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Abstract. Although the complex neutrosophic (CN) set _ a generalization of the neutrosophic (N) set _ is a
useful tool for expressing two-dimensional neutrosophic information, it overlooks the acceptance level of expert
opinions, which emulates the uncertainty that permeates real-life situations. To address this deficiency,we
propose a novel neutrosophic set called the complex probabilistic neutrosophic (CPN) set, where the uncertainty
associated with real-life situations is captured through CN, while the probability degree plays an important
role in display the level of the acceptance level of expert opinions. This makes the process of dealing with
real-life situations embodied by data of uncertainty more flexible and reliable. We begin by defining three basic
operations for CPN elements and developing a series of operational laws. Next, we introduce two aggregation
operators (AOs), the CPN-weighted averaging operator (CPNWAO) and the CPN-weighted geometric operator
(CPNWGO), which are particularly useful in multi-criteria decision-making (MCDM) problems, where multiple
evaluation criteria must be synthesized into a single decision value. We also investigate several key properties
of these operators. Building on this foundation, we outline a step-by-step MCDM framework within the CPN
environment, utilizing the proposed AOs. To demonstrate the method’s effectiveness and practicality, we present
a case study on selecting the most suitable car. Finally, we compare our approach with existing methods and
highlight the advantages of using the CPN framework in decision-making scenarios, especially when the data is
uncertain and attributes are interdependent. The proposed method provides a robust and flexible solution for

complex MCDM problems involving both probabilistic and neutrosophic information.
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1. Introduction

Due to persistent progress in science and technology, which underpins our daily lives, there
has been increased diversity in information technology, intelligence, and cognitive interconnect-

edness. As a result, users face significant difficulty in determining the optimal choice among the



available options. However, the offered alternatives may satisfy specific user preferences, while
users may prefer other elements that are more consistent with their perspective. Therefore, to
address this challenge in such practical problems, scientists around the globe have studied and
analyzed these problems and developed a practical framework called multi-criteria decision-
making (MCDM). This framework sorts and analyzes the available alternatives and then makes
the optimal decision. These technologies have played and continue to play a pivotal role in ad-
dressing decision-making (DM) challenges, but these challenges involve increasing uncertainty
day by day. Consequently, consideration is necessary to envision mathematical tools that work
efficiently with MCDM techniques to address this uncertainty before completing a DM process.
In implementing this requirement, Zadeh [1] introduced the concept of traditional fuzzy sets
(FSs) in 1965 to address uncertainty via a truth-membership function (TMF), mapping from
a reference set (domain) to the closed interval [0, 1] (range). The mechanism of employing
the FS in MCDM techniques is represented by the interaction process between the reference
set that contains elements representing the available options and the TMF that represents the
values confined within the closed interval [0, 1], where these values represent the degree of
preferences of the users for reference set elements. Later, scholars realized that the TMF in FS
cannot cope with ambiguous information more broadly. To handle this point, Atanassov [2]
extended the F'Ss idea to intuitionistic FSs (IFSs) when he added another membership degree
in the mathematical structure of FS named falsity membership function (FMF) such that
both TMF and FMF lie in a closed interval [0,1]. In 1998, from a philosophical perspective,
Smarandache referred to the principle of neutrality in human cognition, explaining that the
human minds exposure to any process of evaluating a situation matures in it three patterns of
thinking (alignment with the situation, opposition to the situation, and neutrality toward the
situation). The TMF and FMF in IFSs can deal with patterns of alignment and opposition,
respectively, but there is no membership degree for patterns of neutrality. To address this
shortcoming, Smarandache [3] introduced a novel concept called neutrosophic sets (NSs) by
generalizing both FSs and IFSs by adding a third membership degree, called the indeterminacy
membership function (IMF), to the mathematical structure of each FS and IFS. This exten-
sion (NS) offers a superior and comprehensive method for handling uncertainty, imprecision,
incompleteness, and inconsistency that often arise in real-world problems. To make NS more
applicable and adaptable to handling practical engineering issues, Wang et al. [4] introduced
SVNSs when three NS functions (TMF, IMF, and FMF) have a single real value lying in the
closed interval value [0,1]. Researchers have worked efficiently on the SVNS environment to
manage uncertain information. For instance, Shahzadi et al. [5] used SVNS to address un-
certainty in medical diagnostic applications. Pramanik et al. [6] investigated basic properties

of the cross-entropy measure under an SVNS environment. Luo et al. [7] demonstrated the




influence of SVNS on the selection of high-caliber suppliers that practice sustainable business
practices. Yang et al. [8] discussed the relationship between two SVNSs and how to leverage
this interaction to address real-life scenarios. Abdel-Aziz et al. |9] integrated a novel system-
based text classification framework using neutrosophic logic. Naz et al. [10] proposed the
operations of SVN-Graph (SVNG) and applied them to an airport travel-time application.
Ahmed et al. [11] developed bipolar SVNSs (BSVNSs) and employed them to solve linear pro-
gramming problems. Bataihah and Hazaymeh [12] introduced fixed-point theorems for SVNs
and for situated SVN metric spaces. Mishra et al. [13] demonstrated a useful framework for
the MCGDM approach to assess and prioritize energy storage technologies. To ensure trans-
parency and avoid bias that could distort the DM process, it is recommended to involve a
neutral user who can provide objective ratings. This enhances the legitimacy of the DM pro-
cess and builds up its reliability and objectivity. To cover this update, Karaaslan [14] presented
the idea of probabilistic SVNSs (PSVNSs) as an extension of probabilistic FSs (PFSs) [15] and
probabilistic IFSs (PIFSs) [16] when they added probability degree with SVNS mathematical
structures. In these mathematical structures, the degree of probability plays a dynamic role in
stabilizing the DM process by assigning a probability (evaluation) in the interval [0, 1] to each
SVN number (SVNN). The point of difference from the previous concepts is the addition of a
probability function whose value lies in the closed interval [0,1], representing the opinion of the
independent user who gives a final evaluation of the data construction process, on the basis of
which the DM process is carried out. Aslam et al. [21] examined a critical assessment of some
N-statistical methods. Saqglain et al. [22] proposed PN-ordered weighted averaging (NPOWA)
by integrating the POWA operator with the N-environment. Zhao et al. [23] examined the
application of PSVNS to MADM in a hypersoft environment. Gradually, it became clear that
this idea has been discussed and applied across broad areas such as medical diagnosis, expert
systems, and pattern recognition, with this research contributing to enriching the fuzzy envi-
ronment and its extensions. Table 1 presents a comprehensive review of the literature on the
concept of probability in fuzzy environments and the techniques used to address everyday-life
problems.

However, researchers find from their studies that these contributions mentioned in the lit-
erature have a shortage in covering uncertainty in our daily lives, which can only handle
one-dimensional information. As a result, to make the literature mentioned above, adapt to
process two-dimensional information (periodicity) that exists widely in real life, Ramot et
al. [24] proposed the concept of complex FSs (CFSs) to overcome these constraints. They
used the strategy that switches the range of TMF in FS from [0,1] to the complex planes unit
circle. This model (CFS) received attention from several researchers for its ability to com-

prise simultaneously two-dimensional data information in one set, and therefore, they created




TABLE 1. A comprehensive review of current literature related to possibility

settings.
Authors Possibility Fuzzy Structures Types of Applications and Tools Used
Shawkat and Salleh [15] PFSs Apply the similarity measure between two PFSs

to diagnose if the patient is
suffering from dengue fever

Rahman et al. [17] PFSs Building an algorithm based on the similarity between

two PFSs in recruitment pattern recognition, which has
the property of hypersoft settings.
Al-Sharqi et al. [18] PIVFSs Apply the similarity measure between two PIVFSs
to diagnose if the patient is suffering from dengue fever
Bashir et al. [16] PIFSs Apply the similarity measure between two PIFSs to
select the optimal school among three schools.
Karaaslan [14] PNSs Apply the algorithm that works based on
AND-product operation and OR-product operation
between two PNSs to select
the optimal house among three houses.
Rahman et al. |19] PNSs Develop an algorithm that works based on PNS with
hypersoft settings to deal with the cleveland data set
for heart diseases.
Saqlain et al. [22] PNSs Proposed PN-Ordered Weighted Averaging (NPOWA) by
integrating the POWA operator with the N-environment and
employ these structures solving two decision-making methodologies.
Xue et al. |20] PNCSs Build an algorithm based on the SF'V of PNCS

to select the optimal school among four schools.

several contributions. For instance, distance measures based on the operation and equalities
of CFSs were investigated by Dia et al. [25] . Employing this strategy on IFS, Alkouri and
Salleh [26] created the complex IFS (CIFS) to deal with the areas of right and wrong (ac-
ceptance or rejection) in the nature of human thinking under the two-dimensional parodic
environment. The differences and applications between the two approaches, namely CFS and
CIFS, are discussed by several authors. For example, Garg and Rani [27] established the fun-
damental algebraic operations on complex interval-valued IFSs (CIVIFSs), and they satisfied
corresponding AOs on this structure. Gulzar et al. [2§] initiated CIF-subgroups (CIFSGs)




