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Spatial structure and stochastic cellular interactions can influence outcomes of within-host tuberculosis (TB)

infection, but their effects may be represented differently in discrete and continuum modelling frameworks. We

develop an idealised stochastic individual-based model (IBM), based on a previously published within-host TB

model, and formally derive a mechanistically related deterministic continuum counterpart from its probabilistic

rules. To investigate how the two modelling approaches compare, we carry out a simulation-based comparative

study between appropriately reduced versions of the two models. The two formulations showed varying degrees

of agreement in qualitative clearance and non-clearance outcomes, with agreement generally stronger for non-

clearance cases. Even where infection outcomes agreed, substantial differences were observed in temporal dynamics

and underlying cellular behaviour. Repeated IBM realisations from the same initial configuration demonstrated

additional variability arising from intrinsic stochasticity, while differences between matched continuum and IBM

simulations may reflect both stochastic effects and differences in model representation. Initial spatial configuration

also influenced infection outcomes across otherwise fixed model conditions. Overall, the continuum and IBM

formulations provide complementary perspectives on early within-host TB dynamics, with the continuum model

capturing population-level behaviour and the IBM retaining discrete interactions and fine-scale spatial heterogeneity.

Keywords: Tuberculosis; Within-host modelling; Individual-based model; Partial differential equations; Spatial

modelling; Stochastic processes
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1 Introduction

Tuberculosis (TB), resulting from infection with Mycobacterium tuberculosis (Mtb), primarily affects the lungs,

where interactions between the mycobacteria and host immune cells occur within spatially structured tissue envi-

ronments (Houben et al., 2006; Marino et al., 2011). During infection, immune cells accumulate around Mtb to form

granulomas, within which local cellular processes contribute to mycobacterial containment or persistence (Marino

et al., 2011; Segovia-Juarez et al., 2004). The spatial organisation of mycobacteria and immune cells within in-

fected tissue can shape the course of within-host infection (Segovia-Juarez et al., 2004; Pitcher et al., 2018, 2020).

Capturing this spatial heterogeneity is therefore an important consideration when modelling within-host TB dy-

namics (Pitcher et al., 2018, 2020).

Mathematical models of within-host TB differ in how cellular and spatial processes are represented. Individual-

based models (IBMs) describe cells as discrete entities and can capture local interactions, spatial heterogeneity and

stochastic behaviour (Gammack et al., 2005; Segovia-Juarez et al., 2004; Macfarlane et al., 2022). These features

make them particularly well suited to studying complex spatiotemporal dynamics, such as those underlying the

immune response to TB (Wong et al., 2018; Joslyn et al., 2021). Hybrid IBM frameworks extend this approach by

coupling discrete cellular agents with continuous descriptions of environmental or molecular factors, such as oxygen

and chemokines (Bowness et al., 2018; Marino and Kirschner, 2016; Cilfone et al., 2013; Almeida et al., 2022).

Although this level of detail is valuable for representing cell-level behaviour and local interactions, IBM implemen-

tations can be computationally demanding and are often less amenable to mathematical analysis (Macfarlane et al.,

2022).

In contrast, partial differential equation (PDE) models describe cell populations and other biological quantities

as continuous densities or concentrations that vary across space and time (Macfarlane et al., 2022; Bubba et al.,

2020). Such formulations provide a natural framework for describing processes including cell migration, diffusion,

chemotaxis, and spatial mycobacterial dynamics (Bubba et al., 2020). The continuum formulation therefore provides

a complementary population-level description that is more amenable to analytical investigation, sensitivity analysis,

and systematic parameter exploration, while the IBM retains stochastic event timing, individual identities and fine-

scale spatial heterogeneity (Macfarlane et al., 2022).

In this study, we compare a stochastic within-host IBM with a mechanistically related deterministic continuum

formulation. Although IBMs have previously been compared with continuum counterparts in applications such as

growing cell populations (Byrne and Drasdo, 2009) and competing cancer-cell phenotypes (Ardaševa et al., 2020),

to our knowledge, such a formal continuum counterpart has not previously been developed and directly compared

with a mechanistically related spatial hybrid IBM in the context of within-host TB infection.

Both formulations are developed in relation to the hybrid IBM of Bowness et al. (2018), which represents

interactions between Mtb and immune cells together with continuous oxygen and chemokine concentrations. The

stochastic formulation considered here, however, is not the published Bowness et al. (2018) implementation itself.

Instead, we construct an idealised stochastic formulation based on that model, incorporating several extensions

and simplifications. These include multiple occupancy of spatial sites and modified interaction rules, for enhanced

cellular interactions.

We start by formalising the probabilistic rules of this idealised stochastic formulation. These rules are then used

to formally derive a deterministic continuum counterpart comprising a system of coupled PDEs for the dynamics of

the densities of mycobacteria, macrophages and T cells, together with the dynamics of the concentrations of oxygen

and chemokines. The derivation captures the principal mechanisms of the stochastic formulation at the population

level rather than every discrete event or algorithmic detail. Consequently, the correspondence between the two

formulations should not be interpreted as exact event-level equivalence.

For computational feasibility, we subsequently reduce the complete continuum formulation before numerical
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implementation. We then implement a reduced stochastic IBM containing the same selected cell populations

and key biological processes, so that the numerical comparison can be performed under closely matched initial

spatial configurations. The two formulations are compared using closely matched blood vessel locations, resting

macrophage distributions, and initial mycobacterial positions. This comparison allows us to examine agreement

and disagreement in clearance outcomes, stochastic variability in the IBM, and differences in temporal and spatial

dynamics.

The article is organised as follows. In § 2, we introduce the stochastic individual-based formulation and its

probabilistic rules. In § 3, we present its continuum counterpart, with the formal mean-field derivation provided

in § A. In § 4, we introduce the reduced versions of the two formulations and describe their numerical implemen-

tation. We also describe how closely matched blood vessel locations, initial mycobacterial coordinates, and resting

macrophage distributions are transferred between the two formulations. In § 5, we compare the temporal dynamics

of the reduced PDE and stochastic IBM under one fixed parameter regime across ten closely matched initial spatial

configurations, with four IBM realisations considered for each configuration, and examine selected spatial patterns.

Finally, in § 6, we summarise our findings, discuss the influence of initial spatial configuration and intrinsic IBM

stochasticity on agreement and disagreement between the formulations, and outline the limitations of the present

comparison and directions for future research.

2 Stochastic Individual-Based Formulation

We construct an idealised stochastic individual-based formulation based on the model developed by Bowness et al.

(2018) to represent interactions between Mtb and immune cells within a localised section of lung tissue. The

formulation retains the key biological mechanisms represented in Bowness et al. (2018), including macrophage and

T cell responses, mycobacterial growth, and spatially varying oxygen and chemokine concentrations. Several aspects

of the discrete formulation are modified or simplified to facilitate derivation of a formal continuum counterpart.

The cell types and their associated states are shown in Figure 1. The model incorporates the following biological

processes:

1. Phenotypic Switching of Mycobacteria: Mtb bacilli exhibit phenotypic switching between slow- and fast-

growing states based on the local concentration of oxygen. Surplus oxygen promotes fast growth, facilitating

rapid replication, while limited oxygen induces a slow-growing state.

2. Replication: Mycobacterial replication occurs within a Moore neighbourhood of order 3 when sufficient

space is available. Otherwise, mycobacteria enter a ‘quiescent’ state until space becomes available.

3. Recruitment: Immune cells are recruited via blood vessels. In Bowness et al. (2018), the blood vessels were

either uniformly or randomly distributed. Macrophages, the innate immune cells, are initially recruited in

their resting state. An increase in extracellular mycobacterial burden triggers an adaptive immune response,

leading to the recruitment of T cells.

4. Phagocytosis of Mycobacteria: Macrophages transition to an infected state after phagocytosing extracel-

lular mycobacteria.

5. Cell Activation: Resting macrophages can become activated if T cells are within their Moore neighbourhood.

For modelling simplicity, T cells are represented as a single cell type encompassing both macrophage activation

and cytotoxic functions.

6. Migration of Cells: Resting macrophages migrate via an unbiased random walk. Activated and infected

macrophages secrete chemokines (Algood et al., 2003), which guide the chemotactic movement of infected and

activated macrophages, and T cells. Chemotaxis is modelled as a biased random walk in response to local

chemokine concentration gradients.
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7. Cytotoxic Killing of Target Cells: Activated macrophages are effective at killing mycobacteria, with T

cells also playing a crucial role in eliminating infected macrophages and mycobacteria within them.

Several modifications are introduced relative to the published implementation of Bowness et al. (2018). In

particular, the stochastic formulation allows multiple occupancy of lattice sites. This enables mycobacterial offspring

to remain at or near the parent location and allows selected immune cell interactions, such as phagocytosis, to occur

without requiring each lattice site to contain only a single cell. We also adopt a different approach from Bowness

et al. (2018) for modelling the radius of interaction between cells.

In addition to chemotactic migration, T cells also perform unbiased random walks, allowing them to explore

their local microenvironment and interact with other cells and molecules (Riggs et al., 2008; Krummel et al.,

2016). This added behaviour compared to Bowness et al. (2018) enables T cells to continue surveying the local

tissue environment for infection and maintain cytotoxic activity even at low chemokine concentrations. Where a

chemotactic signal is present, chemokine-directed migration takes precedence over unbiased random migration.

These modifications define the stochastic formulation used throughout this study. They are introduced to

enhance the key within-host TB mechanisms of the Bowness et al. (2018) framework while producing a discrete

formulation from which a formal continuum counterpart can be derived. The resulting correspondence is therefore

mechanistic and population-level rather than an exact event-level reproduction of the published Bowness et al.

(2018) implementation.

Remark 1. In the original model, chronically infected macrophages arise when infected macrophages accumulate

Mtb beyond a specified threshold. In contrast to Bowness et al. (2018), we exclude chronically infected macrophages

and bursting phenomena. These processes are omitted from the stochastic formulation as part of the simplifications

introduced to facilitate derivation and comparison with the formal continuum counterpart.

Mycobacteria

Fast-growing

Slow-growing

Quiescent

Macrophages Resting

Infected

Active

T cells Active

Figure 1: Cell types and their associated states represented in the stochastic individual-based formulation.
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2.1 Preliminaries and Notations

We translate the model dynamics outlined in § 2 into probabilistic rules to guide the formal derivation of a continuum

counterpart. We start by considering a d−dimensional spatial domain Ω = (0, l)d, where d = 1 or d = 2. The

positions of mycobacterial and immune cells are modelled by x ∈ [0, l] when d = 1 and by the vector x = (x, y) ∈

[0, l]2 when d = 2, at time t ∈ (0, tf ].

The discretisation of the time and space variables follows tk = kτ , xi = iη, and yj = jη, where k ∈ N0 and

(i, j) ∈ [0,N ]2 ⊂ N
2
0. Here, N0 denotes the set of natural numbers including zero. Both τ ∈ R

∗
+ and η ∈ R

∗
+

represent the time-step and space-step, respectively, with N and η satisfying Nη := l. We let R
∗
+ denote the set

of positive real numbers, excluding zero, while R+ represents the set of positive real numbers (including zero). It

is assumed that τ is sufficiently small to ensure that all probabilities defined below remain between 0 and 1. We

adopt the notations i ≡ i and xi ≡ xi for the case d = 1, and i ≡ (i, j) and xi ≡ (xi, yj) for the case d = 2.

We will focus on the two-dimensional (2D) scenario, i.e. we will assume d = 2 for the formulation of the

probabilistic rules.

We start by defining the discrete cell numbers at position xi and time tk. Let

Nk
Si
, Nk

Fi
, Nk

Qi
∈ N0

denote the numbers of slow-growing, fast-growing, and quiescent mycobacteria, respectively. Similarly,

Mk
Ri
, Mk

Ai
, Mk

Ii
∈ N0

denote the numbers of resting, active, and infected macrophages, respectively, while

Ek
i
∈ N0

denotes the number of T cells.

The corresponding cell densities are obtained by dividing the cell numbers by the size of a lattice site, namely

ηd. Unless otherwise stated, we henceforth consider the 2D setting, so that the densities are obtained by division

by η2. The corresponding one-dimensional definitions are provided in Appendix A.

At each time step, a check is performed to ensure sufficient space is available at each lattice site before my-

cobacterial proliferation, growth, or immune cell migration occurs. To model space saturation effects linked to these

processes, we introduce two functions: Ψ(Nk
i
) for mycobacterial proliferation and growth, and Φ(Nk

i
) for immune

cell migration. Here, Nk
i

represents the total number of cells (mycobacterial or immune) at site i at time tk, that

is,

Nk
i
= Nk

Si
+Nk

Fi
+Nk

Qi
+Mk

Ri
+Mk

Ai
+Mk

Ii
+ Ek

i
. (1)

The functions Ψ and Φ satisfy the following assumptions:

Ψ(0) = 1, Ψ(N̄) = 0, Ψ : R+ → R+,
∂Ψ(N)

∂N







< 0 0 ≤ N < N̄,

= 0 N ≥ N̄ ,
N̄ ∈ R

∗
+, (2)

Φ(0) = 1, Φ(N̄) = 0, Φ : R+ → R+,
∂Φ(N)

∂N







< 0 0 ≤ N < N̄,

= 0 N ≥ N̄ ,
N̄ ∈ R

∗
+. (3)

Throughout this work, we use the following volume-filling functions, which satisfy the assumptions above:

Ψ(N) = Φ(N) =

(

1−
N

N̄

)

+

. (4)
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Here, N̄ is the number of cells corresponding to the maximum occupancy of a lattice site. The monotonic decrease

of Ψ(N) and Φ(N) for N < N̄ captures the fact that as the number of cells increases, the available space at the

lattice site decreases. Once the total number of cells, N , reaches N̄ , both functions flatten, indicating saturation.

Beyond this point, no further proliferation, growth, or migration occurs at the lattice site.

For the sake of clarity, in the remainder of the paper, we will also use the following abridged notation:

Ψ(Nk
i
) ≡ Ψk

i
, Φ(Nk

i
) ≡ Φk

i
. (5)

2.2 Dynamics of Oxygen

Let Ok
(i,j) represent the concentration of oxygen at a particular time tk and position xi. Following the approach

in Bowness et al. (2018), oxygen is supplied through a fixed number of blood vessels. The positions of the blood

vessels belong to the set ω ⊂ Ω, where Ω as stated earlier is the spatial domain.

The dynamics of Ok
(i,j) follow the discrete balance equation (Bubba et al., 2020)

Ok+1
(i,j) = Ok

(i,j) + τβO(LO
k)(i,j) + τδO1ω(i,j) − τwk

(i,j), (6)

subject to initial conditions and discrete zero-flux boundary conditions as used by Powathil et al. (2012). Here,

βO > 0 is the diffusion coefficient of oxygen, δO > 0 is the rate at which oxygen is supplied from the blood vessel

based on 1ω(xi), and the term wk
(i,j) is used to model the consumption of oxygen by cells in the system. Each

cell type has a different consumption rate (Bowness et al., 2018): Ons for slow-growing mycobacteria, Onf for

fast-growing mycobacteria, Onq for mycobacteria in a quiescent state, Omr for resting macrophages, Oma for active

macrophages, Omi for infected macrophages, and Oe for T cells. Therefore, we define the term wk
(i,j) as

wk
(i,j) = Onsn

k
S(i,j)

+Onfn
k
F(i,j)

+Onqn
k
Q(i,j)

+Omrm
k
R(i,j)

+Omam
k
A(i,j)

+Omim
k
I(i,j)

+Oee
k
(i,j). (7)

Finally, the operator L used in Eq. (6) is the discrete Laplacian on the lattice {xi} × {yj}, which for a generic

discrete function Hk
(i,j) is defined as

(LHk)(i,j) =
1

η2

(

Hk
(i−1,j) +Hk

(i+1,j) +Hk
(i,j−1) +Hk

(i,j+1) − 4Hk
(i,j)

)

. (8)

This represents the discrete approximation of diffusion across the lattice sites.

2.3 Dynamics of Chemokines

Let ck(i,j) denote the concentration of chemokines at time tk and position xi. Following the approach in Algood et al.

(2003), chemokine secretion is carried out by all non-resting macrophages (i.e. active and infected macrophages).

The dynamics of ck(i,j) follow the discrete balance equation

ck+1
(i,j) = ck(i,j) + τβc(Lc

k)(i,j) + τδca
k
(i,j) − τκcc

k
(i,j), (9)

subject to suitable initial conditions and discrete zero-flux boundary conditions. The operator L is the discrete

Laplacian defined via Eq. (8). The parameters βc > 0, δc > 0, and κc > 0 represent the diffusion coefficient of

the chemokine, the rate at which the aggregated chemokine is released, and the rate at which chemokine naturally

decays, respectively. The term ak(i,j) represents the density of all non-resting macrophages, that is

ak(i,j) = mk
Ai

+mk
Ii
. (10)

6



2.4 Dynamics of Extracellular Mycobacteria

As discussed in § 2, proliferating extracellular mycobacteria exhibit phenotypic changes, and we consider two

phenotypes: fast- and slow-growing. We assume transitions between these phenotypes to be contingent on the

oxygen concentration near the blood vessels (Sershen et al., 2016; Bowness et al., 2018). Following successful

establishment of infection by Mtb, the two mycobacterial phenotypes can replicate and grow extracellularly at

different rates. However, this occurs only when there is sufficient space for mycobacterial replication, as outlined

in Eq. (2). Otherwise, the mycobacteria enter a quiescent state until a suitable space becomes available at a later

time-step. We postulate that a resting macrophage can phagocytose a mycobacterium, leading to the removal of

the mycobacterium from the lattice site. Furthermore, mycobacteria are eliminated from the system due to death

caused by the cytotoxic actions of active macrophages and T cells. These actions and interactions are modelled as

described below.

2.4.1 Phenotypic Changes of Growing Mycobacteria Induced by Oxygen Concentration

The phenotypic change of growing mycobacteria at time tk and position xi is a reversible process involving two

directional processes of trait change. In the model, mycobacterial state change depends on the concentration of

oxygen. At a particular position xi, we define a concentration level (Ohigh) above which slow-growing mycobacteria

become fast-growing mycobacteria (Bowness et al., 2018). Therefore, we define the probability of the transition

from slow- to fast-growing mycobacteria as

0 ≤ τJS→F (O
k
(i,j)) ≤ 1, JS→F (O

k
(i,j)) =







Ok
(i,j)

1+Ok
(i,j)

if Ok
(i,j) ≥ Ohigh

0 otherwise.
(11)

However, with more replication of mycobacteria comes a greater demand for oxygen. Eventually, the concen-

tration of oxygen at a particular position xi will diminish, falling below a level (Olow) that facilitates the change of

a mycobacterial cell state from a fast-growing to a slow-growing phenotype (Bowness et al., 2018). Similarly, the

probability of the transition from fast- to slow-growing mycobacteria is defined as

0 ≤ τJF→S(O
k
(i,j)) ≤ 1, JF→S(O

k
(i,j)) =







1
1+Ok

(i,j)

if Ok
(i,j) ≤ Olow

0 otherwise.
(12)

Note that in Eq. (11) and Eq. (12), the functional forms
Ok

(i,j)

1+Ok
(i,j)

and 1
1+Ok

(i,j)

, respectively, ensure that the switching

factors remain bounded between 0 and 1, while capturing the required monotonic dependence on oxygen concen-

tration: the former increases with Ok
(i,j), whereas the latter decreases with Ok

(i,j), including in the limit Ok
(i,j) → ∞.

2.4.2 Proliferation, Expansion, Transition to Quiescent State, Phagocytosis, and Death of My-

cobacteria

Proliferation and Growth of Slow-Growing and Fast-Growing Mycobacteria

An initial number of slow-growing mycobacteria that are able to proliferate are placed into the tissue environment.

Hence, at every time-step k, provided there is enough space (cf. Eq. (2)), slow-growing mycobacteria are able to

proliferate with probability

0 ≤ ταSΨ
k
i
≤ 1, (13)

where αS ∈ R
∗
+ represents the maximal proliferation rate of slow-growing mycobacteria.
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Following proliferation, mycobacterial colonies can grow spatially, allowing slow-growing mycobacteria to occupy

neighbouring lattice sites. In a 2D domain, this growth can occur up to 8 neighbouring lattice sites. Thus, we define

βS ∈ (0, 1) as the probability of slow-growing mycobacteria growing to a new position due to proliferation.

