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Abstract

We consider a mathematical model of cell-to-cell infection involving target cells, eclipse-
phase cells, infectious cells, and dead cells. The infection mechanism is described by spatially
discrete contacts in a continuous spatial domain, which reduces to a two-dimensional lattice
dynamical system on a regular lattice. By reformulating the system as a nonlinear integral
equation and applying a fixed-point argument, we establish the existence of planar travel-
ing waves propagating in any given direction. Retaining the discrete spatial coupling, we
incorporate distributed time delays through kernel functions to account for general eclipse-
phase durations and prove the persistence of traveling waves. The framework also applies to
nonlocal infection contacts. To further characterize the wave profiles, we approximate the
one-dimensional spatial system by a reduced two-variable first-order ODE system. Phase-
plane analysis then identifies heteroclinic orbits representing the wave profiles. Numerical
simulations corroborate the theoretical results and illustrate the propagation of infection
waves.

Keywords: Traveling wave, lattice dynamical system, nonlinear integral equation,
integro-differential system, cell-to-cell transmission model
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1 Introduction

1.1 Cell-to-cell transmission model

In this paper, we consider a model of cell-to-cell infection governing the spatial spread of viral
transmission and investigate its traveling wave solutions. Before formulating the model, we briefly
outline the relevant biological background.

Viruses are pathogens capable of causing severe disease and, in some cases, death. Extensive
research has been devoted to elucidating their life cycles, replication mechanisms, and routes
of transmission. In experimental virology, the plaque assay is a classical and widely used in
vitro technique for quantifying viral infectivity ([23, 28]). In this assay, a confluent monolayer of
cultured host cells is inoculated with a virus-containing sample. As the infection spreads spatially
from initially infected cells to adjacent uninfected ones, localized regions of cell lysis—termed
plaques—develop. Conventional plaque assays typically use serial dilutions to obtain a dilution
at which individual plaques can be clearly distinguished and counted, thereby determining the
viral titer. Beyond plaque counting, quantitative analysis of plaque size and morphology provides
additional information on viral spread and growth dynamics. Comparing these features across
viral strains or drug concentrations provides crucial insights into viral fitness, replication kinetics,
and therapeutic efficacy ([9, 13, 14, 26]). Because host cells in a plaque assay form a dense
two-dimensional layer and direct cell-to-cell transmission predominantly occurs through physical
contact between adjacent cells, the underlying spatial structure is naturally discrete. To capture
these local cell-to-cell interactions, mathematical and agent-based models on spatial grids have
gained increasing attention. In particular, Kim et al.([17]) and Kim et al.([18]) utilized such
modeling frameworks to estimate the cell-entry efficiency of filoviruses.

Building upon these spatial considerations, we formulate a two-dimensional continuum model
based on [18] to investigate the propagation of the infection front. The state variables denote
the densities of target cells, cells in the eclipse phase, infectious cells, and dead cells, which are
denoted by T', E, I, and D, respectively. Under the assumption that transmission occurs via
contact with neighboring cells at a characteristic distance r, the governing equations on R? are
formulated as follows:

Ty = =BT (z, )KL (-, 1)) (x)

E; = BT (x, t)K[I(-,t)](x) — o E(x,t),
I, =oE(x,t) — 6I(z,1),

D; =01(x,t),

~+

~

(z,t) = (z1,22,t) € R? X (ty, 00), (1.1)

where

KI(0)|(x) = i I(xy +7r,x0,t) + I[(z1 — 7, 20,1) 12)

—|—I(3:1,3:2+1",t)+1(3:1,3:2—r,t)]

The positive parameters /3, 1/o, and § represent the infection rate, the duration of the eclipse
phase, and the death rate of infected cells, respectively. Since the variable D does not appear in
the first three equations of (1.1), it decouples from the remaining subsystem; we thus omit D from
our subsequent analysis. In addition, note that IC[I(t)] = I(t) whenever I is spatially uniform. A
key feature of this model is that, although host cells are spatially stationary, the infection spreads
through local cell-to-cell contact. Hereafter, we refer to (1.1) as a cell-to-cell transmission model.

We remark that for nonnegative and continuous initial data (T'(x,0), E(z,0),I(x,0)) =
(To(z), Eo(x), Io(x)), the system (1.1) generates a lattice dynamical system on the grid {z =
(ir,jr) € R? 14,5 € Z} = Z2 (see [6, 11]). A lattice dynamical system may seem more natural for
modeling cell-to-cell transmission than the continuum formulation (1.1). However, system (1.1)



has a key advantage: it can be reformulated as a nonlinear integral equation, making the analysis
much more tractable. Although traveling waves in spatially discrete systems have been extensively
studied, including for bistable discrete diffusion equations [2, 5, 29] and monostable counterparts
[3], system (1.1) is an epidemic-type model without standard diffusion and does not belong to
these classes. Thus, a fundamentally different approach is required to establish traveling waves.

1.2 Existence theorem for traveling waves

To seek traveling wave solutions to (1.1), propagating along the direction n = (cos#,sin6), we
introduce the moving coordinate

(T,E,I)=(U(2),V(2),W(z)), z=m-x+ct, m=(ny,n2) = (cosh,sinb),

and plugging this anzatz into (1.1) yields

S = UK OI(E)
c% = BU()Ka[W ()] (2) — oV (2), (1.3)
BV = oV (z) oW (2),
where
Ko [W()](2) = i [W(z 4 rcos) + Wz — reosb) + W(s + rsinf) + W(z — rsing)].

We impose the condition at infinity as

lim (U(2),V(z),W(z)) = (Uyp,0,0), lim (U(z),V(z),W(z)) = (U,,0,0). (1.4)

Z—r—00 zZ—00

Solutions to (1.3) with (1.4) present profile of traveling waves.
Regarding Uy and U, in (1.4), take Uy > §/8 and let U, be a positive number satisfying

U.—(0/B)1logU, =Uy — (6/B8)logUpy, 0< U, <d/8 < Up. (1.5)

We note that if Uy > 6/, then the reproduction number Ry := SUy/d, defined for the spatially
uniform case in (1.1), is greater than 1 (see §2). We further define

BolUy
(cp+06)(cp+0)

Lp,c,b):= 5 [cosh(pr cos @) + cosh(prsind)] (p > 0), (1.6)

which is periodic in 6 with the period 7/2. Then, given p > 0, 0 < 6 < 7/2, there exists ¢ = ¢(p, )
satisfying ¢(p,c(p,0),0) = 1. We can show that dc/9p = 0 (p > 0) has a unique solution which
gives a minimum of ¢(p, 6).

Our main result is on the existence of a planner traveling wave of (1.1), propagating in the
direction n = (cos d,sin ) with monotone decreasing profile for T'.

Theorem 1 Assume Rg = pUy/6 > 1. Then (1.1) possesses a traveling wave solution (T, E,I) =
(U(2),V(2),W(z)),z = x1cos0 + zasinb + ct, for each ¢ > c*(9), satisfying (1.4), where c*(9) =
info<, c(p,0) and U(z) is monotone decreasing.



We note that as seen in §3, ¢*(0) is also periodic with period 7/2, and

() = ¢*(n/4), max c*(0) = c*(0). (1.7)

A9 >0 (n/4<0<x/2), 03%122/2 0<8<m/2

dc* {< 0 (0<0<m/4),
This implies that there are traveling wave solutions propagating along the 7/4(mod(7/2))-degree
direction having a speed lower than any other direction. Furthermore, as seen in Remark 4, ¢*(6)
is monotone increasing in r > 0.

Remark 1 Theorem (1) has provided planar traveling wave solutions (T, E, I)(z,t) = (U(z2), V(z), W(z)),
where z = n-x+ct, n = (cos0,sin ). Restricting these profiles to the lattice rz? yields a traveling wave
of the corresponding lattice dynamical system if nj /ng is rational (or one component vanishes), since the
projection of 7Z2 onto m is then discrete (see [2]). For irrational directions, however, this projection is
dense in R, so the resulting incommensurate shifts do not yield a traveling wave of the lattice system ([2]).

Remark 2 In addition to the study for the existence of traveling waves, the asymptotic behavior of
solutions to the Cauchy problem for (1.1) is also an important and interesting problem. However, we
leave it for future work since this article focuses on the existence of traveling waves.