and discussed their various fundamental algebraic properties. Ma et al. [29] developed a new
algorithm utilizing CFSs for signal applications. Bilal et al. [30] introduced particular novel
operations on CIFSs.Mahmood and Rehman [31] interpreted the bipolar phenomenon on CFSs
and employed it in solving DM situations. As we mentioned overhead, both CFS and CIFS
are weakening in managing both FS and IFS information in a periodic manner associated with
real-life problems. Therefore, Ali and Smarandache [32] introduced the novelty of complex
NS (CNS), where the CNS is portrayed by complex valued-TMF, complex valued-IMF, and
complex valued-FMF, respectively. The CNSs successfully managed the NS information in
a periodic environment. Based on this framework, researchers have made numerous contri-
butions to improve DM mechanisms. Al-Quran and Alkhazaleh [33] checked the cartesian
product property between two CNS, and they used it in creating a new algorithm for DM.
Ali and Mahmood [34] initiated dice similarity measures for CNS and used these measures
to examine the pattern recognition model for reliability and superiority. Alqahtani et al. [35]
linked CNS with graphical properties. Ali et al. [36] redefined the traditional CNS in inter-
val form. Khan et al. [37] introduced the CNS in matrix form and investigated some matrix
properties in this environment. Karaaslan et al. [38] put up CNS under hesitant property, and
they defined its Hamming and Hausdorf distance measures. As a result, several authors have
constructed different AOs for F'S and its extension, which have proven an effective technique
in tackling MADM challenges. Hayat et al. [39] defined AOs on IF-soft set (IFSS) and de-
fined the necessary properties of the preparatory work of DM in an algorithm. Alcantud [40)
appointed a new weighted geometric mean AOs on IFNs and compared it with other AOs
prompted by the geometric mean. Jana and Pal [41,142] proposed SVNSWA, SVNSWGA,
and SVNDPWA to address DM information. Karaaslan et al. [43] initiated the design of
Trapezoidal-NAOs (TNAOs) and illustrated it in some numerical examples.Riaz et al. [44]
presented novel operational laws for SVNSs and compared them with current approaches to
demonstrate their practicality. Ji et al. [45] utilized the proposed Frank operations to develop
the SVN-Frank normalized prioritized Bonferroni mean (SVNFNPBM) operator. Liu [46)
utilized the Archimedean t-conorm (ATCN) and Archimedean t-norm (ATN) for SVNNs, em-
ploying these operations to introduce a novel approach to addressing MADM problems. In
the CNS environment, Akram et al. [47] established the CIF-Hamacher weighted averaging
(CIFHWA) operator and CIF-Hamacher ordered weighted averaging (CIFHOWA) operator
and used these techniques in building a new algorithm to solve a MADM problem. Garg
and Rani [48] used t-norm operations in designing weighted averaging AOs (WAAOs) and
illustrated a numerical example to explain the running of the tools. Xu et al. [49] enhanced
the SVCNEWA and SVCNEWG operators installed on SVCNS and looked at the Einstein
product and Einstein sum. Liaqat et al. [50] developed dynamic IVCN Aczel-Alsina AOs to




deal with a multi-period DM scenario, where the user presents all information as IVCSVN over
different time intervals. Naseem et al. [51] formulated Aczel-Alsina aggregation operational
laws on CNN by employing the idea of Aczel-Alsina t-norm and Aczel-Alsina t-conorm and
presented their major properties, namely idempotency, boundedness, and monotonicity. Garg
et al. [52] proposed a DM approach based on generalised AOs with CNNs and described their
algebraic and operational laws. Mahmood et al. [53] developed Dombi-normalised weighted
Bonferroni mean (DNWBM) operators for multi-valued CN uncertain linguistic sets (MVC-
NULSs). Building on what has been discussed in this section and following the motivation
adopted by previous authors in developing fuzzy structures to serve the purpose of dealing with
complex life problems, in this work we will work on organizing an innovative concept called
complex probabilistic neutrosophic set (CPNS) that combines the property of randomness in
probability theory and fuzziness in one framework. From an academic perspective on CPNS
structures, then CPNS are considered more robust and common than existing FS, IFS, SVNS,
CFS, CIFS, and CNS in treating complex and nuanced information. Therefore, this paper

makes the following primary scientific contribution:

(1) The interaction of both the probability degree and CN structures initiates a novel
concept called CPNS to improve accuracy in the existing models mentioned in the
literature to address the challenge of uncertainty or ambiguity in real-life scenarios.

(2) On this structure, we defined the traditional algebraic operations, like the comple-
ment of a CPNS, union and intersection between CPNSs then examined their initial
properties.

(3) Build a score function (SF) value and an accuracy function (AF) based on CPNSs, and
work on verifying their features.

(4) We develop some expanded AOs based on complex probabilistic neutrosophic num-
bers (CPNNs) such as complex probabilistic neutrosophic weighted averaging operator
(CPNWAO), complex probabilistic neutrosophic weighted geometric operator (CPN-
WGO), and then verify their properties.

(5) A new multistep algorithm is established based on AOs and SFs, and we demonstrate
its effectiveness in troubleshooting the optimal solution.

(6) The advantages and strengths were discussed through a comparison analysis with some

old modes.

Research gap and Motivation behind CPNS: The existing studies in the literature
reveal that we are living in an environment that has become more informationalised and
intelligent due to the tremendous development of science and technology. As a result, re-
searchers in our world have not stopped developing existing mathematical tools to suit our

real-life situations. The CNSs are designed by Ali and Smarandache [29] as a powerful and




effective mathematical tool for handling indeterminate and vague information that has two-
dimensional data (periodicity). Additionally, despite the tremendous developments mentioned
in literature, there is no existing MADM frameworks simultaneously heading fuzzy probability
evaluations, CNS-structures and multidimen sional uncertainty in practical decision contexts.
Consequently, this lack motivates us to develop a new framework named CPNSs that com-
bines randomness and fuzziness simultaneously, where the fuzzy probability function plays a
dynamic role in evaluating the performance of the three membership functions in CNS . In
fact, CPNS are more robust and comprehensive than current FS, IFS, NS, PNS, CFS, and
CNS in capturing awkward and complex data. By bridging probabilistic fuzzy function with
three CN-uncertainty, the CPNWA and CPNGA operators offer a novel and more significant
aggregation techniques appropriate for complex DM environments where conflicting and in-
complete information is predominant. Since the mentioned FS, IFS, NS, PNS, CFS, and CNS
are all special subsets of CPNS, the features of CPNS are pointed out below:

(1) The dynamic mechanism of interaction between NS and the degree of probability, under
the umbrella of complex numbers, is the most important feature of our proposed model.

(2) The suggested operator offers a comprehensive and flexible aggregation tool capable
of simultaneously treating probabilistic, behavioural, and uncertain information by
integrating the components of complex truth, complex indeterminacy, and complex
falsehood.

(3) If we ignore the imaginary part of each component in CPNS, then the CPNS would
switch to PNS.

(4) If we disregard the probability part of each component in CPNS, then the CPNS would
switch to CNS.

(5) If we disregard both parts, the imaginary and the probability of each component in
CPNS, then our model CPNS would switch to NS.

(6) If we ignore the IMF in both real and imaginary parts of CPNS, then CPNS would
switch to PIFS.

(7) If we ignore IMF and FMF in both real and imaginary parts of CPNS, then CPNS
would switch to PFS.

The paper is displayed in seven sections as follows: First of all, we recall some fundamental
representations relevant to our model, such as FS, NS, PFS, and CNS, and their properties in
Section 2. In Section 3, we structured the model of the CPNS with its essential operations and
results. Then, in Section 4, we build CPN-weighted averaging arithmetic operator (CPNWA)
and CPN-weighted geometric operator (CPNWG) with some numerical examples to show

their performance. Tailoring a methodology for dealing with MCDM issues using AOs and




SFs based on CPN information in Section 5. Finally, the comparison analysis and conclusion

of this work are summarised in Sections 6 and 7, respectively.

2. Basic Concepts of CPNS

In this part, we analyse several previous foundational methods that are associated with our

proposed methods.

Definition 2.1. [1] A mathematical structure of FS § on X given as following sort:

=) %)

Which contains T;— (#) : X — [0,1] designate as a TMF of 7 € X.

Definition 2.2. [1] Assume that 3 = {(<TT (%)>> (T e X} and § =
w1
{ <<TT (?)>) ;T E X} be two FSs on X. Then the next properties are fulfilled:
52

(1). 3! is named FS-empty set if § given as following
§ {7 (0,7ex)}
(2). §' is called FS-absolute set if §' given as following

@1:{%, (<1>,%ef()}

(3). §?2 is called containment for §' if J[T (1) < TT (7).
.1 -

. . ) 2
(4). 32 is called equality for §* if TT (1) = J[T (7).
..3’1 W2
(5). The complement of §' indicates as (31> and given as by following: 17 (#) =17 (7).

(31)‘ W1
(6). The union (intersection) of §' and §? referred to as §' (][ (I])) &% and the TMD define

as following;:

T ()= [TT (7) max (min) ]LT (7)

Definition 2.3. [15] A mathematical structure of PFS ]-"73 on X given as following sort:

Which contains T; (7) : X — [0,1] designate as a TMF of 7 € X and P (7) €[0,1] designate
to possoplity degree of ]L;— (7).




Definition 2.4. [3] A mathematical structure of NS A" on X given as following sort:

F={({(f 0.1 0. ) )7 e X}

Which contains TZ\; (7) ,Tf/ (%),Tj]\f/ (7) : X — [0,1] designate as a TMF, IMF and FMF of
7 e X.

Definition 2.5. [14] A mathematical structure of PNS ./\/73 on X given as following sort:

NG = <TT (7).t ()17 (f)>(73(%) FeX
.._/\[,7; "N$ "N$

Which contains 17, (7), 1%, (7), 1%, (#) : X = [0,1] designate as TMD, IMD and FMD of 7 € X
and P (7) €]0,1] designate to possoplity degree of J[I/ (7), TJI\/ (7) ,Tf/ (7).

After that Ali and Smarandache [32] provided the following definitions for the CNS and its

operations:

Definition 2.6. [32] A mathematical structure of CNS H on X given as following sort:
H= {<<TT (7) (e W),Jﬁ (7) S ®) 1 () .622’T<°’T<T>)> = X)}
i i o
Which contains TZ; (7) ,T?I_[ (1), Ti( 7) : X — [0,1] designate amplitude term real value and

OZ (7) ,0% (7) 7<>;S (7) : X — [0, 1] designate phase term real value.

Definition 2.7. [32] Let

i {<<TT ) .ei27r<<>7"(‘f-)>71_i #) ICIO) NEE .€i27r<<>7;'(7‘))> e X)} and
1 ‘ 7_[1 ‘ . L ‘ ' L
H? = {<<TT (7) .eiQW(OT(%»,TI" (7) .ezQW(O (T)> , TF (7) .el%(o (T)>> T € X)} be two
2 “H2 ~H?