For a slow-growing mycobacterium at position xi = (xi, yj) and time tk, we define the probabilities of growing

into neighbouring sites as in Table 1.

(a) ULQk
NS(i,j)

=
βS
8
Ψk

(i−1,j+1)
(b) MLQk

NS(i,j)
=
βS
8
Ψk

(i−1,j)

(c) LLQk
NS(i,j)

=
βS
8
Ψk

(i−1,j−1)
(d) UQk

NS(i,j)
=
βS
8
Ψk

(i,j+1)

(e) LQk
NS(i,j)

=
βS
8
Ψk

(i,j−1)
(f) URQk

NS(i,j)
=
βS
8
Ψk

(i+1,j+1)

(g) MRQk
NS(i,j)

=
βS
8
Ψk

(i+1,j)
(h) LRQk

NS(i,j)
=
βS
8
Ψk

(i+1,j−1)

Table 1: Probabilities that slow-growing mycobacteria on lattice site (i, j) at time step k will grow into neighbouring lattice

sites. (a)-(h) represent the probability of growth into lattice site (i − 1, j + 1), (i − 1, j), (i − 1, j − 1), (i, j + 1), (i, j − 1),

(i+ 1, j + 1), (i+ 1, j), and (i+ 1, j − 1), respectively.

Consequently, the probability of remaining on the parent lattice site (i.e. not growing into neighbouring lattice

sites) is

1− ULQk
NS(i,j)

− MLQk
NS(i,j)

− LLQk
NS(i,j)

− UQk
NS(i,j)

− LQk
NS(i,j)

− URQk
NS(i,j)

− MRQk
NS(i,j)

− LRQk
NS(i,j)

. (14)

Similarly, we introduce an initial population of fast-growing mycobacteria into the tissue environment. These

mycobacteria can rapidly replicate and occupy positions on the lattice site over time (cf. Eq. (2)). Hence, at each

time-step k, fast-growing mycobacteria can proliferate with probability

0 ≤ ταFΨ
k
i
≤ 1, (15)

where αF ∈ R
∗
+ represents the maximal proliferation rate of fast-growing mycobacteria.

As with slow-growing mycobacteria, fast-growing mycobacteria can grow spatially by occupying neighbouring

lattice sites. This growth follows the same mechanism as for slow-growing mycobacteria, with βF ∈ (0, 1) repre-

senting the probability of fast-growing mycobacteria growing into a new position due to proliferation.

For a fast-growing mycobacterium at position xi = (xi, yj) and time tk, we define the probabilities of growth

into neighbouring sites as in Table 2.
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(a) ULQk
NF (i,j)

=
βF
8
Ψk

(i−1,j+1)
(b) MLQk

NF (i,j)
=
βF
8
Ψk

(i−1,j)

(c) LLQk
NF (i,j)

=
βF
8
Ψk

(i−1,j−1)
(d) UQk

NF (i,j)
=
βF
8
Ψk

(i,j+1)

(e) LQk
NF (i,j)

=
βF
8
Ψk

(i,j−1)
(f) URQk

NF (i,j)
=
βF
8
Ψk

(i+1,j+1)

(g) MRQk
NF (i,j)

=
βF
8
Ψk

(i+1,j)
(h) LRQk

NF (i,j)
=
βF
8
Ψk

(i+1,j−1)

Table 2: Probabilities that fast-growing mycobacteria on lattice site (i, j) at time step k will grow into neighbouring lattice

sites. (a)-(h) represent the probability of growth into lattice site (i − 1, j + 1), (i − 1, j), (i − 1, j − 1), (i, j + 1), (i, j − 1),

(i+ 1, j + 1), (i+ 1, j), and (i+ 1, j − 1), respectively.

Consequently, the probability of remaining on the parent lattice site (i.e. not growing into neighbouring lattice

sites) is

1− ULQk
NF (i,j)

− MLQk
NF (i,j)

− LLQk
NF (i,j)

− UQk
NF (i,j)

− LQk
NF (i,j)

− URQk
NF (i,j)

− MRQk
NF (i,j)

− LRQk
NF (i,j)

. (16)

Remark 2. The correspondence between mycobacterial replication in the stochastic and continuum formulations is

at the population level rather than at the level of individual replication events. In the stochastic IBM, mycobacterial

proliferation and offspring placement remain discrete, with offspring placed on specific lattice sites according to

the probabilistic rules described above. In the continuum formulation, these mechanisms are represented through

changes in mycobacterial density. The two formulations should therefore not be interpreted as having exact event-

level correspondence in mycobacterial replication or offspring placement.

Transition of Slow-Growing and Fast-Growing Mycobacteria to Quiescent State

If there is insufficient space to accommodate a newly replicated mycobacterium on a certain lattice site, a slow-

growing mycobacterium may enter a quiescent state. Therefore, we define the probability of the transition from

slow-growing mycobacteria to mycobacteria in a quiescent state as

0 ≤ τwS→Q(1−Ψk
i
) ≤ 1, (17)

where wS→Q ∈ R
∗
+ represents the maximal rate of transition from slow-growing mycobacteria to quiescent my-

cobacteria.

The transition probability in Eq. (17) relies on the availability of space to determine the potential transition

from a slow-growing state to a quiescent state (cf. Eq. (2)). For Ψk
i
= 1, indicating the availability of space at

(tk,xi) for proliferation, the term (1−Ψk
i
) in Eq. (17) ensures a zero probability that slow-growing mycobacteria will

become quiescent when there is space available. Conversely, when Ψk
i
= 0, Eq. (17) ensures a non-zero probability,

signifying that slow-growing mycobacteria become quiescent when there is no space available for proliferation.

In a similar way, a fast-growing mycobacterium may enter a quiescent state when proliferation is impossible due

to a lack of space. Thus, we define the probability of transition from fast-growing mycobacteria to mycobacteria in

the quiescent state as

0 ≤ τwF→Q(1−Ψk
i
) ≤ 1, (18)
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where wF→Q ∈ R
∗
+ represents the maximal rate of transition from fast-growing mycobacteria to quiescent mycobac-

teria.

Transition of Mycobacteria in Quiescent State to Slow-Growing Mycobacteria

As mentioned earlier, at time tk, mycobacteria that are unable to proliferate due to space restrictions enter a

quiescent state. However, if sufficient space becomes available on a lattice site at time tk, meeting the conditions

specified in Eq. (2), mycobacteria can transition from their quiescent state to a slow-growing state. Therefore, we

define the probability of the transition from quiescent state to slow-growing mycobacteria as

0 ≤ τwQ→SΨ
k
i
≤ 1. (19)

Phagocytosis of Slow-Growing and Fast-Growing Mycobacteria, and Mycobacteria in Quiescent State

by Resting Macrophages

In Bowness et al. (2018), resting macrophages perform phagocytosis on mycobacteria, preventing them from growing

extracellularly. However, for phagocytosis to occur, the mycobacterium and resting macrophage must be within a

specific distance. Therefore, following the modelling strategy proposed by Almeida et al. (2022), we assume that

at time tk, resting macrophages within a radius of ρ (cf. Eq. (22)) from a slow-growing mycobacterium at position

(xi, yj) may phagocytose the mycobacterium with a probability

0 ≤ τhNS
Kk

MR(i,j)
≤ 1, (20)

where the parameter hNS
is associated with the efficiency of resting macrophages at phagocytosing slow-growing

mycobacteria and the term Kk
MR(i,j) is linked to the number of resting macrophages within a radius of ρ to the

mycobacterium at xi. The quantity Kk
MR(i,j) ∈ N0 is defined as

Kk
MR(i,j)

≡ KMR
(tk, xi, yj) = hMR

∑

(h,l)

Υ(xi, xh, yj , yl; ρ)MR
k
(h,l), (21)

where hMR
is inversely proportional to the maximum number of resting macrophages which can be accommodated

within the spatial domain and the function Υ is defined as

Υ(xi, xh, yj , yl; ρ) =







1 if
√

|xi − xh|2 + |yi − yl|2 ≤ ρ

0 if
√

|xi − xh|2 + |yi − yl|2 > ρ.
(22)

Further, we postulate that at (tk,xi), a fast-growing mycobacterium may be phagocytosed by resting macrophages

at a rate proportional to the number of resting macrophages within a radius of ρ to the mycobacterium. Therefore,

we define the probability of this occurrence as

0 ≤ τhNF
Kk

MR(i,j)
≤ 1, (23)

where the parameter hNF
is associated with the efficiency of resting macrophages at phagocytosing fast-growing

mycobacteria and Kk
MR(i,j)

is defined via Eq. (21).

Quiescent mycobacteria remain susceptible to phagocytosis. Therefore, at (tk,xi), resting macrophages within

a radius of ρ to a mycobacterium in a quiescent state can phagocytose the mycobacterium. The probability of this

phagocytosis event is defined as

0 ≤ τhNQ
Kk

MR(i,j)
≤ 1, (24)

where the parameter hNQ
is associated with the efficiency of resting macrophages at phagocytosing mycobacteria

in a quiescent state and Kk
MR(i,j)

is defined via Eq. (21).
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Cytotoxic Death of Slow-Growing and Fast-Growing Mycobacteria, and Mycobacteria in Quiescent

State Induced by Active Macrophages

Active macrophages cytotoxically kill mycobacteria. Hence, at (tk,xi), we allow a slow-growing mycobacterium to

die due to the cytotoxic action of active macrophages at a rate proportional to the number of active macrophages

within a radius of ρ to the mycobacterium. The probability of this occurrence is defined as

0 ≤ τdNS ,MA
Kk

MA(i,j)
≤ 1, (25)

where dNS ,MA
is associated with the effectiveness of active macrophages at killing slow-growing mycobacteria and

the term Kk
MA(i,j) is linked to the number of active macrophages within a radius of ρ to the mycobacterium at xi.

The quantity Kk
MA(i,j) ∈ N0 is defined as

Kk
MA(i,j)

≡ KMA
(tk, xi, yj) = hMA

∑

(h,l)

Υ(xi, xh, yj , yl; ρ)MA
k
(h,l), (26)

where hMA
is inversely proportional to the maximum number of active macrophages which can be accommodated

within the spatial domain and Υ is defined via Eq. (22).

We further postulate that at time tk and position xi, active macrophages may kill a fast-growing mycobacterium

at a rate proportional to the number of active macrophages within a radius of ρ to the mycobacterium. We define

the probability of this occurrence as

0 ≤ τdNF ,MA
Kk

MA(i,j)
≤ 1, (27)

where dNF ,MA
is associated with the effectiveness of active macrophages at killing fast-growing mycobacteria and

Kk
MA(i,j)

is defined via Eq. (26).

While mycobacteria in a quiescent state neither exhibit slow nor fast growth, their population still contributes

to mycobacterial infection. Consequently, clearance of mycobacteria in a quiescent state is crucial for controlling

TB. At (tk,xi), a mycobacterium in a quiescent state may undergo cytotoxic death due to the action of active

macrophages when the latter are within a radius of ρ to the mycobacterium. The probability of this occurrence is

defined as

0 ≤ τdNQ,MA
Kk

MA(i,j)
≤ 1, (28)

where dNQ,MA
is associated with the efficiency of active macrophages at eliminating mycobacteria in the quiescent

state and Kk
MA(i,j)

is defined via Eq. (26).

2.5 Dynamics of Macrophages

2.5.1 Dynamics of Resting Macrophages

Recruitment of Resting Macrophages

Prior to the recruitment of resting macrophages, an initial population of resident resting macrophages is deposited

into the spatial domain. If needed, more resting macrophages are recruited into the spatial domain through blood

vessels located at points contained in the set ω ⊂ Ω. This process is regulated by chemokine signaling. In alignment

with previous work (Almeida et al., 2022), we regulate the influx of resting macrophages from the blood vessels by

pk(i,j), which is defined as

pk(i,j) = p(tk,xi) = cktot1ω(xi), cktot =
∑

(i,j)

ck(i,j)η
2, (29)

where cktot represents the total amount of chemokine in the spatial domain at time tk and 1ω is the indicator function

of the set ω ⊂ Ω. Therefore, between the time-steps k and k + 1, the density of the resting macrophages that can
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enter a blood vessel at position xi is controlled by pk(i,j), such that

τδMR
pk(i,j) ≥ 0, (30)

where δMR
∈ R

∗
+ is a constant of proportionality.

Infection of Resting Macrophages

The main function of resting macrophages is to perform phagocytosis of mycobacteria. Moreover, a healthy resting

macrophage at (tk,xi) may become infected with probability

0 ≤ τλMR
bk(i,j) ≤ 1, bk(i,j) = nk

S(i,j)
+ nk

F(i,j)
+ nk

Q(i,j)
, (31)

where λMR
∈ R

∗
+ is proportional to the rate at which a mycobacterium can infect a resting macrophage, and the

term bk(i,j) is the sum of all mycobacteria density at (tk,xi).

Death of Resting Macrophages

At a time-step k and position xi, the natural death of a resting macrophage occurs with a probability given by

0 ≤ τdMR
≤ 1, (32)

where dMR
∈ R

∗
+ is the natural death rate of resting macrophages.

Undirected Random Migration of Resting Macrophages

The movement of resting macrophages is constrained to undirected random migration, following a random walk

with a movement probability denoted as ν ∈ R
∗
+, where 0 < ν ≤ 1. However, the position change from a current

lattice site to another is contingent upon the availability of space at neighbouring sites (cf. Eq. (3)). In a 2D

domain, immune cells can update their positions through random migration towards up to 8 possible lattice sites.

Thus, for a resting macrophage at position xi = (xi, yj) and time tk, we represent the probabilities of moving to

neighbouring lattice sites via undirected random migration in Table 3.

(a) ULQk
MR(i,j)

=
ν

8
Φk

(i−1,j+1) (b) MLQk
MR(i,j)

=
ν

8
Φk

(i−1,j)

(c) LLQk
MR(i,j)

=
ν

8
Φk

(i−1,j−1) (d) UQk
MR(i,j)

=
ν

8
Φk

(i,j+1)

(e) LQk
MR(i,j)

=
ν

8
Φk

(i,j−1) (f) URQk
MR(i,j)

=
ν

8
Φk

(i+1,j+1)

(g) MRQk
MR(i,j)

=
ν

8
Φk

(i+1,j) (h) LRQk
MR(i,j)

=
ν

8
Φk

(i+1,j−1)

Table 3: Probabilities of migrating to neighbouring lattice sites via undirected random migration for a resting macrophage

on lattice site (i, j) at time-step k. (a)-(h) represent the probability of moving to lattice site (i−1, j+1), (i−1, j), (i−1, j−1),

(i, j + 1), (i, j − 1), (i+ 1, j + 1), (i+ 1, j), and (i+ 1, j − 1), respectively.

Consequently, the probability of not undergoing undirected random movement is

1− ULQk
MR(i,j)

− MLQk
MR(i,j)

− LLQk
MR(i,j)

− UQk
MR(i,j)

− LQk
MR(i,j)

− URQk
MR(i,j)

− MRQk
MR(i,j)

− LRQk
MR(i,j)

. (33)
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Activation of Resting Macrophages by T cells

The presence of T cells in the neighbourhood of resting macrophages can activate them. Thus, at (tk,xi), a resting

macrophage may become activated when there are T cells within a radius of ρ to the macrophage. The probability

of this activation is given by

0 ≤ τAMR,EKE(i, j)
k ≤ 1, (34)

where AMR,E is associated with the efficiency of T cells at activating resting macrophages and Kk
E(i,j)

is as previously

defined via Eq. (40).

2.5.2 Dynamics of Active Macrophages

Death of Active Macrophages

Active macrophages are capable of performing cytotoxic actions on mycobacteria and migrate in response to the

upregulation of the chemokine, defined via Eq. (9). Moreover, at a specific time-step k and position xi, an active

macrophage undergoes natural death with probability

0 ≤ τdMA
≤ 1, (35)

where dMA
∈ R

∗
+ is the natural death rate of active macrophages.

Chemotactic Migration of Active Macrophages

We adopt the modelling strategy proposed by Almeida et al. (2022) in deriving the chemotactic migration of

active macrophages. The migration strictly follows a biased random walk, characterised by chemotaxis, where

the probabilities of moving from one position to another depend on the difference in chemokine concentration

between the currently occupied lattice site and neighbouring sites. Additionally, we account for the tendency

of active macrophages to migrate towards regions with a higher concentration of the chemokine, introducing a

proportionality constant µ ∈ R
∗
+ to represent their sensitivity to chemokine. The highest possible value which can

be attained by the chemokine concentration is denoted by cmax ∈ R
∗
+. In a 2D domain, active macrophages at time

tk may move to up to 8 different positions, provided that there is sufficient space to do so (cf. Eq. (3)). Thus, for an

active macrophage on lattice site i = (i, j) at time-step k, we represent the probabilities of moving to neighbouring

lattice sites via chemotaxis in Table 4.

(a) ULSk
MA(i,j)

= µ Φk
(i−1,j+1)

(ck(i−1,j+1) − ck(i,j))+

8cmax

(b) MLSk
MA(i,j)

= µ Φk
(i−1,j)

(ck(i−1,j) − ck(i,j))+

8cmax

(c) LLSk
MA(i,j)

= µ Φk
(i−1,j−1)

(ck(i−1,j−1) − ck(i,j))+

8cmax

(d) USk
MA(i,j)

= µ Φk
(i,j+1)

(ck(i,j+1) − ck(i,j))+

8cmax

(e) LSk
MA(i,j)

= µ Φk
(i,j−1)

(ck(i,j−1) − ck(i,j))+

8cmax

(f) URSk
MA(i,j)

= µ Φk
(i+1,j+1)

(ck(i+1,j+1) − ck(i,j))+

8cmax

(g) MRSk
MA(i,j)

= µ Φk
(i+1,j)

(ck(i+1,j) − ck(i,j))+

8cmax

(h) LRSk
MA(i,j)

= µ Φk
(i+1,j−1)

(ck(i+1,j−1) − ck(i,j))+

8cmax

Table 4: Probabilities of migrating to neighbouring lattice sites via chemotaxis for an active macrophage on lattice site

(i, j) at time-step k. (a)-(h) represent the probability of moving to lattice site (i− 1, j+1), (i− 1, j), (i− 1, j− 1), (i, j+1),

(i, j − 1), (i+ 1, j + 1), (i+ 1, j), and (i+ 1, j − 1), respectively.
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Hence, the probability of not undergoing chemotactic movement is

1− ULSk
MA(i,j)

− MLSk
MA(i,j)

− LLSk
MA(i,j)

− USk
MA(i,j)

− LSk
MA(i,j)

− URSk
MA(i,j)

− MRSk
MA(i,j)

− LRSk
MA(i,j)

. (36)

Similar to the approach in Almeida et al. (2022), the division by cmax ensures that the values of the quotient in

Table 4 do not exceed 1. Additionally, the presence of the positive part (·)+ ensures that the numerator remains

non-negative.

2.5.3 Dynamics of Infected Macrophages

Death of Infected Macrophages

Following the infection of resting macrophages (cf. Eq. (31)), if not eliminated by T cells, at (tk,xi), an infected

macrophage may die naturally with probability

0 ≤ τdMI
≤ 1, (37)

where dMI
∈ R

∗
+ is the natural death rate of infected macrophages.

Chemotactic Migration of Infected Macrophages

Infected macrophages undergo a biased random walk, where the probability of moving from one position to another

depends on the difference in chemokine concentration between the current lattice site and neighbouring sites. This

approach accounts for the tendency of infected macrophages to migrate towards regions with higher chemokine

concentrations. To represent their sensitivity to chemokine, we introduce a proportionality constant, ζ ∈ R
∗
+. In

a 2D domain, infected macrophages at time tk may move to up to 8 different positions, provided sufficient space

is available, as described in Eq. (3). Hence, for an infected macrophage on lattice site i = (i, j) at time-step k, we

represent the probabilities of moving to neighbouring lattice sites via chemotaxis in Table 5.