1.3 Model with distributed time delays for eclipse-phase duration

According to [18], we further consider the model taking the time delay into account by using a
kernel function as

Ty = =BT (z, )KL (-, 1)) (),
E; = ﬂT(x,t)’C[I(,t)](iU) - O'E({E,t),

o0 . (1.8)
I(z,t) = /0 J(E)(0E(z,t — &))dE = 0/_ J(t —s)E(x,s)ds,

where J(€) is a nonnegative function in L' (0, c0). We note that the equation for D(z, t) is omitted.
In [18], for a specific J given by

N gi-1 e
1o g G-/

where 77 is the average duration of infectious phase and N the number of subdivided I
compartment. By applying the chain trick with

e 7—1
Lt = | e T oB - O,

they proposed the following system reduced from (1.8):

N N
T, = =BT (x,t) Z/C[Ij(wt)](:c), E; = BT (x,1) Z’C[Ij('at)](m) —oE(z,1),
(1)t = oB(x,t) — %Il(w,t), (Ij)e = % i1, t) — %Ij(x,t), 2<j <N,

though K is slightly different from the operator considered in [18], where cell-to-cell infection is
assumed to occur along the radial direction. As a special case N = 1, that is, J(§) = e % §=



1/71, the system coincides with (1.1), without the equation for D. With the moving coordinate
z =n-x+ct, putting (U(z),V(2),W(z)) = (T(n-x+ct), E(n-z+ct), [(n-z+ct)) in (1.8) yields

e = ~BUEKW()](2),
AT = BUEKW))(2) — 0V (), (1.9)
W(z) = a/oo TV (z—ce)de = 2 [ J (’Z - S) V(s)ds
Define
Up,c,0) = Q(fpa—[ioa) ((1: /000 J(s/c)e_psds> [cosh(pr cos @) + cosh(psin 0)], (1.10)

and let &(p, §) satisfy £(p,&(p,0),0) = 1, and define

¢ (9) = ;1;% c(p,0).

Then the existence of traveling waves satisfying (1.9) is shown.

Theorem 2 Let Joo := fooo J(&)d€ and assume BJocUy > 1. Then for each ¢ > ¢*(0), there exists a
traveling wave solution to (1.8), satisfying (1.9) with (1.4).

This theorem is similarly proved as done for (1.3). Although Theorem 1 appears to be a
special case of Theorem 2 with J(¢) = e~%, the Cauchy problem for (1.1) is different from that
for (1.8). Therefore, we do not regard Theorem 1 as a special case of Theorem 2. As a matter
of fact, as seen in §3, we reformulate the Cauchy problem for (1.1) as a single integral equation,
which makes it possible to analyze the behavior of solutions to the Cauchy problem for (1.1),
although this is not pursued in the present article.

1.4 Model with nonlocal infection contact

As a closely related model, one may consider the following system of integro-differential equations:

Tt = —BT(x,t)T(:c,t),
Ey = BT (x,t)I(x,t) — o E(x,t), (x,t) € R™ x (tg,0), (1.11)
I, =oE(z,t) — 61 (x,t),

where

Tty = [ Me-onend = [ KOI@-¢ i,

and the convolution kernel k is assumed to be radially symmetric, i.e., k() = k(|z|). This system
provides a natural continuous analogue by choosing a kernel k(|z|) concentrated near the average
cell-to-cell distance r, under the assumption that local viral transmission is isotropic across all
directions.

This model is essentially same as the spatial SEIR model with nonlocal contamination by
infection. Regarding the SIR model, there is a pioneer model by Kendall, taking into account the
fact that susceptible individuals become infected through contact with infected individuals in
their vicinity, and described spatial transmission by taking a spatial average around the infected



individuals ([15]). Then, the existence of traveling waves was also proved by Diekmann ([7]) for
the one space-dimensional case (n = 1) through examining a nonlinear integral equation, called
as the renewal equation, derived from the Kendall’s SIR model. The readers refer to Ducasse
([8]) for the nice introduction to the renewal equation together with his significant contribution
to the spatially inhomogeneous case.

Since the systems (1.1) and (1.11) involve the F variable, the results in [7] and [8] cannot be
directly applied to our problem. However, inspired by [8], we successfully reformulate system (1.1)
into a nonlinear integral equation. Applying a fixed-point argument for the monotone operator
defined by this integral equation, following a similar approach to [7], we prove Theorem 1. Our
approach can be extended to (1.11) for k € L'(R) satisfying

k(E) >0, kPO=k@%(4H8%=L

(1.12)
3p. >0 s.t. /k(g)e—ﬂ*fdg < 0.
R
More precisely, defining
; Bl /oo _
Lp,c) = ——— k(n)e ?dn, p€|0,ps], ¢>0, 1.13
()= o | k) 0.5.] (113)

we have ¢ = &(p) > 0 satisfying £(p, é(p)) = 1 (0 < p < p.) and obtain the next result:

Theorem 3 Assume (1.12) and Ry = BUy/d > 1. Then (1.11) possesses a traveling wave solution
(T,E,I) = (U(2),V(2),W(z)),z = & + ct, for each ¢ > & satisfying (1.4), where ¢* = info<,<,, &(p)
and U(z) is monotone decreasing.

As a related epidemic model, we mention the work of Tian and Yuan ([25]), who considered a
spatially one-dimensional diffusive SEIR model where individuals diffuse randomly with nonlocal
contamination as in (1.11), and proved the existence of traveling waves for their system. If all
the diffusion coefficients vanish, their system formally reduces to (1.11) with n = 1. However, the
presence of diffusion terms is essential to their argument, meaning their results cannot be directly
applied to our problem. We also refer to [27], which studied the existence of traveling waves in a
diffusive SEIR model with nonlocal delayed transmission and a general nonlinear incidence rate;
there, too, the diffusion terms are indispensable for the proof.

Remark 3 Following the foundational work of Chen and Guo [3] on one-dimensional discrete monostable
equations, traveling wave theory on lattices has been extensively developed, including extensions to time
delays ([19]), multi-component interactions ([10]), and epidemic dynamics ([4]). However, most existing
studies consider systems in which dispersal is governed by a standard discrete Laplacian and comparison
arguments are readily applicable. In contrast, our system couples non-dispersing target cells through a
planar contact operator K in a nonlinear mass-action form, resulting in a structurally distinct dispersion
relation that precludes direct application of classical lattice frameworks.

1.5 Profile of the traveling waves

Although Theorem 1 guarantees the existence of the traveling waves with monotone U(z) for
¢ > c¢*(0), it does not provide a precise profile for (V(z), W(z)). In order to specify the profile of
the traveling waves, instead of Ky we consider the one space-dimensional case, that is,

KA [W](2) = %[W(z—i—r)—i—W(z—T) . (1.14)



In classical lattice systems with discrete Laplacians, planar waves propagating along a princi-
pal axis (e.g., the z;-direction) naturally reduce to standard one-dimensional discrete diffusion
equations, since the transverse differences vanish. In contrast, transmission in our setting is gov-
erned by the local average operator K defined in (1.2), and the resulting two-dimensional planar
wave dynamics do not simply reduce to the one-dimensional nearest-neighbor contact model with
K1 (e.g., compare Ky for § = 0).
Using the approximation
r? (dPW
KilW(z)=[W(Ez+r)+W(z—1r)=2W(2)]/2+W(z) = 5 <dz2

+ O(r2)> + Wi(z),

we consider the approximate system given by

2
G = —aU) G () = BUEW ).
ccfi—‘: = ozU(Z)d;;/(z) + BU ()W (z) — oV (2), (1.15)
dw

e oV (z) — oW (z),

where we put o = 7?3/2. Regarding (1.15), we have the next result:

Theorem 4 Assume Ry = fUy/d > 1. Then the system of (1.15) with (1.4) has a positive solution
provided that ¢ satisfies

2 - aclUy > 0, c >0, (1.16)

with the profile that U(z) is strictly monotone decreasing while W (2) is unimodal, namely, it has a unique
peak.

If we directly consider the dynamics of (1.15), we have to examine it on the 4-dimensional
phase space. However, we find a reduction of (1.15) to a two component system of (U, W) and
apply the phase plane analysis to examine the dynamics in the (U, W)-plane. As a result, for each
¢ satisfying (1.16), we obtain a heteroclinic orbit corresponding to a traveling wave together with
the profile of the solution as shown in Figure 5. However, it remains to prove how accurately the
solutions obtained in Theorem 4 approximate the corresponding solutions to (1.3) with Ky = K;.