CNSs on X. Then the following properties are satisfied:
(1). H' is called CN-empty set if H! given as following

’Hl:{% (<0,1,1>,%e)€)}

(2). H! is called CN-absolute set if 7! given as following

= {% ((1,0,0>,%6X)}

(3). H?2 is called containment for #! if

TT (1) < TT (7), TI ( )= TI (7), TF (7) > TF (7) and in the same way for phase term.
~H w7 w2 w3
(4). H? is called equallty for H' if

TT (7) = TT (7), TI (7) = TI (7), ’fﬁ (7) = ’fﬁ (7) and in the same way for phase term.
L w32 W w2 L e




. . c
(5). The complement of ! indicates as <7—[1) and given as by following functions:

(#")° -
T]: C #) eizr(ofﬂ-l)c) _ TT (%) ZQW(OTI)
(i) "

(6). The union (intersection) of ji" and 5i° referred to as 7" (11 (H))’,L[2 and the three
memberships degrees (TMF,IMF and FMF) are define as following;:

TT (’f‘) .€i2ﬂ- (0.7;‘.1(]_[(1_[)).#2> _ |:TT (72) max (mln) _’_7’ (72) .€i2ﬂ- [0.7;[1 (7) max(min)<>.77;.2 (‘f‘)] ’
A A 0 L

TI (72) .€i27r (0%.1(]_[(1_[)).#2) _ TI (’f‘) min (max) TI (’f’) .62'27T [0%2[1 (%) rnin(rnax)o%:‘.2 (f')] :
SH AT H2 L7t TR ]

_‘_]: (’f‘) .ei27r (0.];:[1(]_[(1_[))#2) _ _i_]: ('f‘) min (max) _l_]: (’f‘) .€i2ﬂ- [0{;.1 (%) min(max)o.];._[2 (f')] '
AN A L7 S

3. The development of complex probabilistic neutrosophic set (CPNS)

As a development of techniques referred to in the literature in Section 1, in this part,
we organise the major definition of a CPNS and its major algebraic laws. Next, based on
this major definition, we construct the AFV and SFV, as well as several fundamental set-
theoretical operations, including the complement of CPNS, the union, and the intersection

between CPNSs, along with several associated properties.

Definition 3.1. An CPNS on X given as following form:

s = {7 (i 0O 0.0 PO R ) ek
Where A
.. ) o . ) Fon " ) Foa ~
the collection <<TT (1) .el%(o (T)),Ti (7) .eﬂw(o (T)> , J[f (1) '6127r(<> (T))> ‘P(%)) is com-
..”LL ..H ..H
plex components that point out to complex neutrosophic information along probabilities to
a set 7—[73 and TT, Tf., ]Lf X - [0,1] denote to a truth amplitude term, indeterminate am-
..H ..7_[ ..H

plitude term, false amplitude term respectively to the element 7 in X with stander condition
]LT + ]LI + ]Lf €[0, 3], whereas the domain for <>7.;,<>j,<>j'; from X to [0,1] denote to a truth
..H ..H ..H




phase term, indeterminate phase term, false phase term respectively to the element 7 in X.
In addition for probabilities function P of CNS environment in 7—[5 it belong to closed [0, 1]

such that 73j (7)=1.

1M

In the following, we supply a numerical example that illustrates the working dynamics of
our proposed concept CPNS and how to employ the fuzzy probability function P in dealing

with expert opinions, which avail the interests of the multi-criteria decision-making process.

Example 3.2. Consider a committees related to renewable energy issues intend to evaluates
two renewable energy projects,P, and P, build on two traits: economic viability (71) and
environmental-impact(72). Here our model point out the interaction in the committee’s opin-
ions for both projects is represented as follows: 7—[%1 for the first project and 7—[3;2 for the

second project, as follows.

{(7:27 <5 . e72271'(.8) ,.3. e”L'27r(.6)7 4 - ei27r(‘4)> , 7) , (712’ <3 . ei27r(.4) 1 ei27r(.1)7 7. ei27r(.9)> ’ 2)}

In this case, the terms of the CPNS are distributed as follows:
i. The term TT (7) e (QT(%» refers to the degree of satisfaction with the project based on
the two Speciﬁgd attributes and this value increases as it gets closer to 1.
ii. The term TI (7) .ei%(oz(%)) refers to refers to the degree of neutrality in providing an
evaluation of t.lllg project based on the two specified attributes and this value increases as it
gets closer to 1. )
iii. The term TF . (7) & <0f(%)) refers to the degree of dissatisfaction with the project based
on the two Spe"cyi-llcied criteria, and this value increases as it gets closer to 1.
iv. For the fuzzy probability function P, its plays a dynamic role in clarifying the committee
chair’s opinion regarding this project evaluation according to the established criteria. This

opinion is expressed as a numerical value within the closed interval [0, 1].

Definition 3.3. (CPN-subset): Let 7—[;31 and 7—[332 be two CPNSs (given bellow)

_ {%7 <<TT (%) 'ez’27r(<>7;t.1(%)>ﬁi ) .ei27r(<>%._[1(7°)> 7 Tﬁ ) 'ei27r<<>§[1(7°))>
TR TR NeTE

g2 — {%7 <<TT %) ‘ei27r(<>;.2(%))’_ri ) ‘ei27r(<>%._[2(%)> ’ TF ) 'ez'27r(<>.i.2(%))>

TR

>

P ().

—~2
P2 (+)> 7

€

s

o

><>

|



defined on X. Then HL is called to be complex probabilistic neutrosophic subset (CPN-

P1

(1) T'j; (1) < T?:—'Q (7), Ti (1) > Ti (%),T'}i (1) > Tﬁ (7) for amplitudes degree terms.

1 072 1 2

(2) 077;'1 (7) <o, (7) oi..l (7) > 0%2 (7) <>.;Z.1 (7) > oi..Q (7) for phases degree terms.
and
(3) 73.;_[..1 (7) < 73.3._[.2 (7) for possibility terms.

Definition 3.4. (CPN-equelset): Let ;}.-['}7;1 and '7{.332 be two CPNSs (given bellow)

i on (ol (A) L .y i2n(ol. (7 Foo aen(of, (7 L Lo

H;; = {72, (<]LT1 (7).e 2 ( 30 ))’T...l (7).e 2 ( 31 ( )> , Tl (7).e 2 < o ))> P (7’)> T € X}
.-H --H .-’H

i = {%, <<T72 (1= ®) 3.7 5e0) @) .612”(°£'2<+>)> P (%)) Fe X}
..H ..’}_L ..H

defined on X.Then 7—[;; is said to be complex probabilistic neutrosophic equalset (CPN-
1
equelset) of HQA and denotes HL :HQA if each term in HL is equal in value to the corre-
P2 P1 P2 P1

sponding term in 7—[% .
2
Definition 3.5. Let (CPN-emptyset): A CPNS 7—[5 (given bellow) defined on X
1

’H;; _ {%7 <<TT1 (%) 'ei27r(o7;t.1(%)>,_i_:1' %) .ei27r(<>%._[1(€-)> ’ Tﬁ ) 'ei27r<<>:§[1(7°))>

H T w1

~1 R
’P'H"l (?)) ,T € X}
is said to be complex probabilistic empty neutrosophic set (CP-empty-NS) and denoted by
H% if H% = {#,({0.0, 0.0, 0.0)/0.0),7 € X}

1

Definition 3.6. (CPN-absoluteset): A CPNS 7—[7; (given bellow) defined on X
1

iy = {7 (17 0RO (3RO (o) ()

~1 N

P (f’)) ,T € X}

is said to be complex probabilistic absolute neutrosophic set (CP-absolute-NS) and denoted
S e | R . ~

by Hy i Fy = {7, (1,1, 1)]1),7 € X},

Definition 3.7. (Complement of a CPN-set): The complement of a CPNS 7{73 (given
bellow) defined on X.

i iom (o1 (7)) |2 iom (oL (7 ; iom (oFs (7 = .
s = {7 (17 9RO (.2 O) o (3 )Y Py ) 7 e %

o \C©
denotes to (7—[7;> where ¢ is CNS-complement and for fuzzy possibility-complement it given




Definition 3.8. (CPN-union): Let 7—[%1 and ;}1['332 be two CPNSs (given bellow)

'H;’; _ {72’ <<1_7’ (f') ‘ei27r<<>Zl (7”'))71_2 (7A_) .6i2ﬂ(07€1 (7°)> ’ TF (72) .€i2ﬂ-<0£1 (‘f'))> 73,1?'_[1 ('f‘)) e X}

WL w1 WL

i = {7 (17 02O @t CRO) ) ) 7

2 N
w712 w12 w72

defined on X.Then the union operation between two CPN-sets ;}'-['1;1 and 7—[332 denotes by

o1 2 .3
7—[51 11 7—[52 is a CPNS-set 7—[733 such that:
(i) HSA =11 {HL ,HQA } where [ is CN-union.

1 =2

(ii) 73'7;[‘ = max {777_[1,77% }

Definition 3.9. (CPN-intersection): Assume that 7—[%1 and %252 be two CPNSs (given

bellow)

j ion (T (7 i i2n (oL, (7 F i2m (o7 ~1 >
1%_{7:7 (<1—T (72).62 (051( ))’_'_I (72).62 (0i1( )) , _i_J: (7,;>.€2 (il( ))> 7)7-[1 (7A')>77A'€X}

T T L

j i2n (T, (7 i 2 (oL, (7 i i2n (oF, (7 ~2 S
2 Lo (7 3) P CR0) 1 3y 27 (0) ) 2 CR0)N 5 (1)) p e X
P 2 R 2

< . . . eeel .9
defined on X.Then the intersection operation between two CPN-sets H5 and 7—[7; denotes
1 2

by H}']Sl H H%Q iS a CPNS_Set H,grp\ SUCh that:

3

! vl .2 . . .
(1) Py = II {7—[51,7-[52} where [] is CN-intersection.
3 ~1 2
(ii) P43 = min {77;;[1,77;'{2} :
Next, we will define the score function (SF), which plays a crucial role in converting a CPNS

into a numerical value. The importance of this function lies in its ability to compare available

alternatives to select the optimal option.

Definition 3.10. (Score function value (SFV) of a CPN-set): A CPNS 7—[7; (given
bellow) defined on X.

