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A Stable Gray-Box Surrogate for Unsteady Aerodynamic

Coefficients in Real-Time Simulation

Massimo Di Pierro

University of California, Santa Cruz, CA 95064, USA

Abstract

Real-time flight simulation needs aerodynamic loads at every step; coefficient tables are
quasi-steady and grow exponentially with their arguments. We study a compact gray-box sur-
rogate: a bank of learnable second-order lags (digital filters whose response always decays),
feeding a small neural network that supplies the nonlinear, stall-like map, plus a linear term
for rate effects. It is benchmarked against twelve alternatives, including calibrated Hansen–
Gaunaa–Madsen (HGM) and Goman–Khrabrov dynamic-stall models and GRU and LSTM
networks, on measured two-dimensional airfoil data: 216 pitch-oscillation runs of three airfoils
under cross-validation, and ramps of three further airfoils after training on oscillations only.
On oscillations the surrogate is significantly more accurate than quasi-static tables and linear
models; for unseen Reynolds numbers it is also more accurate than the calibrated semi-empirical
models, but for unseen reduced frequencies it only matches them and is outperformed by rate-
augmented memoryless maps. On ramps it outperforms those memoryless maps and predicts
dynamic-stall peak loads better than the calibrated semi-empirical models, which nevertheless
have the lower time-history error. Small gated recurrent networks are more accurate, by 7–53%,
without a stability guarantee on their internal dynamics. The learned filters act as a stable basis
of lags rather than as identified physical time constants.

Keywords: unsteady aerodynamics; dynamic stall; aerodynamic coefficient prediction; real-time
flight simulation; reduced-order model; Wiener model; recurrent neural network; benchmark.

1 Introduction

A real-time vehicle simulation must compute the aerodynamic force and moment on the airframe
at every integration step, typically hundreds of times per second, and never slower than wall-clock
time, so that the loop can close around a pilot, a flight computer or hardware in the loop. Resolving
the flow with computational fluid dynamics (CFD) at each step is many orders of magnitude too
slow for this budget, so the aerodynamics are reduced to a cheap surrogate evaluated from a handful
of state variables.

The standard surrogate is a table of the dimensionless force and moment coefficients (CD, CL,
CY and the rolling, pitching and yawing moments) indexed by angle of attack α, sideslip β, Mach
number, body rates and control deflections, scaled to dimensional loads by dynamic pressure and
reference geometry. Tables are fast and transparent, but they have two structural limitations. Their
memory grows exponentially with the number of indexing arguments, and they are quasi-steady :
they return a coefficient for the instantaneous state, whereas the real loads depend on the recent
history of the motion. Lift and moment respond to a lagged effective incidence; near and beyond
stall the response forms hysteresis loops and the transient overshoots of dynamic stall. Adding
rate or history arguments to a table compounds the memory problem, and a feed-forward neural
network of the instantaneous state has no memory either.
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These limitations are no longer academic. Flight simulators used for stall and upset-recovery
training must now reproduce the post-stall and unsteady aerodynamics of the extended envelope [1];
rotorcraft and wind-turbine simulations routinely operate in dynamic stall; and the developers of
flight software increasingly test it against simulated aerodynamics in closed loop. The alternatives
to tables each have a gap (Section 2). Semi-empirical dynamic-stall models of the Leishman–
Beddoes family are physically grounded and cheap, but need per-airfoil calibration and structural
assumptions that fail in deep stall. Rational-function approximations (RFA) from aeroelasticity are
linear. Recurrent neural networks such as long short-term memory (LSTM) and gated recurrent
unit (GRU) networks are flexible, but their internal dynamics carry no stability guarantee, their
parameters have no physical meaning, and in the aerodynamic literature they are rarely compared
with a calibrated semi-empirical model on held-out measured data.

This paper studies a model that sits between these classes, built the same way as the semi-
empirical models: lagged internal variables followed by a static nonlinear characteristic. The lags
are a bank of learnable second-order discrete-time filters (“biquads”), each a damped second-order
response similar to the lags of Jones’s approximation but able also to overshoot; the static charac-
teristic is a small neural network (a multilayer perceptron, MLP) that is fitted instead of prescribed;
and an explicit linear term carries the near-linear rate effects. In system-identification terms this
lag-then-static-map arrangement is a Wiener model. The filters are parameterized so that their
response always decays, whatever values training gives the parameters; each carries two past values
as its state, and the cost per time step is fixed and grows linearly with the number of inputs.
It can be read as a trainable nonlinear extension of the RFA, or as a data-driven generalization
of the “static characteristic at lagged internal variables” structure shared by the semi-empirical
dynamic-stall models.