1.6 Remark and summary of the rest of the article

We finally remark that the study for the diffusion processes in biology and epidemiology has
a long history, for example to model plague epidemics in medieval Europe and the geographic
spread of rabies in Europe and North America ([1, 20, 24]). Noble used a Kermack-McKendrick
model ([16]) with a diffusion term added to each compartment to model the geographical spread
of the plagues ([22]). Murray et al. constructed a model incorporating a diffusion term within
the infected population to predict how rabies would spread if it entered the UK ([21]). As a
mathematical aspect for such models, much attention has been paid to the existence of traveling
waves since the work by Hosono and Ilyas ([12]). We emphasize that even if no direct diffusion
appears as in the Kendall model or in our models, the propagation occurs and traveling waves
emerge.

The rest of this article is organized as follows. In the next section we briefly examine the
spatially homogeneous case in (1.11) and define the basic reproduction number Ry. In §3, we first
solve ¢(p,c,0) = 1 and prove (1.7). Then, inspired by the computation in the work [8] for the SIR
model with spatial inhomogeneity, we convert the Cauchy problem of the system (1.1) into an
integral equation. Through this formulation, we derive an integral equation for (1.3) with (1.4).



Following an argument similar to that in [7], we prove the existence of a monotone increasing
solution to the integral equation by constructing a monotone sequence that converges to a fixed
point. We then complete the proof of Theorem 1 in §3.4. We next handle (1.8) in §4.1. As in §3, we
directly convert the system (1.9) with (1.4) into an integral equation and derive (1.10). Once the
integral equation is obtained, the existence of its fixed point can be proved in a similar manner to
§3.3; we leave the details to the readers. For the proof of Theorem 3, in §4.2, after converting the
Cauchy problem for (1.11) into an integral equation as done in §3, we derive an integral equation
for the system that determines the traveling wave profile for (1.11). As in the previous section,
we omit the existence proof of a fixed point, as the argument in §3.3 applies analogously. In §5,
we present numerical simulations for the system (1.1) and illustrate the propagation of localized
pattern of the infected population. The numerical results explicitly capture the traveling wave
profile guaranteed by our theoretical findings. Finally, in §6, we reduce (1.15) to a two-dimensional
dynamical system and apply the phase plane analysis to obtain a heteroclinic orbit, which yields
the desired solution stated in Theorem 4. The profile of the traveling wave corresponding to the
heteroclinic orbit is depicted in Figure 5, showing good agreement with the numerical results.

2 Spatially uniform problem

Corresponding to (1.1), we have the spatially uniform system of equations

dT/dt = —BT(t)I(t),
dE/dt = BT(H)I(t) — o E(t), (2.1)
dI/dt = oE(t) — §I(¢),

which has a family of nonnegative equilibria (T, E,I) = (1y,0,0) (VIp > 0). We neglected
D-equation since the system of (T, E, I) is closed.
Linearize (2.1) at (7°(0), 1(0), £(0)) = (T0,0,0) as

dT/dt = —BTHI(t),
dE/dt = BToI(t) — o E(t),
dI/dt = oE(t) — §I(1).

It is easy to see that if To > 0/, then (E(t), I(t)) has an exponentially growth solution given by

() - (39)o 3 3o+ v o

Thus, the reproduction number is defined by Ry = 5Tp/d, and the infection develops if Ry > 1.

On the other hand, adding the three equations in (2.1) yields d(T' + E + I)/dt = —dI. Using
this, we eliminate I of the equation (1/T")(dT/dt) = —pI, to obtain

d 1)
Clt(T+E+I_,810gT> =0.

Thus, we have

T(t) + E(t) + I(t) — % log T(t) = T(to) + E(to) + I(to) — % log T(to)-



By taking tg — —o0, the solution emanating from (T, 0,0) satisfies

Tt)+E(t)+I1(t) — %logT(t) =Ty — %logTO (—o0 <t < 0).

We note that if Ry > 1, i.e., Ty > 6/, then there is 0 < T\ < Ty such that

0 0

This is verified by examining the function y = x — (§/8) log x, which has a minimum at x = §/8.
As a consequence, if Ry > 1, there exists a solution (T'(¢t), E(t), I(t)) to (2.1) satisfying

lim (T'(¢), E(t),1(t)) = (1,0,0),  lim (T(¢t), E(t), I()) = (T, 0,0).

t——o0 t—o0

We remark that we just set Uy = Ty and U, = T in the assumption in (1.5).

3 Proof of Theorem 1

3.1 Function c*(0)
We first prove that ¢*() in Theorem 1 is uniquely determined and (1.7) is satisfied. Put

p(p, 8) := cosh(pr cos @) + cosh(prsin 0).

Since p(p, 8 + 7/2) = p(p,0) and p(p,7/2 — 0), it suffices to consider the equation £(p,c,8) =1
for 0 € [0,7/2). In view of

_ BUap(p,6) _ BUs | B o
£(p,0,0) = 5 5 5 > 1, Clggof(p,c,ﬂ)—o and 8c<0 (0 < p),

we see that there exists ¢ = ¢(p,0) (p > 0,0 < 0 < 7/2) satistying £(p, c(p, 0),0) = 1.

Lemma 5 If (ac/ap) (p0,0) = 0 (po > 0), then (820/3p2)(p0,0) > 0 holds. Hence, there exists a

unique p = pm(6) > 0 satisfying e pm(0),0) = 0. Furthermore, for c*(0) := c(pm(0),0), (1.7) holds.
dp

Proof A direct computation provides ¢(p, 8) explicitly as

c(p,0) = % {—(6 +0)+4/(0+0)2+ 450(R0p(p, 0)/2 — 1)} (Ro = BUL/9). (3.1)

Indeed, £(p,c,0) = 1 implies

oo R,
p(p.0) = =5=p(p.6),

(ep)* + (5 + 0)(cp) + 60 = P70

which yields (3.1).
We examine p(p, 0). In view of

9 _

20 —pr[—sin @ sinh(pr cos 0) 4 cos 0 sinh(pr sin 0)],

Op/96 = 0 implies
0 =0, /4 (mod(w/2)), (3.2)

10



which follows from that
sinh(prcos®)  sinh(prsinf)

prcos prsin @
has no solution except for (3.2). By a simple computation, we can check
p(p,0) = cosh(pr) +1 > p(p, w/4) = 2cosh % (p>0)

holds. As a result, for any p > 0,

ap {<o (0<6<m/4),

99 | >0 (n/4<6<7/2),
and
0) = 0 0) = 4
oL /2p(p, ) =p(p,0), o pin /2p(p, ) =p(p,7/4)
follows.
In view of (3.1), we see that ¢(p, 0) is inherited these properties from p(p, 0). In fact, by
dc 1 6o Ro(0Op/00
G0 =5 DL ,
\/(5 +0)2 + 460 (Rop(p, 6)/2 — 1)
we have
Oc de Oc <0, 0¢€(0,7/4),
% 0,0)= L (p,n/a) =0, (0 3.3
59 (P 0) = 55 (p,m/4) 79 P ){>0’ 0 (n/dn/2) (33)
and
79 = ,0
oJhax c(p,0) = c(p,0)
21 { (6+0)+ \/(6+U)2+450[1W_1]}
p (3.4)
> i ,0) =c(p, /4
o in /20(p ) =c(p,7/4)

= %p{—(é—!—a)—l—\/(d—ka) +450’[ROC08hﬁ—1]}

We compute dp/dp. Put
Dy(p) := (6 + 0)2 + 460 (Rop(,o7 0)/2 — 1), (n1,n2) = (cosb,sinh),

and compute

0 1 1 400 R h h 2
—c(p, 0) = _72{ 6 +0)+ /Dalp)} + o Ror[ny sin (prn1) + ng sinh(prna)]/2)
dp 2p Dy(p)
2p W [ (6+0)v/Dyg(p ) + Rodopr[ny sinh(pnir) + ng s1nh(pn2r)]]
Hence, dc/dp = 0 implies
Qo(p) :== (0 +0)v/Dyl(p p) + Rodopr[ny sinh(pnir) + ng sinh(pnar)] = 0.

We let (80/8p)(p0, 0) =0, ie., Qg(po) =0. Then,

%%wb3<'l%w> =T,
9p* 77 0p \ 2p2\/Dy(p) —po 208V Dolp0) dp
Compute
dQg (6+0) dDy dDy
W A b W
+ do Ror[nq sinh(pnir) + na sinh(pnar) + pnir cosh(pnir)) + pn3r cosh(pnar))]
_ (0+0) dDg
 2y/Dy(p) dp

— 280 Rgr[ny sinh(pnir) + ng sinh(pnar)]

11



+ 80 Ror[ny sinh(pnir) + ng sinh(pnar) 4 pnir cosh(pnir)) + pnir cosh(pnar))]
(6 + 0)260 Ror[n1 sinh(pnir) + ng sinh(pnar)
2y/Dy(p)
+ doRor[ni{pnir cosh(pnir) — sinh(pnir)} + na{pnar cosh(pnar) — sinh(pnar)}].

