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Abstract This paper proposes an explicit formulation for mobility analysis
and dynamic simulation of general robot mechanisms, and the formulation is
applicable to arbitrary multibody systems. To make the formulation appli-
cable to arbitrary multibody systems, including serial, parallel, and hybrid
serial-parallel mechanisms, we first introduce a universal description method
for multibody systems. This method represents the position and orientation
of a coordinate frame by four marker points defined on the frame. With one
rigid body fixed, the constraint between two rigid bodies is then established
using the velocity matrix of the four marker points on the coordinate frame
associated with the other rigid body. Based on this description method, we de-
rive an explicit formula for computing the mechanism mobility matrix, which
describes the feasible motions of any rigid body in the robot mechanism. We
further formulate the Lagrangian dynamic equations using the same repre-
sentation and develop a general dynamic simulation algorithm. A dynamic
simulation software is implemented based on the proposed universal mech-
anism description and simulation algorithm. A double-pendulum system is
simulated using this tool, and the results agree well with those obtained from
an open-source dynamic simulation package.

Keywords Robot Mechanisms - Multibody systems - Mobility analysis -
Dynamic analysis - Unified algorithm

1 Introduction

Robots with classical serial and parallel mechanisms have been employed in
manufacturing applications for decades. Today, robots are also used in many
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other areas, such as transportation, rehabilitation, domestic services, and sci-
entific research. New multibody systems are continually being invented to
meet the requirements of these applications. For each new mechanism, a large
amount of work is usually required to develop algorithms for mobility analy-
sis, kinematics, and dynamics. Most existing studies focus on a specific type
of robot mechanism, and the resulting algorithms cannot be directly applied
to other mechanism types. This limitation reduces the efficiency of developing
new robot products.

To reduce repeated work, generalized methods for robot kinematics and
dynamics modeling have been widely studied. Benhabib [1] and Kelmar [2]
proposed generalized kinematics for serial modular robots using the Denavit-
Hartenberg model. Chen [3,4] and Yang [5] proposed automatic modeling
techniques for serial modular robots and branching modular robots based on
the product-of-exponentials formula. Related work has also addressed gen-
eral inverse kinematics and dynamics modeling for multibody systems [6-10].
However, previous studies usually consider only representative constraints,
such as revolute pairs, prismatic pairs, and spherical joints. Different types
of constraints are commonly described using variables with different physical
meanings, which makes the modeling algorithms less flexible. For example,
a guide-rail slider module is usually regarded as a prismatic pair. However,
when the guide rail has a very small curvature, it becomes difficult to deter-
mine whether a revolute pair or a prismatic pair should be used to define the
constraint. Therefore, it is important to develop a unified format for describ-
ing general constraints, including commonly used constraints such as revolute
pairs, prismatic pairs, and spherical joints.

To obtain the kinematic and dynamic model of a general mechanism, a
fundamental task is to compute the number of degrees of freedom of the mech-
anism. Gogu [11] presents a critical review of research on mechanism mobility.
Among existing methods, the Grubler-Kutzbach criterion [12,13] is widely
used. However, many mechanisms, such as the Delta robot [14], do not satisfy
the Grubler-Kutzbach criterion. Kong and Gosselin [15] present a method for
obtaining the mobility of a mechanism using the Jacobian matrix, but their
work does not provide a unified formula for computing the Jacobian matrix of
a general mechanism. Angeles and Gosselin [16] also studied the determination
of the degree of freedom of kinematic chains. Huang et al. [17] present a gen-
eral methodology for mobility analysis of mechanisms, in which screw theory
is applied to analyze the mobilities of six representative puzzling mechanisms.
A more general method for obtaining the number of degrees of freedom of a
mechanism is presented by Lu, Zeng, and Huang [18,19]. However, obtaining
explicit kinematic algorithms and dynamic equations for a user-defined general
robot mechanism remains challenging.

