑j

q=1 s[q]. These setup operations

are handled by at most k servers. Hence, we have C[j](φ) ⩾
1
k

∑j
q=1 s[q]. □

Lemma 2. For the single-machine scheduling problem 1|p
′

j =
sj
k
+

pj

m
|
∑

wjC
′

j , let

φ be an arbitrary schedule and φ̃ denote the schedule in which jobs are sequenced in

non-decreasing order of 1
wj

(
sj
k
+

pj

m
). Then, the following equality holds:

min
φ

∑

wjC
′

j(φ) =
∑

wjC
′

j(φ̃) =

n
∑

j=1

w⟨j⟩(
1

k

j
∑

q=1

s⟨q⟩ +
1

m

j
∑

q=1

p⟨q⟩).
(8)

Proof The conclusion of Lemma 2 is directly derived from the optimality of the SWPT rule
for the single-machine scheduling problem to minimize total weighted completion time, as

established by Smith [14]. It implies that the schedule in the non-decreasing order of
p
′

j

wj

yields the minimum total weighted completion time. □

Theorem 1. For the problem PmSk|sj , pj |
∑

wjCj, let φ be any feasible schedule.

The following inequality holds for all j ∈ {1, 2, · · · , n}:

C⟨j⟩(φ) ⩽
1

k

j
∑

q=1

s⟨q⟩ +
1

m

j
∑

q=1

p⟨q⟩+

(1−
1

k
)s⟨j⟩ + (1−

1

m
)p⟨j⟩.

(9)

Proof By definition, let C⟨j⟩ denote the completion time of the j-th started job, and t be its
earliest available start time. Then, C⟨j⟩ = t+s⟨j⟩+p⟨j⟩. As shown in Figure 1, Ψ denotes the
total projection length of machine waiting times on the horizontal axis. During the machine
idle period, at most k servers are in operation, which implies kΨ ⩽

∑j−1
q=1 s⟨q⟩. In this case,

at most (m-k) parallel machines are idle when all servers are busy, from which we derive
1

m−k

∑j−1
q=1 I⟨q⟩ ⩽ Ψ ⩽ 1

k

∑j−1
q=1 s⟨q⟩. Equivalently, we have

∑j−1
q=1 I⟨q⟩ ⩽

(m−k)
k

∑j−1
q=1 s⟨q⟩.

Since job ⟨j⟩ is assigned to the machine with earliest available time, we can obtain t ⩽
1
m (

∑j−1
q=1(s⟨q⟩ + p⟨q⟩) +

∑j−1
q=1 I⟨q⟩), in which the first term on the right-hand side is the

total setup and processing time of the first j − 1 jobs, and the second term denotes their

total idle time. And then we derive that t ⩽ 1
m ((

∑j−1
q=1(s⟨q⟩ + p⟨q⟩) +

(m−k)
k

∑j−1
q=1 s⟨q⟩) ⩽

1
m

∑j−1
q=1 p⟨q⟩ +

1
k

∑j−1
q=1 s⟨q⟩. Finally, the following inequality holds:

C⟨j⟩ = t+ s⟨j⟩ + p⟨j⟩ ⩽
1

m

j−1∑

q=1

p⟨q⟩ +
1

k

j−1∑

q=1

s⟨q⟩+

s⟨j⟩ + p⟨j⟩ ⩽
1

k

j∑

q=1

s⟨q⟩ +
1

m

j∑

q=1

p⟨q⟩+

(1−
1

k
)s⟨j⟩ + (1−

1

m
)p⟨j⟩.

(10)

□

Therefore, Theorem 1 is proved.
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Theorem 2. For the problem PmSk|sj , pj |
∑

wjCj, let φ∗ be the optimal schedule

and φ̃ denote the schedule obtained by sequencing jobs in the non-decreasing order of
1
wj

(
sj
k
+

pj

m
). Then, the following inequality holds:

∑

wjCj(φ̃) ⩽ (3−
k + 1

m
)wjCj(φ

∗). (11)

Proof Based on [9], we obtain the following result:

C[j](φ) ⩾ s[j] + p[j], (12)

C[j](φ) ⩾
1

m
(

j∑

q=1

s[q] +

j∑

q=1

p[q]). (13)

Combining Lemma 1 with inequalities (12) and (13) for each j ∈ {1, 2, · · · , n}, we derive
the following inequality:

(x+ y + z)C[j](φ
∗) ⩾

x

k

j∑

q=1

s[q] + y(s[j] + p[j])+

z

m
(

j∑

q=1

s[q] +

j∑

q=1

p[q]) = (
x

k
+

z

m
)

j∑

q=1

s[q]+

z

m

j∑

q=1

p[q] + y(s[j] + p[j]),

(14)

where x, y, z ⩾ 0. Setting x = 1− k
m , y = 1− 1

m , z = 1, we obtain following inequality can be
obtained for all j ∈ {1, 2, · · · , n}:

(3−
k + 1

m
)C[j](φ

∗) ⩾
1

k

j∑

q=1

s[q]+

1

m

j∑

q=1

p[q] + (1−
1

m
)(s[j] + p[j]).