In view of x cosh(z) — sinh(z) > 0 (x > 0), we obtain (dQy/dp) > 0, namely,
(0%¢)/(@p%)(po,0) > 0.

Hence, by the implicit function theorem, there exists pym () satisfying

Jdc
afp(r)m(9)a9) =0,

and ¢*(0) = min,~ c(p,0) = c(pm(0),0). Then

de*  dc dpm  Oc e
a0 %(Pm(a)vg)w + %(Pm(e)ﬁ) = %(Pm(o)aa)-

In view of (3.3), we obtain (1.7). We conclude the proof of Lemma 5. O

Remark 4 Although we have not discussed above how c*(f) depends on the parameter r, it is easy to
see from (3.1) and p(0, p) that ¢(p,0) is monotone increasing in r > 0, and so is ¢*(6).

3.2 Derivation of an integral equation
We put

(T(z,t0), E(x,t0), I(x,t0)) = (To(x), Eo(z), Io(z)).
For IC defined in (1.2), namely,

KIf()(x) = < [flz1 +r22) + flzr +r20) + flzr, 20 + 1) + f (21, 22 —7“)} (z = (z1,22)).

e

Because of
Klfi](z) = K[fe](z) 20 (z € R) if fi(z) = fa(z) (z €R),

K is a monotone operator. Furthermore,

fawwhw

b b
:/ g(z1 +r,xg,t)dt+/ g(x1 — r,xe,t)dt

/memmmzK

b b
+/ g(zl,ngrr,t)dtJr/ g(x1, 29 — 7, t)dt

holds.
We write (1.1) again, without D equation, as

Tt(m7t) = —ﬂT(%t)/C[I(-,t)](xL
Ey(x,t) = BT (2, t)K[I(-,1)](z) — o E(,1), (z,t) € R? x (tg,0). (3.5)
Ii(z,t) = cE(x,t) — 61 (z,1),

We convert (3.5) into an integral equation. Following [7], we put

T(x,t)
To(SL‘)

1
= U@l e, u(z,t) = 3 log

12



Then, the first equation of (3.5) implies
u(z, t) = [ K[I(-,7)](z)dr.
From the third equation in (3.5),
I(z,t) = e 0070 [ (z) + O’/ e E(x,t — s) ds,
0
hence,
T—to
K[I(-,m)](z) =e KL (z) + o / e KB, — s)](z)ds.
0

Plugging this into (3.7) yields
utest) =a0KTtle) +o [ { [T e KiEC - )wyds e

) + a/ottg {/:+ e K[E(, T — s)](m)dr} ds

= a(t)K[Lo](x)
t—to t—s
— a0kl +o [ e [ KB s
0 to
where we used Fubini’s theorem and put

t 1 — e—08(t—to)
a(t) ::/ edGt)gs - 2 7C¢ 5 .
to

Meanwhile, in view of F; + o E = —T}, we have
t—to
KIE(-,t)(x) = e ¢t KC[Eo] (z) — / e TK[T, (-t — 7)](z) dr.
0

Inserting this into (3.9) yields

u(x,t) = +a/0 (/ —o(1=t0) K[ By () dﬁ) ds
/ {/t (/n " T - 1)) dr) dn} ds

= a(t)K[Lo](x) + b(t)K[Ep)(x)

—a/ot ! 658{/; N to L:+je”TK[Tt(-,n—T)]($) dn) dT} ds

= ()’C[Io]( ) + b(H)K[Eo] (x)
i {/ i e TTK[T(,t—s—1)—To(-)](x) dT} ds
0
= ()’C[Io]( ) b(t)K[Eo] (x)

{ /0 T ek 1) (1= e s ) dr} ds,

13
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where b(t) is defined by

t—to t—s
b(t) :za/ e 08 (/ e"(”t(’)dn) ds (3.12)
0 to

t—to
:/ 6—55<1 _ e—a(t—s—to))ds
0

1 _ 675(t7t0) e*d’(t*t(}) _ e*(S(t*tg)

5 + p— (0 # 0),
I WP (7))
e (oo (6 = o).

Consequently, solutions to (3.5) satisfy (3.11).
In reverse, by a solution u(z,t), we can obtain a solution to (3.5) through (3.6). Indeed, since
(3.11) allows the expression

u(z,t) = a(t)K[Lo)(x) + b(t)K[Eo](x)

t—to t—s—to
+ U/ e 9% {/ e (t=s—to=7) {To(-) (1 — 6_5“("T+t0))} (x) dT} ds,
0 0

once we obtain a continuous solution u(z,t) to (3.11), we see that the solution is C! in ¢. Hence,
we can trace the above computation process in reverse. In fact, define T'(x,t) by

T(x,t) = To(z)e Pu@b),
and let E(z,t) and I(z,t) be the solutions to
Et+UE: _Tt7 E(I,to) :EQ(Z‘)7

and

It = —5I—Tt _Et7 I(Jf,to) :Io(x),
respectively. Then we obtain (3.9) from (3.11) and the first equation of (3.6) through (3.8). As
a result, we obtain (3.5).

3.3 Traveling waves of the cell-to-cell transmission model

We convert the system (1.3) with (1.4) into an integral equation through (3.11).
Put

Liog TG 1o UG psie,

z)=—=1lo , le., 3.13
9(2) = —glog 7 i (3.13)

Then, the conditions (1.4) and (1.5) imply
im_0(:) =0, Jim 6(:) =" = 5 log 1 = 5 (U~ UL.). (3.14)

Recall

Kolf](2) = % fGE+nr)+ f(z—nir) 4+ f(z +nar) + f(z —nar)|, (n1,n2) = (cosh,sinb).
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We now derive the integral equation for ¢ of (3.13) from (3.11). In view of

lim (T(x,1), B(z,t), I(2,1)) = (U,0,0), lim a(t)=1/5, lim b(t)=1/s,

to——o0 to——00

and
Kllo](z) =0, K[Eo)(x) =0, To(x) = U,
as tg — —oo, (3.11) becomes

u(z,t) = a/ e %% (/ e TK[Up(1 — e~ Aut:t=s=)] () d7'> ds.
0 0

For the traveling wave solution, considering

_ 1, U 1, Tt ct)
o(z) = ﬂlog 0o = Blog T

=un-x+ct), z=n-z+ct,
and the translation invariance, u(n - x +§,t) = u(n - z,t + £/c), we obtain the integral equation

o(z) = U/OOO 1e_%s (/000 1e_%TIC[Uo(l — e_ﬁ“("t_s/c_T/C))](x) dT) ds

C

- . (3.15)
= ;12/ e (/ e ETKg[Up(1 — e PPC=577)] (2) dT) ds,
0 0
where
Ko[Up(1 — e Pot=27m))](2)
— UO _ % |:e—5qb(z+n1r—s—‘r) + e—ﬁ(j)(z—nlr—s—‘r) + e—ﬁ¢(z+n2r—s—7') + e—ﬁ(j)(z—ngr—s—‘r) )
Define
H° 200 b5 -2r Glw) = ~Up(1 — e=Pv 3.16
(S,T) .—6726 e e (w) = g 0( —€ )7 ( . )
and write (3.15) as
o) =Rl = [ [ s KGO~ s = 7] (2) drds (3.17)
o Jo
=[] - oG e s (33)

We see from (3.18) that if there is a continuous solution ¢(z) satisfying (3.17), then it is of class
C1. Tt is notified that

/ / H¢(s,7)dsét =1, G(0)=0, G =dG/dw >0,
o Jo

G (0) = ?UO S1, Glo) = %Uo(l _ULJU) = 6*.

(3.19)

Furthermore, using
1
Glw) = G(w) — G(0) = ( / G’(sw)ds> w,
0
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G(w) - G (0)w = (/01 G’ (sw)ds — G'(O)) w

_ /01 </01 s(dG /dw?)(rsw) ds> dr w2,

Gw)>w (0<w< @),
G'(0)w — Agw? < G(w) < G'(0)w  (w > 0),

we have

(3.20)

where Ag = max,>o |G” (w)|/2 = Up?/(29).
From the above property, we easily see F5[0] = 0 and Fy[¢*] = ¢*. We can also check that
Fy is a continuous map of

Yo:={weC'R):w>0, lim w(z)=0, lim w(z)=¢"}

ZzZ——00 zZ—00

into itself with the uniform norm. Indeed,

lim Kp[G(w(- — s —7))](2) = Ko[G(0)](2) = 0,

lim Ko[G(w(- — s —7))](2) = Ka[G(6")](2) = ¢™.