(a) ULSk
MI (i,j)

= ζ Φk
(i−1,j+1)

(ck(i−1,j+1) − ck(i,j))+

8cmax

(b) MLSk
MI (i,j)

= ζ Φk
(i−1,j)

(ck(i−1,j) − ck(i,j))+

8cmax

(c) LLSk
MI (i,j)

= ζ Φk
(i−1,j−1)

(ck(i−1,j−1) − ck(i,j))+

8cmax

(d) USk
MI (i,j)

= ζ Φk
(i,j+1)

(ck(i,j+1) − ck(i,j))+

8cmax

(e) LSk
MI (i,j)

= ζ Φk
(i,j−1)

(ck(i,j−1) − ck(i,j))+

8cmax

(f) URSk
MI (i,j)

= ζ Φk
(i+1,j+1)

(ck(i+1,j+1) − ck(i,j))+

8cmax

(g) MRSk
MI (i,j)

= ζ Φk
(i+1,j)

(ck(i+1,j) − ck(i,j))+

8cmax

(h) LRSk
MI (i,j)

= ζ Φk
(i+1,j−1)

(ck(i+1,j−1) − ck(i,j))+

8cmax

Table 5: Probabilities of migrating to neighbouring lattice sites via chemotaxis for an infected macrophage on lattice site

(i, j) at time-step k. (a)-(h) represent the probability of moving to lattice site (i− 1, j+1), (i− 1, j), (i− 1, j− 1), (i, j+1),

(i, j − 1), (i+ 1, j + 1), (i+ 1, j), and (i+ 1, j − 1), respectively.

Therefore, the probability of not undergoing chemotactic movement is

1− ULSk
MI (i,j)

− MLSk
MI (i,j)

− LLSk
MI (i,j)

− USk
MI (i,j)

− LSk
MI (i,j)

− URSk
MI (i,j)

− MRSk
MI (i,j)

− LRSk
MI (i,j)

. (38)

Cytotoxic Death of Infected Macrophages Induced by T Cells

According to Bowness et al. (2018), when a T cell is in close proximity to an infected macrophage, it can migrate
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towards the macrophage’s position and perform cytotoxic killing of the infected macrophage, as well as the intra-

cellular mycobacteria engulfed within the macrophage. Therefore, we postulate that at each time tk, T cells within

a radius of ρ to an infected macrophage at position xi can kill the infected macrophage along with its intracellular

mycobacteria with probability

0 ≤ τdMI ,EK
k
E(i,j)

≤ 1, (39)

where dMI ,E is associated with the efficiency of T cells at killing infected macrophages and and the term Kk
E(i,j)

is

linked to the number of T cells within a radius of ρ to the target cell at xi. The quantity Kk
E(i,j)

∈ N0 is defined as

Kk
E(i,j)

≡ KE(tk, xi, yj) = hE
∑

(h,l)

Υ(xi, xh, yj , yl; ρ)E
k
(h,l), (40)

where hE is inversely proportional to the maximum number of T cells which can be accommodated within the

spatial domain and Υ is defined via Eq. (22).

2.6 Dynamics of T Cells

Recruitment of T Cells

To initiate the adaptive immune response, T cells are recruited into the spatial domain through a fixed number

of blood vessels at positions in ω ⊂ Ω, when the extracellular mycobacterial load reaches a threshold bthresh. The

influx of T cells from the blood vessels is regulated by the function qk(i,j), defined as

qk(i,j) = q(tk,xi) = f(bktot)1ω(xi), bktot =
∑

(i,j)

bk(i,j)η
2, (41)

where f(bktot) is a function of the total mycobacterial density that controls the recruitment rate, 1ω(xi) is the

indicator function that localises the recruitment to the blood vessel locations ω ⊂ Ω, and bk(i,j) is as defined via

Eq. (31). Assuming that if the total mycobacterial density exceeds the threshold bthresh, the recruitment rate is

proportional to the excess mycobacterial density, we define

f(bktot) = (bktot − bthresh)+ (42)

Hence, if the total mycobacterial density bktot exceeds the threshold bthresh, the recruitment rate is proportional to

the excess (bktot − bthresh). Otherwise, f(bktot) will be zero, and no T cells will be recruited.

Thus, between time steps k and k + 1, the density of T cells that can enter a blood vessel at position xi is

controlled by qk(i,j), such that

τδEq
k
(i,j) ≥ 0, (43)

where δE ∈ R
∗
+ is a constant of proportionality.

Death of T Cells

Following the recruitment of T cells into the system, they activate resting macrophages and exert cytotoxic actions

against mycobacteria and infected macrophages. Furthermore, we postulate that at (tk,xi), a T cell undergoes

natural death with probability

0 ≤ τdE ≤ 1, (44)

where dE ∈ R
∗
+ is the natural death rate of T cells.

Chemotactic Migration of T Cells

The migration of T cells from one position to another can occur either via chemotaxis, influenced by the chemokine
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concentration ck(i,j), whose dynamics are given by Eq. (9), or through undirected random movement. When a positive

chemokine signal is present in the neighbouring lattice sites, locations with higher chemokine concentrations are

more likely to be chosen for T cell migration. Otherwise, the T cell moves to one of the neighbouring lattice

sites selected uniformly at random, corresponding to undirected random movement. Hence, T cell chemotaxis is

represented as a biased random walk, where the probabilities of migrating to neighbouring lattice sites depend

on the positive difference in chemokine concentration between the current lattice site and its neighbouring sites.

Furthermore, we account for the propensity of T cells to migrate towards the region of higher concentration of the

chemokine using a proportionality constant χ ∈ R
∗
+. This represents the chemotactic sensitivity of T cells to the

chemokine. In a 2D domain, T cells at any current position at time-step k may move to one of the 8 possible

positions, based on the availability of space (cf. Eq. (3)). Therefore, for a T cell on the lattice site i = (i, j) at

time-step k, we represent the probabilities of moving to neighbouring lattice sites via chemotaxis in Table 6.

(a) ULSk
E(i,j)

= χ Φk
(i−1,j+1)

(ck(i−1,j+1) − ck(i,j))+

8cmax

(b) MLSk
E(i,j)

= χ Φk
(i−1,j)

(ck(i−1,j) − ck(i,j))+

8cmax

(c) LLSk
E(i,j)

= χ Φk
(i−1,j−1)

(ck(i−1,j−1) − ck(i,j))+

8cmax

(d) USk
E(i,j)

= χ Φk
(i,j+1)

(ck(i,j+1) − ck(i,j))+

8cmax

(e) LSk
E(i,j)

= χ Φk
(i,j−1)

(ck(i,j−1) − ck(i,j))+

8cmax

(f) URSk
E(i,j)

= χ Φk
(i+1,j+1)

(ck(i+1,j+1) − ck(i,j))+

8cmax

(g) MRSk
E(i,j)

= χ Φk
(i+1,j)

(ck(i+1,j) − ck(i,j))+

8cmax

(h) LRSk
E(i,j)

= χ Φk
(i+1,j−1)

(ck(i+1,j−1) − ck(i,j))+

8cmax

Table 6: Probabilities of migrating to neighbouring lattice sites via chemotaxis for a T cell on lattice site (i, j) at time-step

k. (a)-(h) represent the probability of moving to lattice site (i−1, j+1), (i−1, j), (i−1, j−1), (i, j+1), (i, j−1), (i+1, j+1),

(i+ 1, j), and (i+ 1, j − 1), respectively.

Hence, the probability of not undergoing chemotactic movement is

1− ULSk
E(i,j)

− MLSk
E(i,j)

− LLSk
E(i,j)

− USk
E(i,j)

− LSk
E(i,j)

− URSk
E(i,j)

− MRSk
E(i,j)

− LRSk
E(i,j)

, (45)

and the earlier definition for cmax holds.

Undirected Random Migration of T Cells

Random migration of T cells is modelled by assuming T cells undergo a random walk with a movement probability

denoted as ξ ∈ R
∗
+, where 0 < ξ ≤ 1. Similar to chemotactic migration, T cells can randomly change their positions

to up to 8 possible lattice sites, provided there is available space ( cf. Eq. (3)). Thus, for a T cell on the lattice

site i = (i, j) at time-step k, we represent the probabilities of moving to neighbouring lattice sites via undirected

random migration in Table 7.
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(a) ULQk
E(i,j)

= Φk
(i−1,j+1)

ξ

8
(b) MLQk

E(i,j)
= Φk

(i−1,j)

ξ

8

(c) LLQk
E(i,j)

= Φk
(i−1,j−1)

ξ

8
(d) UQk

E(i,j)
= Φk

(i,j+1)

ξ

8

(e) LQk
E(i,j)

= Φk
(i,j−1)

ξ

8
(f) URQk

E(i,j)
= Φk

(i+1,j+1)

ξ

8

(g) MRQk
E(i,j)

= Φk
(i+1,j)

ξ

8
(h) LRQk

E(i,j)
= Φk

(i+1,j−1)

ξ

8

Table 7: Probabilities of migrating to neighbouring lattice sites via undirected random migration for a T cell on lattice site

(i, j) at time-step k. (a)-(h) represent the probability of moving to lattice site (i− 1, j+1), (i− 1, j), (i− 1, j− 1), (i, j+1),

(i, j − 1), (i+ 1, j + 1), (i+ 1, j), and (i+ 1, j − 1), respectively.

Hence, the probability of not undergoing undirected random movement is

1− ULQk
E(i,j)

− MLQk
E(i,j)

− LLQk
E(i,j)

− UQk
E(i,j)

− LQk
E(i,j)

− URQk
E(i,j)

− MRQk
E(i,j)

−QE(LR(i,j))
. (46)

Following the above mathematical formalisation of the actions and interactions of each individual element in the

IBM, the continuum counterpart of this model can be formally derived, as shown in the next section.

3 Deterministic Continuum Counterpart

We focus on a one-dimensional (1D) setting to simplify the formal derivation of the continuum formulation. We

employ the probabilistic rules governing the actions and interactions of cells, described in § 2, to formulate the mass

balance equations for the corresponding cell densities (see Appendix A). Then, we let the time-step τ → 0 and the

space-step η → 0, in such a way that

βSη
2

2τ
→ γNS

∈ R
+
∗ ,

βF η
2

2τ
→ γNF

∈ R
+
∗ ,

νη2

2τ
→ γMR

∈ R
+
∗ ,

µη2

2τcmax
→ χMA

∈ R
+
∗ ,

ζη2

2τcmax
→ χMI

∈ R
+
∗ ,

χη2

2τcmax
→ χE ∈ R

+
∗ ,

ξη2

2τ
→ γE ∈ R

+
∗ as τ, η → 0,

(47)

using the formal method outlined in (Bubba et al., 2020; Almeida et al., 2022) to derive the continuum counterpart

of the idealised stochastic formulation. This results in the following coupled system of PDEs for the densities of

slow-growing mycobacteria, nS(t, x), fast-growing mycobacteria, nF (t, x), mycobacteria in quiescent state, nQ(t, x),

resting macrophages, mR(t, x), active macrophages, mA(t, x), infected macrophages, mI(t, x), T cells, e(t, x), oxygen

concentration, O(t, x), and chemokine concentration, c(t, x) (see Appendix A for the formal mean-field derivation

of the PDEs):
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∂tnS − γNS
∂x

[

ψ(n)∂xnS − nS∂xψ(n)
]

= αSψ(n)nS + JF→S(O)nF + wQ→Sψ(n)nQ

−

[

JS→F (O) + wS→Q

(

1− ψ(n)
)

+ hNS
KMR

+ dNS ,MA
KMA

]nS ,

∂tnF − γNF
∂x

[

ψ(n)∂xnF − nF∂xψ(n)
]

= αFψ(n)nF + JS→F (O)nS

−

[

JF→S(O) + wF→Q

(

1− ψ(n)
)

+ hNF
KMR

+ dNF ,MA
KMA

]

nF ,

∂tnQ = wS→Q

(

1− ψ(n)
)

nS + wF→Q

(

1− ψ(n)
)

nF

−

[

wQ→Sψ(n) + hNQ
KMR

+ dNQ,MA
KMA

]

nQ,

∂tmR − γMR
∂x

[

ϕ(n)∂xmR −mR∂xϕ(n)
]

= δMR
p−

[

λMR
b+AMR,EKE + dMR

]

mR,

∂tmA + ∂x
[

χMA
ϕ(n) mA∂xc

]

= AMR,EKEmR − dMA
mA,

∂tmI + ∂x
[

χMI
ϕ(n) mI∂xc

]

= λMR
bmR −

[

dMI
+ dMI ,EKE

]

mI ,

∂te+ ∂x
[

χEϕ(n) e∂xc
]

− γE∂x
[

ϕ(n)∂xe− e∂xϕ(n)
]

= δEq − dEe,

∂tO − βO∂
2
xxO = δO1ω(x)− w,

∂tc− βc∂
2
xxc = δca− κcc,

x ∈ Ω, t ∈ (0, tf ].

(48)

In the above system of PDEs, we use the following definitions

n(t, x) = nS(t, x) + nF (t, x) + nQ(t, x) +mR(t, x) +mA(t, x) +mI(t, x) + e(t, x),

w(t, x) = OnsnS(t, x) +OnfnF (t, x) +OnqnQ(t, x) +OmrmR(t, x) +OmamA(t, x) +OmimI(t, x) +Oee(t, x),

b(t, x) = nS(t, x) + nF (t, x) + nQ(t, x), a(t, x) = mA(t, x) +mI(t, x),

KMR
(t, x) = hMR

∫

Ω

Υ(x, x′; ρ)mR(t, x
′) dx′, KMA

(t, x) = hMA

∫

Ω

Υ(x, x′; ρ)mA(t, x
′) dx′,

KE(t, x) = hE

∫

Ω

Υ(x, x′; ρ) e(t, x′) dx′, p(t, x) = ctot(t)1ω(x), ctot(t) =

∫

Ω

c(t, x)dx,

q(t, x) = f(btot(t))1ω(x), btot(t) =

∫

Ω

b(t, x) dx.

Boundary conditions. Following the IBM rule that prevents mycobacteria or immune cells from leaving the

spatial domain Ω, the continuum model satisfies zero-flux boundary conditions on ∂Ω for the system of PDEs in
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(48). This applies to all equations with a transport term in (48); therefore, nQ is exempted, since its governing

equation contains none, consistent with the IBM rules. Homogeneous Neumann boundary conditions are imposed

for the oxygen and chemokine concentrations:
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− γNS

[

ψ(n) ∂xnS − nS ∂xψ(n)
]

= 0,

− γNF

[

ψ(n) ∂xnF − nF ∂xψ(n)
]

= 0,

− γMR

[

ϕ(n) ∂xmR −mR ∂xϕ(n)
]

= 0,

χMA
ϕ(n)mA ∂xc = 0,

χMI
ϕ(n)mI ∂xc = 0,

χEϕ(n)e ∂xc− γE

[

ϕ(n) ∂xe− e ∂xϕ(n)
]

= 0,

∂xO = 0,

∂xc = 0,

x ∈ ∂Ω, t ∈ (0, tf ]. (49)

We define the volume-filling functions ψ and ϕ as the continuum counterparts of the IBM volume-filling functions

Ψ and Φ defined via Eqs. (2) and (3). Analogously, ψ and ϕ satisfy similar assumptions:

ψ(0) = 1, ψ(n) = 0, ψ : R+ → R+,
dψ(n)

dn







< 0, 0 ≤ n < n,

= 0, n ≥ n,
n ∈ R

∗
+. (50)

ϕ(0) = 1, ϕ(n) = 0, ϕ : R+ → R+,
dϕ(n)

dn







< 0, 0 ≤ n < n,

= 0, n ≥ n,
n ∈ R

∗
+. (51)

For the remainder of this paper, we define the volume-filling functions for the continuum model by

ψ(n) = ϕ(n) =
(

1−
n

n̄

)

+
, (52)

where n̄ = N̄/η, with η denoting the space-step size. Here, n̄ is the critical cell density corresponding to the

maximum occupancy of a spatial position.

4 The Reduced Model

The complete continuum model presented in § 3 is computationally expensive for numerical simulation. Hence, we

present a reduced continuum model based on the system of PDEs in Eq. (48). While Eq. (48) is presented in 1D,

extension to 2D follows analogously.

In the reduced model formulation, we retain and rename fast-growing mycobacteria as proliferating extracellular

mycobacteria, with density nP (t,x). Hence, oxygen-dependent phenotypic switching, as well as transition to a

quiescent state, is disabled. The model further retains the densities of resting macrophages, mR(t,x), infected

macrophages, mI(t,x), active T cells, e(t,x), and the chemokine concentration, c(t,x). Hence, the reduced model

omits slow-growing mycobacteria, mycobacteria in a quiescent state, active macrophages, and oxygen concentration.

Furthermore, to preserve a mechanism corresponding to the killing of extracellular mycobacteria by active

macrophages in the complete model (cf. Eq. (48)), we make the modelling assumption that T cells can directly

kill proliferating extracellular mycobacteria in both reduced formulations. The cytotoxic death of proliferating

extracellular mycobacteria is modelled analogously to the T cell-mediated cytotoxic death of infected macrophages
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in Eqs. (39) and (40). Its probabilistic formulation is presented in Appendix B.1.4, and the corresponding continuum

term derivation follows the same approach as that employed for the T cell-mediated infected macrophage death in

Appendix A.2.3.

For the numerical comparison, we make several further simplifying assumptions in the reduced continuum model.

In particular, the spatial spread of proliferating extracellular mycobacteria arising from offspring placement and

the undirected migration of resting macrophages and T cells are represented by linear diffusion. Crowding in

proliferating mycobacterial growth is represented through the local proliferating mycobacterial density nP , while

crowding in the chemotactic movement of infected macrophages and T cells is represented through the total cell

density n. Furthermore, the non-local interaction terms KMR
and KE of the complete continuum model are replaced

in the reduced continuum model by the local terms hMR
mR and hEe, respectively. These further simplifications

apply only to the reduced continuum model used for the numerical comparison; the complete continuum model

and its formal derivation in § 3 remain unchanged. The resulting reduced continuum model preserves the principal

interactions between mycobacteria and the selected immune cell populations, while remaining computationally

tractable for numerical simulation.

To facilitate comparison between the two modelling formulations, we implement a reduced stochastic IBM

containing the same selected cell populations and key biological processes. However, in the reduced models used

for the numerical comparison, selected processes are implemented differently in the two formulations. In particular,

resting macrophage migration and recruitment are represented differently in the two reduced models. Resting

macrophage migration is represented by undirected linear diffusion in the reduced continuum model, whereas

resting macrophage movement in the implemented stochastic IBM follows a chemokine-biased random walk. The

chemokine bias in the stochastic IBM is a phenomenological modelling choice used to represent effective preferential

movement of resting macrophages towards infected regions, while the reduced continuum model deliberately adopts

the simpler undirected diffusion representation. Resting macrophage recruitment is also represented differently:

in the continuum model, recruitment occurs through a chemokine-dependent source term localised at blood vessel

positions, whereas in the stochastic IBM it is implemented through discrete probabilistic recruitment events at

vessel locations. These are model-specific representations of the same underlying recruitment process rather than

intended one-to-one mathematical mappings between the two formulations.

Remark 3. The magnitude of chemokine-directed migration by resting macrophages in the reduced stochastic IBM

is not well quantified experimentally. Therefore, the chemotactic bias is treated as a phenomenological modelling

assumption representing effective preferential movement towards infected regions.

Hence, the coupled system of PDEs for the reduced continuum model is given by
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∂tnP −∇ · [γNP
∇nP ] = αPψred(nP )nP − [hNP

hMR
mR + dNP ,EhEe]nP ,

∂tmR −∇ · [γMR
∇mR] = δMR

p− [λMR
nP + dMR

]mR,

∂tmI +∇ · [χMI
ϕred(n)mI∇c] = λMR

nPmR − [dMI
+ dMI ,EhEe]mI ,

∂te+∇ · [χEϕred(n)e∇c]−∇ · [γE∇e] = δEq − dEe,

∂tc− βc∆c = δcmI − κcc,

x ∈ Ω, t ∈ (0, tf ]. (53)
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Furthermore, for the above reduced system of PDEs, we use the following definitions:

n(t,x) = nP (t,x) +mR(t,x) +mI(t,x) + e(t,x),

p(t,x) = ctot(t)1ω(x), ctot(t) =

∫

Ω

c(t,x) dx,

q(t,x) = f(btot(t))1ω(x), btot(t) =

∫

Ω

nP (t,x) dx.