- {%, <<TT (3) . HD) 1 () 2CRO) () (ﬂ)> )73#1 (%)) Fe X}

.-H ..H -.H
then the SF'V of a CPN-set is given as following:

= e 1 L~ . L o
S (HA> = - TT P, +<>Z{“..P'H“]- + TI P, +<>%-_L-_.77'H“]. + T PH] _|_<> PHJ
P 6 ~H; 7 5 J --’Hj

The SFV S (’H;) € [0,1] and its built here to compare between two CPN-sets 7—[;; and
1

Hy

;H-; in X for example if § (Hlﬁ) - S (7—[ ) this means HA is greater than ’}-[QA and it
P2 P1 P2 P1 P2

symbolizes ’H;; — ?—[~ Af S (’]—[7;> < S <7—[ > this means ’HA is smaller than ’H% and it
1 1 2 1 2




2

S ) this means ’HA is equal to ’HA and it
2 2

symbolizes 7—[%1 =< ’H%Q and if S (’le) = g (’H
symbolizes 7—[%1 = 7—[%2

Example 3.11. Assume that 7—[;; ={(# (3" 2m(7) 5. ei2m(2) 9. ei2ﬂ(~4)> ,.8)} and
1

7—[2%2 = {(%, <.1 ce2m(9) 4. e27(8) 6. eiQW('2)> , 4)} are two CPN-sets.

Then, according to definition 3.10 we get the following results:

§(7%71;> =1#((3%.84.7%.8)+ (5x.84.2%.8)+ (9x.8+.4%.8)) =.408
1

§<7%72;> =1 ((1xd4+.9%4)+ (4x44+ 8%.4)+ (b6x.44 .2x.4)) =.204
2

We get g (7—[ ) - S (7—[ ) therefor we conclude that HA — 7—[% .
2

Definition 3.12. (Accuracy function value (AFV) of a CPN-set): A CPNS H?D (given
bellow) defined on X.

15 ({7 o RO @) . ) ) 2 e X

then the AFV of a CPN-set is given as following:

TT .<>-7;[ —Ti .og-{- (1 — <TT 0?{)) —Tﬁ.o-z- (1 — <Ti o%))

Hy

—

P
Where A (7—[‘73)6[—1, 1].

Example 3.13. Assume that ’Hlﬂ {( < 3.¢2m(7) | 5.¢21(2) 9. eizw(‘4)> , 8)} and
HA = {( < 1-¢27(9) 4. ei%(' ), .6 - 812”('2)> . )} are two CPN-sets. Then, according to

deﬁmtlon 3.12 we get the following results:

A (L) 3w 7—5%2(1—(3%.7) = 9% 4(1—(5%.2)) _
A(#y,) = 4 — — 2817

A (H%\ ) :.1*.9—.4*.8(1—(.1*.21))—.6*.2(1—(.4*.8)) — 7071

P2

Definition 3.14. Assume that ;f—[%l, 7—[%2 and 7—[%3 be three CPN-sets (given bellow)

7—[;; _ {$7 <<]L7" (%)‘ei2ﬁ(<>2'21(7:))’1_.i” (%)‘eﬂn(o%{l(?)) ’ Tf (%).eiZW(oZl(%)>> 73;1 (%)> e X}

'Hl "7‘[1 "Hl
i i2n(oT ., (7)) L2 i2m (oL, (+ £ i2m (o7 o (+ ~2 ;
i = {%, <<TT (7).e2(C52™) ) (@27(520) F () iz ))> P (%)) ,%ex}
w2 w2 I

H% = {’f'? <<TT (7:) .eiQW(o;-g(%)) 7 _I_I (f') .ei27r<0%¥-3(’7')> ’ _'_7:' (72) .€i2ﬂ(0£3 (’?))>

BETE BETE NETE

73:;3 (%)) ,%GX}

defined on X and for > 0. Then the following fundamental algebraic operations of CPN-

sets are defined in the following way:




R R R (BB
..H .- . .

~1 —~2
PH1 P2 ) }

Fi
<TF i ) .ei277<<>?;.1-<>?;.2>> z
WL W2

PH1+PH2
ey eeel
(ii) H;l

.2
®H52 N . o
{<<<TT TT ) .eiQﬂ(Q?I;'l'og'?),(Tf +J[f _J[f ]LI >,212”( ol 772 <>IHl°IH2)7
<TF L TF> o2 (ot~ °H1022)> ’13%-1-732-2>}
. : ~1 —~2
Pegp1+Pogr2

CHD O WE? WY
T\ i (1-(1=E ) L\ el
(iii) 1/17{;31: ( (1_(1_1_??') > 2 (1 (1-o%1) )7<T ) .ezQW(o.}_fl)”f”
-t Y

Example 3.15. Assume that HL = {(A < 3. ¢i27(7) ,.5 cei2m(2) 9. eizw('4)> , .8)},
g2 - iom(.9 _ior i2m (.2 3. _ . ion(. )
ﬂp2 = {(T,<1 ¢i2m(9) 4 . gi2m(. ) 6-e )> )} andH = {(7',<.4 ¢i2m(8) 7

¢i27(2) 5. 212“('9)> , 6)} are three CPN-sets and for ¢=3. Then according to definition 3.14

we get the following results:

el ) . o i2m( 2.
(i) Fip @ Fip, = {({(3+.1-.3..1) - e2T(THI7T9) (5. 4) (29,
(.9-.6) 'ei27r(.4-.2)> ’ 82144)}

= {({(:37) - €27(9D (2) ¢27(10) (54) 27(09)) | 27)}

(ii) ;H';;l® H%Q ={({(:3-.1).2 (T (54 .4— .5 .4) 2r(2+8-2-8)
(9+.6—.9-.6). ¢i2r(4+2-4.2)) ‘% ) }
— {(<(03) . e’i27T(.63)’ (7) .2i2ﬂ(84), (96) 27 (. > | 27)}

—~

111) 1/)7-[%3 = {<<<1 — (1 _ 4)3) . ei27r(1—(1—.8)3)7 ('7)3.21'27r(.2)37 (.5)3.2i2ﬁ(‘9)3>
— {(<(78 ) . ei27r(.992)’ (343) 'ei27r(.008)7 (125) ‘ei27r(.729)> ’12)}

55 )}




27((8)°) (1 (- .7)3) ei2r(1-(1-2°) (1 —(1- .5)3) .ei2ﬂ(1—<1—~9>3>>

{« )}

Theorem 3.16. Assume that '7{‘1“1, 7—[?752 and '7'-['?7’33 are three arbitrary CPN-sets on X and for
¥, Y1, Ya= 0 are two initially positive real numbers. Then the next points hold:
.1 ) ) .1

AN
(2)<7-[7;11@ 7—[7322) DHp, :1 Hp, 692<7-[7;2 ® 7—[733> :
(3p0 (H, @y, ) = ¥, © Vi,
(4) @Z}llH?; > 2027-[73 :2(¢1 + 11#1) Hp-
7 %7311@) HT;% N H?)QS 7-[7;1'1 2 3
(0) (H, @ Hag)f’ Hp, = M, © (’H% ©¥i,)

.1 ...2 .1 )

p O Hp,) =(Hp, )

o (s o) =(1) o )

1 2 1 2
8) () "2 (iz) " = ()"
0 ((5) ) =5

Proof. (1) Based on Definition 3.14(1) and use the commutative property with multiplying

and adding, we have

Lo il —
(1 e - ) ottt () bt
-.Hl -.’;_[2 -.Hl -.H2 -.Hl ..H2
e
H

~1 —~2
P"'I.P"'Z
~1 —~2

P-ﬁ-1+p.ﬁ.2
({1t - ) e o) (3 ) )

~2  ~1
Pyr2-Pyr
—2 =1
Peyro+ Py

Proof. (2) Based on Definition 3.14(2) and taking advantage of the commutative property with
multiplying and adding, we have




(7, @ 3i5,) @ ¥,
{<<<TT +_|.T __l.T TT1> . 127T(<> 2+<> 1—02;{2 7;Il>’<_i.1 _I_I)62271'<<>IH2<>IHl>7

1 ..H ..H
~2 ~1
Peyr2-Poyr
—2 —1
Peyp2+Pogra
5
¢ HH

<F 1_F ) z2ﬂ'<<>1;{2<>1;11>>
: .

~1 ~2 ~3
(P'H'l -Pﬁ-z) “Pyrs
T ) —3
(P'H‘l +P'H'2>+PH3

~1 ~2
Py (733;['2'73};['3

LG o (5 et ) = (178 )) el i) i (i),
WL 2 W WL 2L

(1 (1)) e Chio)) (17 (47 qr ) el G
N RN N AN

{7&, <<.i.T (%) .eiQW(oZ;q(%)),_l_;I'“ (7A') .ei27r<<>%.{-1(’7')) ’ _'_-7:' (%) .eiQW(Q-'Zl(%)>> 731%1 (%)) 77A- [= X} P
-.H )
(- § ot (4 ) i,

~2 1
Pegr2-Prt
—2 =1
Pegr2+P oy

_{%7 <<T7"- (%).ei%(of?f.{l(%))’f'n (%).eiQﬂ-(o%:[l(f-)) , TF (%)'ei27r(<>£.1(%)>>

) .."}._[1 } i ..’)_Ll ) ) "Hl )
<{?, <<TT (%).e””(%ﬂf)),ﬁ” (%).e””(%?(f)) 1" (%).eiQ“(°%'2<*))> ‘73H2 (%)) ,%ef(}@
~H2 i H2 ' ; ) H2 A o -
{%, (<TT (%).e”’r(ﬁ's(ﬂ),# (%).82“(%-3(7)) 1 (%).e’%(“m(”)>)73ﬁ3 (%)),%ef(})
— iy, @ (Hy, 0 H)

Proof. (3) Based on Definition 3.14(3) and taking advantage of the commutative property with

adding, we have

=1 )
P+ (73 w2+ Pes



- <{ (<<T T T 4T ) A ) (# i ) S (hnols),
S R AN LV WHD -2
<1_F . TF > ‘ei2”(°§1‘0§2)> %11&1'731;212 >})
“Hl {2 73;12-&-731;[1 .
= {<< (1 _ <1 . (TT n TT - ]LT -]LT ))1/’) 'eizw(l—(l—(ogl—kogQ—ogl-07.1;2>) )7
WHY O W2 WfH1 W2

(o ) ) (18 48 >w()>

“H1  LH2

{((C-C-2))

O (1 ) ) (1) )

~H2 E2

P1 P2
Proof. The proof of 4-8 is straightforward and with similar athletic steps in proof 1-3.
Proof. (9): Take advantage of the Definition 3.7 such that for every

A = {%, (<TT 7).z (% (ﬂ),ﬁ (#) 2 (5D) (%) .ei27r(<>£<f))> ‘737{ (f-)) e X}

H “H wH




H1 wH1 it
Thus
(( }ﬁ>c>c _ {7@, <<T?H1)c (%) .eiQTF(Q{Hl)C(T)),]. _ Izgl)c 7 6z27r(1 o(Hl)c(r)) 7
:l:?Hl)c T elQW(O{Hl)C(%) > ‘1 — nggl)c (f')) }

By s 1
. ~1
" (#) eZ%(OHl(T))>‘1—<1—PH1 (%))),% X}
-H1
({7 @ CO) gt @ C®) )t b)) 7 e X
) Jig Nyag! Jig!
= HL.
P
|

4. The development of AOs of CPNEs and their properties

In this part, we introduce CPNWAQOs and CPNWGOs, which are advantageous in MCDM.
Based on these aggregation operators, we examine some of their notable features and provide

numerical examples.