The purpose of this paper is to provide a solution for mobility analysis and
dynamics of a user-defined arbitrary robot mechanism or, more generally, a
multibody system. The theoretical framework of the paper can be understood
in three layers. First, a rigid body and its local coordinate frames are repre-
sented by four marker points, so that displacement, velocity, mass properties,
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and constraints can be expressed in the same marker-point variables. Second,
the feasible motion space of the whole mechanism is obtained by starting from
a set of free bodies and then adding constraints one by one; each constraint re-
moves incompatible motion directions through a null-space computation, and
the remaining directions form the mobility matrix. Third, the same mobility
matrix is used in the Lagrangian dynamic equation, so that the generalized
acceleration, velocity, and displacement can be computed for time-domain sim-
ulation. The paper is organized as follows. Section 2 introduces a new repre-
sentation of the position and orientation of a rigid body and a standard format
for describing general constraints. Section 3 presents the mobility analysis of
a general mechanism, including algorithms for computing the mobility matrix
and its derivative. Section 4 introduces the Lagrangian dynamic equation and
the simulation algorithm. Section 5 presents the development of a dynamic
simulation software based on the proposed method, together with an example
simulation task. Finally, Section 6 gives the conclusions and future work.

2 Modeling of Rigid Bodies and Constraints

This section introduces the common variables used throughout the paper. The
main idea is to describe every rigid body by the positions and velocities of four
fixed marker points. With this representation, different types of kinematic
constraints can be written in a unified form: a velocity-level matrix specifies
the allowed relative motion, while an error vector and its gradients specify the
position-level constraint.

2.1 Description of the Displacement of a Rigid Body

A robot mechanism contains a set of bodies. To describe the position and
orientation of each body, let body; represent the i-th body in a mechanism,
and let {P;} represent the reference frame of body;. Four marker points are
attached to frame {P;}, as shown in Fig. 1, so that the position and orientation
of frame {P;} can be described by a pose matrix P;.

Fig. 1 Marker-point representation of a coordinate frame.
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Here,

P; = [pi1 pi2 Pis Pia] € R¥ (1)
and p;(k = 1,2,3,4) is the displacement vector of the k-th marker point of
frame {P;}.

For any frame {P;}, the displacement vectors of the four marker points on
{P;} with respect to (w.r.t.) {P;} are constant and are given by

(2)

Dy

Let P]{Pi} represent the relative pose matrix of frame {P;} w.r.t. {F;}.

Then, the mapping between the pose matrix PP and the commonly used
homogeneous transformation matrix 7T; ; is bijective. Here,

R; ; i
Ti; = |:O c ]:731><3 p17J:| (3)

where R;; € R3*3 is the relative rotation matrix between frame {P;} and
{P;}, and p; ; is the displacement vector of the origin of frame {P;} w.r.t.
{r}.

The formulas for mapping between the pose matrix P]{Pi} and the ho-
mogeneous transformation matrix 7 ; are given as follows and can be easily
verified.

Forward mapping;:

Pj{Pi} =R ;P +pij[1,1,1,1] (4)
Inverse mapping:
1 _s¢p
1 _s¢p,
R;; = ZPJ{ }POT
Specifically,
. - 1-11 -1
Pi{w}:ij:PO: 1-1-11], (6)
11 -1-1

where Py is referred to as the unit pose matrix, which corresponds to
T;: = Tj,; = I. Therefore, the pose matrix is not an approximate description of
a rigid-body pose. It contains the same information as the homogeneous trans-
formation matrix, but stores it in a form that is convenient for constructing
uniform velocity and constraint matrices.
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The displacement of frame {P;} w.r.t. {P;} can also be represented by a
displacement vector, defined as

mZ{Pj} — tovec (Pi{Pj} _ Po) c pl2x1 (7)

where tovec(:) is a function that reshapes a matrix into a vector column by
column.

In this paper, x; always represents z!F “’}7

i ie.,

x; = m’;{PLO} = tovec (F)i{PLU} _ P()) c R12><1 (8)

It should be noted that {P;} is a time-varying frame, whereas {P;o} is a
stationary frame that coincides with {P;} at the initial instant.