For the reduced continuum model, we define the crowding functions by

ψred(nP ) = 1−
nP
n̄
, ϕred(n) = 1−

n

n̄
, (54)

with n̄ = N̄/η2. Here, ψred accounts for crowding in proliferating mycobacterial growth through the local prolifer-

ating mycobacterial density, whereas ϕred accounts for total cell occupancy in the chemotactic movement terms.

Consistent with the transport terms in the reduced continuum model, we impose zero-flux boundary conditions

on ∂Ω, given by
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− γNP
∇nP · n = 0,

− γMR
∇mR · n = 0,

χMI
ϕred(n)mI∇c · n = 0,

[χEϕred(n)e∇c− γE∇e] · n = 0,

∇c · n = 0,

x ∈ ∂Ω, t ∈ [0, tf ]. (55)

4.1 Numerical Implementation

We present the numerical implementation employed for the reduced continuum model and the reduced stochastic

IBM in § 4.1.1 and § 4.1.2, respectively. Both formulations are implemented as a 2mm× 2mm cross-section of lung

tissue, approximated by a 100× 100 uniform lattice, as used in Bowness et al. (2018).

The numerical implementation specifies the spatial and temporal discretisations used and the implementation

of the boundary conditions. Full details of the PDE finite-difference scheme and the stochastic IBM algorithm

are provided in Appendix B. We also use closely matched initial configurations of blood vessel locations, resting

macrophage distributions, and proliferating extracellular mycobacterial positions for comparison between the two

formulations. These configurations are generated for the continuum model and transferred to the stochastic IBM

as closely as permitted by its discrete spatial implementation. The procedure used to construct and transfer the

initial configurations is described in § 4.1.3.

Following Bowness et al. (2018), both formulations adopt a random distribution of 49 blood vessels through

which immune cells are recruited throughout the 2D domain. The models also represent chemokine concentration

as a continuum, and initialised both systems with an initial population of 12 proliferating extracellular mycobacteria,

105 resting macrophages, and zero infected macrophages and T cells.

4.1.1 Numerical Implementation of the Reduced Continuum Model

The reduced continuum model (53) was solved on the spatial domain

Ω = (0, 0.2)× (0, 0.2) cm2
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over the time interval t ∈ (0, 96] h, and numerical outputs were recorded every 0.1 h. The domain was discretised

using a uniform 100× 100 lattice, with space-step sizes

∆x = ∆y ≈ 0.002.

The numerical solution at time tk = k∆t is denoted by

nk
P,i,j , mk

R,i,j , mk
I,i,j , eki,j , cki,j ,

where (i, j) indexes the lattice. A time-step of

∆t = 10−5

was used. At each time-step k, the total cell density

nki,j = nkP,i,j +mk
R,i,j +mk

I,i,j + eki,j

was calculated from the current solution. The total cell density was then used to evaluate ϕnum, the numerical

counterpart of ϕred, in the chemotactic terms, whereas ψnum, corresponding to ψred, was evaluated using the local

proliferating mycobacterial density nk
P,i,j .

For nk
P,i,j ,m

k
R,i,j ,m

k
I,i,j , e

k
i,j , c

k
i,j , the right-hand sides were evaluated using the solution at time-step k. Progres-

sion to a new time-step k + 1 occurs only after all five solutions have been updated by the Forward Euler method.

Furthermore, the implementation is set up such that any negative values at tk+1 are set to zero. The zero-flux

boundary conditions in Eq. (55) were imposed by setting the outward numerical fluxes at the boundary of the

computational domain equal to zero.

The governing equations used for the PDE implementation were written in conservative form and discretised

using finite differences. Further details on the numerical scheme employed are provided in Appendix B.1.

4.1.2 Numerical Implementation of the Reduced Stochastic IBM

Similar to the continuum model, the reduced IBM was simulated on the same domain and discretised using a lattice,

with spacing η = 0.002 cm. Each IBM lattice site represents an area

Asite = η2 = 4× 10−6 cm2.

Proliferating extracellular mycobacteria, resting and infected macrophages, and T cells are represented as discrete

agents on the lattice sites. To match the multiple residency framework of the continuum model, multiple agents

may occupy the same lattice site in the IBM, provided that their combined area does not exceed the predefined

lattice site area. Thus, mycobacterial or immune cell placement, as well as immune cell migration, are subject to

an area-based occupancy condition that must be met. Let Rk
i,j denote the set of agents occupying site (i, j) at time

tk. A new agent with area Anew may be placed at that site, provided the following condition is satisfied

∑

ℓ∈Rk
i,j

Aℓ +Anew ≤ Asite.

Therefore, we choose the areas assigned to each agent type in the IBM to be consistent with literature-reported

cell dimensions. Mtb bacilli are rod-like, typically 2–5µm in length and 0.2–0.3µm in width (Segovia-Juarez

et al., 2004). Moreover, when in a resting state, human alveolar macrophages are round or oval in shape and can

become irregularly shaped upon phagocytosis, with diameters typically in the range 15–21µm, and a reported mean

diameter of 21.2±0.3µm (Krombach et al., 1997; Fakoya et al., 2024). Resting and activated T cells have diameters

in the range 8–10µm (Cano and Lopera, 2013). Hence, the fixed agent areas used in the IBM are 1.50× 10−8 cm2
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(corresponding to an effective footprint of ≈ 0.3×5.0µm) for a mycobacterium, 3.14×10−6 cm2 (≈ 20µm diameter)

for a macrophage, and 5.03 × 10−7 cm2 (≈ 8µm diameter) for a T cell. We have used these areas as effective 2D

footprints to enforce spatial crowding in the IBM.

For comparison with the continuum model, each stochastic realisation of the IBM uses a corresponding PDE-

seed-generated configuration for initial mycobacterial and resting macrophage deposits, as well as the randomly

distributed blood vessel locations. Furthermore, the implementation prohibits the initial deposition of proliferating

extracellular mycobacteria and resting macrophages on lattice sites occupied by a blood vessel. Thus, following

a successful immune cell recruitment event through the blood vessel, the recruited cell is placed at an available

lattice site in the immediate Moore neighbourhood of the recruiting vessel with sufficient available area. However,

if there is no neighbouring lattice site with available space, recruitment is abandoned for that blood vessel during

the current time-step.

Simulations are performed over t ∈ [0, 96] h, for each stochastic realisation with a distinct random-number seed,

using a time-step of

∆tW = 0.001 h.

The initiation of stochastic cell events is modelled using the IBM Poisson event rule. Specifically, at each time-

step, an independent random number r ∼ U(0, 1) is generated for each eligible event. These events could be immune

cell recruitment, initiation of cell migration, phagocytosis, macrophage state transition, and cytotoxicity. Thus, an

event is initiated when

r < 1− exp(−γF∆tW) ,

where γ is the event rate and F is an event-specific factor. Note that agents in an ongoing event remain locked

until the event is completed and therefore cannot initiate another action during that period. Thus, conditional on

the corresponding eligibility requirements being satisfied, the probability of event initiation during one time-step is

Pevent = 1− exp(−γF∆tW) .

Unlike the stochastic cell events described above, replication of proliferating extracellular mycobacteria and lifespan-

mediated cell deaths are governed by the age of the agent rather than by the Poisson event rule. Specifically, a

mycobacterium attempts replication when its age reaches its assigned replication interval, with successful replication

dependent on available space within the neighbouring lattice site of order 3 (i.e. Moore neighbourhood). When an

agent’s age exceeds its predefined lifespan, it is removed from the system. Similar to the continuum model, outputs

were recorded every 0.1 h.

Broadly, each time-step in the IBM comprises cell death, cell updates, vessel recruitment, and chemokine

reaction–diffusion update. Further details of the numerical implementation on lifespan-mediated death, mycobac-

terial and immune cell updates, chemokine update and immune recruitment are provided in Appendix B.2.

4.1.3 Transfer of Matched Initial Configurations

To compare the continuum model and the stochastic IBM under closely matched initial spatial distributions, we

ran ten PDE simulations using the same parameter set but different randomly generated initial configurations (with

saved PDE seeds for reproducibility). For each PDE seed, the initial blood vessel locations, resting macrophage

and mycobacterial deposition coordinates were exported and used to initialise the corresponding IBM simulations.

Each of the ten saved seed configurations is then run four times in the IBM, to make a total of forty IBM stochastic

realisations (with saved IBM seeds for reproducibility).

As mentioned in § 4.1.2, the IBM implementation prevents the initial deposition of proliferating mycobacteria or

resting macrophages on vessel-occupied sites. Therefore, where an exported mycobacterial or resting macrophage
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coordinate coincided with a vessel site, the agent was moved to the nearest available non-vessel lattice site. Across the

ten extracted PDE configurations, three agent positions were adjusted in three configurations, each by a single lattice

site spacing (0.002 cm). These minimal adjustments resolved the conflicts between agent initial deposition and blood

vessel locations, while preserving the exported spatial configurations as closely as possible. Where adjustments have

been made to fit the stochastic IBM algorithm implementation, the original and adjusted coordinates are reported in

Appendix B.3. We further verified that the final transferred configurations retained the original expected population

totals for initial proliferating extracellular mycobacteria and resting macrophages.

Table 8 and Table 9 summarise how parameters and initial conditions in the reduced PDE model relate to those

in the closely matched IBM configuration. Identical initial conditions and parameter values were used where a

direct mapping was possible. Due to the different mathematical formulations of the two models, some biological

processes required calibration, reciprocal conversion or other model-specific alignment. Hence, the tables should be

interpreted as a summary of how the two modelling frameworks relate to one another, rather than as a one-to-one

parameter mapping.

Table 8: Comparison of the simulation setup and initial conditions used in the reduced PDE model and the closely matched

IBM configuration.

Parameter/component Reduced PDE IBM Relationship

Simulation setup

Spatial domain 0.2 × 0.2 cm 0.2 × 0.2 cm Matched

Lattice 100 × 100 100 × 100 Matched

Space-step 0.002 0.002 cm Matched

Simulation duration 96 h 96 h Matched

Numerical time-step 10−5 10−3 h Model-specific

Output interval 0.1 h 0.1 h Matched

Number of initial configurations 10 10 Matched (transferred configurations)

Simulations per configuration 1 4 Model-specific (deterministic, stochastic)

Initial-configuration seeds 90–99 Not applicable Configuration transferred (one seed is used

to generate each of the ten PDE configura-

tions; PDE configurations are then trans-

ferred to the IBM)

Stochastic-realisation seeds Not applicable 1001–1004 Model-specific ( for each transferred con-

figuration into the IBM)

Initial conditions

Initial extracellular mycobacte-

ria

12 12 Matched

Initial resting macrophages 105 105 Matched

Initial infected macrophages 0 0 Matched

Initial T cells 0 0 Matched

Blood vessels 49 49 Matched

Notes. Matched indicates that identical numerical values or initial conditions were used in both models. Model-specific indicates that

the numerical quantity or procedure was selected according to the implementation requirements of each model. Configuration transferred

indicates that the initial configuration was generated in the PDE model and subsequently used to initialise the IBM, rather than being

independently regenerated.
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Table 9: Comparison of the biological processes and parameter values used in the reduced PDE model and the closely

matched stochastic IBM configuration.

Parameter/component Reduced

PDE

IBM Relationship

Mycobacterial dynamics

Proliferation, αP 0.73 h−1 Replication interval sampled

from U(6.5, 7.5) ha

Calibrated; mechanistically non-

equivalent

Spatial expansion following prolifera-

tion, γNP

1.0 × 10−5 Offspring-mycobacterium

placement within a Moore

neighbourhoodb

Continuum-limit correspondence

Macrophage dynamics

Resting macrophage phagocytosis, hNP
0.0010480 Uptake probability: 0.279c Approximate mapping; mechanis-

tically non-equivalent

Resting-to-infected macrophage transi-

tion, λMR

2.925 × 10−4 Conditional transition proba-

bility following successful up-

take: 1.0

Part of the approximate uptake-

and-infection mapping

Macrophage recruitment, δMR
25 Per-vessel, per-update proba-

bility: 1.5 × 10−6

Calibrated; mechanistically non-

equivalent

Resting macrophage movement, γMR
Unbiased

random

migration;

2.5 × 10−4

Migration interval: 0.18 hd;

chemotactic bias: 45

Model-specific movement mecha-

nisms; parameters calibrated for

comparison

Infected macrophage chemotaxis, χMI
0.01 Migration interval: 24 hd;

chemotactic bias: 45

Calibrated; mechanistically non-

equivalent

Resting macrophage death, dMR
1.0×10−4 h−1 Lifespan: 10 000 h Reciprocal conversion

Infected macrophage death, dMI
5.0×10−5 h−1 Lifespan: 20 000 h Reciprocal conversion

T cell dynamics

Recruitment threshold, b̄ Extracellular

mycobacterial

burden: 10 000

Extracellular mycobacterial

burden: 10 000

Matched

Recruitment, δE 25 Per-vessel, per-update proba-

bility: 1.99 × 10−4

Calibrated; mechanistically non-

equivalent

Undirected movement, γE 1.0 × 10−4 Migration interval: 0.0167 hd Calibrated; mechanistically non-

equivalent

Chemotaxis, χE 1.0 × 10−6 Chemotactic bias: 120 Calibrated; mechanistically non-

equivalent

Extracellular mycobacterial killing,

dNP E

0.024 Killing probability: 0.024 Numerically aligned; model-

specific interpretation

Infected macrophage killing, dMIE 0.00050 Killing probability: 0.00050 Numerically aligned; model-

specific interpretation

T cell death, dE 5.0×10−5 h−1 Lifespan: 20 000 h Reciprocal conversion

Chemokine dynamics

Diffusion, βC 0.009 0.009 Matched

Production, δC 0.098 0.098 Matched

Decay, κC 0.1 h−1 0.1 h−1 Matched

Notes.

a Each IBM mycobacterium is assigned a replication interval Trep ∼ U(6.5, 7.5) h. Following successful replication, the parent and offspring are assigned new

independent intervals.
b Mycobacterial expansion in the IBM occurs through local offspring placement within a maximum neighbourhood of order three, whereas the reduced PDE represents

proliferation and spatial spread continuously.
c The macrophage infection probability was approximated as peff ≈ λMR

/hNP
= 0.0002925/0.0010480 ≈ 0.279. This is implemented in the IBM using

puptake = 0.279 and pswitch|uptake = 1, representing an approximate process-level mapping rather than an exact mathematical equivalence.

d IBM migration parameters denote intervals between movement attempts; hence, smaller values correspond to more frequent movement. Recruitment, phagocytosis,

and cytotoxicity are implemented as eligible discrete-event processes and are not directly interchangeable with continuous PDE rates.

Matched: same numerical value in both models; Calibrated: selected PDE parameters were adjusted pragmatically to obtain biologically plausible early-infection

dynamics (particularly recruitment and migration), before the IBM comparison was performed and were then held fixed for all 10 PDE configurations; Mechanistically

non-equivalent: the same biological process is represented differently; Approximate mapping: chosen to produce comparable effective behaviour; Numerically aligned:

same value with different mathematical interpretations; Formal continuum correspondence: population-level continuum representation of the corresponding discrete

process; Model-specific: defined only within the corresponding model; Reciprocal conversion: a lifespan T is converted to a first-order death rate using d = 1/T .
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5 Numerical Results

We first compare the qualitative outcomes of the reduced continuum model and the stochastic IBM under one

fixed parameter regime across ten closely matched initial configurations, with four IBM realisations performed

for each configuration, before examining representative temporal dynamics of the cell populations and chemokine

concentration in our models. The parameter values used are listed in Table 9; only the initial spatial configuration

varied between PDE simulations, with each configuration then used as the closely matched initial configuration for

the corresponding IBM realisations.

5.1 Overall Infection Outcome in the Continuum Model and the IBM

In presenting the overall infection outcome, we analysed simulation results from both the PDE and IBM by classify-

ing simulations as cleared by 96 h when the extracellular proliferating mycobacterial burden fell below one. For the

continuum PDE model, this was used as an operational extinction threshold, since the spatially integrated bacterial

burden is continuous and may take non-integer values. In the discrete IBM, a burden below one corresponds to

zero extracellular proliferating mycobacteria. Simulations that did not satisfy this criterion by 96 h were classified

as non-cleared.

Of the ten deterministic continuum model simulations, five cleared by 10 h, driven by effective phagocytosis by

resting macrophages. In one additional simulation, clearance occurred later, with the extracellular mycobacterial

population first reached a high burden, triggering T cell recruitment. The resulting cytotoxic activity led to eventual

clearance at 47.8 h. This case highlights a scenario in which the innate immune response alone was insufficient,

and clearance required an adaptive immune response. The remaining four simulations were non-cleared by 96 h,

exhibiting varying mycobacterial dynamics. In three of the non-cleared simulations, T cells were triggered between 7

and 15 times, indicating frequent oscillations in mycobacterial burden. In these cases, the burden briefly decreased

below the recruitment threshold before rising again, leading to repeated T cell activation with minimal overall

impact. The final mycobacterial burdens for seeds 92, 93, and 94 were 7768.27, 9920.00, and 9886.77, respectively,

at 96 h. The fourth non-cleared case exhibited a different pattern. Following initial T cell recruitment at 16 h, the

mycobacterial burden decreased to 2451.29 by 38 h, before increasing again and triggering a second recruitment

event at 84.6 h. The final burden reached 8469.97 mycobacteria at 96 h, and the infection remained non-cleared.

Furthermore, we summarise the outcomes of both the continuum model and the IBM across matched configura-

tions in Table 10. For each configuration, stochastic IBM realisations exhibit variability due to intrinsic randomness.

Among the six PDE simulations that cleared by 96 h, the corresponding IBM realisations showed varying levels of

agreement: seed 91 showed complete agreement (4/4), seed 90 showed strong agreement (3/4), seed 96 showed

partial agreement (2/4), seed 95 showed weak agreement (1/4), and seeds 97 and 99 showed complete disagreement

(0/4). However, for the PDE simulations that were non-cleared by 96 h, agreement was generally higher: seed

92 showed complete agreement (4/4), seeds 94 and 98 strong agreement (3/4), while seed 93 showed complete

disagreement (0/4).

Moreover, in IBM realisations where T cell recruitment occurred, the difference between peak and final my-

cobacterial burden reflects the impact of T cell-mediated cytotoxicity. Seed 93 is particularly notable: although

T cells were triggered at 10 different times in the PDE simulation, the infection remained non-cleared by 96 h. In

contrast, all four IBM realisations cleared without any T cell recruitment, indicating effective control by resting

macrophages alone. Additionally, seeds 97 and 99 also show notable reverse disagreement from seed 93. For seed

97, the PDE simulation cleared with T cell involvement, whereas all IBM realisations failed to clear, despite T cell

recruitment in three out of four runs. Similarly, for seed 99, the PDE cleared without T cell involvement, yet all

IBM realisations failed to clear, again with T cell recruitment in three out of four runs. These results suggest that,
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for these configurations, T cell cytotoxicity in the IBM is not sufficient to achieve mycobacterial clearance.

Table 10: Qualitative outcomes and T cell responses for the ten closely matched PDE–IBM configurations. Four stochastic

IBM realisations were generated for each configuration.

Seed
PDE
outcome

PDE T cell
recruitment

IBM
C/NC

(out of 4)
Outcome
agreement

IBM T cell
recruitment

Burden reduction
after recruitment

90 Clearance No 3/1 3/4 0/4 –

91 Clearance No 4/0 4/4 0/4 –

92 Non-clearance Yes 0/4 4/4 3/4 3/3

93 Non-clearance Yes 4/0 0/4 0/4 –

94 Non-clearance Yes 1/3 3/4 1/4 1/1

95 Clearance No 1/3 1/4 1/4 1/1

96 Clearance No 2/2 2/4 2/4 2/2

97 Clearance Yes 0/4 0/4 3/4 3/3

98 Non-clearance Yes 1/3 3/4 3/4 3/3

99 Clearance No 0/4 0/4 3/4 3/3

Notes. C and NC denote the numbers of IBM realisations classified as cleared and non-cleared, respectively, by 96 h. Outcome agreement is the

number of the four IBM realisations that reproduced the clearance or non-clearance outcome of the corresponding PDE simulation. Stochastic

IBM T cell recruitment is reported as the number of realisations in which active T cells were recruited out of the four realisations performed.