Definition 4.1. Assume that H/ —

3 . P i i . R
{%7 (<T; () ¢ izw(o§j<+))7Tr"1(%) 'em(om(ﬂ) 7 _'_F ). m(

)

. i
(j =1,2,3,...m) is a collection of CPNEs, and w = (w1, w2, ws, ..., wp,) is a collection of weight
. . m
vector of H.. (j =1,2,3,...m) with @; € [0,1] ( = 1,2,3,...m) and Z w; = 1.Then the CPN-
P

’PHJ )) FeX

weighted averaging arithmetic operator (CPNWAAO) and CPN—We1 ted arithmetic geometric
operator (CPNWAGO) are given as following:

CPNWAAO (H,Il3 (%) H2 (7)., 2 (%)) - Eél & H (7).
]:




® (H% (%))wj.

j=1

CPNWAGO (H;;

(7) 2 (7)o (7)) =

Example 4.2. Assume that H ”HQA and ’H?L are three CPN-sets on X given as follows:
le _ {( <0 3. ei2m(0.7) ,0.5 - 6227r(0 2) 0.9 - ez27r(0 4) > 0. 8)}
HQ — {( <0 1- 62271'(0 9) .04 - ez27r(0 8) 0.6 - eer(O 2) > 0. 4)} and

7—[3 = {(#,(0.4-€27O8) 0.7.27(0:2) 0.5 ¢27(09) 0.6)} and w=(0.7,0.5,0.3). Then based
on deﬁmtlon 3.1,

CPNWAAO (H% (7). 2 (), F (7)) = 0.7 AL (7) @05 - H2 (7) 0372, (7)
- {<< (1 -(1- 0-3)0'7 * (1 — 0.1)0’5 * (1 — 0.4)0'3> . i2m(1-(1-0.7)"T%(1-0.9)"%(1-0.8)%)
<(0~5)0'7 - (0.4)%° (0-7)0'3> £27((02)°7(08)0.(02)%)

((0'9)0.7 . (0.6)0'5 . (0'5)0.3> .eiQW((O-4)O‘7-(0~2)O'5-(0~9)0‘3)> (0.8)°7.(0.4)°-5.(0.6)%-3 )}

' (08)0 7+(04)0 5+(06)03
= {(((0.3660) - ?7(0:9162) (0.3498) .¢?7(0-2281) (0 5844) .¢™27(0-2281)} 10.1979) }

)

and

CPNWAGO (”H% (%), %

{ <<< 0. 3)0 N )0.5 . (04)03) ) €i27"((0-7)0'7~(0-9)0‘5~(0.8)0'3>’
((1 — 0 5)0 7 ( 0 4)0 .5 ( o O7)03)) _ei2ﬂ—<1_((1—0.2)0'7~(1—0.8)0'5-(1—0.2)0‘3))’

4)0A5.(0.6)0A3

= {({(0.1034) - 12”(0 6912),(0.6677) ei2m(0:6423) - ((.8975) .ei2(0-6865)) 10.1979) }

Theorem 4.3. Let H) =

P
{2 ((F @)y @t CO) ) )Y P ) e
wHi <1 wHi
(j =1,2,3,...m) be a collection of CPNEs, then aggregated value of them utilizing the CPNWA-
operator and CPNWAG-operator is also a CPNEs, and

CPNWAAO (HILD (7), H2 (7)., H (f)) =

(-1 (o)) (o fi o)) (i (1)) (i Groy)

7j=1 wH

(1@[ (Téj <%)>Wj> .€i27r<jﬁl (ogj(f))wj> ]-:Ll (Pj(%)?wf e

j=1 \H

CPNWAGO (HLP (7), H2 (7)o H (%))

1— <(1 0.9) 0.7 . (1 _o. 6)05 (1- 0.5)0.3)) .ei27r(1—((1—0.4)0'7~(1—0.2)0'5-(1—0.9)0'3))> ‘ (0.8)%7-(0.
(0.

(08)07+(04)05+(06)03

))



I3

{ <ﬁ (" <f>)°”> () | (jﬁ (11 <f>)“”> (1 Oetren) |

j=1 \-H

(ﬁ <1 _ ]LFJ (%)>w"> _eiQ’T(.ﬁ (1<>§j<f>)wj> it (Pj(f)?“f.

j=1 wH

~
Il
-

Proof. We will work to prove this theorem by using the following mathematical induction
method. When m=2, according to Definition 3.14, we have
Sl ran P2 e

CPNWAAO (HE (7). H2 (7))
=1 HL (7) ® woHZ (7

w1 (T) & o = (7)

0 w1 o w2 .1 w1
- {0-Coe) )< (-Cme) ) - (-(-e) ) -
W wH wH
. w2
(- (o))
N

((1(102;1 (+))®1>+ (1(10_22 (+))°°2) - (17 (1% (+))°°1) * (17 (107 (+))J’2))
(o) ) (o)) _

(oS8 (o))

(

(CFo)™)
((5' @)™ (5 @)™)) T (P
> (PI(7)“1 *]21: (Pi(7))°2

{ <1 G <%>>wj> o)) (H (1) <%>>wj> JoAere”)

=1 \ein > <ﬁ (Pf(+>)“j>
Jj=1 \j=1
After we show it is true in m=2, we assume that it is true for m = k, then when m = k+1.
CPNWAAO (HL (7), H2 (7)., H}! (+))
P P P

= <jé1 @jﬁé (%)) ® ((Dk-i—lH%Jrl (71))

e

VR
—_
|
—=
7 N\
[y
—
3
—~
>
SN—
~_
€l
BN
TN
)
. .
) N
3
N —
—_
o I
I
/~
T
o
bl
re
¥
=
N——
&
~
<
—w

-1 (Tﬁ (%)>wj) o (ﬁ[ (of (f))“"-f> |

(- (i)™ T (e )
wH r




i27r<(<>;~1k+1 (+))wk+l)

&
((TF <A>>wk“> Jon((o5 )™ ) T1 (P (9) 1
T . ]
= )

O () I I S A AR (T

i i
i27r<(<>§f+l (+))Dk+l)

€ Y

g o\ i (oh @) ) | L (PO
<<TH (T)> > ‘ ng ((Pk+1(7c))‘:’k+1>
_ {(_'_Tl (%)> 2 (oh (+))’ (T“ (%)> 2 (o (+)),

wH . e
(ﬁl (f)) R O) b1 r))
..H

= H) )
O

Theorem 4.4. (Idempotency): Let H’
P

:{727 <<TT (7) .ei%(ogf(?)),]‘j (7) .ei%(ogj (%)) , TF (7) .ei2w<°§j(%)>>
wHi WH1 L . wHi
(j=1,2,3,..m)all are equal for, i.e., H. = H}; for all j, then
P

Pl (+)>,+6X}

ey e TV N
CPNW AAO (H?D (7). H2 (7). .., B2 (T)) — CPNWAAO (HTD (7), H (7)o B (T)) =
CPNWGAO (H%J (7) H2 (7). H (%)) — CPNWAAO (ﬁ; (7), Ho (7)o H (%)) -

.. . P P
HTD (7).

Proof. Based on the Definition 4.1 and Theorem 3.16, we can straightforwardly obtain:
CPNWAAO (HL (7), H2 (#),..., H™ (%)) — CPNWAAO (Hﬂ (7)), H- (7)., H- (%))
P P P P P P

m .

Again, taking benefit from Definition 4.1 and Theorem 3.16, we have
N P o) e .
CPNWGAO (HE (7) H2 (7). ... H (7)) — CPNWGAO (HI3 (7)o (7) s (T))

= ® (Hﬁ (%))wj

j=1\ P




Theorem 4.5. (Commutativity): If H. (7)
P

) {%’ ( <T?.’j - ian(o? (%))’ ]ij' ) (o () 7 Té_j ) izm (o (%))>

"

(j=1,2,3,..m) and H% (%)

o 2 oTj// (+)) L 12n<<>fju (%)) L z'27r<<>Fj” (+)>
{7 <fo (7) ( A (7)€ i (#) e
wH wH H

~J

)

N

i =1",2"3 ,...m”> are two CPNEs and H’. (7) is an arbitrary permutation of HY. (7)
P P
(,7 =1,2,3, m), then

CPNWAAO (H}LD (%) H2 (7). H (%)) —CPNWAAO (H}lj (%) H}% G H}Z; ( )) :

7’\_
CPNWGAO (H%J (7) H2 (7)., H (%)) —CPNWGAO (H}lp (%) H?ﬁ (7) s oo H}Z;" (%)) .

Theorem 4.6. (Monotonicity): If Hlj( )<H23( ) (1 =1,2,3,...m) then

CPNWAAO<"1131 (), ]132() L (%)><C’PNWAAO< 2 (7), H2 (7). ..., H2" (%)),
CPNWGAO (Hll( ) H2 (7). HEY (7)
<CPNWGAO (HZl (7), 22( ) HZm )
P P P

Proof.
Considering the assumption HY (7)<H? (#) (j = 1,2,3,...m) we have for each 1 < j < m

J

: ((Z tT Py + Zo PH]> + (Z +Z Py, + 2 07143"7)#]') + (z TF‘,P#]_ + 2o P

j=1+H;, j=1 H; j=1 ?—L] j=1 j=1 ..73[] j=1 J
then _
1 m 7 @i m 7 — wj m i —~ 7 m i — wj
6 H f PHt1 + H <>Ht P t1; + H T PHtIJ + H <>Ht PHt17
t ]:1 ty ]:1 1j j:1 "Htlj ]:1 13

P (7)) |.,7eX



which point out that

11 /A 12 /A~ rrlm [~
CPNWGAO <H13 (:)’HTD (7')”,---7H13 (T)),/
< 720 (7),H® (7),..,H>™ (7)).
_CPNWGAO( 5 (1), 52 (7)., H (T))

The rest of the inequalities can be proven using the same steps.