2.2 Description of the Velocity of a Rigid Body

The velocity of body; is represented by the velocities of the four marker points
on its reference frame. Although this velocity vector has 12 components, a rigid
body has only six independent velocity components. The role of the mobility
matrix is to describe this six-dimensional rigid-body velocity subspace inside
the 12-dimensional marker-point velocity space. The velocity of {P;} w.r.t.
{P0} is represented by the velocity vector

{P;

P

p_ 0

ot (9)

To describe the velocity space of body;, the mobility matrix is introduced.
The mobility matrix of body; is defined so that the velocity vector of the
four marker points of {P;} is always a linear combination of its columns. In
this paper, B}{;j} denotes the mobility matrix of {P;} (or body;) w.r.t. {P;}.
Specifically, if body; is a free body, its mobility matrix is given by

[100 0 1 —1]
010-10 1
0011 -1 0
1000 1 1
010-1 0 —1
By = By = (1)8(1) 0131(1) (10)
0101 0 1
001-1-10
100 0 —1—1
0101 0 —1
0011 1 0|
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Let Dy represent the null space of By. Each column of Dy represents the
displacement of the four marker points under pure deformation of a body. Let

C., = nullspace([Be,, Do)) (11)
be the constraint space matrix. It can be easily verified that
Cl B, =0 (12)

Let vi{P"’”} € R**! and wz{PiO} € R3**! be the linear velocity and angular
velocity of {P;} w.r.t. {Pi}, respectively. Then,

U;{Pio}
wz{PiO}

@; = By (13)

Since By has full column rank, the corresponding linear and angular velocities
can be recovered from the marker-point velocity by the left inverse of By, i.e.,

[U{Pio}

ipay| = (BIBy) ™' Bla;.

Thus, By is the bridge between the conventional twist representation and
the marker-point velocity representation. The first three columns correspond
to translational velocity, and the last three columns correspond to angular
velocity.

An important issue is to determine the velocity relationship between two
frames on the same body.If {P;} and {P;} are two frames on the same body,
it can be shown that

&) = H (14)
where
~{P;
R;; —Rj,ipégi
Ry; —R;pL -
Hpipy = | 70 0P 1 (BIBy) ™' BY (15)

P}
R _Rj,ipjf;
Rjs —Rjip)y ")
is called the mobility transformation matrix between {P;} and {P;}.

Proof:
The velocity of the k-th marker point of {P;} is given by

P = Rypl

{Pio}
~{P; Ui
=R;; {I 7p§k 0}} [W{Pio}

P, 1 _r.
= [Rj,i —Rj,ip;gf:(]}] (B§ Bo) B
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Therefore,
i = |" 1P| = pj{Pi}d?i (17)

With (17), it is easily verified that

By = Hpr B (18)

J

2.3 Description of General Constraints

To make the proposed modeling method compatible with different types of
kinematic constraints, a standard format for describing a general constraint
is presented. In general, a constraint defines not only the permitted relative
velocity between two bodies but also the permitted relative displacement be-
tween them. Let ¢ represent the k-th constraint in a robot mechanism. The
proposed standard description is

Oe., Oe.,

8$i ’ axj

¢, = {body;, body;, B, , €., (19)

Here, body; and body; are the two bodies constrained by c;. B., € R1ZXney ig
the mobility matrix of body; when body; is fixed, and it describes the relative
velocity between the two bodies. e., € R"»*! is a vector that describes the
constraint errors. n., is the number of degrees of freedom of joint c.

It should be noted that, when defining the constraints, we provide algo-

rithms for computing B., , e.,, 86,2—2“, and %e;: instead of specifying their val-
ues directly. In this format, B, is used in the mobility analysis, while e, and
its gradients are used to evaluate and correct position-level constraint errors
during simulation.

In this paper, the standard descriptions of the plane-point constraint
(PPC) is presented as an example.

To define a PPC between body; and body;, a plane on body; and a point
on body; should be specified. As shown in Fig. 2, p, is a point in the plane
on body;, and n, is the normal vector of the plane on body;. p, is the point
on body;. {P,} is a frame on body; whose origin coincides with p, and whose
z-axis is parallel to n,. {P,} is a frame on body,; whose origin coincides with
pp and whose axes are parallel to those of {P,}.

First, by definition, B, is the mobility matrix of {P;} under the PPC and
is given by

B

Ck

— e Bzgfb} (20)
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Fig. 2 Plane-point constraint between two bodies.