(15)

Multiply both sides of (15) by the weight w[j], and sum the resulting inequalities over all
j ∈ {1, 2, · · · , n}. This yields

(3−
k + 1

m
)

n∑

j=1

w[j]C[j](φ
∗) ⩾

n∑

j=1

w[j](
1

k

j∑

q=1

s[q]+

1

m

j∑

q=1

p[q]) + (1−
1

m
)

n∑

j=1

w[j](s[j] + p[j]).

(16)

Note that
∑n

j=1 w[j]C[j](φ
∗) =

∑n
j=1 wjCj(φ

∗) and
∑n

j=1 w[j]((1 − 1
m )(s[j] + p[j])) =

∑n
j=1 wj((1−

1
m )(sj + pj)), because any schedule of the problem is a permutation of the job

set N . Therefore, we have

(3−
k + 1

m
)

n∑

j=1

wjCj(φ
∗) ⩾

n∑

j=1

w[j](
1

k

j∑

q=1

s[q]+

1

m

j∑

q=1

p[q]) + (1−
1

m
)

n∑

j=1

wj(sj + pj) =

n∑

j=1

wjC
′

j(φ
′

) + (1−
1

m
)

n∑

j=1

wj(sj + pj),

(17)

where φ
′

is the schedule obtained by sorting jobs in non-decreasing order of Cj(φ
∗), and

C
′

j(φ
′

) denotes the completion time of job j in the problem 1|p
′

j =
sj
k +

pj

m |
∑

wjC
′

j under

schedule φ
′

.
Meanwhile, let φ̃ define the schedule constructed by sorting jobs in non-decreasing order

of 1
wj

(
sj
k +

pj

m ). Substituting φ̃ into Theorem 1 yields the following inequality for all j ∈

{1, 2, · · · , n}:
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C⟨j⟩(φ̃) ⩽
1

k

j∑

q=1

s⟨q⟩ +
1

m

j∑

q=1

p⟨q⟩+

(1−
1

k
)s⟨j⟩ + (1−

1

m
)p⟨j⟩.

(18)

Similarly, we can derive

n∑

j=1

wjCj(φ̃) ⩽

n∑

j=1

wj(
1

k

j∑

q=1

sq +
1

m

j∑

q=1

pq)+

(1−
1

k
)

n∑

j=1

wjsj + (1−
1

m
)

n∑

j=1

wjpj =

n∑

j=1

wjC
′

j(φ̃) + (1−
1

k
)

n∑

j=1

wjsj + (1−
1

m
)

n∑

j=1

wjpj ,

(19)

where C
′

j(φ̃) represents the completion time of job j under SWPT schedule φ̃ for the problem

1|p
′

j =
sj
k +

pj

m |
∑

wjC
′

j . By Lemma 2, φ̃ is an optimal schedule for problem 1|p
′

j =
sj
k +

pj

m |
∑

wjC
′

j , so we have
∑n

j=1 wjC
′

j(φ̃) ⩽
∑n

j=1 wjC
′

j(φ
′

). Meanwhile, for m ⩾ k ⩾ 1, the

inequality 1− 1
m ⩾ 1− 1

k holds, which means the right-hand side of Equation (13) is no greater

than that of Equation (11). Therefore, we derive
∑

wjCj(φ̃) ⩽ (3− k+1
m )

∑
wjCj(φ

∗). □

Theorem 3. For problem PmSk|sj , pj = p|
∑

wjCj, let φ
∗ be the optimal schedule,

and φ̃ the schedule obtained by sorting the jobs in the non-decreasing order of 1
wj

(
sj
k
+

pj

m
). Then the following inequality holds:

∑

wjCj(φ̃) ⩽ (3−
k

m
−

1

k
)
∑

wjCj(φ
∗). (20)

Proof Since all jobs have equal processing times, the completion order of jobs is the same
as the completion order of their setup times. Let V[j] denote the setup completion time
of the j-th completed job. At most k servers can perform setup operations in parallel, so
V[j] = max(V[1], V[2], · · · , V[j]) ⩾

1
k

∑j
q=1 V[q] ⩾

1
k

∑j
q=1 s[q]. Therefore, we can have

C[j](φ) = V[j] + p[j] ⩾
1

k

j∑

q=1

s[q] + p[j] (21)

Multiplying (21) by (1− k
m ) and (12) by (1− 1

k ) , and then adding them to (13), we obtain

(3−
k

m
−

1

k
)C[j](φ) ⩾

1

k

j∑

q=1

s[q] +
1

m

j∑

q=1

p[q]+

(2−
1

k
−

k

m
)p[j] + (1−

1

k
)s[j].