5. Suggest MCDM methodology for CPNWAO and CPNWGO (based on aggre-

gation operators)

This section put forth a novel MCDM approach in order to handle the ambiguity within
a CPN setting. Then, a scenario embodying one of the problems of daily life is introduced
to expound the put-forward decision process. To formulate an MCDM problem with CPNS
information, assume there are n alternatives designated by A;(i = 1,2,3,...,n) that are sup-
ported by m attributes denoted as Cj(j = 1,2, 3, ...,m) along with the corresponding attribute
weight vector given as w = (w1, we, @3, ..., Wy, ) where its satisfies the condition i wj = 1.

In this context, we will build the following mathematical multi-step algorijt_hlm that uses
CPNWAO and CPNWGO to find out the best alternative presented in the next example.
Step 1. Create the CPN decision matrix, which contains two categories of criteria: benefit
attributes and cost attributes. Typically, we should categorise all attributes into one of these
categories before making decisions, where we should work on changing all attributes to match
the type of available categories. Therefore, we used the following formula to convert the whole

to the benefit category that is better.

<ﬁ13> for benefit criteria
I =
. C
<(H/13>> for cost criteria

Then, we gain the normalized CPN decision matrix ) = (f[zj)

nxm

Step 2. Using the AO of CPN elements to determine the total CPN information of each

alternative A;. Here, we utilized the advantage of the CPNWA operator as follows formula.

ﬂi == CPNWA (ﬂilvﬂi27"'aﬂim) = g wlf[z]
i=1

(1= 1 (- 0)") CREF) (f 0y (B 60

j=1 H =1 \-H




i

3

(1 (o)) =) |_eor

m 7 Wj
~H > ( (Pf(+>)>
Jj=1 \j=1

Surely, in this step, we can also apply the CPNWGA formula that we have proposed in this

J=1

work to determine the total CPN information of each alternative A;.
Step 3. Compute the SFV of each alternative A4; by taking advantage of the following

formula.

sf(f) 1 T3 T 5 i 5 i3 F 5 7 5
S (H]> =z ((Iﬁ..Pnj +<>ﬁj.7>nj> + (Iﬁ_.PHj 05, P, |+ |1 P, o Py | )
J J J
Step 4. Based on the SFV output, arrange the candidate alternatives in descending order

and then select the optimal alternative (highest value).

Step 5. End Algorithm.

For more details about this algorithm and to logically explain how it works, we present
Figure (1) a visual representation of the methodologys sequential process to the mechanism

for implementing this algorithm.

Now, we organize a workable MCDM example consistent with what we discussed at the
beginning of this section to test the power of the aforementioned algorithm. This MCDM

example talks about how customer X chooses the best car among five cars.

Example 5.1. At a modern Motor Show, a customer X expressed his intention to purchase
a new car. At first glance, five cars A;(i = 1,2,3,4,5) satisfied the customer. Also, it turns
out that the customer pays attention to three important criteria for the perfection of the car
selection process. These criteria are mathematically organized as follows: C;(j = 1,2,3) where
C; :Overall Cost, Co : Quality and Cs : Exterior appearance of the car, all these criteria related
to weight vector w = (0.4, 0.2,0.4).Now, the customer X has been invited an expert to make an
evaluation of each car corresponding to each attribute according to his/her experience. Then,

we take out the following CPN information matrix presented in Table 2.

Here we notice that C; is a cost attribute, while Co and Cs are benefit features (attributes);
therefore, we should first convert Cy to the benefit features by the above formula. Hence, Table

3 presents the CPN decision matrix with benefit features.
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FIGURE 1. Steps to implement the proposed algorithm logically

Next, we apply Step 2, where we will adopt CPNWA operator to evaluation of each alter-

native A;(i = 1,2,3,4,5) as follows:
i, ={(1- (.4)'4(.4)'4(.6)'4> 'ei27r(1—(.2)'4(.4)'4(.1)'4)’

(o oyt (o)

- {.6083 . oi2m(8550) () 4749 . (127(4200) G518, (i2m(4366) 10.3257} ,

1)2 ).2(_3).2> 'ei27r((.2)'2(.4)'2(.3)'2)’

(5T (3) +(8)2(5)

Then, using the same steps, we obtain the rest of the values as follows:

_ {.4238 ] ei27r(.7186)’ 7413 - ei27r(.7548)7 9949 . ¢i2m(:3245) 1.3701 } 7
My = {5894 ¢/2(60), 4373 (27(425%) 9949 . (2704252 | 35ag )

I, = {.8550 - 2m(T298) | 6958 . (12T (TA13) | 5697 . (72m(-4282) |o.2463} :




TABLE 2. The initial CPN decision matrix.

X/Criteria C1 Co Cs
7 - ei2m(7) 6 - ¢i27(.6) 4. 27 (9)

Ai 9. ¢12m(8) 9 8. ¢i2m(4) 5 3.¢27(3) 3
6 - ¢i27(:8) 7. i2m(.9) 7. i2m(2)
.2 . ¢12m(:5) 4. ¢i2m(3) 3. i2r(8)

As 6-¢127(3) 8 8- ¢i27(5) | 6 727 4
A4 - e12m(7) 9. ¢i2m(3) 6. ¢i27(4)
2. ¢i2m(:8) 1. ei2n(D) 6. ¢i2n(7)

As 92793 4.2l 5 4. ¢i2n(2) 0.7
.7 - ¢i2m(7) 2. ¢i2m(:3) 6. ¢i2n(5)
7 - ¢i2m(:8) 9. ¢i2m(.9) 9. ¢i2m(4)

Ay 8. ¢12m(.6) 3 8- ¢i27(7) 1 6279 9
9. ¢i2m(.8) 5. ¢i2m(:3) 7. i2n(5)
.9 . ¢i27(.9) 7. 27 (.8) 7. ei2m(.8)

As 6 - ¢27(:5) 0.4 8. ¢i27(7) 7 8. ¢i2m(9) 4
g . ¢i27m(.8) 8. ¢i2m(.9) 5. gi2n(7)

TABLE 3. Normalized CPN decision matrix.
X/Criteria C; Co Cs

6 - ¢i2m(:8) 6 - 127 (-6) A 27 (9)

Al 1-e27(2) 8 8. ¢i2m(4) 5 3. ¢i2m(3) 3
7 - ei2m(7) 7. ¢i2m(.9) 7. ei2m(:2)
A4 - 127 (7) 4 . ¢i27(:3) 3. ¢i2m(:8)

As A4 e27(7) 9 8. ¢i27(5) 6 7. e2n(7) 4
2. ¢i2m(:5) 9. ¢i2m(:3) 6. ¢i2n(4)
7 - ¢i2m(7) 1. ¢i2m(-1) 6. ¢i2n(7)

As 1. ei2m() 7 4.¢2m(7) 5 4.27(2) 0.7
2. ¢i2m(.8) 9. ¢i2m(:3) 6. ¢i2n(5)
.9 . ¢i2m(.8) 9. ¢i27(9) 9. ¢i2m(4)

Ay 2. ¢12m(4) 3 8. ¢i27(7) 1 6. ¢27(8) 9
7 - ¢i2m(:8) 5 . ¢i2m(:3) 7. ei2n(5)
.9 - ¢i27(-8) 7. ¢i2m(8) 7. ei2n(8)

As 4 -¢127(:5) 0.4 8. ¢i2n(7) 7 8. ¢27(9) 4
9. ¢27(9) 8 . ¢i27(.9) 5. ¢i2n(7)




Iy — {.8480 . i27(:8550) | 7614 . (i2m(T93T)  Geyr . (127 (-7969) |.2863} .

Next, in accordance with Step 3, we calculate the SV of alternative A4;(i = 1,2,3,4,5). For
example,

S (f[1> = % ((.6083 x .3257 + .8550 x .3257) + (.4742 x .3257 + .4204 x .3257) +
(.6518 x .3257 + .4366 x .3257)) = .1870.

Then, using the same steps, we obtain the rest of the values as follows:

S (ﬂz) — 1965,S (ﬂ3) — 1619,S (ﬁ4> — 1620, S (H5) — 2951

Finely, from Step 3, it gives
the ranking of SFV as follows: § (f[g,) >-§ (fl2>>-§ <ﬂ1> >-§ (f[4)>-§ <ﬂ5> Therefore, the
ranking of all alternatives will be as follows:

As=Ag= A1 - Ay-As. Therefore, we conclude that car Az is the best choice, according to the
experts opinion.

Furthermore, we can use other operators introduced in this research work to evaluate CPN
information. Now, we will resort to CPNWG to conduct the optimal selection from the given
alternatives.

i1 = { (61 (6)(4)1) 2 (IO (1 (9)2(2)2(7)?) 21O,

-

Ay Ay oA i2m(1-(.3) (1) 4(.8) 4 (:8)*(.5) (3)4
(1 (:3)7(:3)7(3) )ﬁ ( ) (:8)%(5) 1 (3) +(.8)(:5) 7 (:3) " +(.8) (5 )4(~3)'4}

= {.4606 - oi2m(T148) - 3399 (2im(-1959) | 7647 127 (TT51) \.2046} ,

Then, using the same steps, we obtain the rest of the values as follows:

I, = {.3343 @2 (A4899) 7355 (i27m(4644) @39 (i27(-4644) ].2887} ,

j {.2813.&2“(-2992), 2018 - ¢i27(:2640) | 5798 (i2m(:3451) | 3454

Ty = {.4828.ei2”('6077), 4230.¢127(485T) | 710 . ¢i2n(:6549) |.3904} :
s — {.7207.&2“(7650), T751.¢i27(5683) | g415 (i2m(:9020) 1.3025}

In the same manner, we calculate the SV of each alternative A;(i = 1,2, 3,4,5). For example,
s (Hl) — 1 (4606 x .2046 4 .7148 x .2046) + (.3392 x .2046 + 1959 x .2046) +

(.7641 x .2046 + .7751 x .2046)) = .1107.
Then, using the same steps, we obtain the rest of the values as follows:

S (ﬂQ) —0.1429,S (ﬂg) —0.1134,S <H4) —0.1793, S <ﬂ5) — 0.2304

Finely, from Step 3, it gives
the ranking of SFV as follows: g (f[g,) >§ <ﬂ4>>§ <ﬂ3> >§ <ﬂ2)>§ <ﬂ1> Therefore, the
ranking of all alternatives will be as follows: As>=A4>-A3>As>-A;. Therefore, we conclude
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FIGURE 2. Statistical comparison between SV come by CPNWA & CPNWG

that car Ajs is the best choice, according to the experts opinion.