For point py,

[10 0 1 —1]
01-10 1
001 —10
100 1 1
01-10 —1
= 00-11 0
Bf{’bh}* 100 -1 1 (21)
011 0 1
00-1-10
100 —1-1
011 0 —1
001 1 0|

Second, since the PPC has one degree of freedom, e., can be described by
the projection of the vector (p, — p,) onto n,, i.e.,

€c), = n(]; (pb - pa) (22)

Finally, the gradient of the constraint vector is given by

Oe., Oovw Oxyp
=10,0,1,0,0,0| =—=——
8xj [””’]fmb&cj
= [0,0,1,0,0,0)(BY Bo) " BJ H v, (23)
b
and
Oe., _ _8eck I (24)

(P}
ox; Ox; &

This example shows how a user-defined constraint can be added to the pro-
posed framework. Once its allowed relative velocity, constraint error, and error
gradients are available, the same mobility and dynamic algorithms can be ap-
plied without deriving a new mechanism-specific formulation.
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3 Mobility Analysis

The goal of mobility analysis is to obtain a basis for all feasible instantaneous
motions of the mechanism. In the proposed representation, this basis is the
mobility matrix A. Each column of A represents one independent motion di-
rection of the complete mechanism, and any admissible marker-point velocity
can be written as a linear combination of these columns.

3.1 Mobility Matrix

For a general robot mechanism with m bodies, the displacement of the robot
mechanism is denoted by @ and is defined as

T

T2
xr = ) c R127TL><1 (25)

Lm

where @; is the displacement of body; w.r.t. {Pi}.

The mobility of the robot mechanism is defined as the combination of all
independent displacements of the robot mechanism. For a robot mechanism
with n degrees of freedom, the mobility can be represented by a mobility
matrix A given by

4= ¢ gramxn (26)
oq
where q is the generalized displacement of the robot mechanism.

To obtain the mobility matrix A of a general robot mechanism, a three-step
algorithm is presented.

Step 1. Obtain the mobility matrix of an m-body robot mechanism with-
out constraints. Usually, a robot mechanism contains a body fixed to the
ground, which is indexed as bodyy without loss of generality. Before consider-
ing any other constraints, the robot mechanism has one fixed body and m — 1
free bodies, and thus its mobility matrix is given by

00 -0
By 0 -+ 0

Aozai: 0 By--- 0 €R12m><6(m71) (27)
g0 oo
0 0 --- By

It should be noted that, if there is no ground-fixed body in the robot mech-
anism, a virtual ground-fixed body can be defined. This matrix is the largest
possible motion space of the mechanism before the joint constraints are im-
posed.
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Step 2. Obtain the relationship between A, and Ag_1 for k =1,2,--- , ne.
Here, n. represents the total number of constraints;
ox

A, = =2
g qy

(28)
represents the mobility matrix of the robot mechanism after the k-th constraint
is added; gy represents the generalized displacement of the robot mechanism
after the k-th constraint is added.

According to (28), the relationship between Ay and Aj_1 is given by

0qr—1

Ap = Ap_1 oar

(29)

0qr—1

To compute —5-== , the definition of ¢ should be considered. According to
the definition o$ ck, the relative displacement between body; and body; is a
linear combination of the column vectors of B,,. Therefore,

Buw=a, 2" =, )
J

where wu is an arbitrary vector. According to (12), we have
Cz; <.’13j - HP]{OPiD}:B¢> =0 (31)

Then,
cl (A(k—l)[j]Q(k—l) - HP{OPio}A(k—l)[i]q(k—l)> =0 (32)

Here, A(;_1)[j] represents the submatrix of A(;_;) constructed from rows 12;
to 12(j + 1). This equation states that, after the k-th constraint is imposed,
the relative motion between body; and body; must remain in the velocity space
allowed by that constraint.

Equation (32) is satisfied for arbitrary qi. Therefore,

. 2\ 9qr—1
cl (A(kl) ] — HPjOPiO}A(kn[Z]) dar 0 (33)
Then, the formula for computing ag';:l is obtained, i.e.,
01 _ g O ( Ap_1lj] = H 1) Apsli 34
oar nuttspace | Cg, k—1[7] = pilio} k—1li] (34)

Step 3. Obtain the mobility matrix of the robot mechanism with all n,
constraints, i.e.,
A=A, = 92 g0 01 On.2
© 0qo 0q1 0gz oqn,
The final matrix A gives both the number of independent motions and their
directions. In particular, the number of columns of A is the mobility of the
mechanism, and the relation & = A¢ maps generalized velocity to the velocity
of all marker points.