Z—r00

Furthermore, Ky is monotone operator satisfying Ko[wi] > Kglws] (w1 > ws), and for an
increasing function w, we have

Kolw](z1) — Kg[w](z2) >0 (21 > 22). (3.21)

The linearized problem of (3.17) around ¢ = 0 is given by

P(z) = /0 /0 He(s,7)G'(0)Ko[o(- — s — 7)](2)drds. (3.22)

We look for a solution ¢ = e?* to (3.22). Plugging it into (3.22) yields

eP? — /OO /OO HC(S,T)G’(O)Ka[@p(.isir)](z) drds,
0 0

hence, in view of

Kg[ep(.fsfﬂr)](z) _ l[ep(z+n1rfsf‘r) + ep(zfnlrfsfr) + ep(Z“FnQT'*S*T) + ep(27’n2’l"7577‘):|

_ pplz—s—r) C0sh(prna) + cosh(prny)
— ! 7

we have

o0 o0 - 1
1=G'(0) (/ / (S‘Te—ise—cre—p(erT)drds) 5[cosh(prnl) + cosh(prna)]
o Jo

2
_ B, b0 a7 o1

= gUo = (P + c> (p + E) i[cosh(prnl) + cosh(prna)]
o 50’UO B

= Bep + 8)(cp 7 o) L lprm) + coshprna)] = £lp, . 6),
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which provides (1.6).

Theorem 6 Assume BUq/d > 1. If there exists py > 0 satisfying £(po, c,8) < 1 for a positive c, then there
exists a fized-point q§( ) of Fy defined in (3.17) and é(2) is a monotone increasing function satisfying

$(—00) = 0,(c0) = ¢*.

Proof We arrange the argument as in the proof of [7, Theorem 6.1]. For simplicity of notation, throughout
the proof we omit ¢ and 6 in ¢(p,c,0), namely, simply write £(p). Since £(0) = BUy/d > 0, there is
p1 € (0, po) such that

£p1) =1 and L(p) <1 (p1 <p < po).

Define
_ ¢*6p127 —00 < 2 <0, x p1z z
z) = , z) = ma ef*? — B1eP?? 0}, 3.23
5(2) {¢* ST ue) = maxte 17,0} (3.29
where we take
By >¢", 0<p2 <p1+min{py,po—p1}, (3.24)
so that ¢*e”'* — B1e”?? vanishes on (—00,0) and £(p2) < 1. Then we easily see ¥(z) < ¢(2) (—o0 < z <

By ¥(2) < ¢* (—00 < 2 < 00),

FolYl(2) = /000 /000 HE(s,7)Ko[G@(- — 5 — 7))](2) drds
S/O /0 H(s,7)Kg[G(¢")](2) drds = ¢*.

On the other hand,

8

/OOO/O HC(s,7)Kg[G'(0)9(- — s — 7)](2) drds

<[] H G OKls e N() drds
o Jo

= He(s,7)e PTG 0 )2[cosh(p1rn1) + cosh(parng)|¢™ef*
o Jo

é(p * eP1? _¢)* p1z

Hence, Fy[¥](z) < 9(z). By the monotonicity of G(w) and (3.21), we easily verify that Fp[¢](z) is
monotone increasing and satisfies

lim Fy[v](2) =0, lim Fy[¢](2) = ¢".

Z——00 zZ—00

We inductively define a sequence {t;};—o.1,... as

Yo =1v, Yjp1=TFeltj] (j=0,1,...).

Since Fy is monotone operator satisfying Fglwa] < Fyplwi] (w2 < wy), we have g > 1py > -+ > 95 >
Y41, -+ . We can also show by induction that each ); is monotone increasing and satisfes

pi(z) >0, zlilzloo pj(z) =0, Zlgréo Yi(z) =0".
We show Fy[t)] > 1 for suitable § > 0 and By. In view of ps € (p1,2p1],
(6")%** (—00 <2 <0)
(¢%)? (0 <2< o0)
In addition to Fp[¢](2) > 0, by (3.20) and (3.25),

(¥(2))? < @(2)* = { } < (¢%)2eP??, (3.25)

fg[d) / / H(s,7)Kg|G ( )1/;( —s—7T)— AO(@(‘ —5— 7—))2}(2) drds



[ee] [ee]
2/ / H(s,7)G (0)Kg[¢" e’ ™7™ — B1eP2C 757 7)(2) drds
0 0

- /ooo /Ooo HE(s,7)AoKol(¢")%e” ™)) (2) drds
Apl(p2)

=Up1)¢" e " = U(p2)B1e”” — G'(0) (¢*)2e??
*\2

= ¢*6P1Z _ BlePQZ +Blep2z {1 _g(p2) B %é(pz)}
*\2

> ¢*e* — B1e”?* + B1e’* {1 —Up2) — %} .

Recall £(p2) < 1. In view of (3.24), if B satisfies

Ap(¢*)?
Br> G0 — i)

then Fy[¢](z) > (=) holds.

Since 1o = ¥ (z) > (), the decreasing sequence satisfies 1;(z) > 9(2) (Vj > 1). Considering (3.18),
we easily check the equi-continuity of {1;};>1, we apply the Arzera-Ascoli theorem to obtain a function

#(2) to which 1;(-) locally uniformly converges. As a result, Fy[$](z) = ¢(2z) > 9 (z). Furthermore, since

{%j}j>1 is a family of monotone increasing functions, é(z) is also monotone increasing. Hence, (5() is
the desired fixed-point. |

3.4 Completion of the proof of Theorem 1

Proof of Theorem 1 Let ¢(z) be the fixed-point obtained in Theorem 6. We verify that #(z) provides a
solution to (1.3). It is notified that the fixed-point ¢(z) is of class C* and ¢'(z) > 0. Let

U(z) = er_m;(z),

Vi(z) = —/ 67%(Z77)U/(T)d7' = —/ engU/(z — T)dT,
0

— 00

W(z) = — / e EIW () 4V (P)]dr = — /OOO e (2 — 8) + V(2 — 8)]ds.

—0o0

Then, since V'(2) = —U’(z) — 2V (2),

We show that (U(z),V (z), W(z)) satisfies (1.3).
In view of (3.15),

é(z) % /000 e ¢’ (/000 e_%TICg[UO — er_&g('—s—ﬂ}(z) dT) ds
=2 /OOO e ® (/OOO e ETRp[Up — U(- — s — 7)](2) d7'> ds.

alon

DO

Hence,

- ;12/ e V(- — 8)](2) ds
= “KCo[W](2).

This implies that the above defined (U(z), V(z), W (z)) provides a solution to (1.3) since
U'(2) = U (2) = - DU () W] (2).

Meanwhile, it is easy to see from (1.6) and the definition of ¢*(6) that for ¢ > ¢*(6), there exists pg
satisfying ¢(po, ¢, 0) < 1. Consequently, Theorem 6 leads us to the assertion of Theorem 1. a
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4 Proof of Theorems 2 and 3
4.1 Proof of Theorem 2

Proof of Theorem 2 We convert the system (1.9) with (1.4) into an integral equation. Consider the system
(1.9). Put

o(2) = f% log (%f)) . de., U(z) = Upe P93

Then ¢(—o00) =0, ¢p(c0) = ¢* and

=3 s =1 [ KOs

Meanwhile, ¢(U, + V%) = —oV implies
V(z) :/ e e U, (s)]ds :/ e ¢ T[~UL(z — 7)]dr. (4.1)
—o00 0

From the third equation of (1.9), we see

thereby,

Using (4.1), we compute

/ KolV (- — m(s) =

by which
/000 6_%TIC9[U() -U(- —T]—T)](Z)dT}dT]. (4.2)

Put

Then (4.2) is written as

¢(z) = Flg] := A H(s,7)K0[G((- — s — 7)))(2)drds. (4.3)

Plug ¢ = €”? into the linearized problem around ¢ = 0 for (4.3) and we obtain

/ / H(s,7)G (0)Kg[e”" ~* 7)) (2)drds

= BJsoUp </ / HC(S’T)efp(s+r)drds) %[cosh(pnﬂ") + cosh(pnar)]ef®
o Jo

BoUy X e o S\ _p 1
== ; e < PTdr ; J(E)e PSds i[cosh(pnlr)—&—cosh(pngr)]epz

o0
pallo <% / J (g) e_psd5> [cosh(pnir) + cosh(pnar)]e’” = £(p, c, 0)e’?
0

" 2(cp+o0)
Once we obtain this equality, we can apply the same argument as in §3 and obtain the desired assertion
of Theorem 2. Since the proof is very similar to that for Theorem 1, we omit it. a
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4.2 Proof of Theorem 3