The questions the paper answers are empirical: does this structure predict measured unsteady
airfoil loads, including dynamic stall, better than the methods it would replace, and does it do so
robustly across flow conditions, reduced frequencies, airfoils and motion types? The contributions
are:

1. a formulation of the biquad-Wiener surrogate for unsteady aerodynamic coefficients, with
its stability parameterization and an exact, loop-free training scheme for multi-run data
(Sections 3–4);

2. a benchmark on measured unsteady data: 216 pitch-oscillation runs of three wind-turbine
and general-aviation airfoils from the Ohio State University (OSU) campaign [2, 3, 4], under
leave-one-Reynolds-number-out and leave-one-frequency-out cross-validation, against twelve
alternatives spanning look-up tables, a classical RFA, calibrated Hansen–Gaunaa–Madsen
and Goman–Khrabrov dynamic-stall models, and memoryless, finite-memory and recurrent
neural networks, with three training seeds and paired significance tests (Section 7);

3. a motion-transfer test on the University of Glasgow dynamic-stall database [5], in which every
model is trained on sinusoidal oscillations only and evaluated on measured constant-pitch-
rate ramps of three airfoils, a motion family that separates models carrying a state from
rate-augmented static maps (Section 8);

4. an analysis showing that the learned filters act as a stable basis of lags rather than identifying
physical time constants, a comparison of nominal computational cost, and a discussion of the
conditions in which the approach does and does not help (Sections 9–10).

All experiments use two-dimensional wind-tunnel sections; application to a full six-degree-of-freedom
aircraft database is discussed but not tested (Section 10). The model is implemented as one of the
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models of the HiroSim simulator (https://hirosim.com), where it runs as an inference-only plu-
gin (Section 5); a synthetic verification case with known dynamics is retained in condensed form
(Section 6).

2 Background and related work

This section reviews the four bodies of work the proposed model draws on or competes with: the
aerodynamic databases of flight simulation, the physics and semi-empirical modeling of unsteady
and separated airfoil flow, reduced-order models from aeroelasticity, and data-driven sequence mod-
els. Table 1 summarizes how the model classes compare on the properties that matter for a real-time
simulator.

2.1 Aerodynamic models in flight simulation

The aerodynamic model of a flight simulator has traditionally been a map from the instantaneous
state to force and moment coefficients. Modern engineering and training simulators store that map
as multidimensional tables indexed by angle of attack, sideslip, Mach number, control deflections
and configuration, supplemented by dynamic (rate) derivatives. The tables are populated from
wind-tunnel campaigns, CFD, and flight-test system identification [6], and their fidelity is limited
by grid resolution, by the number of independent arguments that can be afforded, and by the
quasi-steady assumption itself.

The quasi-steady assumption fails exactly where recent regulation has pushed simulators. Tobak
and Schiff [7] showed that the aerodynamic response in aircraft dynamics is a functional of the
motion history, of which rate derivatives are only the first-order approximation; near and beyond
stall the history dependence becomes nonlinear and produces hysteresis. Goman and Khrabrov [8]
made this tractable with a single internal state, a flow-separation variable obeying a first-order lag,
and such stall models have been identified directly from flight-test data [9]; Greenwell [10] reviews
the resulting family of models for manoeuvring aircraft. Loss-of-control research and the U.S.
rule requiring full-flight simulators used for stall and upset-recovery training to be qualified for the
extended envelope from March 2019 [1], have turned post-stall and unsteady aerodynamic modeling
from a research topic into an operational requirement. Each added history or rate argument,
however, multiplies the size of a table, which is the scaling problem this paper addresses.

2.2 Unsteady aerodynamics and dynamic stall

For attached flow the unsteady response is linear and classical: Wagner’s indicial function [11] and
Theodorsen’s function [12] give the lift response to a step and to harmonic motion, and Jones’s
approximation [13] turns the former into two first-order lags with time constants of about 22 and
3.3 semichords of travel. The unsteady effects are governed by the reduced frequency k = ωc/(2U);
the flow is commonly regarded as quasi-steady for k < 0.05 [14]. Past the static stall angle the flow
develops dynamic stall : separation is delayed, a leading-edge vortex forms and convects over the
chord producing lift and nose-down moment overshoots, and reattachment lags on the downstroke,
so that the loads trace wide hysteresis loops [15].