(35)
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3.2 Derivative of the Mobility Matrix

Computing the derivative of the mobility matrix is important because A is
required in dynamic simulations. Since A depends on the current mechanism
configuration, it changes during motion. The following derivation expresses
this change using the current mobility matrix, the mobility matrix from the
previous simulation step, and the current marker-point velocities. According
to the definition of the mobility matrix,

. d (Ox
i (5)
L (0 Oz —ot
—6t—>0 5t (8 8q )
I (36)
- 75t~>0 5t q ( >

8q

According to (36), both & and &% are dependent variables of q, whereas &
is a dependent variable of & and x~%¢. Therefore,

0ddx . 0@ 0w

9z 0q " 0 dz 7 o (37)
(37) can be computed using
o
od, 30 )
T2
o _ | 0 om0 (38)
N
0 0 %
where )
OER3X3 [wil]x
0%, Ocrsxs [Ti2] x Tp \—1pT 12x12
= ! By B By € R*=* 39
31:1' Oesz3 [331‘3]>< (0 0) 0 ( )
Ocpsxs [Tig]x

In addition, from (37) we have

oz Ox~0
550 Dot dq
1 0(x — %) 9z~

= 1 — 40
715153051& Ox—ot 0q (40)

1 oz
= _im o (A_ dq )
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where
amfét _ amfét aqfét _ Afét 3q76t (41)
Oq 0q=% Oq Oq
in which 3%7M is obtained using
q
dq % T -1 T
:(Afcit Afzit) Afét A (42)
dq
Substituting (40) and (41) into (37) yields
. 0T 1 ox =0t
A=_—A+ - (A-
Ox + t ( 0q )
o 1 _5,0q7%
= A+ (A—a0t (43)
oz " 6t< 4 >
% 1 oty q—5tT g5ty * 4—6tT
=_—A+_—(A-A"%A AT A A)

oz ot

For numerical simulations, ¢ can be set as the simulation period, and
A~% is the mobility matrix of the robot mechanism in the previous simulation
period. Therefore, all the terms in (43) can be computed, and the derivative
of the mobility matrix A is obtained. The first term in (43) accounts for the
dependence of marker-point velocity on the current pose, while the second
term accounts for the change of the mobility basis between two consecutive
time steps.

4 Dynamic Analysis

This section formulates the dynamic equation using the same marker-point
variables and mobility matrix introduced above. The key step is to express
the kinetic energy of each rigid body by equivalent mass points and then
substitute € = Aq into the Lagrange equation.

4.1 Dynamic Parameters of a Body

To describe the dynamic parameters of a body, let {P,,;} be a frame whose
origin is at the center of gravity of body; and whose axes coincide with the
principal axes of inertia of body;. As shown in Fig. 3, four mass points p,,41,
Pmi2, Pmis and pmsq are attached to the body, and the mass of each point is
%mi, where m; is the total mass of body;.

The local displacements of the four mass points w.r.t. {P,,;} are given by

dy —d, dy —d;
[Pmil Pmiz Pmis Pmia] = |dy —dy —dy, d, (44)
d, d, —d, —d,
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Fig. 3 Definition of the four mass points of body;.

where

d = \/(~Los + Iy + L.2)/(2m)
d, = \/ (Lo — Ly + L.2)/(2ms)

de = (Lo + Ly = L)/ (2my)

(45)

It can be easily verified that the four mass points have the same equivalent
mass, inertia, and kinetic energy as the body. Therefore, the dynamic param-
eters of a rigid body can also be represented in the marker-point format. This
is useful because the kinetic energy can then be written directly as a quadratic
form of marker-point velocities.

4.2 Dynamic Equation of the Robot Mechanism

The Lagrange equation is given by

d (O0F Jd(Ey — E
a .k: _ ( k P) =0 (46)
dt \ 0q 0q
where
Ey =) Ey (47)
i=1
is the sum of the kinetic energy of all bodies, while
Ey=)Y Epi (48)
i=1

is the sum of the potential energy of all bodies.
The kinetic energy of body; can be represented by

1
Epi = &L M@ (49)

1_2 mi
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where
pmil
-’-bmi — pmiQ c R12><1 (50)
Pmi3
pmi4
is the velocity vector of the four mass points of body;, and
1 12x12
M; = zmzjlg €ER (51)
is called the mass matrix of body;.
In (46),
OE; _ OEy 0z, Ox
oq Oz, 0z Oq
_ Ty 0%m 0%
" 0x 0q (52)
02T Ok Doy O
1 9q oz oz Oq
=q" AT M, ;A
where
Oy, Ok
Mre = Qs I~ 53
f ox ox (53)
is the mass matrix of the robot mechanism, where
M, O ... O
O Ms... O
M=| . . . (54)
O O ...M,,

Thus, ATM,;A can be regarded as the generalized mass matrix of the con-

strained mechanism.