Proof of Theorem 3 The key point for the proof is a derivation of a similar integral equation as in the
previous sections. We only sketch it to avoid repeating similar computations.
Throughout this section, we assume (1.12). We put

(T(,t0), E(z,to), I(x,t0)) = (To(z), Eo(x), Io(x)).
From the equation % logT(x,t) = —BI(z,t), we define

t
T T(:E,t) —Bu(x,t)
u(x,t ::/Iﬂc,sds, —r =e . 4.4
@)= [ T s 7o (14)
In a similar way for deriving (3.9), we have
B t=to t—s
uwt) = a0To@) +o [ ey ([ e [ Bemanfas)a, (45)
R 0 to
where a(t) is defined in (3.10). Using
t—to
E(z,t) = efa(t*to)Eo(x) - / e TTy(z,t — 7) dr,
0

we have

t—s t—s . t—s n—to
/ E(y,n) dn = / e~ By (y) dn — / (/ e TTi(y,n — T)dT> dn
to t(J t[) 0

1— e*O’(t*S*t(]) t—s—to t—s
= ————FEo(y) - / (/ e Ty, n — T)d17> dr
0 t

g o+7T

1— efo'(tfsftg) t—s—to o
:——————JMM—A Tyt — 5 — ) — To(y)dr.

o

Substitute this into (4.5) and we have
u(z,t) = a(t)Io(x) + b(t)Eo(z)

o /R Kz — y) {/OHO % (/Ot_s_to ¢TIy t— 5 — 1) — To(y)]dT) ds}

= a(t)Io(z) + b(t) Eo(x)

t—to t—s—to
+ 0'/ k(z —y)To(y) {/ e % (/ e [ - e_ﬂu(y’t_s_T)]dT) ds} dy,
R 0 0

where b(t) is as in (3.12).
We drive an integral equation for (U(2),V(z), W(z)) = (T'(z + ct), E(z + ct), I(x + ct)), z = x + ct,
satisfying

V' = BU ()W (2) — oV (2), z € R, (4.7)

with (1.4), where ' = d/dz and W (2) = [ k(z — y)W (y)dy. Put

$(2) = f% log U[z), ie., %j) _ B0

Then, ¢ satisfies (3.14). It is easy to check that as t = —oo, (4.6) becomes

u(z, t) = O’/Rk(l‘ o {/OOO e % (/OOO e — e*ﬁ“@’t*s”ﬁdr) ds} dy.

Assuming the translation invariance, u(x + x’,t) = u(x,t + 2’/c), we have

w(z, t) = ol /R k(z — ) {/OOO e 80 (/Ooo T - e_ﬁu(y’t_s/c_T/c)}d(T/c)) d(s/c)} dy

= %Ug/ k(z —y) {/ e et </ 6_%7—[1 - e_ﬂu(y’t_s/c_‘r/c)]dr) ds} dy.
¢ R 0 0
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Thus, for
1 U(z) 1 T(x + ct)

o(z) = —=log U = 75 log T

= JUO / k(z = (y+ct)) {/ ees (/ e_%T[l - e_’Bu(y_s_T’t)]dT> ds} dy
0

= Ugo k(z— (y + ct)) {/ e 28 (/ e_%T[l - e_B¢(y+Ct_S_T)]dT> ds} dy
C R 0 0

= u(x + ct),

we have

- "(go k(z —n) {/OO e e (/Oo e e[ — *B‘f’(”*S*T)]dT) ds} dn -
:/UO —W“?){ / / k(z—n—s—T)des}dn.
Let H(s,7) and G(w) as in (3.16) and put
) :/Ooo /OOO HE (s, 7)k(E — 5 — 7)dsdr.
Then we can write (4.8) as
¢(2) = Flgl(2) := /j:o G(o(n))J (= —n)dn. (4.9)

Hence, the existence of a traveling wave solution to (4.7) is reduced to finding a fixed-point of F. It is
notified that H® and G satisfy (3.19). Moreover, (3.20) holds for G.
Linearized problem for (4.9) around ¢ = 0 is given by

0@ =60 [ v mn (4.10)
Substituting ¢ = ef* into (4.10) yields
e = G'(0) / - e J¢(z — n)dn = G'(0) / - e”#78) o) de, (4.11)

thus,

1=G/(0) /OO e PEJC(€)de

'(0) /Oo /Ooo HC(s, 7)dséT /_O:o e Pk(E — s — T)dE

-G (0)50 (p+ 5>1 (p+ %)_1 /oo k(n)e"dn

— 00

(4.12)

BoUy /oo _ R
== k(n)e™"dn = (p, c)
(cp+0)(cp+o0) |-
(recall (1.13)). It is easy to verify that given p € (0, ps], there exists ¢ = é(p) satisfying (p, é(p)) = 1.
As a result, we obtain the following result:

Theorem 7 Assume fUo/0 > 1. If there exists po € (0, p«] satisfying E(po, ¢) < 1 for a positive ¢, then
there ezists a fized-point &(2) of F defined in (4.9) and ¢(z) is a monotone increasing function satisfying
$(—00) = 0,$(c0) = ¢".

Since the poof can be carried out in a similar way as done for Theorem 6, we omit it.
Finally, the proof of Theorem 3 is completed by applying Theorem 7 and modifying the argument in
§3.4. We leave the details to the readers. O
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5 Numerical simulations

Numerical simulation of the one-space dimensional discrete system, namely, replacing K of (1.1)
by K1 defined in (1.14), calculates the values in a finite number of nodes. As mentioned before,
the discrete system can be regarded as a lattice dynamical system. Firstly, we introduce a simple
spatial discretization on an interval [z_,,, Z,,]. The interval is then divided into 2m+1 equidistant
subintervals with a grid size r = (z;41 — @;)/(2m + 1). The end points of each subinterval give
nodes of the lattice. We assume that the infected cells are located in the middle of this interval,
i.e., at x = xg and the infection spreads both left and right from xq. It is assumed that the target
cells are located all over the domain initially and the corresponding initial conditions are given as:

T'(z;,0) = To, for i=-m,—m+1,...m—1,m,
E(x;,0) =0, for i=-m,—-m+1,...m—1,m,
5.1
0, for i=-m,—m+1,...,—-1,1,...m—1,m, (5.1)
I(l‘i,O): .
Iy, for ¢+=0.

In addition, the Neumann boundary condition is employed, namely, the spatially discrete deriva-
tives at * = x_,, and & = x,,, are 0. Denote T;(t) = T(x;,t), E;(t) = E(z;,0) and I;(t) = I(z;,0).
Then (1.1) can be written in the following form:

ddT,; = —gTi(t)[Im(t) + 11 (t) = 21,()] — BT ()1 (1),
dﬁi = gTi(t)[Im(t)) + Ly (t) = 2L(0)] + BT (4) (1), —a Ei(t), (5.2)
dr;

fori=-m+1,-m+2,...m—2,m-—1.

Now we discretize a time interval [to, ] in the same manner. The time interval is divided
into n equidistant subintervals with a step size Ay = (¢, — t9)/n. Applying the explicit Euler
scheme to (5.2) gives

Tijp1 =T 5 — Oy (gng Liv1j + Licj; — 21 5] + 5T¢,jfi,j) ,

B 5.3
Eijp=Eij+ A <2Tm‘ Lit1,; 4 Lic1y — 21 5] + BT 1y — oEij ) (5:3)

Lijpr=1Tij + A (0Ei; — 015 5),

for j = 0,1,...n — 1, where T} ;, E; ; and I; ; are the values of T;(t), E;(t) and I;(t) at time
t = t;, respectively.

In the following simulation, the spatial domain [—150,150] and the time interval [0, 25] are
divided into 300 subintervals with a grid size »r = 1 and 2500 subintervals with a step size
Ay = 0.01, respectively. The initial condition and the parameters are fixed to Ty = 10, Iy = 0.01,
B=2 a=1,0=4.17 and § = 7, which satisfy Ry = 8Ty/0 > 1.

Figure 1 presents a bird’s-eye view of I;; over the domain [—150, 150] x [0, 25]. It illustrates
how the population of infected cells at (x,t) evolves: the number of infected cells initially increases
at = 0, followed by a rise in infection in neighboring cells. Thereafter, a gradual right /leftward
shift of the infection waves is observed, while the wave shape remains nearly constant.