Burden reduction after recruitment is reported only among the realisations in which T cells were recruited and denotes a final mycobacterial

burden lower than the peak mycobacterial burden. A dash indicates that no IBM realisation recruited T cells.

To further analyse these relationships, we present five representative plots of temporal dynamics in § 5.2, showing

proliferating extracellular mycobacteria, resting macrophages, infected macrophages, T cells, and chemokine con-

centration. The selected configurations include: total clearance agreement (seed 91), strong clearance agreement

(seed 90), total non-clearance agreement (seed 92), strong non-clearance agreement (seed 98), and complete model

disagreement (seed 93). All four IBM realisations are shown for each case. The remaining configurations (seeds

94–99) are provided in Appendix C.

5.2 Representative Temporal Dynamics

5.2.1 Clearance Cases with High Outcome Agreement (Seeds 91 and 90)

Of the five representative configurations, among configurations where both models ultimately lead to mycobacterial

clearance by 96 h, the IBM realisations generally achieve clearance later than the continuum model. This shows

that agreement in qualitative outcome does not necessarily imply similar temporal dynamics. We illustrate these

behaviours in Figure 2 and Figure 3. In the PDE simulations, we observe smooth, monotonic downward clearance

trajectories, with the extracellular mycobacterial burden beginning to decline very early in both figures. In contrast,

all four IBM realisations in Figure 2 exhibit stepwise increases and decreases in mycobacterial burden, before

eventually clearing, consistent with discrete events of resting macrophage phagocytosis. Similar observation is seen

in Figure 3, with three realisations clearing within a similar time window while one remains non-cleared with an

increasing mycobacterial burden trajectory at 96 h.

Resting macrophage dynamics are broadly comparable with population number, remaining close to the initial

deposit number between the two models, i.e. in the clearance PDE results and the seven cleared realisations in
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Figure 2 and Figure 3, hence, emphasising the qualitative agreement in outcome. However, in the non-cleared IBM

realisation in Figure 3, resting macrophages population are significantly reduced by 96 h, which is consistent with the

increasing mycobacterial burden for that realisation (IBM realisation 2). Moreover, infected macrophage populations

tend to be higher in IBM than in the PDE, corresponding to later mycobacterial clearance. This supports the

higher chemokine concentrations observed for IBM realisations driven by infected macrophages contributions when

compared to the PDE counterparts in Figure 2 and Figure 3.

Figure 2: Temporal dynamics comparison of the reduced PDE and four stochastic IBM realisations for PDE seed 91 by

96 h.

Figure 3: Temporal dynamics comparison of the reduced PDE and four stochastic IBM realisations for PDE seed 90 by

96 h.

5.2.2 Non-clearance Cases with High Outcome Agreement (Seeds 92 and 98)

In the representative configurations where both models lead to mycobacterial non-clearance by 96 h, the continuum

model typically exhibits earlier but fewer recruited T cells and more pronounced oscillations in extracellular my-

cobacterial burden. The mycobacterial burden increases smoothly and triggers T cell recruitment very early in the

simulation, usually before 15 h. In Figure 4, the proliferating extracellular mycobacterial population then undergoes

repeated cycles of increase and partial, non-substantial reduction, after which a downward trajectory is observed,

yet clearance is still not achieved by 96 h. In Figure 5, the mycobacterial population displays two cycles, with a more

substantial reduction following the first cycle before increasing again, and then a downward trajectory, but clearance

is also not achieved by 96 h. In contrast, the three IBM realisations in both Figure 4 and Figure 5 show stepwise

28



increases in mycobacterial burden, with T cell recruitment occurring later, typically after 75 h, and involving larger

numbers of T cells. The resulting oscillations are fewer, but the downward trend in mycobacterial burden is more

pronounced, reflecting stronger T cell–mediated cytotoxic effects on mycobacteria than in the continuum models.

The cytotoxic effect on infected macrophages is qualitatively comparable between the models. In the PDE,

infected macrophage numbers fall to low levels (fewer than 7 cells) by 96 h, consistent with their lower peak values.

In the IBM, infected macrophages remain higher, typically in the range of 16–46 cells, which is expected given their

larger peak burdens, yet their trajectories still show substantial cytotoxic impact. These higher infected macrophage

levels in the IBM also translate into higher chemokine concentrations compared with the PDE. A notable difference

in Figure 4 and Figure 5 , however, is that resting macrophages are more strongly depleted in the PDE by 96 h,

whereas IBM realisations retain a reduced but clearly non-zero resting macrophage population.

Finally, Figure 4 and Figure 5 each have IBM realisation 2 that behaves differently from the others. In Figure 4,

IBM realisation 2 shows a steadily increasing mycobacterial burden that does not yet reach the T cell recruit-

ment threshold by 96 h, whereas in Figure 5, the corresponding realisation clears by 38 h without requiring T cell

recruitment.

Figure 4: Temporal dynamics comparison of the reduced PDE and four stochastic IBM realisations for PDE seed 92 by

96 h.

Figure 5: Temporal dynamics comparison of the reduced PDE and four stochastic IBM realisations for PDE seed 98 by

96 h.
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5.2.3 Model Disagreement (Seed 93)

In the representative model disagreement case shown in Figure 6, the continuum model maintains a high proliferating

extracellular mycobacterial burden and remains non-cleared by 96 h, despite repeated T cell recruitment that drives

frequent oscillations in mycobacterial burden. In contrast, all IBM realisations for the same initial configurations

achieve clearance between 11.9 h and 20 h without any T cell recruitment, thus, indicating effective phagocytosis by

resting macrophages.

Figure 6: Temporal dynamics comparison of the reduced PDE and four stochastic IBM realisations for PDE seed 93 by

96 h.

As expected, the mycobacterial burden in the PDE result translates to the depletion of resting macrophages

and a high peak in infected macrophages, whereas the IBM realisations retain a comparable resting macrophage

population that subsequently begins to recover and steadily trend upward toward the initial number deposited in the

system. Although relatively few T cells are recruited in the PDE, their cytotoxic effect on infected macrophages is

substantial, producing a marked decline in infected macrophage numbers and an associated reduction in chemokine

concentration. Following mycobacterial clearance, infected macrophages population stabilise in all IBM realisations,

accompanied by more stable chemokine concentrations with less decay.

The total disagreement between the two models indicates that the two formulations translated the same ini-

tial spatial configuration into different mycobacteria–immune cell interaction dynamics. Figure 11, presented in

Appendix C, demonstrates the reverse relationship, where the PDE cleared while all four IBM realisations remain

non-cleared by 96 h.

The remaining five configurations are presented in Appendix C, where we have an additional example of mixed

stochastic outcome of a clearance case with partial outcome agreement (Figure 7), a clearance case with weak

outcome agreement (Figure 8), a non-clearance case with strong outcome agreement (Figure 9), a reverse-direction

model disagreement relative to Figure 6, where the PDE cleared with and without T cell recruitment, respectively,

while all four IBM realisations remained non-cleared even in realisations with T cell recruitments (Figure 10 and

Figure 11).

6 Discussion, Conclusions, and Future Work

6.1 Discussion and Conclusions

In this study, we developed an idealised stochastic individual-based formulation based on Bowness et al. (2018)

and formally derived a mechanistically related deterministic continuum counterpart from its probabilistic rules.
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Relative to the published Bowness et al. (2018) model, the stochastic formulation incorporates several extensions

and modifications. In particular, multiple occupancy of lattice sites is introduced to provide a more realistic

representation of cellular interactions, allowing, for example, offspring mycobacteria to remain close to their parent

mycobacterium and immune cells to migrate to lattice sites occupied by target cells in order to perform specific

immune functions. We also modify aspects of cell movement and interaction, including the radius of interaction

between cells. Furthermore, T cells are allowed to perform unbiased random movement in addition to chemotactic

migration, enabling them to survey the local tissue environment even when chemokine concentrations are low while

retaining chemokine-directed migration in the presence of a signal. Collectively, these modifications define the

stochastic formulation used in this study and provide the basis for the formal continuum derivation.

The continuum counterpart comprises a system of coupled PDEs describing the spatial and temporal dynamics

of mycobacterial and immune cell densities, together with oxygen and chemokine concentrations. The complete

stochastic formulation represents multiple mycobacterial phenotypes, distinct macrophage states and active T cells.

It incorporates chemotactic and unbiased cell migration, immune cell recruitment from blood vessels, phagocytosis,

cytotoxic killing, oxygen-dependent mycobacterial phenotype switching, and changes in mycobacterial state driven

by local crowding, which limits replication. It also represents macrophage state transitions arising from interactions

with mycobacteria or active T cells.

For computational feasibility, we analysed closely matched reduced continuum and stochastic formulations that

omit oxygen-driven mycobacterial phenotypic switching, thus retaining only proliferating extracellular mycobacteria.

The reduced model further omits active macrophages, and replaces their killing of extracellular mycobacteria with

a modelling assumption that T cells mediate effective mycobacterial killing. The reduced continuum model and

the corresponding stochastic IBM are then compared for early TB infection dynamics (up to 96 h) under closely

matched initial spatial configurations of proliferating extracellular mycobacteria, resting macrophages, and blood

vessel locations (see Table 8). Outcomes were classified as cleared by 96 h based on an extracellular mycobacterial

burden below one, and otherwise classified as non-cleared by 96 h. Across ten continuum model simulations, six

resulted in clearance, five of which were as a result of an effective innate response modelled through phagocytosis of

mycobacteria by resting macrophages, and one requiring an adaptive response in the form of T cell recruitment. The

other four continuum model simulations remained non-cleared with high mycobacterial burdens at 96 h. Although

the reduced continuum model and the corresponding IBM frequently agreed on qualitative outcomes, their temporal

and cellular-level dynamics often differed. In particular, for configurations where both models cleared by 96 h, the

continuum model typically exhibited rapid, smooth reductions in extracellular mycobacterial burden, whereas IBM

realisations displayed more heterogeneous, stepwise trajectories and generally slower clearance. This reflects the

influence of discrete phagocytic events and stochastic variation in resting macrophage–mycobacterium interactions

in the IBM. Furthermore, for configurations that remained non-cleared by 96 h, the continuum model tended to

recruit T cells earlier and produced more pronounced oscillations in mycobacterial burden, while IBM realisations

often triggered T cell recruitment at later times with fewer oscillatory cycles but more pronounced T cell–mediated

reductions in mycobacterial burden.

Outcome agreement was generally higher for non-clearance than for clearance cases under the fixed parameter

regime considered here, suggesting that the two formulations show greater agreement under conditions in which

early innate and adaptive responses are insufficient to control TB infection within the simulation time window of

96 h. This pattern is consistent with observations in other studies comparing individual-based models and continuum

approximations, where closer agreement is observed in regimes with large population sizes and discrepancies become

more likely when population numbers are low (Macfarlane et al., 2022; Bubba et al., 2020). In our simulations, high-

burden non-clearance configurations maintain large mycobacterial populations up to 96 h, whereas clearance cases

typically involve low mycobacterial burdens, except for an outlier case seen in Figure 10, where a high mycobacterial
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burden was observed before eventual clearance by96 h. Moreover, due to stochasticity inherent in the IBM, model

realisations can diverge from the single deterministic PDE trajectory, as observed for Figure 6, Figure 10 and

Figure 11 in Appendix C. Hence, partial or total disagreement highlights regimes in which stochastic effects and

model structure can substantially alter predicted infection trajectories and outcomes.

More broadly, our results show that, although the continuum model is deterministic, variation in the initial

spatial distribution of mycobacteria leads to markedly different infection outcomes, ranging from early clearance to

late clearance and sustained high mycobacterial burden. In the stochastic IBM, the same initial configuration can

produce realisations that differ in clearance time, peak burden, and the level of T cell involvement, highlighting the

impact of stochastic effects at the individual level. Differences among IBM realisations from the same configuration

may arise from intrinsic stochastic variability, while discrepancies between matched PDE and IBM simulations

likely reflect both stochasticity and differences in the underlying mathematical formulations. These findings are

consistent with the modelling framework that served as a basis for our work, in which the spatial distribution of

mycobacteria strongly influences infection outcomes (Bowness et al., 2018).

Representative spatial outputs with strong non-clearance outcome agreement from the continuum model and

IBM are presented in Appendix C, Figure 12 and Figure 13, respectively. The PDE panels display continuous

population densities, whereas the stochastic IBM panels show the locations of individual agents on the lattice. In

both models, mycobacterial and immune cell populations remain concentrated around the initial infection region,

indicating broad qualitative agreement in infection localisation. However, the PDE populations are generally more

spatially diffuse, while the IBM agents remain more locally clustered and vary among stochastic realisations. These

plots therefore allow qualitative comparison of population localisation and spread, but not a quantitative assessment

of spatial agreement because the two models represent spatial populations using different quantities.

Despite these insights, we acknowledge several limitations in our work. In the complete formulation, T cells are

involved in both macrophage activation and cytotoxic killing, while in the reduced model they are also assumed to

directly kill extracellular mycobacteria. Representing T cells as a single population rather than as distinct functional

sub-populations therefore reduces the biological detail of the model and should be considered when interpreting

T cell-mediated effects. Furthermore, both reduced formulations used in the numerical comparison focus on early

infection over a relatively short time window (96, h) and do not capture longer-term granuloma formation or relapse

reported in human studies and animal experimental models (Colangeli et al., 2018; Consortium et al., 2002; Li

et al., 2015). In particular, T cell recruitment in both models is triggered by high mycobacterial burdens on a short

timescale, whereas studies have shown that it typically takes about 7–14 days in murine models (Urdahl et al., 2011;

Reiley et al., 2008; Gallegos et al., 2008) and 4–6 weeks in humans and non-human primates before an adaptive

response is observed (Capuano III et al., 2003), which falls beyond our simulated time window.

Although we closely matched the simulation setups and initial conditions in the two formulations (see Table 8), a

one-to-one correspondence of all parameter values is not possible. Some parameters required calibration, reciprocal

transformations, or other model-specific alignment (Table 9), which may have contributed to quantitative differences

between the formulations. In particular, model-specific differences in resting macrophage migration and recruitment

may influence their spatial distribution and interactions with extracellular mycobacteria, and therefore contribute

to differences in the observed infection dynamics. Moreover, because the continuum formulation is a population-

level approximation rather than an exact event-level representation of the stochastic IBM, some discrepancies

may arise from differences in model structure. In particular, mycobacterial replication and offspring placement

remain discrete events in the IBM, alongside stochastic event scheduling. Spatial occupancy and crowding are also

represented differently between the two reduced formulations. In the IBM, finite-capacity constraints are imposed at

lattice sites during mycobacterial proliferation and during immune cell migration. In the reduced continuum model,

spatial spread arising from mycobacterial offspring placement and the undirected movement of resting macrophages
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and T cells are captured through linear diffusion. Crowding effects are incorporated separately, through the local

proliferating mycobacterial density nP in bacterial growth and through the total cell density n in chemotactic

movement. Thus, the two formulations differ not only in how spatial occupancy is imposed, but also in how

crowding and spatial spread are represented. These structural differences should be considered when interpreting

quantitative disagreement between the models.

Furthermore, our comparison is restricted to a relatively small finite set of initial configurations, which may

not represent the full range of spatial differences that could occur in TB infection. Finally, because the IBM is

stochastic, we expect that repeated simulations with identical inputs may lead to different outcomes. Hence, while

we ran four IBM realisations per configuration to mitigate uncertainty from intrinsic stochasticity, this may not fully

characterise the range of possible behaviours, particularly near the boundary between clearance and non-clearance.

Overall, our comparison of the reduced deterministic continuum and stochastic individual-based formulations

of early TB infection shows that qualitative agreement in infection outcome does not necessarily imply similar

temporal dynamics or underlying cellular behaviour. The continuum formulation captures broad population-level

clearance and non-clearance behaviour, whereas the stochastic IBM reveals variability in infection trajectories,

recruitment timing, and local interactions between mycobacteria and immune cells. Model disagreement in specific

configurations underscores the importance of spatial structure and stochasticity in shaping early infection outcomes.

However, the present comparison does not establish general agreement between the two formulations beyond the

parameter regime and initial spatial configurations considered here.

These findings highlight the complementary roles of the two approaches: the continuum formulation is well suited

to population-level analysis and systematic parameter exploration, whereas the stochastic IBM is valuable when

individual-level variability, discrete interactions, and fine-scale spatial heterogeneity are important. Used together,

the two formulations can therefore provide complementary insight into early within-host TB dynamics.

6.2 Future Work

Future work would extend this comparison to the full stochastic formulation by incorporating mycobacterial phe-

notypic switching and active macrophages into the IBM and comparing its behaviour with the coupled PDE system

in Eq. (48). This would allow us to assess whether the qualitative relationships identified in the reduced models

persist when additional biological mechanisms are included. The implementation of resting macrophage recruitment

could also be more closely aligned between the two formulations. In particular, recruitment in the stochastic IBM

could be made dependent on local chemokine signalling at vascular sources while retaining its stochastic event-based

implementation, consistent with previous IBMs of TB infection (Fallahi-Sichani et al., 2011; Cilfone et al., 2013).

This would help determine whether the current differences in recruitment mechanisms contribute to disagreement

between the continuum model and the IBM.

Extending the simulations beyond the literature-reported timescale for adaptive immune recruitment would

allow longer-term granuloma development to be examined and would help determine whether early agreement or

disagreement between the models predicts subsequent containment, progression, reactivation, or relapse. Such

extensions could also help clarify the respective roles of spatial heterogeneity and stochasticity in TB infection.

Moreover, modelling distinct T cell subsets according to their functions, such as macrophage activation and cytotoxic

activity, would provide a more biologically detailed representation of the adaptive immune response.

Finally, systematic parameter sensitivity, calibration, and uncertainty analyses could be performed in both

models to determine which biological processes most strongly influence agreement or divergence between the con-

tinuum model and the IBM. Extending the comparison to a larger set of initial spatial configurations and additional

IBM realisations would also provide a more comprehensive characterisation of heterogeneity, particularly near the

boundary between clearance and non-clearance.
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A Formal PDE Model Derivation

The continuum formulation is obtained through a formal mean-field derivation from an idealised stochastic lattice

process. The derivation uses mean-field closure and Taylor expansion to obtain the corresponding continuum

equations and should be interpreted as a formal population-level approximation rather than a rigorous convergence

proof.

We employ the derived probabilistic rules of the stochastic formulation to construct the mass balance equations

essential for the formal derivation of the deterministic continuum counterpart. For simplicity, the derivation is

presented in one spatial dimension (1D), which reduces the notational and algebraic complexity while retaining the

mechanisms needed to obtain the continuum terms. The 2D operators used in the continuum model are interpreted

as isotropic analogues of the 1D expressions derived here, with neighbourhood-dependent prefactors absorbed into

the effective transport coefficients. Hereafter, we use the notation i ≡ i and xi ≡ xi.