Therefore,
d E i i
dt (%«;) =G AT Myep A+ qTAT M, p A+ T AT Mo A (55)

In addition, from (46), it can be derived that

OE, _ 0By 0dy 02
dq  0x,, 0z Oq
Ok, O
- T m Y
Tm™ 5% aq
=a&" M,.; A
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Using the principle of virtual work, we have

0B, 0, dx
dq 0z dq (57)
=—fTA
where
fl{Pl}
fo P2
=" (58)
PG

represents the force on the marker points of each body w.r.t. the reference
frame of that body.

Substituting (55), (56), and (57) into (46), the generalized acceleration of
the robot mechanism ¢ can be computed. At this point, all terms except §
are known from the current state, the mobility matrix, its derivative, and the
applied forces. After ¢ is obtained, a numerical integration algorithm can be
applied to compute the generalized velocity and generalized displacement of

the robot mechanism for the next simulation period, i.e., ¢° and ¢°. Then,

ox
. 5t St .
=A — &t 59
i = A"+ S (59)
and
x’ = Aq°! (60)
The pose matrix of body; in the next period is given by
Pt = P, + Ritomat(x2*) (61)

where tomat(-) is the inverse function of tovec(-) and reshapes a 12 x 1 vector
into a 3 X 4 matrix column by column.

4.3 Displacement Rectification Algorithm

In each simulation period, the displacement of the marker points of each frame
is obtained using numerical integration. Due to numerical integration error
and the nonlinearity of the system, the new pose matrix of each body may not
satisfy the constraints exactly. Therefore, a rectification step is required after
each simulation period.

Two types of errors should be corrected. First, the distance between any
two marker points in one frame should remain 2v/2. Let

i1 — pa2l| — 2v2
lpir — pisll — 2?
”pil —Pi4|| —2v2 6% 1

c€R 62
b2 — pisll — 22 ©2)
|piz — pial — 2v2
|pis — pial — 2v2
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be the distance error between each pair of marker points in the reference frame
of body;, and

€1

€2
e=| .| eRom™! (63)

€m

be the distance errors of all bodies. Then,

Je
o 50 e 0
D¢ 0 g2... 0
ve _ ER6m><127n 64
2N oy
0 0 --- 9em

Ox

Second, the constraint error of each constraint should be zero. Let e rep-
resent the constraint error of the k-th joint, and

e=| . (65)

be the constraint errors of the n. constraints in the mechanism. g—; is given

by

%
€T
Oe vy
Zc 66
ox : (66)
Oen,
ox

The algorithm for rectifying the pose matrix of the reference frame of each
body can then be obtained. The pose-matrix rectification algorithm is given
by

2e1# 1
Lrectified = L — |:%?:| |: :l (67)
e €
Here, (-)# denotes the pseudoinverse of a matrix. This step can be interpreted
as projecting the numerically integrated pose back toward the manifold defined
by rigid-body shape constraints and joint constraints.

The rectified pose matrix of body; is given by

Pirectifiea = Pi + Ri - tomat(Tiyectified) (68)
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lowerarm 3b 035 01933 023481 -0.34641  0.40.01001 tabigt No

Add Edit Delete Double Pendulum Example

Live Status

Task State: System rebuilt; 11 bodies, 15 joints
Current Simulation Time: 0 s

Current Step: 0

Controller Qutputs

Controller Output Variable Current Value

A€ Q=

Fig. 4 The graphical user interface of the multibody dynamic simulation software.