Figure 2 illustrates in more detail the temporal evolution of the number of infected cells at
t = 0, the number of infected cells is very low, but it gradually increases, reaching a maximum
around ¢ = 3.0. Thereafter, the wave of infected cells splits in two, keeping the same shape and
propagating at the same speed to the left and to the right.
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Fig. 1 Temporal changes of the population of infected cells simulated by (5.3).

Figure 3 illustrates the distribution of all four types of cells in a subdomain at t = 12. In the
region where x, the distance from the origin of infection, exceeds 65, all cells remain uninfected
because the wave of infection has not yet reached this area. In contrast, in the region where
x < 45, the infection wave has passed leaving many cells dead, although some uninfected cells
that escaped infection can still be observed. In the intervening regions, infection is ongoing and
all four type of cells are present.

1.2 t=6.0 t=4.0
t=14.0 t=12.0 =10.0 =8.0 =5.0 =35
1.0 '

0.8
0.6
0.4

0.2

Number of infectious cells

0.0

| | | | | | | | | |
70 60 50 40 30 20 10 0 10 20
Distance from the origin of infection

Fig. 2 Snapshots of infected cell distributions at the indicated times, shown in the same frame.

6 Proof of Theorem 4

6.1 Reduction to a 2-dimensional system

We reduce the system (1.15) to a 2-component system. We use the prime as the derivative with
respect to z.
Adding the three equations yields

c(U4+V+W) +6W =0. (6.1)
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Fig. 3 Distribution of the four types of cells at ¢t = 12.
Plug this into the U equation and we have

c(U'JU) +aW" —(cB/8)(U+V + W) =0,

hence, integrating this yields

clogU +aW' — (¢8/8)(U+V + W) = —cA;, Ay :=(8/5)Uy —logUy.

Define

g(U) = §U logU — A, = gU “logU — (gUo - logUo) (U > 0),

so that g(Uy) = 0 holds. Since g(U) has the minimum at /8,

g(0/B) =1 —log(d/B) — A1 <0,

by the condition Ry > 1, i.e., Uy > ¢/, there are two positive zeros of g(U). One of them is Uy

and the other one is U,. Namely, we have
9(Uo) = g(U.) =0, 0<U,<6/B< Uy ¢U)<0<g (Up).

Using g(U), we write (6.3) as

We rewrite V-equation of (1.15) as
V =(5/0)W + (c/o)W',

by which we eliminate V in (6.6) as

a  cf , 1 1 B
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Hence,

;. cbo B(6+ o)
W= 2B — ado 9(U) + do

Wi. (6.9)
On the other hand, differentiating W-equation of (1.15) yields
cW" —aV' +6W' =0, (6.10)
by which we eliminate W in U-equation of (1.15) as

U+ aU(—(6/c)W' + (a/c)V') + BUW = 0. (6.11)

From (6.1), V! = —(6/e)W — U’ — W’ follows. Using this, we eliminate V' in (6.11) as

cU'—i—aU[— %W’Jr (%) {— (i) W—U’—W’H +BUW
4 ado

— U — %UW’ _ YW — a—:UU’ — %"UW’ +BUW =0,

c2

from which we have

]
(c - %U) U — (6 + o) UW + (5 - O‘;’) UW = 0. (6.12)
c c c
As a consequence, the following equation is obtained:
A (g%
U _CQQUU{C(6+U)UW <ﬂ 2 >UW}
a6 +o)U , 2B — ado
2 —aolU {W (ca((5—|—0) W
_ ad+o)U céo B(0 + o) (2B — ado)?
- 2—adU 2B -ado [g(U) * do W c2ado(d + U)W ’

where we used (6.9).
Assuming (1.16) (hence, ¢?8 — ado > 0), and putting

oo

Bl) = Z5—ase

we have the system of first order ordinary differential equations for (U, W)

23 _ 2
U,:_CB(c)a(5+0)U g(U)+ﬁ(5+U)W+ (¢*B — ado) ’
2 — aclU oo ado(d + o) (6.13)
W’ = —cB(c) {g(U) + B(MU)W] :
oo
and search for a heteroclinic orbit satisfying
lim (U(2),W(2)) = (U0,0),  lim (U(2), W(2)) = (U.,0), (6.14)

for ¢ > 0.
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Before examining (6.13), we verify that (1.15) can be derived from (6.13). First notice that
(6.12) and (6.8) follows from (6.13). By (6.7), we have W-equation. Using (6.7) in (6.8), we obtain
(6.6). On the other hand, (6.3) follows from (6.6), eventually, (6.2) follows. Hence, we derived
(6.2) and (6.12) from (6.13). We next derive the remaining two equations of (1.15). Write (6.12)
as

cU’j(§+a)W’+( OfU)W . (6.15)

Using (6.2), we eliminate U’ /U as

5
aWu+C§(U+W+V)’OécaU/i(6+a)W/+(ﬂaC;)W—07

while (6.10) follows from W-equation. We apply it to the above equation to obtain

5 ]

0y By By w vy - o Lo+ (8- 2w
¢ T T c “

_ @B ado P ot

U4+W+V) +———W=0.
Py U+W+V) + 2

This implies (6.1). Hence, we easily obtain U-equation and V-equation by (6.1) and (6.2).

6.2 Phase plane analysis for heteroclinic orbits

Making the change of variables s = ¢B(c)z in (6.13) yields

du a(d+o)U B0+ o) (c?B — ado)?

s E—aoU {Q(U) L— W 2ado (6 + o) ’

w_- [g(U) + ﬁﬁgfﬂw] , (6.16)
im (U W(s) = (U0,0), Jim (U(s), W(s)) = (UL, 0),

Furthermore, putting

pe(U) = % >0 (0<U <),
_ Blé+o0) (@B —abo)? PR —ao(6/B))? (6.17)
q = o Te 1= 0204(50'((54-0') - 02a60(5+0) )
we write the system as
W o Uo(U) + (g + W],
aw (6.18)
—5 = ~lU) +qW].

We look for a heteroclinic orbit of (6.18), that is, (6.16). Recall the equilibria
(U,W) = (Uy,0), (Uy,0)

satisfy
g(U.) =0, ¢U)<0, gU)=0, ¢(Up) >0,
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respectively. Our main result is as follows:

Theorem 8 For an arbitrarily given Uy > 6/8, (6.16) has a positive solution for any ¢ > 0 satisying
(1.16).

Proof First check the nullclines of (6.16) given by

Ny (@+ra)W+g(U)=0 (Us <U<Up), Nw:qgW+gU)=0 (Us <U < Up).
On Ny, we see U' = 0 and W’ > 0 except for W = 0. On the other hand, on Ny, we have W’ = 0 and
U’ < 0 except for W = 0. Both curves are convex, any orbit starting at a point in the region

{(U,W):U*<U<Uo, M<W<ﬂ},
q+re q
eventually leaves through the part of Ny,
Cw ={{UW):qW+g(U)=0 U« <U <3/} (6.19)
(see Figure 4).
w

ll‘ttwtq;uz;zln/////////

“zj\;v//////i
ez,(////i

z‘(‘/‘/

Number of infectious cells

Oq' RN S
-

0 . o/p
Number of target cells
Fig. 4 Nullculines of Ny and Ny in (U, W)-plane.

Under this consideration, in order to prove the existence of heterocilinic orbit connecting (Up, 0) and
(Ux, 0), we will check that in a neighborhood of (Up, 0), the unstable manifold of (Uy, 0) lies in the region
sandwiched by Ny and Ny, and then the orbit leaving Cyy converges to (Ux,0) as ¢ — oo.

In the first step, we examine the behavior of orbits in a neighborhood of (U7, 0) = (Ux, 0) and (Up, 0).
To this end, we consider the linearized system for (U,0) = (Ux,0) or (Uy,0),

d . ~ _
o = pe(O)g @) = pe(T)(q + re)uw,
dw _ 7,7

s =9 (U)u — qu.

The eigenvalues of the Jacobian matrix

J(U,0) := (‘pc(f{) () _pC(U)(Q‘FTc))’

are given by solutions to
N+ (g4 9" (D)pe(0)A = reg (U)pe(T) = 0. (6.20)
Since reg’ (Up)pe(Up) > 0, the equilibrium (Up, 0) is a saddle point.
On the other hand, by rcRg’ (Us)pe(Us) < 0, (U, 0) is a stable node if

(q+9'(Ua)pe(Ux))* + dreg' (Un)pe(Us) > 0 and g+ g'(Us)pe(Us) > 0 (6.21)
hold. We can prove the next lemma:
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Lemma 9 If (1.16) holds, then (6.21) holds.