After running both operators CPNWA and CPNWG on the set of CPNEs, Table 4 and
Figure 2 indicate that the values generated by CPNWA are always significantly larger than
those computed by CPNWG. Furthermore, the difference between the ranking results is slight,

as As is the best choice for both operators, while Ay is the worst choice of the five options.

TABLE 4. Comparison between the SV come by CPNWA & CPNWG and the

ranking of five alternatives. .

Operators A Ao As Ay As Ranking
CPNWA .1870 .1965 .1619 .1620 .2251 As>=As>=A1=As-As
CPNWG 1107 1429 .1134 1793 .2304 A;>-As-As=-As=A;.

5.1. Fxploring the sensitivity of weights

In this subsection, we examine the influence of weight vector changes of CPNWA and
BCPNWG operators on the sensitivity of the final decision. The SF scores for different values
of w; are presented in Table 5 and illustrated in Figure 3.

Table 4 shows that the ranking results for the alternatives remain constant within the es-
tablished range even when the weight values change. Upon reviewing Table 4, it becomes clear

that alternative Ajs is the preferred alternative, while alternative Ag is the least preferred, and




TABLE 5. Sensitivity analysis results for the CPNWA and CPNWG operators

Operators  (wy, w2, ws3) S (f[l> S <f[2> S (ﬂg) S <ﬂ4> S <f[5) Ranking

CPNWA (0.2,0.5,0.3) .1443 .1483 .1006 1288 1910 As>-Ag- A1 >-Ag-As
(0.3,0.3,0.4) .1584 .1700 1298 2219 2361 As=-Ag-Ax-A1-As

CPNWG (0.2,0.5,0.3) .2207 .2163 1514 1622 2717 As=-Ai=-Ag-Ay-As
(0.3,0.3,0.4)  .1903 1891 1463 .2219 2565 As-Ag- A=A As

the remaining alternatives range in preference value between As and As within the permissible

range as illustrated in Figure 3. Thus, a high level of homogeneity is shown in the optimal

selection from among all weights associated with the corresponding criteria for the available

alternatives, and this represents conclusive evidence of the success and reliability of the method

proposed in this work.




0.3
0.25

0.2

0 III | III | “I | ||I |

CPNWA [0.2,0.5,0.3) CPNWA (0.3,0.3,0.4) CPNWGA (0.2,0.5,0.3) CONWGA (0.3,0.3,04)

0.

(=
(%]

=)
b

.

&

WAL mAZ AT A4 MAS

FI1GURE 3. Accuracy of CPNWA and CPNWG operators with different weight

values

6. Discussion and comparison

This section highlights the effectiveness of our suggested method in comparison to pre-
vious mathematical methods. To achieve this, we present a comparative analysis between
our interpreted methods and the current studies mentioned in Section 1. Firstly, in
reference [14], Karaaslan invented the effect of the degree of probability on one-dimensional
information in NS structures, but these tools appear unable to handle periodic data with a
time dimension. Secondly, in reference , Ali and Smarandache ignore the impact of the
degree of probability on two-dimensional information in CNS structures. Based on the afore-
mentioned discussion, it is clear that the methods in are unable to handle MCDM present
in CPNS environments. This reveals that our proposed method is superior to the current
methods. CPNS amplifies the current methods: when the phase term of three membership
functions (TMF, IMF, FMF) equals zero, it converts into PNS method, and if the degree of
probability part equals zero, it transforms into CNSs method. In addition to the above points,
in Table 3, we present a standard comparison between our proposed concept and some notions
linked to the root genetic structure of our proposed concept, where the symbol / indicates the
success of the corresponding methods with respect to this property compared to our proposed
concept, while the symbol x indicates failure. Based on Table 6, we conclude that the concepts
with which our proposed concept was compared are unable to help the decision maker (user)

in dealing with information from the CPN environment. Therefore, it can be judged that the




TABLE 6. Comparative examination of existing models using key criteria.

Methods Domain Co-domain Presence Periodic na- Probability
of three ture de-
membership gree
degrees

PFS [15] X Real unit interval ~ x X Vv

PIFS [15] X Real unit interval — x X v

NS [3] X Real unit interval Vv X X

PNS [14] X Real unit interval vV X 4

CNS [32] X Complex unit inter- +/ V4 X

val

The proposed X Complex unit inter- +/ v vV

method (CPNS) val

method presented in this work addresses a gap in previous studies that were employed in the

decision-making process.




6.1. Limitations and future works

Our proposed method exhibits some practical limitations, as outlined below. These prac-

tical limitations can be studied by researchers and used to enhance the practical utility and

scalability of CPNS in the near future.

(1)

This study focuses primarily on the theoretical development and simulation stages of
CPNS in the context of individual decision-making. It does not yet address group
decision-making, dynamic data environments, or empirical verification using real-
world, non-virtual datasets in specific fields such as healthcare, finance, supply chains,
engineering, or environmental science.

The mathematical structure of our proposed concept is built on single values, and this
imposes constraints on data construction. Therefore, this structure can be developed
by utilizing interval values, which provide greater flexibility for the user.

Our proposed concept lacks mechanisms for structured parameterisation (soft set) [54],
where this mechanism plays a vital role in interpreting the parametric properties of
the components of the universal set.

The number of experts reviewing the initial alternative values, relative to the parameter
values, can be increased from one expert to a group of experts by integrating CPNS
with the soft expert set [55].

To ensure a clearer future roadmap, we recommend leverage the rich environment of
currently available aggregation operators by applying them to our proposed concept.
An example of such a Aggregation Operators is Aczel-Alsina aggregation operators,

Dombi aggregation operators,Archimedean aggregation operators and so on.




7. Conclusions

The randomness and ambiguity simultaneously inherent in everyday life situations cannot
be ignored because they have a dynamic impact on the DM mechanism (select the optimal
option). To meet this, we invented a new mathematical tool, which we point to as CPNS
where the evaluation of any action using CNS structures has a probability score ranging from
0 to 1. Next, we established the traditional set theory operations, such as union and inter-
section between CPNSs, the complement of CPNS, and several properties of these operations,
as well as discussed them with some numerical examples. Further, due to the high efficiency
of AOs to cope with uncertain data intertwined with everyday life scenarios, we developed
novel mathematical formulas for both CPNWA and CPNGA operators and study their results
with some numerical examples. These operators have been successfully applied to deal with
MCDM problems when a customer call an optimal selection based on several criteria. The sug-
gested operator offers a comprehensive and flexible aggregation tool capable of simultaneously
treating probabilistic, behavioural, and uncertain information by integrating the components
of complex truth, complex indeterminacy, and complex falsehood. We explained the com-
parative analysis of the proposed method with current methods to highlight the advantages,
reliability, and superiority of our method compared to existing methods. Finally, for future
studies, there is a lot of scope for developing these mathematical tools to be more effective in

capturing randomness and ambiguity data.
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TMF Truth-Membership Function
IMF Indeterminacy Membership Function
FMF Falsity-Membership Function
X Universal Set
.. ) T
17 (7) & (Q (T)> Complex Truth-Membership Function

. Tra
(%) .612#(<> ®) > Complex Indeterminacy-Function

. T A
T% (7) &2 (Q (T)) Complex Falsity-Membership Function
“H
P (7) Fuzzy Possibility-Membership Function

Use of Al tools declaration

The authors declare they have not used artificial intelligence (AI) tools in the creation of

this article.
Data availability

All data generated or analysed during this study are included in this published article.
Funding

This work was supported by the Deanship of Scientific Research, Vice Presidency for Grad-

uate Studies and Scientific Research, King Faisal University, Saudi Arabia.




Conflicts of interest

Authors declare no conflicts of interest.

References

(1]
2]
3]
(4]

[5

[7

(8]

(10]

(11]

(12]

[13]

[14]

(15]
[16]

(17]

18]

(19]

20]

L. A. Zadeh, Fuzzy sets Inf. Control, 8, (1965) 338353.

K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst., 20 (1986) 8796.

F. Smarandache, Neutrosophy: Neutrosophic probability, set, and logic: Analytic synthesis €& synthetic
analysis, Rehoboth, NM: American Research Press, 1998.

H. Wang, F. Smarandache, Y. Q. Zhang, R. Sunderraman, Single valued neutrosophic sets. Multispace
Multistruct., 4, 410-413 (2010)

G. Shahzadi, M. Akram, A. B. Saeid, An application of single-valued neutrosophic sets in medical diag-
nosis. Neutrosophic Sets Syst., 18, 80-88 (2017)

S. Pramanik, S. Dalapati, S. Alam, F. Smarandache, T. K. Roy, NS-cross entropy-based MAGDM under
single-valued neutrosophic set environment. Information., 9(2), 37 (2018).