Preliminaries and Notation

We denote by nk
Si

the density of slow-growing mycobacteria, which is defined as the number of slow-growing

mycobacteria at (tk, xi), N
k
Si

∈ N0, divided by the size of a lattice site, that is,

nk
Si

≡ nS(tk, xi) =
Nk

Si

η
. (A.1)

Similarly, we denote by nk
Fi

the density of fast-growing mycobacteria, which is the number of fast-growing mycobac-

teria at position at (tk, xi), N
k
Fi

∈ N0, divided by the size of a lattice site, that is,

nk
Fi

≡ nF (tk, xi) =
Nk

Fi

η
. (A.2)

Furthermore, nk
Qi

denotes the density of mycobacteria in quiescent state, such that,

nk
Qi

≡ nQ(tk, xi) =
Nk

Qi

η
, (A.3)

where Nk
Qi

∈ N0 is the number of mycobacteria in quiescent state that occupy position xi at time tk. We let mk
Ri

be the density of resting macrophages, which is the number of resting macrophages at (tk, xi), M
k
Ri

∈ N0, divided

by the size of a lattice site, that is,

mk
Ri

≡ mR(tk, xi) =
Mk

Ri

η
. (A.4)

In a similar way, mk
Ai

denotes the density of active macrophages, such that

mk
Ai

≡ mA(tk, xi) =
Mk

Ai

η
, (A.5)

where Mk
Ai

∈ N0 is the number of active macrophages that can occupy position xi at time tk. Also, we let Mk
Ii
∈ N0

be the number of infected macrophages that can occupy position xi at time tk. Thus, the density of infected

macrophages mk
Ii

is defined as

mk
Ii
≡ mI(tk, xi) =

Mk
Ii

η
. (A.6)

Finally, eki denotes the density of T cells, which is the number of T cells at (tk, xi), E
k
i ∈ N0, divided by the size of

a lattice site, i.e.

eki ≡ e(tk, xi) =
Ek

i

η
. (A.7)
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Similar to the 2D domain, we use the functions: Ψ(Nk
i ) for mycobacterial proliferation and growth, and Φ(Nk

i )

for immune cell migration, with

Nk
i = Nk

Si
+Nk

Fi
+Nk

Qi
+Mk

Ri
+Mk

Ai
+Mk

Ii
+ Ek

i , (A.8)

where Nk
i is the total number of cells (mycobacterial or immune) at site i at time tk.

To translate the discrete variables into a continuum setting, we define corresponding continuum variables. Let

n(t, x) represent the continuous approximation of the number of cells at position x and time t. We denote the

densities of slow-growing mycobacteria, fast-growing mycobacteria, mycobacteria in the quiescent state, resting

macrophages, active macrophages, infected macrophages, and T cells by nS(t, x), nF (t, x), nQ(t, x), mR(t, x),

mA(t, x), mI(t, x), and e(t, x), respectively. We further denote the oxygen and chemokine concentrations by O(t, x)

and c(t, x), respectively. The discrete quantities Ψk
i and Φk

i can then be expressed as functions of n(t, x) as follows

Ψk
i ≈ ψ(n(t, x)), Ψk

i±1 ≈ ψ(n(t, x± η)), Φk
i ≈ ϕ(n(t, x)), Φk

i±1 ≈ ϕ(n(t, x± η)), (A.9)

where consistent with the assumptions on ψ and ϕ given by Eqs. (2) and (3), the functions ψ and ϕ are as introduced

in § 3, with η denoting the space-step size and n̄ = N̄/η the critical cell density in the continuum model, analogous

to critical cell number N̄ in the discrete model.

Remark A.1. In the formal continuum limit, the lattice-site capacity is assumed to scale with the measure of the

lattice site so that the corresponding critical density n̄ remains finite as η → 0. This is a formal scaling assumption

used in deriving the continuum formulation and is distinct from the fixed physical site capacity used in the stochastic

IBM numerical simulations.

Assuming that the time-step, τ , and the space-step, η, are sufficiently small, we define t := tk and x := xi.

Thus, we have tk+1 = t + τ and xi±1 = x ± η. Additionally, recalling the definitions of KMR
(tk, xi), KMA

(tk, xi),

and KE(tk, xi) as outlined in Eqs. (21), (26), and (40), respectively, along with p(tk, xi) and q(tk, xi) defined via

Eqs. (29) and (41), we formally introduce the following continuum relations:

KMR
(t, x) = hMR

∫

Ω

Υ(x, x′; θ)mR(t, x
′) dx′, KMA

(t, x) = hMA

∫

Ω

Υ(x, x′; θ)mA(t, x
′) dx′,

KE(t, x) = hE

∫

Ω

Υ(x, x′; θ) e(t, x′) dx′, p(t, x) = ctot(t)1ω(x), ctot(t) =

∫

Ω

c(t, x)dx,

b(t, x) = nS(t, x) + nF (t, x) + nQ(t, x), q(t, x) = f(btot(t))1ω(x), btot(t) =

∫

Ω

b(t, x) dx,

n(t, x) = nF (t, x) + nS(t, x) + nQ(t, x) +mR(t, x) +mA(t, x) +mI(t, x) + e(t, x).

(A.10)

A.1 Formal Derivation of PDE for Extracellular Mycobacteria

A.1.1 Formal Derivation of the PDE for the Density of Slow-growing Mycobacteria

The principle mass balance gives the following difference equation for the density of slow-growing mycobacteria nk
Si

nk+1
Si

=nk
Si

+ ταS

[

nk
Si
Ψk

i

]

+
βS
2

[

Ψk
i n

k
Si−1

+Ψk
i n

k
Si+1

]

−
βS
2

[

Ψk
i+1 +Ψk

i−1

]

nk
Si

+ τ

[

JF→S(O
k
i )n

k
Fi

+ wQ→SΨ
k
i n

k
Qi

]

− τ

[

JS→F (O
k
i ) + wS→Q(1−Ψk

i ) + hNS
Kk

MRi
+ dNS ,MA

Kk
MAi

]

nkSi
,

(A.11)

where αS ∈ R
∗
+ represents the proliferation rate of slow-growing mycobacteria and βS ∈ (0, 1) represents probability

of slow-growing mycobacteria growing into a new position due to proliferation. Using the continuum relations in
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Eq. (A.10), Eq. (A.11) can be formally written in approximate form as

nS(t+ τ, x) =nS(t, x) + ταS

[

nS(t, x)ψ(n(t, x))
]

+
βS
2

[

ψ(n(t, x))nS(t, x− η) + ψ(n(t, x))nS(t, x+ η)

]

−
βS
2

[

ψ(n(t, x+ η)) + ψ(n(t, x− η))

]

nS(t, x)

+ τ

[

JF→S(O(t, x))nF (t, x) + wQ→Sψ(n(t, x))nQ(t, x)

]

− τ

[

JS→F (O(t, x)) + wS→Q

(

1− ψ(n(t, x))
)

]

nS(t, x)

− τ

[

hNS
KMR

(t, x) + dNS ,MA
KMA

(t, x)

]

nS(t, x), x ∈ Ω.

(A.12)

If the function ψ(n) is thrice continuously differentiable, and nS(t, x) is thrice continuously differentiable with

respect to x, for sufficiently small η, using Taylor series up to second-order derivatives and grouping higher-order

terms, i.e

nS(t, x± η) =nS ± η∂xnS +
η2

2
∂2xxnS +O(η3), ψ(n(t, x± η)) = ψ(n)± η∂xψ(n) +

η2

2
∂2xxψ(n) +O(η3),

expanding Eq. (A.12) and collecting like terms, we obtain

nS(t+ τ, x)− nS(t, x) =ταS

[

nSψ(n)
]

+
βS
2

[

(ψ(n) + ψ(n))nS + η(ψ(n)− ψ(n))∂xnS +
η2

2
(ψ(n) + ψ(n))∂2xxnS

]

−
βS
2

[

(ψ(n) + ψ(n)) + η
(

∂x(ψ(n)− ψ(n))
)

+
η2

2

(

∂2xx(ψ(n) + ψ(n))
)

]

nS

+ τ

[

JF→S(O)nF + wQ→Sψ(n)nQ

]

− τ

[

JS→F (O) + wS→Q

(

1− ψ(n)
)

]

nS

− τ

[

hNS
KMR

+ dNS ,MA
KMA

]nS +O(η3), x ∈ Ω.

(A.13)

Dividing both sides of Eq. (A.13) by τ and under the assumption given by Eq. (50), the balance equation reduces

to

nS(t+ τ, x)− nS(t, x)

τ
=αSnSψ(n)

+
βS
τ

[

ψ(n)nS +
η2

2
ψ(n)∂2xxnS

]

−
βS
τ

[

ψ(n)nS +
η2

2
nS∂

2
xxψ(n)

]

+ JF→S(O)nF + wQ→Sψ(n)nQ −

[

JS→F (O) + wS→Q

(

1− ψ(n)
)

]

nS

−

[

hNS
KMR

+ dNS ,MA
KMA

]

nS +O(η3), x ∈ Ω.

(A.14)

Letting τ → 0 and η → 0 in such a way that

βSη
2

2τ
→ γNS

∈ R
+
∗ as τ, η → 0

and ignoring O(η3), we formally obtain
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∂tnS − γNS
∂x

[

ψ(n)∂xnS − nS∂xψ(n)
]

=αSψ(n)nS + JF→S(O)nF + wQ→Sψ(n)nQ

−

[

JS→F (O) + wS→Q

(

1− ψ(n)
)

+ hNS
KMR

+ dNS ,MA
KMA

]

nS ,

x ∈ Ω.

(A.15)

A.1.2 Formal Derivation of the PDE for the Density of Fast-growing Mycobacteria

The principle mass balance gives the following difference equation for the density of fast-growing mycobacteria nk
Fi

nk+1
Fi

=nkFi
++ταF

[

nk
Fi
Ψk

i

]

+
βF
2

[

Ψk
i n

k
Fi−1

+Ψk
i n

k
Fi+1

]

−
βF
2

[

Ψk
i+1 +Ψk

i−1

]

nk
Fi

+ τ

[

JS→F (O
k
i )n

k
Si

]

− τ

[

JF→S(O
k
i ) + wF→Q(1−Ψk

i ) + hNS
Kk

MRi
+ dNS ,MA

Kk
MAi

]

nk
Fi
,

(A.16)

where αF ∈ R
∗
+ represents the proliferation rate of fast-growing mycobacteria and βF ∈ (0, 1) represents probability

of fast-growing mycobacteria growing into a new position due to proliferation. Using the continuum relations in

Eq. (A.10), Eq. (A.16) can be formally written in the approximate form as

nF (x, ) =nF (t, x) + +ταF

[

nF (t, x)ψ(n(t, x))
]

+
βF
2

[

ψ(n(t, x))nF (t, x− η) + ψ(n(t, x))nF (t, x+ η)

]

−
βF
2

[

ψ(n(t, x+ η)) + ψ(n(t, x− η))

]

nF (t, x)

+ τJS→F (O(t, x))nS(t, x)− τ

[

JF→S(O(t, x)) + wF→Q

(

1− ψ(n(t, x))
)

]

nF (t, x)

− τ

[

hNF
KMR

(t, x) + dNF ,MA
KMA

(t, x)

]

nF (t, x), x ∈ Ω.

(A.17)

If the function ψ(n) is thrice continuously differentiable, and nF (t, x) is thrice continuously differentiable with

respect to x, for sufficiently small η, using Taylor series up to second-order derivatives and grouping higher-order

terms we obtain

nF (t+ τ, x)− nF (t, x) =ταF

[

nFψ(n)
]

+
βF
2

[

(ψ(n) + ψ(n))nF + η(ψ(n)− ψ(n))∂xnF +
η2

2
(ψ(n) + ψ(n))∂2xxnF

]

−
βF
2

[

(ψ(n) + ψ(n)) + η
(

∂x(ψ(n)− ψ(n))
)

+
η2

2

(

∂2xx(ψ(n) + ψ(n))
)

]

nF

+ τJS→F (O)nS − τ

[

JF→S(O) + wF→Q

(

1− ψ(n)
)

]

nF

− τ

[

hNF
KMR

+ dNF ,MA
KMA

]

nF +O(η3), x ∈ Ω.

(A.18)

Dividing both sides of Eq. (A.18) by τ and under the assumption given by Eq. (50), the balance equation reduces

to
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nF (t+ τ, x)− nF (t, x)

τ
=αFnFψ(n)

+
βF
τ

[

ψ(n)nF +
η2

2
ψ(n)∂2xxnF

]

−
βF
τ

[

ψ(n)nF +
η2

2
nF∂

2
xxψ(n)

]

+ JS→F (O)nS −

[

JF→S(O) + wF→Q

(

1− ψ(n)
)

]

nF

−

[

hNF
KMR

+ dNF ,MA
KMA

]

nF +O(η3), x ∈ Ω.

(A.19)

Letting τ → 0 and η → 0 in such a way that

βF η
2

2τ
→ γNF

∈ R
+
∗ as τ, η → 0

and ignoring O(η3), we formally obtain

∂tnF − γNF
∂x

[

ψ(n)∂xnF − nF∂xψ(n)
]

=αFψ(n)nF + JS→F (O)nS

−

[

JF→S(O) + wF→Q

(

1− ψ(n)
)

+ hNF
KMR

+ dNF ,MA
KMA

]

nF ,

x ∈ Ω.

(A.20)

A.1.3 Formal Derivation of the PDE for the Density of Mycobacteria in Quiescent State

The principle mass balance gives the following difference equation for the density of mycobacteria in a quiescent

state nk
Qi

nk+1
Qi

=nk
Qi

+ τ

[

wS→Q(1−Ψk
i )n

k
Si

+ wF→Q(1−Ψk
i )n

k
Fi

]

− τ

[

wQ→SΨ
k
i + hNQ

Kk
MRi

+ dNQ,MA
Kk

MAi

]

nk
Qi
.

(A.21)

Using the continuum relations in Eq. (A.10), Eq. (A.21) can be formally written in the approximate form as

nQ(t+ τ, x) =nQ(t, x) + τ

[

wS→Q

(

1− ψ(n(t, x))
)

nS(t, x) + wF→Q

(

1− ψ(n(t, x))
)

nF (t, x)

]

− τ

[

wQ→Sψ(n(t, x)) + hNQ
KMR

(t, x) + dNQ,MA
KMA

(t, x)

]

nQ(t, x), x ∈ Ω.

(A.22)

Expanding Eq. (A.22) using Taylor series up to second-order derivatives and grouping higher-order terms, we obtain

nQ(t+ τ, x)− nQ(t, x) =τ

[

wS→Q

(

1− ψ(n)
)

nS + wF→Q

(

1− ψ(n)
)

nF

]

− τ

[

wQ→Sψ(n) + hNQ
KMR

+ dNQ,MA
KMA

]

nQ +O(η3), x ∈ Ω.

(A.23)

Dividing through by τ and collecting like terms yields

nQ(t+ τ, x)− nQ(t, x)

τ
=wS→Q

(

1− ψ(n)
)

nS + wF→Q

(

1− ψ(n)
)

nF

−

[

wQ→Sψ(n) + hNQ
KMR

+ dNQ,MA
KMA

]

nQ +O(η3), x ∈ Ω,

(A.24)
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from which, letting τ → 0 and neglecting O(η3) terms, we formally obtain the following PDE

∂tnQ =wS→Q

(

1− ψ(n)
)

nS + wF→Q

(

1− ψ(n)
)

nF

−

[

wQ→Sψ(n) + hNQ
KMR

+ dNQ,MA
KMA

]

nQ, x ∈ Ω.
(A.25)

A.2 Formal Derivation of PDE for Macrophages

A.2.1 Formal Derivation of the PDE for the Density of Resting Macrophages

The principle mass balance gives the following difference equation for the density of resting macrophages mk
Ri

mk+1
Ri

=mk
Ri

+ τδMR
pki − τ

[

λMR
bki +AMR,EK

k
Ei

+ dMR

]

mk
Ri

+
ν

2

[

Φk
im

k
Ri−1

+Φk
im

k
Ri+1

]

−
ν

2

[

Φk
i+1 +Φk

i−1

]

mk
Ri
.

(A.26)

Using the continuum relations in Eq. (A.10), Eq. (A.26) can be formally written in the approximate form as

mR(t+ τ, x) =mR(t, x) + τδMR
p(t, x)− τ

[

λMR
b(t, x) +AMR,EKE(t, x) + dMR

]

mR(t, x)

+
ν

2

[

ϕ(n(t, x))mR(t, x− η) + ϕ(n(t, x))mR(t, x+ η)

]

−
ν

2

[

ϕ(n(t, x+ η)) + ϕ(n(t, x− η))

]

mR(t, x).

(A.27)

If the function ϕ(n) is thrice continuously differentiable, and mR(t, x) is thrice continuously differentiable with

respect to x, for sufficiently small η, using Taylor series up to second-order derivatives and grouping higher-order

terms, we obtain

mR(t+ τ, x)−mR(t, x) =τδMR
p− τ

[

λMR
b+AMR,EKE + dMR

]

mR

+
ν

2

[

(ϕ(n) + ϕ(n))mR + η(ϕ(n)− ϕ(n))∂xmR +
η2

2
(ϕ(n) + ϕ(n))∂2xxmR

]

−
ν

2

[

(ϕ(n) + ϕ(n)) + η
(

∂x(ϕ(n)− ϕ(n))
)

+
η2

2

(

∂2xx(ϕ(n) + ϕ(n))
)

]

mR

+O(η3), x ∈ Ω.

(A.28)

Dividing both sides of Eq. (A.28) by τ and recalling the assumption given by Eq. (51), we obtain

mR(t+ τ, x)−mR(t, x)

τ
=δMR

p−

[

λMR
b+AMR,EKE + dMR

]

mR

+
ν

τ

[

ϕ(n)mR +
η2

2
ϕ(n)∂2xxmR

]

−
ν

τ

[

ϕ(n)mR +
η2

2
mR∂

2
xxϕ(n)

]

+O(η3), x ∈ Ω.

(A.29)

Letting τ → 0 and η → 0 in such a way that

νη2

2τ
→ γMR

∈ R
+
∗ as τ, η → 0

and ignoring O(η3), we formally obtain

∂tmR − γMR
∂x

[

ϕ(n)∂xmR −mR∂xϕ(n)
]

=δMR
p−

[

λMR
b+AMR,EKE + dMR

]

mR, x ∈ Ω. (A.30)
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A.2.2 Formal Derivation of the PDE for the Density of Active Macrophages

The principle mass balance gives the following difference equation for the density of active macrophages mk
Ai

mk+1
Ai

=mk
Ai

+ τAMR,EK
k
Eim

k
Ri

− τdMA
mk

Ai

+
ϱ

2cmax

[

Φk
i (c

k
i − cki−1)+m

k
Ai−1

+Φk
i (c

k
i − cki+1)+m

k
Ai+1

]

−
ϱ

2cmax

[

Φk
i−1(c

k
i−1 − cki )+ +Φk

i+1(c
k
i+1 − cki )+

]

mk
Ai
.

(A.31)

Using the continuum relations in Eq. (A.10), Eq. (A.31) can be formally written in the approximate form as

mA(t+ τ, x) =mA(t, x) + τAMR,EKE(t, x)mR(t, x)− τdMA
mA(t, x)

+
ϱ

2cmax

[

ϕ(n(t, x))(c(t, x)− c(t, x− η))+mA(t, x− η) + ϕ(n(t, x))(c(t, x)− c(t, x+ η))+mA(t, x+ η)

]

−
ϱ

2cmax

[

ϕ(n(t, x− η))(c(t, x− η)− c(t, x))+ + ϕ(n(t, x+ η))(c(t, x+ η)− c(t, x))+

]

mA(t, x).

(A.32)

If the function ϕ(n) is thrice continuously differentiable, and mA(t, x) is thrice continuously differentiable with

respect to x, for sufficiently small η, using Taylor series up to second-order derivatives and grouping higher-order

terms, we obtain

mA(t+ τ, x)−mA(t, x) =τAMR,EKEmR − τdMA
mA

+
ϱ

2cmax

[

(

mA − η∂xmA +
η2

2
∂2xxmA

)

ϕ(n)(c(t, x)− c(t, x− η))+

]

+
ϱ

2cmax

[

(

mA + η∂xmA +
η2

2
∂2xxmA

)

ϕ(n)(c(t, x)− c(t, x+ η))+

]

−
ϱ

2cmax

[

(

ϕ(n)− η∂xϕ(n) +
η2

2
∂2xxϕ(n)

)

mA(c(t, x− η)− c(t, x))+

]

−
ϱ

2cmax

[

(

ϕ(n) + η∂xϕ(n) +
η2

2
∂2xxϕ(n)

)

mA(c(t, x+ η)− c(t, x))+

]

+O(η3), x ∈ Ω.