5 Development of a multibody Dynamic Simulation Software
5.1 Introduction to the multibody Dynamic Simulation Software

Based on the formulation presented in the previous sections, a multibody dy-
namic simulation software has been developed in Python. The purpose of this
tool is to provide an integrated environment for building multibody systems,
defining dynamic parameters, executing time-domain simulations, and visual-
izing the resulting motion. The software combines the dynamic analysis library
with a graphical user interface, so that a user can construct a mechanism with-
out directly writing all simulation scripts. It supports the definition of rigid
bodies, kinematic constraints, external forces, user-defined controllers, sensors,
and simulation options.

Figure 4 shows the graphical interface of the simulation software. At the
modeling level, each rigid body can be specified by its name, mass, princi-
pal moments of inertia, initial position, initial orientation, display size, color,
and fixed-ground condition. The current version provides several common
constraint types, including spherical joints, revolute joints, plane-point con-
straints, and plane-plane constraints.

External forces can be applied in either the world frame or the body frame.
Instead of only accepting constant force vectors, the software allows forces to
be written as Python expressions. These Python expressions can use simulation



18 Y. Wang et al.

variables, such as the current time, time step, total simulation time, and step
number. They can also use sensor outputs and controller outputs, which makes
it possible to define feedback forces and time-varying actuation laws.

The controller module allows the user to write custom Python functions.
A controller can read pose sensors, velocity sensors, and previously computed
controller outputs, and then return scalar or vector outputs that are used by
force expressions. In addition, a separate script editor is provided for defining
shared classes, objects, and constants before the simulation starts, which is
useful for controllers with internal states, such as PID controllers.

The graphical interface is organized around the normal workflow of a sim-
ulation task. First, the user creates or imports a model and defines all rigid
bodies. Second, the user adds the joints or constraints between the bodies.
Third, external forces, controllers, and sensors are configured according to the
purpose of the simulation. Fourth, the simulation time, integration time step,
and number of steps per visual frame are specified. After the model is rebuilt,
the user can run the simulation continuously, pause it, reset it, or advance it
by a single step. During the simulation, the three-dimensional visualization
window displays the current configuration of the mechanism and the trajec-
tories recorded by the pose sensors. The live status panel reports the current
task state, simulation time, step number, and selected controller outputs.

For model management and post-processing, the software supports JSON
model import and export. Therefore, the software serves both as a verifica-
tion platform for the proposed dynamic algorithm and as a practical tool for
constructing and testing multibody robotic mechanisms.

5.2 An Example Simulation Task

The software provides two example models, a Delta-robot with three degrees
of freedom and a double pendulum model. Here a simulation of the free motion
of a double pendulum is presented.

The double pendulum consists of three rigid bodies, where bodyy is fixed to
the ground, while body; and body, are two rods. The geometrical and dynamic
parameters of body; and bodys are given in Table 1.

Table 1 Dynamic parameters of the bodies

Body index | Mass | COM | Inertia Size
body1 1 [0,0,0] | Ipsys | [2,0.1,0.1]
bodys 1 [0,0,0] | Irays | [2,0.1,0.1]

There are two spherical joints in the double pendulum. The first spheri-
cal joint is located at [0,0,0] and connects bodyy and body;, while the other
spherical joint is located at [2,0, 0] and connects body; and bodys.

The simulation condition is defined as follows. First, the gravitational ac-
celeration is 9.8 m/s2. Second, the time step of this simulation task is 0.001
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s, and the total simulation time is 10 s. Finally, the same simulation task is
also conducted in Exudyn, an open-source dynamic simulation library with a
Python interface.

During the simulation, the displacement of the end of the double pendulum
is recorded. The trajectory of the end of the double pendulum is shown in
Fig. 5.

Fig. 5 Trajectory of the endpoint of the double pendulum.

The simulation results show that the proposed simulation software and the
open-source simulation tool provide nearly identical results.

6 Conclusions and Future Work

This paper introduces a unified formulation for solving the simulation prob-
lem of a general robot mechanism. The proposed marker-point representation
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provides a common format for describing rigid-body poses, constraints, mo-
bility, and dynamic equations. Based on this representation, explicit formulas
for mobility analysis and dynamic simulation are derived. An example involv-
ing a double pendulum demonstrates that the proposed software can produce
simulation results consistent with those of an open-source dynamic simula-
tion package. Future work will focus on improving computational efficiency,
particularly by reducing the cost of repeated null-space computations.
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