X. Luo, Z. Wang, L. Yang, L. Lu, S. Hu, Sustainable supplier selection based on VIKOR with single-valued
neutrosophic sets. Plos one., 18, €0290093 (2023)

H. L. Yang, Z. L. Guo, Y. She, X. Liao, On single valued neutrosophic relations. J. Int. Fuzzy Syst., 30,
1045-1056 (2016)

N. M. Abdel-Aziz, M. Ibrahim, K. A. Eldrandaly, Towards Explainable and Robust NLP: Neutrosophic
Probability Augmentation in Text Classification. Neutrosophic Syst. with Appli., 25(5), 462483 (2025)
S. Naz, H. Rashmanlou, M. A. Malik, Operations on single valued neutrosophic graphs with application.
J. Int. Fuzzy Syst., 32(3), 2137-2151 (2017)

J. Ahmed, M. G. Alharbi, M. Akram, S. Bashir, A New Method to Evaluate Linear Programming Problem
in Bipolar Single-Valued Neutrosophic Environment. Comput. Model. Eng. Sci., 129(2), 881-906 (2021)
A. Bataihah, A. Hazaymeh, Quasi contractions and fixed point theorems in the context of neutrosophic
fuzzy metric spaces. Eur. J. Pure Appl Math., 18, 5785-5785 (2025)

A. R. Mishra, D. Pamucar, P. Rani, I. M. Hezam, Single-Valued Neutrosophic Distance Measure-Based
MEREC-RANCOM-WISP for Solving Sustainable Energy Storage Technology Problem. Cognitive Com-
putation, 17, 87 (2025)

F. Karaaslan, Possibility neutrosophic soft sets and PNS-decision making method. Applied Soft Comput-
ing, 54, 403-414 (2017)

A. Shawkat, A. R. Salleh, N. Hassan, Possibility Fuzzy Soft Set. Adv. Decis. Sci., 2011, 479756-1 (2011)
M. Bashir, A. R. Salleh, S. Alkhazaleh, Possibility Intuitionistic Fuzzy Soft Set. dvances in Decision
Sciences, 2012, 24 (2012)

A. U. Rahman, M. Saeed, H. Garg, An innovative decisive framework for optimized agri-automobile
evaluation and HRM pattern recognition via possibility fuzzy hypersoft setting. Advances in Mechanical
Engineering, 14(10), 16878132221132146 (2022)

F. Sharqi, A. Quran, M. U. Romdhini, Decision-making techniques based on similarity measures of pos-
sibility interval fuzzy soft environment. Iraqi J. for Comp. Sci. Math., 4(4), 18 - 29 (2023)

A. U. Rahman, M. Saeed, M. A. Mohammed, S. Krishnamoorthy, S. Kadry, F. Eid, An integrated algo-
rithmic MADM approach for heart diseases diagnosis based on neutrosophic hypersoft set with possibility
degree-based setting. Life, 12(5), 729 (2022)

H. Xue, X. Yang, C. Chen, Possibility neutrosophic cubic sets and their application to multiple attribute
decision making. Symmetry, 12(2), 729 (2020)




21]

22]

23]

24]

[25]

[26]

27]

28]

29]

(30]

(31]

32]
(33]

34]

(35]

(36]

37]

(38]

39]

(40]

[41]

42]

[43]

M. Aslam, A. AlAita, F. Smarandache, A Critical Evaluation of the Criticisms against Neutrosophic
Statistical Methods. Neutrosophic Syst. with Appli., 25(6), 576589 (2025)

M. Saqlain, J. M. Merig, P. Kumam, Neutrosophic probabilistic ordered weighted averaging (NPOWA)
operator. Research in Math., 12(1), 2535135 (2025)

J.Zhao, B. Li, A. U. Rahman, M. Saeed, An intelligent multiple-criteria decision-making approach based
on sv-neutrosophic hypersoft set with possibility degree setting for investment selection. Management
Decision, 61(2), 472-485 (2023)

D. Ramot, R. Milo, M. Friedman, A. Kandel, Complex fuzzy sets. IEEFE transactions on fuzzy systems,
10, 171-186 (2002)

S. Dai, L. Bi, B. Hu, Distance measures between the interval-valued complex fuzzy sets. Mathematics,
7(6), 549 (2019)

A. Alkouri, A. R. Salleh, , Complex intuitionistic fuzzy sets. AIP conference proceedings, 1482, 464-470
(2012)

H. Garg, D. Rani, Complex interval-valued intuitionistic fuzzy sets and their aggregation operators.
Fundamenta Informaticae, 164, 61-101 (2019)

M. Gulzar, M. H. Mateen, D. Alghazzawi, N. Kausar, A novel applications of complex intuitionistic fuzzy
sets in group theory. IEEE Access, 8, 196075-196085 ( 2019)

X. Ma, J. Zhan, M. Khan, M. Zeeshan, S. Anis,A. S. Awan, Complex fuzzy sets with applications in
signals. Computational and Applied Mathematics. , 38, 150 (2019)

M. Bilal, I. Ul Haq, N. Kausar, M. I. Khan, D. Pamucar, J. El Maalouf, Multi-criteria decision-making
method under the complex intuitionistic fuzzy environment. J. Math. Comput. Sci, 38, 341-370 (2025)
T. Mahmood, U. Ur Rehman, A novel approach towards bipolar complex fuzzy sets and their applications
in generalized similarity measures. Int. J. Intell. Syst., 47, 535-567 (2022)

M. Ali, F. Smarandache, Complex neutrosophic set. Neural Comput. Appl., 28, 1817-1834 (2017)

A. Al-Quran, S. Alkhazaleh, Relations between the complex neutrosophic sets with their applications in
decision making. Azioms 7(3), 64-83 (2018)

Z. Ali, T. Mahmood, Complex neutrosophic generalised dice similarity measures and their application to
decision making. CAAI Transactions on Intelligence Technology 5(2), 78-87 (2020)

M. Algahtani, M.Kaviyarasu, A. Al-Masarwah, M. Rajeshwari, Application of complex neutrosophic
graphs in hospital infrastructure design. Mathematics, 12(5), 719 (2024)

M. Ali, L. Q. Dat, L. H. Son, F. Smarandache, Interval complex neutrosophic set: Formulation and
applications in decision-making. International Journal of Fuzzy Systems, 20(3), 986-999 (2018)

M. Khan, S. Anis, K. Bibi, S. Igbal, F. Smarandache, Complex neutrosophic soft matrices framework: an
application in signal processing. Journal of Mathematics, 2021, 8387824 (2021)

F. Karaaslan, M. T. A. Ahmed, M. A. D. Dawood, Distance measures of hesitant complex neutrosophic
sets and their applications in decision-making. Computational and Applied Mathematics 41, 307 (2022)
K. Hayat, Z. Tariq, E. Lughofer, M. F. Aslam, New aggregation operators on group-based generalized
intuitionistic fuzzy soft sets. Soft Computing, 25(21), 13353-13364 (2022). (2022)

J. C. R. Alcantud, Multi-attribute group decision-making based on intuitionistic fuzzy aggregation oper-
ators defined by weighted geometric means. Granular Computing, 8(6), 1857-1866 (2023 )

C. Jana, M. Pal, A robust single-valued neutrosophic soft aggregation operators in multi-criteria decision
making. Symmetry 11, 110 ( 2019)

C. Jana, M. Pal, Multi-criteria decision making process based on some single-valued neutrosophic Dombi
power aggregation operators. Soft Computing 25(7), 5055-5072 (2021)

C. Jana, M. Pal, F. Karaaslan, J. Q. Wang, Trapezoidal neutrosophic aggregation operators and their
application to the multi-attribute decision-making process. Scientia Iranica, 27(3), 1655-1673 (2020)




[44] M. Riaz, H. M. A. Farid, S. Ashraf, H. Kamac, Single-valued neutrosophic fairly aggregation operators
with multi-criteria decision-making. Computational and applied mathematics, 42(3), 104 (2023)

[45] P. Ji, J. Q. Wang, H. Y. Zhang, Sulaiman, Frank prioritized Bonferroni mean operator with single-valued
neutrosophic sets and its application in selecting third-party logistics providers. Neural Computing and
Applications, 30(3), 799-823 (2018)

[46] P. Liu, The aggregation operators based on archimedean t-conorm and t-norm for single-valued neutro-
sophic numbers and their application to decision making. International Journal of Fuzzy Systems, 18(5),
849-863 (2016)

[47] M. Akram, X. Peng, A. Sattar, A new decision-making model using complex intuitionistic fuzzy Hamacher
aggregation operators. Soft Computing, 25(10) 7059-7086 (2021)

[48] H. Garg, D. Rani, Some generalized complex intuitionistic fuzzy aggregation operators and their ap-
plication to multicriteria decision-making process. Arabian Journal for Science and Engineering, 44(3),
2679-2698 (2019)

[49] D. Xu, X. Cui, H. Xian, An extended EDAS method with a single-valued complex neutrosophic set and
its application in green supplier selection. Mathematics , 8, 282 (2020)

[50] M. Liagat, S. Yin, M. Akram, S. Ijaz, Aczel-alsina aggregation operators based on interval-valued complex
single-valued neutrosophic information and their application in decision-making problems. Journal of
Innovative Research in Mathematical and Computational Sciences, 1(2), 40-66 (2022)

[61] A. Naseem, M. Akram, K. Ullah, Z. Ali, Aczel-Alsina aggregation operators based on complex single-
valued neutrosophic information and their application in decision-making problems. Decision making
advances, 1(1), 86-114 (2023 )

[62] H. Garg, Z. Ali, I. M. Hezam, J. Gwak, DecisionMaking Approach Based on Generalized Aggregation Op-
erators with Complex SingleValued Neutrosophic Hesitant Fuzzy Set Information. Mathematical Problems
in Engineering, 2022 , 9164735 (2022 )

[63] T. Mahmood, Z. Ali, D. Prangchumpol, T. Panityakul, Dombi-Normalized Weighted Bonferroni Mean
Operators with Novel Multiple-Valued Complex Neutrosophic Uncertain Linguistic Sets and Their Ap-
plication in Decision Making. CMES-Comp. Model. Eng. Sci., 130 (3), 1587 (2022 )

[54] D. Molodtsov, Soft set theoryfirst results. Comput. Math. Appl., 37 (3), 1931 (1999)

[65] S. S. Y. Musa, Z. A. Ameen, W. Alagal, B. A. Asaad, A robust methodology for multi-criteria group
decision-making: intuitionistic fuzzy N-bipolar soft expert sets in cybersecurity risk assessment for finan-
cial institutions, Complez Intell. Syst., 12 , 151 (2026)

Received: date / Accepted: date




	1. Introduction
	2. Basic Concepts of CPNS
	3. The development of complex probabilistic neutrosophic set (CPNS)
	4. The development of AOs of CPNEs and their properties
	5. Suggest MCDM methodology for CPNWAO and CPNWGO (based on aggregation operators)
	5.1. Exploring the sensitivity of weights

	6. Discussion and comparison
	6.1. Limitations and future works

	7. Conclusions
	Abbreviations
	Use of AI tools declaration
	Data availability
	Funding
	Conflicts of interest
	References