(A.33)

Expanding and collecting like terms gives

mA(t+ τ, x)−mA(t, x) =τAMR,EKEmR − τdMA
mA

+
ϱ

2cmax

[

ϕ(n)(c(t, x)− c(t, x− η))+ + ϕ(n)(c(t, x)− c(t, x+ η))+

]

mA

−
ϱη

2cmax

[

ϕ(n)(c(t, x)− c(t, x− η))+ − ϕ(n)(c(t, x)− c(t, x+ η))+

]

∂xmA

+
ϱη2

4cmax

[

ϕ(n)(c(t, x)− c(t, x− η))+ + ϕ(n)(c(t, x)− c(t, x+ η))+

]

∂2xxmA

−
ϱ

2cmax

[

ϕ(n)(c(t, x− η)− c(t, x))+ + ϕ(n)(c(t, x+ η)− c(t, x))+

]

mA

+
ϱη

2cmax

[

∂xϕ(n)(c(t, x− η)− c(t, x))+ − ∂xϕ(n)(c(t, x+ η)− c(t, x))+

]

mA

−
ϱη2

4cmax

[

∂2xxϕ(n)(c(t, x− η)− c(t, x))+ + ∂2xxϕ(n)(c(t, x+ η)− c(t, x))+

]

mA

+O(η3), x ∈ Ω.

(A.34)
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Under the assumption given by Eq. (51) and using the elementary property (a)+ − (−a)+ = a for a ∈ R, we obtain

mA(t+ τ, x)−mA(t, x) =τAMR,EKEmR − τdMA
mA

+
ϱ

2cmax
ϕ(n)

[

2c(t, x)− c(t, x− η)− c(t, x+ η)

]

mA

−
ϱη

2cmax
ϕ(n)

[

(c(t, x)− c(t, x− η))+ − (c(t, x)− c(t, x+ η))+

]

∂xmA

+
ϱη2

4cmax
ϕ(n)

[

(c(t, x)− c(t, x− η))+ + (c(t, x)− c(t, x+ η))+

]

∂2xxmA

+
ϱη

2cmax
∂xϕ(n)

[

(c(t, x− η)− c(t, x))+ − (c(t, x+ η)− c(t, x))+

]

mA

−
ϱη2

4cmax
∂2xxϕ(n)

[

(c(t, x− η)− c(t, x))+ + (c(t, x+ η)− c(t, x))+

]

mA

+O(η3), x ∈ Ω.

(A.35)

Dividing both sides of Eq. (A.35) by τ gives

mA(t+ τ, x)−mA(t, x)

τ
=AMR,EKEmR − dMA

mA

−
ϱη2

2τcmax
ϕ(n)

[

c(t, x− η)− 2c(t, x) + c(t, x+ η)

η2

]

mA

−
ϱη2

2τcmax
ϕ(n)

[(

c(t, x)− c(t, x− η)

η

)

+

−

(

c(t, x)− c(t, x+ η)

η

)

+

]

∂xmA

+
ϱη3

4τcmax
ϕ(n)

[(

c(t, x)− c(t, x− η)

η

)

+

+

(

c(t, x)− c(t, x+ η)

η

)

+

]

∂2xxmA

+
ϱη2

2τcmax
∂xϕ(n)

[(

c(t, x− η)− c(t, x)

η

)

+

−

(

c(t, x+ η)− c(t, x)

η

)

+

]

mA

−
ϱη3

4τcmax
∂2xxϕ(n)

[(

c(t, x− η)− c(t, x)

η

)

+

+

(

c(t, x+ η)− c(t, x)

η

)

+

]

mA

+O(η3), x ∈ Ω.

(A.36)

If c(t, x) is continuously differentiable with respect to x, letting τ → 0 and η → 0 in such a way that

ϱη2

2τcmax
→ χMA

∈ R
+
∗ as τ, η → 0,

we have

ϱη3

4τcmax
ϕ(n)

[(

c(t, x)− c(t, x− η)

η

)

+

+

(

c(t, x)− c(t, x+ η)

η

)

+

]

∂2xxmA = O(η), as τ, η → 0,

ϱη3

4τcmax
∂2xxϕ(n)

[(

c(t, x− η)− c(t, x)

η

)

+

+

(

c(t, x+ η)− c(t, x)

η

)

+

]

mA = O(η, ) as τ, η → 0.

Thus, ignoring O(η3), we formally obtain

∂tmA =AMR,EKEmR − dMA
mA

− χMA
ϕ(n)mA∂

2
xxc − χMA

ϕ(n)∂xmA

(

(∂xc)+ − (−∂xc)+
)

+ χMA
∂xϕ(n)mA

(

(−∂xc)+ − (∂xc)+
)

, x ∈ Ω.

(A.37)

Using again the elementary property (a)+ − (−a)+ = a for a ∈ R, we obtain

∂tmA + ∂x
[

χMA
ϕ(n) mA∂xc

]

=AMR,EKEmR − dMA
mA, x ∈ Ω. (A.38)
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A.2.3 Formal Derivation of the PDE for the Density of Infected Macrophages

The principle mass balance gives the following difference equation for the density of infected mk
Ii

mk+1
Ii

=mk
Ii
+ τλMR

bkim
k
Ri

− τ

[

dMI
+ dMI ,EK

k
Ei

]

mk
Ii

+
ζ

2cmax

[

Φk
i (c

k
i − cki−1)+m

k
Ii−1

+Φk
i (c

k
i − cki+1)+m

k
Ii+1

]

−
ζ

2cmax

[

Φk
i−1(c

k
i−1 − cki )+ +Φk

i+1(c
k
i+1 − cki )+

]

mk
Ii
.

(A.39)

Using the continuum relations in Eq. (A.10), Eq. (A.39) can be formally written in the approximate form as

mI(t+ τ, x) =mI(t, x) + τλMR
b(t, x)mR(t, x)− τ

[

dMI
+ dMI ,EKE(t, x)

]

mI(t, x)

+
ζ

2cmax

[

ϕ(n(t, x))(c(t, x)− c(t, x− η))+mI(t, x− η) + ϕ(n(t, x))(c(t, x)− c(t, x+ η))+mI(t, x+ η)

]

−
ζ

2cmax

[

ϕ(n(t, x− η))(c(t, x− η)− c(t, x))+ + ϕ(n(t, x+ η))(c(t, x+ η)− c(t, x))+

]

mI(t, x).

(A.40)

If the function ϕ(n) is thrice continuously differentiable and mI(t, x) is thrice continuously differentiable with respect

to x, for sufficiently small η, expanding Eq. (A.40) using Taylor series up to second-order derivatives and collecting

like terms, we obtain

mI(t+ τ, x)−mI(t, x) =τλMR
bmR − τ

[

dMI
+ dMI ,EKE

]

mI

+
ζ

2cmax

[

(

mI − η∂xmI +
η2

2
∂2xxmI

)

ϕ(n)(c(t, x)− c(t, x− η))+

]

+
ζ

2cmax

[

(

mI + η∂xmI +
η2

2
∂2xxmI

)

ϕ(n)(c(t, x)− c(t, x+ η))+

]

−
ζ

2cmax

[

(

ϕ(n)− η∂xϕ(n) +
η2

2
∂2xxϕ(n)

)

mI(c(t, x− η)− c(t, x))+

]

−
ζ

2cmax

[

(

ϕ(n) + η∂xϕ(n) +
η2

2
∂2xxϕ(n)

)

mI(c(t, x+ η)− c(t, x))+

]

+O(η3), x ∈ Ω.

(A.41)
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Expanding and collecting like terms gives

mI(t+ τ, x)−mI(t, x) =τλMR
bmR − τ

[

dMI
+ dMI ,EKE

]

mI

+
ζ

2cmax

[

ϕ(n)(c(t, x)− c(t, x− η))+ + ϕ(n)(c(t, x)− c(t, x+ η))+

]

mI

−
ζη

2cmax

[

ϕ(n)(c(t, x)− c(t, x− η))+ − ϕ(n)(c(t, x)− c(t, x+ η))+

]

∂xmI

+
ζη2

4cmax

[

ϕ(n)(c(t, x)− c(t, x− η))+ + ϕ(n)(c(t, x)− c(t, x+ η))+

]

∂2xxmI

−
ζ

2cmax

[

ϕ(n)(c(t, x− η)− c(t, x))+ + ϕ(n)(c(t, x+ η)− c(t, x))+

]

mI

+
ζη

2cmax

[

∂xϕ(n)(c(t, x− η)− c(t, x))+ − ∂xϕ(n)(c(t, x+ η)− c(t, x))+

]

mI

−
ζη2

4cmax

[

∂2xxϕ(n)(c(t, x− η)− c(t, x))+ + ∂2xxϕ(n)(c(t, x+ η)− c(t, x))+

]

mI

+O(η3), x ∈ Ω.

(A.42)

Under the assumption given by Eq. (51) and using the elementary property (a)+ − (−a)+ = a for a ∈ R, we obtain

mI(t+ τ, x)−mI(t, x) =τλMR
bmR − τ

[

dMI
+ dMI ,EKE

]

mI

+
ζ

2cmax
ϕ(n)

[

2c(t, x)− c(t, x− η)− c(t, x+ η)

]

mI

−
ζη

2cmax
ϕ(n)

[

(c(t, x)− c(t, x− η))+ − (c(t, x)− c(t, x+ η))+

]

∂xmI

+
ζη2

4cmax
ϕ(n)

[

(c(t, x)− c(t, x− η))+ + (c(t, x)− c(t, x+ η))+

]

∂2xxmI

+
ζη

2cmax
∂xϕ(n)

[

(c(t, x− η)− c(t, x))+ − (c(t, x+ η)− c(t, x))+

]

mI

−
ζη2

4cmax
∂2xxϕ(n)

[

(c(t, x− η)− c(t, x))+ + (c(t, x+ η)− c(t, x))+

]

mI

+O(η3), x ∈ Ω.

(A.43)

Dividing both sides of Eq. (A.43) by τ gives

mI(t+ τ, x)−mI(t, x)

τ
=λMR

bmR −

[

dMI
+ dMI ,EKE

]

mI

−
ζη2

2τcmax
ϕ(n)

[

c(t, x− η)− 2c(t, x) + c(t, x+ η)

η2

]

mI

−
ζη2

2τcmax
ϕ(n)

[(

c(t, x)− c(t, x− η)

η

)

+

−

(

c(t, x)− c(t, x+ η)

η

)

+

]

∂xmI

+
ζη3

4τcmax
ϕ(n)

[(

c(t, x)− c(t, x− η)

η

)

+

+

(

c(t, x)− c(t, x+ η)

η

)

+

]

∂2xxmI

+
ζη2

2τcmax
∂xϕ(n)

[(

c(t, x− η)− c(t, x)

η

)

+

−

(

c(t, x+ η)− c(t, x)

η

)

+

]

mI

−
ζη3

4τcmax
∂2xxϕ(n)

[(

c(t, x− η)− c(t, x)

η

)

+

+

(

c(t, x+ η)− c(t, x)

η

)

+

]

mI

+O(η3), x ∈ Ω.

(A.44)
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If c(t, x) is continuously differentiable with respect to x, letting τ → 0 and η → 0 in such a way that

ζη2

2τcmax
→ χMI

∈ R
+
∗ as τ, η → 0,

we have

ζη3

4τcmax
ϕ(n)

[(

c(t, x)− c(t, x− η)

η

)

+

+

(

c(t, x)− c(t, x+ η)

η

)

+

]

∂2xxmI = O(η), as τ, η → 0,

ζη3

4τcmax
∂2xxϕ(n)

[(

c(t, x− η)− c(t, x)

η

)

+

+

(

c(t, x+ η)− c(t, x)

η

)

+

]

mI = O(η, ) as τ, η → 0.

Thus, ignoring O(η3), we formally obtain

∂tmI =λMR
bmR −

[

dMI
+ dMI ,EKE

]

mI

− χMI
ϕ(n)mI∂

2
xxc − χMI

ϕ(n)∂xmI

(

(∂xc)+ − (−∂xc)+
)

+ χMI
∂xϕ(n)mI

(

(−∂xc)+ − (∂xc)+
)

, x ∈ Ω.

(A.45)

Using again the elementary property (a)+ − (−a)+ = a for a ∈ R, we find

∂tmI + ∂x
[

χMI
ϕ(n) mI∂xc

]

=λMR
bmR −

[

dMI
+ dMI ,EKE

]

mI , x ∈ Ω. (A.46)

A.3 Formal Derivation of the PDE for the Density of T Cells

The principle mass balance gives the following difference equation for the density of T cells eki

ek+1
i =eki + τδEq

k
i − τdEe

k
i

+
χ

2cmax

[

Φk
i (c

k
i − cki−1)+e

k
i−1 +Φk

i (c
k
i − cki+1)+e

k
i+1

]

−
χ

2cmax

[

Φk
i−1(c

k
i−1 − cki )+ +Φk

i+1(c
k
i+1 − cki )+

]

eki

+
ξ

2

[

Φk
i e

k
i−1 +Φk

i e
k
i+1

]

−
ξ

2

[

Φk
i+1 +Φk

i−1

]

eki .

(A.47)

Using the continuum relations in Eq. (A.10), Eq. (A.47) can be formally written in the approximate form as

e(t+ τ, x) =e(t, x) + τδEq(t, x)− τdEe(t, x)

+
χ

2cmax

[

ϕ(n(t, x))(c(t, x)− c(t, x− η))+e(t, x− η) + ϕ(n(t, x))(c(t, x)− c(t, x+ η))+e(t, x+ η)

]

−
χ

2cmax

[

ϕ(n(t, x− η))(c(t, x− η)− c(t, x))+ + ϕ(n(t, x+ η))(c(t, x+ η)− c(t, x))+

]

e(t, x)

+
ξ

2

[

ϕ(n(t, x))e(t, x− η) + ϕ(n(t, x))e(t, x+ η)

]

−
ξ

2

[

ϕ(n(t, x+ η)) + ϕ(n(t, x− η))

]

e(t, x).

(A.48)

If the function ϕ(n) is thrice continuously differentiable, and e(t, x) is thrice continuously differentiable with respect

to x, for sufficiently small η, using Taylor series up to second-order derivatives and grouping higher-order terms, we
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obtain

e(t+ τ, x)− e(t, x) =τδEq(t, x)− τdEe(t, x)

+
χ

2cmax

[

(

e− η∂xe+
η2

2
∂2xxe

)

ϕ(n)(c(t, x)− c(t, x− η))+

]

+
χ

2cmax

[

(

e+ η∂xe+
η2

2
∂2xxe

)

ϕ(n)(c(t, x)− c(t, x+ η))+

]

−
χ

2cmax

[

(

ϕ(n)− η∂xϕ(n) +
η2

2
∂2xxϕ(n)

)

e(c(t, x− η)− c(t, x))+

]

−
χ

2cmax

[

(

ϕ(n) + η∂xϕ(n) +
η2

2
∂2xxϕ(n)

)

e(c(t, x+ η)− c(t, x))+

]

,

+
ξ

2

[

(

e− η∂xe+
η2

2
∂2xxe

)

ϕ(n) +
(

e+ η∂xe+
η2

2
∂2xxe

)

ϕ(n)

]

−
ξ

2

[

(

ϕ(n) + η∂xϕ(n) +
η2

2
∂2xxϕ(n)

)

+
(

ϕ(n)− η∂xϕ(n) +
η2

2
∂2xxϕ(n)

)

]

e

+O(η3), x ∈ Ω

. (A.49)

Expanding and collecting like terms gives

e(t+ τ, x)− e(t, x) =τδEq − τdEe

+
χ

2cmax

[

ϕ(n)(c(t, x)− c(t, x− η))+ + ϕ(n)(c(t, x)− c(t, x+ η))+

]

e

−
cultη

2cmax

[

ϕ(n)(c(t, x)− c(t, x− η))+ − ϕ(n)(c(t, x)− c(t, x+ η))+

]

∂xe

+
χη2

4cmax

[

ϕ(n)(c(t, x)− c(t, x− η))+ + ϕ(n)(c(t, x)− c(t, x+ η))+

]

∂2xxe

−
cult

2cmax

[

ϕ(n)(c(t, x− η)− c(t, x))+ + ϕ(n)(c(t, x+ η)− c(t, x))+

]

e

+
cultη

2cmax

[

∂xϕ(n)(c(t, x− η)− c(t, x))+ − ∂xϕ(n)(c(t, x+ η)− c(t, x))+

]

e

−
χη2

4cmax

[

∂2xxϕ(n)(c(t, x− η)− c(t, x))+ + ∂2xxϕ(n)(c(t, x+ η)− c(t, x))+

]

e

+
ξ

2

[

(ϕ(n) + ϕ(n))e+ η(ϕ(n)− ϕ(n))∂xe+
η2

2
(ϕ(n) + ϕ(n))∂2xxe

]

−
ξ

2

[

(ϕ(n) + ϕ(n)) + η
(

∂x(ϕ(n)− ϕ(n))
)

+
η2

2

(

∂2xx(ϕ(n) + ϕ(n))
)

]

e

+O(η3), x ∈ Ω.

(A.50)
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Under the assumption given by Eq. (51) and using the elementary property (a)+ − (−a)+ = a for a ∈ R, we obtain

e(t+ τ, x)− e(t, x) =τδEq − τdEe

+
χ

2cmax
ϕ(n)

[

2c(t, x)− c(t, x− η)− c(t, x+ η)

]

e

−
cultη

2cmax
ϕ(n)

[

(c(t, x)− c(t, x− η))+ − (c(t, x)− c(t, x+ η))+

]

∂xe

+
χη2

4cmax
ϕ(n)

[

(c(t, x)− c(t, x− η))+ + (c(t, x)− c(t, x+ η))+

]

∂2xxe

+
cultη

2cmax
∂xϕ(n)

[

(c(t, x− η)− c(t, x))+ − (c(t, x+ η)− c(t, x))+

]

e

−
χη2

4cmax
∂2xxϕ(n)

[

(c(t, x− η)− c(t, x))+ + (c(t, x+ η)− c(t, x))+

]

e

+ ξ

[

ϕ(n)e+
η2

2
ϕ(n)∂2xxe

]

− ξ

[

ϕ(n)e+
η2

2
e∂2xxϕ(n)

]

+O(η3), x ∈ Ω.

(A.51)

Dividing both sides of Eq. (A.51) by τ gives

e(t+ τ, x)− e(t, x)

τ
=δEq − dEe

−
χη2

2τcmax
ϕ(n)

[

c(t, x− η)− 2c(t, x) + c(t, x+ η)

η2

]

e

−
χη2

2τcmax
ϕ(n)

[(

c(t, x)− c(t, x− η)

η

)

+

−

(

c(t, x)− c(t, x+ η)

η

)

+

]

∂xe

+
χη3

4τcmax
ϕ(n)

[(

c(t, x)− c(t, x− η)

η

)

+

+

(

c(t, x)− c(t, x+ η)

η

)

+

]

∂2xxe

+
χη2

2τcmax
∂xϕ(n)

[(

c(t, x− η)− c(t, x)

η

)

+

−

(

c(t, x+ η)− c(t, x)

η

)

+

]

e

−
χη3

4τcmax
∂2xxϕ(n)

[(

c(t, x− η)− c(t, x)

η

)

+

+

(

c(t, x+ η)− c(t, x)

η

)

+

]

e

+
ξ

τ

[

ϕ(n)e+
η2

2
ϕ(n)∂2xxe

]

−
ξ

τ

[

ϕ(n)e+
η2

2
e∂2xxϕ(n)

]

+O(η3), x ∈ Ω.

(A.52)

If c(t, x) is continuously differentiable with respect to x, letting τ → 0 and η → 0 in such a way that

χη2

2τcmax
→ χE ∈ R

+
∗ ,

ξη2

2τ
→ γE ∈ R

+
∗ as τ, η → 0,

we have

χη3

4τcmax
ϕ(n)

[(

c(t, x)− c(t, x− η)

η

)

+

+

(

c(t, x)− c(t, x+ η)

η

)

+

]

∂2xxe = O(η), as τ, η → 0,

χη3

4τcmax
∂2xxϕ(n)

[(

c(t, x− η)− c(t, x)

η

)

+

+

(

c(t, x+ η)− c(t, x)

η

)

+

]

e = O(η, ) as τ, η → 0.