(22)

Since 2− 1
k − k

m ⩾ 1− 1
m , (22) can be rewritten as

(3−
k

m
−

1

k
)C[j](φ) ⩾

1

k

j∑

q=1

s[q] +
1

m

j∑

q=1

p[q]+

(1−
1

m
)p[j] + (1−

1

k
)s[j].

(23)

Substituting the optimal schedule φ∗ into (23), we obtain
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(3−
k

m
−

1

k
)

n∑

j=1

wjCj(φ
∗) = (3−

k

m
−

1

k
)

n∑

j=1

w[j]C[j](φ
∗) ⩾

n∑

j=1

w[j](
1

k

j∑

q=1

s[q] +
1

m

j∑

q=1

p[q]) + (1−
1

m
)

n∑

j=1

w[j]p[j]+

(1−
1

k
)w[j]s[j] ⩾

n∑

j=1

w[j](
1

k

j∑

q=1

s[q] +
1

m

j∑

q=1

p[q])+

(1−
1

m
)

n∑

j=1

wjpj + (1−
1

k
)wjsj =

n∑

j=1

wjC
′

j(φ
′

)+

(1−
1

m
)

n∑

j=1

wjpj + (1−
1

k
)

n∑

j=1

wjsj ,

(24)

where φ
′

and C
′

j(φ
′

) follow the same definition as in (17). By a similar reasoning as in

the proof for Theorem 2, we find
∑n

j=1 wjC
′

j(φ̃) ⩽
∑n

j=1 wjC
′

j(φ
′

) and then the right-
hand side of (19) is not greater than the right-hand side of (24). Therefore,

∑
wjCj(φ̃) ⩽

(3− k
m − 1

k )
∑

wjCj(φ
∗) holds for problem PmSk|sj , pj = p|

∑
wjCj . □

We proceed to prove that the second bound is tight. By Theorem 3, for the case
with m = 2 and k = 1, the problem achieves a tight bound of 3

2 , which is verified by
the constructed instance. Hence, this bound cannot be further improved.

Consider two job groups, A and B, each containing 2n jobs. Each job in group A
has a setup time of 1, a processing time of 0, and a weight of 2, while each job in group
B has a setup time of 0, a processing time of 1, and a weight of 1. Since 1

wj
(
sj
k
+

pj

m
)

is equal to 1
2 for all j ∈ {1, 2, · · · , n}, every schedule satisfies the non-decreasing order

of 1
wj

(
sj
k
+

pj

m
). An interleaved schedule φ∗ of A and B jobs achieves a minimum total

weighted completion time of 6n2 + 3n, whereas the schedule φ̃ that processes all B

jobs first followed by all A jobs yields a maximum of 9n2+3n
6n2+3n . The worst-case ratio

9n2+3n
6n2+3n tends to 3

2 if n → ∞. These two schedules are shown in Figures 3 and 2.

Fig. 2 Schedule φ̃: Group B Jobs Precede Group A Jobs
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Fig. 3 Schedule φ∗: Interleaved A-B Group Processing

5 Experimental results

We evaluate the performance of the SWPT algorithm by benchmarking its approx-
imate solutions against the exact optima obtained by solving the MIP model with
Gurobi. The experimental design comprises 12 scenarios with varying J,M, and K,
each containing 20 random instances. Table 2 lists the parameter settings. Each job
is assigned a random weight from Uniform [0.1, 1) to reflect differences in job pri-
ority. The setup times sj and processing times pj are drawn from Uniform [1, 100].
Furthermore, since T directly affects the size of the MIP model, we set its value to
the minimum feasible level to maintain computational tractability. By Theorem 1, we
adopt the upper bound T ⩽ 1

k

∑n

q=1 sq + 1
m

∑n

q=1 pq + (1 − 1
m
)max
j∈N

τj , which guar-

antees that the start time of any job doesn?t exceed this limit. The MIP model is
solved using Gurobi 10.0.1. All experiments are performed on a workstation with an
Intel(R) Core(TM) i5-12600KF, 4.90 GHz, 32.0 GB of RAM, 64-bit Windows 11. The
maximum computational time allocated for each instance is set to 900 seconds.