The proof of this lemma will be given later.

For the parameter regime allowing (6.21), we search a heteroclinic orbit by the phase plane analysis.
We examine a neighborhood of (U, W) = (Up, 0). The eigenvalues A = p1, p2, satisfying pa < 0 < p1, of
(6.20) with U = Uy are given by

i = 5{ ~ @+ 6 U)pe(U0)) + \/(a + 9/ (Uo)pe(Uo))? + dreg’ (Uo)pe(Uo) },

w2 = 5{ ~ @+ 4 W)pe(U0)) ~ \/(a + 9/ (Uo)pe(Uo))? + dreg’ (Uo)pe(Uo) }.

A corresponding eigenvector of J(Up,0) to u1 is (—=1,¢'(Uo)/(q 4 11))T. Recall the nullclines of (6.16)
Ny and Ny whose tangential directions at (U, W) = (Up, 0) are

(_179/(U0)/q)T7 (_179/(UO)/(Q+TC))T>

respectively. Notice that
0=pi + (¢4 ¢'(Uo)pe(Uo))u1 — reg’ (Uo)pe(Uo)
<72+ (a4 9/ (U0)pe(Uo))re = reg’ (Uo)pe(Uo) = e + are
implies p1 < re. Hence, by

g'(Uo) < g'(Uo) < g'(Uo)
g+re qg+m q
in a neighborhood of (U, 0), the unstable manifold emanating from (U, 0) stays in a region sandwiched
by the two nullclines.
We next examine a neighborhood of (U, W) = (U, 0). In a similar way to the above, the eigenvalues
A2 < A1 <0 of (6.20) with U = Uy are given by

M = { (@ 6 Opel0) + /(@ + 9 (U pe(U2)? + dreg (U )pe(U-)},

Yo = 2 = (a0 + g/ UpeU) —\/(a + ¢ (U)pelU)? + dreg’ UelpelU) },

and the corresponding eigenvectors are
T T
(1 2G0T (1 2wy
g+ A) Tog+Xe)
respectively. We note

Mt a2 +a= 2 {a— g UpeU2) ~ g+ ¢ (Upe(U)? + dreg (U )pe(U-)},

)

_ —2(q + re)g' (Us)pe(Ux) >0
4 — g (Us)pe(Us) + /(a + g'(Ue)pe(U))? + 4reg’ (Us )pe(Us)
On the other hand, at U = Uk, the nullcline Ny, i.e., w = —g(u)/q has the tangential slope

—¢'(U+) /q. Hence, since

—9'(U) _ —g'(Us) _ —g'(Us)
¢ T gt T ogtA’
orbits approaching (Ux,0) along the eigenvector for A; lie beyond the nullcline Ay, in a neighborhood
of (U, 0). Note that in the region ¢gW + ¢g(U) > 0 (Usx < U < §/3), orbits move along the direction with
U’ <0and W <0.
We define the curve

Co : (q+ M)W +g(U)=0 (Us <U<LE/B).
In view of g’ (Us) > 0, we see g(U) — ¢ (Us)(U — Ux) >0 (U > Us). Thus,

/
—9 (Ux) —9U) o —g(U)
w=_"9"y_pyy>9Y 5 9V (y, <vu<s/p), 6.22
L w-v) 2 2> I8 W< <o) (6:22)
and the equal sign holds if and only if U = Us. As seen below, we prove that
Yo ={(UW):Us <U < /B, —g(U)/qg <W < —g(U)/(q+ M)}, (6.23)
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is invariant, namely, if the orbit reaches in the region Yg, then it cannot go out of this region. As a
result, the orbit converges to the equilibrium point (U, 0) as ¢ — oo, which implies the existence of the
desired heteroclinic orbit. We note that by (6.22) Cx lie in the region sandwiched by the curve Ny and
the line W = —(¢'(U) /(¢ + X)) (U = Us) in {(U,W) : Uy <U < 6/8, W > 0}. This implies that when
the orbit converges to (Us,0), it is impossible that it converges along the direction of the eigenvector
(1, —(g"(Ux) /(g + A1)

We verify the invariance of ¥g. Put

a= ( ~1, jfi)l )T, b= U W) = (fpc(U)[g(U) + (g +re)W], —(g(U) + qW))T
Then, it suffices to show a x b > 0 at the curve C«. Compute it as
axb=gU)+qW + jf?lpc(U)[g(U) + (g +1e)W]
= (g(©) + qw) (14 SEPATYY S (OeCrel
T4 +1/\1 ( —MW[g+ M + ¢ (U)pe(U)] + g’(U)pc(U)rcW)
= o (M = = WX + 6 OpeO)re).

In view of (6.20),

axb= (5 (UDpeU)h = Wa)pe(U)re = g/ @A + 9 U)pe(U)re)
=3 JVFVM (re = A1) [ (U)pe(U) = g'(Us)pe(Us)].

We examine the sign ¢ (U)pc(U) — ¢’ (Usx)pe(Us). Recall (6.17). We have
' _ (B 1\ al@d+a)U _ald+a0)B8 U-=4/8
9 (U)pe(V) = (5 U) 2 —aolU 5 2 —aolU’
Differentiate this with respect to U and obtain
_ad+o)B & —acd/B a0 +0) 2B —aocd

/
av? (U)pe(U) 5 (2 —aoclU)2 5 (2 —aoU)? >0
for U € [Us, /5] by (1.16). This implies
g @pe(U) > g (Upe(Us)  (Us <U < §/P),
as aresult a x b >0 (Ux < U < §/8). This complete the proof of thmosition 8. d

Proof of Lemma 9 We prove that (1.16) is a sufficient condition (6.21). We first check the second
condition of (6.21).

, _BG+o)  al+0)8 U.—9/B
_B0+0) (1, aoUe=8/B)\ _ B0 +0) ¢ —acd/B
T o 2—aolUs, ) do 2 — aoUsx ’
by (1.16). We next check the first condition.
(a+9'(Un)pe(U2))* + dreg (U )p(Us)
2
_(BG+0) —agd/B\" B(c* —ao(8/B))® alb+o)f U.-6/8
do 2 — aoUsx c2ado (s + o) 5 2 — aoUx
_ B —a0b/B)* ((6+0)® B(§/B—Us)(c® — aod/B)
© 820(c? — aoUy)? o c?
_ B —agb/B)? N2 2 2(6
ol R A (0= 0)* +4B0U) & + dado 5-U) >0
Hence, we have checked (6.21) and obtained the desired assertion. O

We provide the profile of the solution to (6.13) with (6.14), obtained above, in Figure 5.
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Fig. 5 Profile of the traveling wave solution (U(z), W(z)). The horizontal line indicates the z-axis. U and W
express the concentration of target cells and infectious cells respectively.

6.3 Completion of the proof of Theorem 4

Proof of Theorem 4 In view of Theorem 8, together with Lemma 9, if Uy > §/8, then for any
¢ > 0 satisfying (1.16), there exists a positive solution (Ue(z), We(z)) to (6.13) with (6.14). Hence,
(Ue(2), Ve(2), We(2)) is the desired solution to (1.15) with (1.4), where

Vez) = (C% + 5W(2)> .

This complete the proof of Theorem 4. |

Remark 5 As for the operator K1, we have a similar result to Theorem 1 for the existence of traveling
waves. Although we don’t describe the details, it is easy to see that the corresponding condition to
£(p,c,0) =1 becomes
__ Pol cosh(pr) = 1.
(cp+6)(cp+o0)
This implies

Ap? 4+ (64 0)cp+ b0
Balo

We take an approximation for cosh(pr) =~ 1 + p?r?/2 so as

= cosh(pr). (6.24)

1
2p? + (6+0)cp+do~(1+ §p2r2)ﬁan.
Then the approximate equation reads

( 2 BOT2UO
P k')

5 ) 0% +c(6+a)p—a(BUy — 8) = 0. (6.25)

If & > ﬂz77’2U0/27 then (6.25) has a unique positive solution p since Uy > §. This condition coincides
with (1.16) because of a = 872 /2. We remark that even though ¢? < Bor?Uy/2, the equation of (6.25)
may allow two positive solutions p for arbitrarily small ¢ > 0. However, given r > 0, the original condition
(6.24) does not allow a positive solution p for sufficiently small ¢ > 0. Hence, it is natural to exclude
this case in the current approximate problem. On the other hand, when 2= ﬂarQUo /2, it is difficult to
obtain the desired solution (see §6.1).
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