Thus, ignoring O(η3), we formally obtain

∂te =δEq − dEe− χEϕ(n)e∂
2
xxc − χEϕ(n)∂xe

(

(∂xc)+ − (−∂xc)+
)

+ χE∂xϕ(n)e
(

(−∂xc)+ − (∂xc)+
)

+ γE
(

ϕ(n)∂2xxe− e∂2xxϕ(n)
)

.
(A.53)

Using again the elementary property (a)+ − (−a)+ = a for a ∈ R, we obtain

∂te+ ∂x
[

χEϕ(n) e∂xc
]

− γE∂x
[

ϕ(n)∂xe− e∂xϕ(n)
]

=δEq − dEe, x ∈ Ω. (A.54)
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A.4 Formal Derivation of the PDE for Oxygen Concentration

The dynamics Ok
i follows the discrete balance equation

Ok+1
i = Ok

i + τβO(LO
k)i + τδO1ωi

− τwk
i , (A.55)

where

wk
i = Onsn

k
Si

+Onfn
k
Fi

+Onqn
k
Qi

+Omrm
k
Ri

+Omam
k
Ai

+Omim
k
Ii
+Oee

k
i .

Using the continuum relations in Eq. (A.10), Eq. (A.55) can be formally written in the approximate form as

O(t+ τ, x)−O(t, x)

τ
= βO

(

O(t, x− η)− 2O(t, x) +O(t, x+ η)

η2

)

+ δO1ω(x)− w(t, x), x ∈ Ω. (A.56)

Letting τ → 0 and η → 0, we formally obtain

∂tO − βO∂
2
xxO = δO1ω(x)− w, x ∈ Ω. (A.57)

A.5 Formal Derivation of PDE for Chemokine Concentration

The dynamics cki follows the discrete balance equation

ck+1
i = cki + τβc(Lc

k)i + τδca
k
i − τκcc

k
i , aki = mk

Ai
+mk

Ii
. (A.58)

Using the continuum relations in Eq. (A.10), Eq. (A.58) can be formally written in the approximate form as

c(t+ τ, x)− c(t, x)

τ
= βc

(

c(t, x− η)− 2c(t, x) + c(t, x+ η)

η2

)

+ δca(t, x)− κcc(t, x), x ∈ Ω. (A.59)

Letting τ → 0 and η → 0, we formally obtain

∂tc− βc∂
2
xxc = δca− κcc, x ∈ Ω. (A.60)

B Numerical Methods for the Comparison Models

We present the numerical details of the scheme used for the numerical simulation of the reduced continuum model in

Appendix B.1, and the computational algorithm used for the stochastic IBM in Appendix B.2. The implementation

of the reduced continuum model is done in MATLAB, while the IBM algorithm is implemented in C++, with a

yaml configuration for execution. Where an adjustment has been made to the initial configurations transferred from

the continuum model to the IBM, we detail the adjustments made in Appendix B.3.

B.1 Numerical Scheme for the Reduced Continuum Model

Let

xi, i = 1, . . . , Nx, and yj , j = 1, . . . , Ny,

denote uniformly spaced lattice sites in the x- and y-directions, respectively, where

Nx = Ny = 100, ∆x = xi+1 − xi, ∆y = yj+1 − yj ,

with space-step size

∆x = ∆y = η ≈ 0.002,
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and time-step

∆t = 10−5, in relation to tk = k∆t.

We discretise the transport terms in the reduced continuum model using conservative fluxes and advance the solution

in time using an explicit finite-difference scheme on the square domain

Ω = (0, 0.2)× (0, 0.2) cm2.

For

u ∈ {nP ,mR,mI , e, c},

we write

uki,j ≈ u(xi, yj , tk).

Hence, the total cell density on lattice site (i, j) at time tk is

nk
i,j = nk

P,i,j +mk
R,i,j +mk

I,i,j + eki,j .

For any z ∈ R, its positive and negative parts are defined by

[z]+ := max{z, 0}, [z]− := max{−z, 0}.

In the numerical implementation, the crowding functions corresponding to ϕred and ψred are evaluated using the

untruncated linear forms

ϕnum(n) = 1−
n

n̄
, ψnum(nP ) = 1−

nP

n̄
.

Thus, ϕnum is evaluated using the total cell density, whereas ψnum is evaluated using the local proliferating my-

cobacterial density.

B.1.1 Chemokine Gradients and Diffusion

The discrete chemokine gradients between neighbouring lattice sites are

Dxc
k
i+ 1

2 ,j
=
cki+1,j − cki,j

∆x
, Dyc

k
i,j+ 1

2
=
cki,j+1 − cki,j

∆y
,

with their positive and negative parts denoted by

(

Dxc
k
i+ 1

2 ,j

)+

=
[

Dxc
k
i+ 1

2 ,j

]

+
,

(

Dxc
k
i+ 1

2 ,j

)−

=
[

Dxc
k
i+ 1

2 ,j

]

−

,

with analogous definitions in the y-direction. Furthermore, the chemokine fluxes between neighbouring lattice sites

are

F c,k

i+ 1
2 ,j

= βc
cki+1,j − cki,j

∆x
,

and

Gc,k

i,j+ 1
2

= βc
cki,j+1 − cki,j

∆y
.
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B.1.2 Diffusive Cell Fluxes and Chemotactic Fluxes

The proliferating mycobacterial fluxes are

FP,k

i+ 1
2 ,j

= γNP

nk
P,i+1,j − nk

P,i,j

∆x
,

and

GP,k

i,j+ 1
2

= γNP

nkP,i,j+1 − nk
P,i,j

∆y
.

The resting macrophage fluxes are

FR,k

i+ 1
2 ,j

= γMR

mk
R,i+1,j −mk

R,i,j

∆x
,

and

GR,k

i,j+ 1
2

= γMR

mk
R,i,j+1 −mk

R,i,j

∆y
.

The diffusive T cell fluxes are

FE,diff,k

i+ 1
2 ,j

= γE
eki+1,j − eki,j

∆x
,

and

GE,diff,k

i,j+ 1
2

= γE
eki,j+1 − eki,j

∆y
.

These linear diffusive fluxes are algebraically equivalent to the form used in the MATLAB implementation, for

which

ϕnum(nmid) +
nmid

n̄
= 1.

The chemotactic fluxes of infected macrophages and T cells are discretised using an upwind approximation

determined by the sign of the local chemokine gradient. For infected macrophages, the numerical chemotactic

fluxes are

F I,k

i+ 1
2 ,j

= − χMI

(

Dxc
k
i+ 1

2 ,j

)+

mk
I,i,jϕnum(n

k
i,j)

+ χMI

(

Dxc
k
i+ 1

2 ,j

)−

mk
I,i+1,jϕnum(n

k
i+1,j),

and

GI,k

i,j+ 1
2

= − χMI

(

Dyc
k
i,j+ 1

2

)+

mk
I,i,jϕnum(n

k
i,j)

+ χMI

(

Dyc
k
i,j+ 1

2

)−

mk
I,i,j+1ϕnum(n

k
i,j+1).

For T cells, the chemotactic fluxes are

FE,chem,k

i+ 1
2 ,j

= − χE

(

Dxc
k
i+ 1

2 ,j

)+

eki,jϕnum(n
k
i,j)

+ χE

(

Dxc
k
i+ 1

2 ,j

)−

eki+1,jϕnum(n
k
i+1,j),

and

GE,chem,k

i,j+ 1
2

= − χE

(

Dyc
k
i,j+ 1

2

)+

eki,jϕnum(n
k
i,j)

+ χE

(

Dyc
k
i,j+ 1

2

)−

eki,j+1ϕnum(n
k
i,j+1).

Hence, the total T cell fluxes are

FE,k

i+ 1
2 ,j

= FE,chem,k

i+ 1
2 ,j

+ FE,diff,k

i+ 1
2 ,j

,
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and

GE,k

i,j+ 1
2

= GE,chem,k

i,j+ 1
2

+GE,diff,k

i,j+ 1
2

.

Furthermore, for any pair of numerical fluxes F and G in the x- and y-directions, respectively, their discrete

divergence is defined by

Dh(F,G)i,j =
Fi+ 1

2 ,j
− Fi− 1

2 ,j

∆x
+
Gi,j+ 1

2
−Gi,j− 1

2

∆y
.

B.1.3 Recruitment Functions

Let the total proliferating mycobacterial population be defined by

Bk = ∆x∆y

Nx
∑

i=1

Ny
∑

j=1

nkP,i,j ,

and the spatially integrated chemokine concentration be given by

Ck = ∆x∆y

Nx
∑

i=1

Ny
∑

j=1

cki,j .

For lattice position xi,j = (xi, yj), the discrete random blood vessel distribution, through which immune cell

recruitment occurs, is represented by

vi,j = 1ω(xi,j),

where vi,j = 1 at blood vessel locations and vi,j = 0 elsewhere. Thus, the chemokine-dependent macrophage

recruitment function is

pki,j = Ckvi,j ,

while the mycobacterial burden-dependent T cell recruitment function is

qki,j = [Bk − b̄]+ vi,j .

B.1.4 Cytotoxic Death of Proliferating Mycobacteria Induced by T Cells

We make the modelling assumption that, at each time tk, T cells can induce the cytotoxic death of proliferating

extracellular mycobacteria. In the reduced continuum formulation, this interaction is represented locally. Hence,

the probability of cytotoxic death of a proliferating mycobacterium at lattice site (i, j) is given by

0 ≤ τdNP ,EhEe
k
i,j ≤ 1, (B.61)

where dNP ,E is associated with the efficiency of T cells in killing mycobacteria and hEe
k
i,j represents the local T

cell contribution at lattice site (i, j).

B.1.5 Forward-Euler Updates

The proliferating mycobacterial update is

nk+1
P,i,j = nk

P,i,j +∆tDh(F
P,k, GP,k)i,j

+∆t αPψnum(n
k
P,i,j)n

k
P,i,j

−∆t
[

hNP
hMR

mk
R,i,j + dNP ,EhEe

k
i,j

]

nkP,i,j .
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The resting macrophage update is

mk+1
R,i,j = mk

R,i,j +∆tDh(F
R,k, GR,k)i,j

+∆t δMR
pki,j

−∆t
(

λMR
nk
P,i,j + dMR

)

mk
R,i,j .

The infected macrophage update is

mk+1
I,i,j = mk

I,i,j +∆tDh(F
I,k, GI,k)i,j

+∆t λMR
nkP,i,jm

k
R,i,j

−∆t
[

dMI
+ dMI ,EhEe

k
i,j

]

mk
I,i,j .

The T cell update is

ek+1
i,j = eki,j +∆tDh(F

E,k, GE,k)i,j

+∆t δEq
k
i,j −∆t dEe

k
i,j .

The chemokine update is

ck+1
i,j = cki,j +∆tDh(F

c,k, Gc,k)i,j

+∆t δcm
k
I,i,j −∆t κcc

k
i,j .

Following each Forward-Euler update, any negative values of the numerical solutions at time tk+1 were set to

zero.

B.1.6 Initial and Boundary Conditions

Let N0
P,i,j and N0

R,i,j denote the initial numbers of proliferating extracellular mycobacteria and resting macrophages

deposited onto lattice site (i, j). The corresponding initial densities are

n0
P,i,j =

N0
P,i,j

∆x∆y
, m0

R,i,j =
N0

R,i,j

∆x∆y
.

The domain was initialised with a total of 12 proliferating extracellular mycobacteria and 105 resting macrophages,

distributed across individual lattice sites. Multiple mycobacteria could be assigned to the same lattice site, in which

case their contributions to N0
P,i,j were added. The initial densities of infected macrophages, T cells, and chemokine

concentration satisfy

m0
I,i,j = 0, e0i,j = 0, c0i,j = 0,

respectively. We impose the zero-flux boundary conditions by setting the numerical fluxes at the boundary of the

computational domain to zero. Thus, for each

u ∈ {nP ,mR,mI , e, c},

the boundary fluxes satisfy

Fu,k
1
2 ,j

= Fu,k

Nx+
1
2 ,j

= 0, j = 1, . . . , Ny,

and

Gu,k

i, 12
= Gu,k

i,Ny+
1
2

= 0, i = 1, . . . , Nx.

In the implementation, the boundary fluxes were set to zero before evaluating the discrete divergence, so that no

flux entered or left the domain through ∂Ω.

52



B.2 Computational Algorithm for the Reduced IBM

B.2.1 IBM Time-step Operations

In the stochastic IBM implementation, at each timestep, the following operations are performed:

1. Increase the ages of all agents and remove agents whose lifespans have expired, provided they are not engaged

in an ongoing operation.

2. Update proliferating extracellular mycobacteria.

3. Update resting and infected macrophages.

4. Update active T cells.

5. Accumulate the chemokine source contributions from infected macrophages.

6. At each blood vessel, evaluate resting macrophage and T cell recruitment.

7. Advance the chemokine reaction–diffusion dynamics and reset the accumulated source terms.

Remark: Throughout the remainder of this section, we define an eligible agent as one who is not involved in an

ongoing event and has not been marked for removal.

Lifespan-mediated Cell Death. Each agent is assigned a fixed, state-specific lifespan. At the start of each

timestep, the age akℓ of agent ℓ is updated according to

ak+1
ℓ = akℓ +∆tW.

Provided that the agent is not locked in an ongoing event, it is removed when

ak+1
ℓ > T life

ℓ ,

where T life
ℓ denotes its predefined lifespan. An agent that is locked in an ongoing event is not removed until that

event has been completed.

Mycobacterial Update. Following initial mycobacterial placement, each proliferating extracellular mycobac-

terium ℓ is assigned an individual replication interval,

T rep
ℓ ∼ U(T rep

min, T
rep
max) .

Following the age update, mycobacterium ℓ attempts replication when

ak+1
ℓ ≥ T rep

ℓ ,

provided there is an available lattice site within its Moore neighbourhood to place the offspring mycobacterium. If

no site has sufficient available area, replication is postponed until the next timestep. In this case, the parent retains

both its current age and its assigned replication interval. Following successful offspring placement, the age of the

parent is reset to zero and a new replication interval is sampled independently. The offspring mycobacterium is

created with age zero and is independently assigned its own replication interval from the same distribution.

Macrophage Update. For each macrophage, an ongoing phagocytosis event is completed before a new action is

attempted. Otherwise, the macrophage first attempts migration according to its state-specific movement rule and

then searches its Moore neighbourhood for an eligible extracellular mycobacterium.

Phagocytosis is evaluated using the general event rule with the configured phagocytosis rate. Following successful

uptake, the extracellular mycobacterium is removed from the lattice and recorded as intracellular mycobacterial

content of the macrophage. The state transition from resting to infected macrophage is subsequently evaluated

from the intracellular mycobacterial content using the predefined content threshold and transition rule.
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T cell Update. As in the macrophage update, for each active T cell, any ongoing cytotoxicity event is completed

before migration or the initiation of a new cytotoxic activity. Otherwise, the T cell first attempts migration according

to its state-specific movement rule. For T cell migration, a neighbouring site is selected with a probability that

increases with its non-negative chemokine concentration. If the chemokine concentration is zero at all sites in the

Moore neighbourhood, a neighbouring site is selected uniformly at random, corresponding to undirected random

movement. Movement occurs only if the selected site has sufficient available area for the T cell. The T cell then

searches the selected lattice site for an eligible cytotoxic target.

Eligible infected macrophages and extracellular mycobacteria at the selected lattice site are considered as cyto-

toxic targets using their respective target-specific event rates. Once a cytotoxicity event is successfully initiated,

the T cell and its target remain locked for the duration of the interaction, and no further cytotoxic interaction is

initiated by that T cell during the same update. When the interaction site differs from the T cell’s current lattice

site, initiation of cytotoxicity moves the T cell directly to the target site. Upon completion of an interaction with

an infected macrophage, the macrophage and its intracellular mycobacterial content are removed. Completion of

an interaction with an extracellular mycobacterium also removes the mycobacterium from the system.

Chemokine Update. In the reduced IBM model, infected macrophages are the only source of chemokine pro-

duction, and the contribution from each infected macrophage is accumulated at the macrophage’s lattice location.

Following all cell updates and the evaluation of immune cell recruitment through the blood vessels, the accu-

mulated source terms are passed to the IBM reaction–diffusion solver. At the next timestep, the solver advances

the existing chemokine concentration according to the predefined diffusion, production, and decay parameters. The

updated chemokine concentration is carried forward to the next timestep, while the temporary source accumulator

is reset to zero before new source contributions are collected.

B.2.2 Immune Cell Recruitment

In the reduced IBM configuration, immune cell recruitment is triggered by mycobacterial burden rather than by

chemokine signaling. At each timestep, resting macrophage and T cell recruitment are evaluated independently at

every blood vessel using the global extracellular mycobacterial population Nk
P .

Resting macrophage recruitment uses a mycobacterial threshold of zero, whereas T cell recruitment is evaluated

only when Nk
P reaches the prescribed threshold N̄P . Conditional on the relevant threshold requirement, cell recruit-

ment is evaluated using an event-specific factor, F , with F = Nk
P and the corresponding cell-specific recruitment

rate.

Following a successful recruitment event, the new immune cell is placed at an available lattice site in the

immediate neighbourhood of the recruiting vessel, subject to the area-based occupancy condition. If no neighbouring

site has sufficient available area, recruitment is abandoned for that vessel during the current timestep.

B.3 Adjustments to Transferred Initial Configurations

To resolve the indexing mismatch, we reconciled the one-based indexing of the MATLAB-exported PDE coordinates

with the zero-based indexing of the IBM lattice. Specifically, all blood vessel, resting macrophage and mycobacterial

coordinates were transformed according to

(xIBM, yIBM) = (xPDE − 1, yPDE − 1).

This indexing conversion was applied uniformly and was not regarded as a spatial adjustment. Following the

indexing conversion, three exported agent positions coincided with vessel-occupied sites. To resolve the vessel-agent
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conflict, each affected agent was moved to the nearest available non-vessel site with sufficient area within the Moore

neighbourhood. Where an adjustment was made due to a conflict, we present information on the adjustment in

Table 11.

Table 11: Adjustments made to transferred agent coordinates that coincided with vessel-occupied sites.

Seed Agent MATLAB

PDE coordi-

nate

Mapped

IBM coordi-

nate

Final IBM

coordinate

91 Resting macrophage (97, 73) (96, 72) (95, 72)

96 Proliferating mycobac-

terium

(30, 46) (29, 45) (28, 45)

99 Resting macrophage (62, 71) (61, 70) (60, 70)
Note. The mapped IBM coordinate is the zero-based coordinate obtained directly from the exported MATLAB coordinate. Each affected

agent was moved by one lattice site in the negative x-direction. Since one lattice spacing corresponded to 0.002 cm, each adjustment

represented a displacement of 20µm. The original population totals of 49 vessels, 105 resting macrophages, and 12 proliferating mycobacteria

were preserved.

C Additional Numerical Results

This appendix presents the complete temporal dynamics comparisons for the five closely matched configurations not

shown in the main text. All four stochastic IBM realisations are displayed for each configuration. A representative

spatial plot for seed 92 is also included for both models.

Figure 7: Temporal dynamics comparison for PDE seed 96. The PDE cleared, while two of the four IBM realisations

cleared and two remained non-cleared by 96 h.
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Figure 8: Temporal dynamics comparison for PDE seed 95. The PDE cleared, whereas only one of the four IBM realisations

reproduced the clearance outcome by 96 h.

Figure 9: Temporal dynamics comparison for PDE seed 94. The PDE and three of the four IBM realisations remained

non-cleared by 96 h.

Figure 10: Temporal dynamics comparison for PDE seed 97. The PDE cleared, whereas all four IBM realisations remained

non-cleared by 96 h.
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Figure 11: Temporal dynamics comparison for PDE seed 99. The PDE cleared, whereas all four IBM realisations remained

non-cleared by 96 h.

Figure 12: Spatial distributions of proliferating mycobacteria, resting macrophages, infected macrophages, and active T

cells predicted by the reduced PDE model for seed 92 up to 96 h. Colours represent population density, and the black circle

marks the initial mycobacterial deposition region. Each panel uses its own colour scale.
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Figure 13: Spatial distributions of agents in four stochastic IBM realisations for seed 92 up to 96 h. Blood vessels are

shown in red, resting macrophages in grey, infected macrophages in light blue, active T cells in orange, and proliferating

mycobacteria in yellow. The black circle marks the initial mycobacterial deposition region.
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