Table 2 Instance factors and their corresponding values

Influencing factors Ranges of values

Number of jobs J = 10, J = 20, J = 30
Number of machines M = 3,M = 4,M = 5
Number of servers K = 2,M = 3

Range of job weights [0.1, 1)
The range of setup times [1, 100]

The range of processing times [1, 100]

Table 3 shows the maximum, minimum, and average optimality ratios of the SWPT
heuristic for each scenario, and the number of instances solved to optimality. The aver-
age optimality ratios range from 1.0108 to 1.0423, indicating that the SWPT solutions
deviate from the Gurobi optimal solutions by no more than 4.23%. And the minimum
ratio of 1.0000 indicates that SWPT can yield the optimal solution for certain small-
scale instances. For example, SWPT attains the optimum in 3 out of 20 instances for
the scenario with J = 10,M = 3,K = 2. For larger instances, although the SWPT
does not achieve the optimal solution in some cases, the maximum optimality ratios
remain below 1.08, which attests to the heuristic’s robustness. Moreover, the average
ratios tend to increase with the number of jobs, indicating a slight degradation in
solution quality for larger instances. Nevertheless, the overall gaps remain within 5%
on average and 8% at worst, confirming SWPT as a reliable approximation method
for the considered scheduling problem.
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Table 3 Solution quality comparison between the SWPT algorithm and the
Gurobi solver

Scenario Max
Optimality

Ratio

Min
Optimality

Ratio

No. of
optimal
solutions

Avg.
Optimality

Ratio

J10-M3-K2 1.0588 1.0000 3 1.0238
J20-M3-K2 1.0795 1.0063 0 1.0323
J30-M3-K2 1.0649 1.0177 0 1.0397
J10-M4-K3 1.0382 1.0000 4 1.0108
J20-M4-K3 1.0330 1.0007 0 1.0153
J30-M4-K3 1.0315 1.0036 0 1.0167
J10-M5-K2 1.0564 1.0000 2 1.0131
J20-M5-K2 1.0668 1.0055 0 1.0278
J30-M5-K2 1.0736 1.0147 0 1.0378
J10-M5-K3 1.0569 1.0000 1 1.0130
J20-M5-K3 1.0617 1.0101 0 1.0345
J30-M5-K3 1.0677 1.0202 0 1.0423

Note: J, M, and K denote the number of jobs, machines, and servers, respectively. A ratio closer

to 1 indicates better solution quality. Each scenario contains 20 instances.

Fig. 4 Dependence of Gurobi Solve Time on Machine Count with Fixed Server Number (K=3)

Fig. 5 Dependence of Gurobi Solve Time on Server Count with Fixed Machine Number (M=5)

To explore the computational limits of the exact solver, we analyze the impacts of
problem parameters on Gurobi’s runtime. As shown in Figure 4, with the numbers of
servers and jobs fixed, the solution time increases with the number of machines. This
growth can be attributed to the expansion of the solution space, as larger M results
in more feasible assignments and consequently higher computational cost. In contrast,
Figure 5 shows that, with the numbers of machines and jobs fixed, the solution time
decreases as the number of servers increases, likely because additional servers facilitate
parallel processing and reduce computational load. Moreover, both figures show that,
for fixed M and K, the solution time rises markedly with the number of jobs, owing
to the growing number of decision variables and constraints.

In summary, the SWPT consistently delivers high-quality solutions across all tested
scenarios, with average optimality gaps within 5% and maximum gaps below 8%.
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Meanwhile, the runtime of the Gurobi solver increases rapidly with problem size,
particularly with the numbers of jobs and machines, while additional servers reduce
solution time through parallel processing. These results confirm SWPT as a reliable
approximation method, especially for larger instances where exact solvers become
computationally prohibitive.

6 Conclusion

In this paper, we studied a parallel-machine scheduling problem with multiple servers
to minimize the total weighted completion time. Our time-indexed MIP formulation
yielded optimal solutions for small- and medium-sized instances and served as a reli-
able benchmark for algorithm evaluation. However, exponential growth in decision
variables limited its applicability to larger-sized cases and motivated the development
of approximation algorithms.

Accordingly, We analyzed the performance of the SWPT algorithm and proved
that it has worst-case ratio of 3− k+1

m
for the problem PmSk|sj , pj |

∑

wjCj . When all

jobs have equal processing time, the worst-case ratio improves to 3− k
m
− 1

k
. Moreover,

we provided an example to show that the bound 3− k
m

− 1
k
is tight.

Numerical experiments demonstrated that the theoretically derived upper bounds
were relatively conservative. In practice, the SWPT algorithm achieved promising
scheduling performance, with an average optimality gap no more than 5% and a max-
imum gap below 8% across various test instances. Further computational sensitivity
tests revealed that larger job and machine counts increased the computational run-
time of the MIP model, whereas an increase in the number of servers reduced runtime.
These tests clearly exposed the inherent scalability bottleneck of the time-indexed
formulation.

This study relied on assumptions of static job arrivals and homogeneous machines
and servers, which may limit the generalization of the derived theoretical results to
practical industrial settings. Furthermore, the tightness of the proven bound for gen-
eral instances remains unproven. These aspects open promising avenues for further
investigation.
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