Engineering practice relies on semi-empirical models that add a few lag states to a measured
static polar. The Leishman–Beddoes model [16] combines an indicial attached-flow response, a
leading-edge pressure lag, a Kirchhoff trailing-edge separation point with its own lag, and a vortex-
lift module; the state-space formulation of Hansen, Gaunaa and Madsen (HGM) [17] keeps the
first three and is widely used in wind-energy codes; the Goman–Khrabrov model [8] reduces the
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separation dynamics to a single lag. These models reproduce measured loops but need per-airfoil
calibration, and they deviate from experiment in deep stall [18]. They share the structure exploited
here: a static nonlinear characteristic evaluated at lagged internal variables, the lags being first-
order filters whose time constants are fixed in convective time.

2.3 Reduced-order models from aeroelasticity

Aeroelastic analysis needs the unsteady aerodynamic loads in the time domain, which led to
rational-function approximations (RFA) of frequency-domain aerodynamic influence coefficients,
from Roger’s method [19] to extensions that optimize the lag roots [20]. An RFA is a linear state-
space model whose poles (“lag roots”) are chosen by the analyst or optimized, and whose residues
are fitted to data. Nonlinear extensions include Volterra series [21]; Kou and Zhang [22] review
the data-driven reduced-order models of unsteady aerodynamics. Block-oriented models, in which
a linear dynamic block and a static nonlinearity act in series, are a natural compromise; Wiener-
type models have been applied to transonic unsteady aerodynamics [23], and their identification is
surveyed in [24].

2.4 Machine-learning models of unsteady loads

Neural networks were applied to unsteady separated flow as early as the work of Faller, Schreck
and Luttges [25]. Recurrent networks, in particular long short-term memory (LSTM) networks,
have since been used for unsteady aerodynamics across flow conditions [26], including transonic
buffet on pitching and plunging airfoils [27] and dynamic stall loads over the full operating range
of a pitching airfoil [28]; Brunton, Noack and Koumoutsakos [29] review machine learning for fluid
mechanics. The most common architectures, LSTM and GRU networks [30, 31], carry an internal
state that is updated at each step through learned nonlinear “gates” deciding how much of the
past to keep. That state stays bounded, but its dynamics are not guaranteed to be stable and the
network weights have no physical meaning. In addition, many studies train and test on a single
airfoil and motion family, often from CFD, and comparisons against a calibrated semi-empirical
model on held-out experimental conditions are rare.

2.5 Structured linear recurrences

Machine learning and signal processing have converged on models that pair linear lags whose sta-
bility is built into their parameterization with a static nonlinearity. Trainable second-order digital
filters of this kind were introduced in audio processing, for equalizers [32] and for compact models
of nonlinear audio effects [33]; in system identification, dynoNet [34] uses trainable transfer func-
tions as blocks of lag-plus-nonlinearity models; and in sequence modeling, structured state-space
models [35] show that banks of stable linear lags followed by a nonlinear read-out can match or
exceed gated recurrent networks. The model of this paper is a simple member of this family. Its
contribution lies in the specialization to unsteady aerodynamic coefficients, the interpretation as
a trainable nonlinear RFA, the implementation in a deterministic simulator and, most of all, the
benchmark against established methods on measured unsteady data.
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Table 1: Qualitative comparison of model classes for real-time unsteady aerodynamic coefficients.
“Stable by construction” refers to the internal recurrence for every parameter value, not to closed-
loop stability.

Class Memory Nonlinear
map

Stable by
construc-
tion

Parameters
interpretable

Data needed

Quasi-static table none tabulated n/a yes static polars
Rate-augmented ta-
ble

rates only tabulated n/a yes dynamic tests

Linear RFA fixed lags none if poles con-
strained

lag roots frequency re-
sponse

Semi-empirical DS
model

2–12 fixed
lags

static polar
+ rules

yes yes polar + cali-
bration

Gated RNN
(GRU/LSTM)

learned learned no no large sets

Proposed Wiener
model

stable lag
basis

learned yes no (Sec. 9) time histories

3 Model

3.1 Structure

Let the input at discrete time n (time step ∆t) be u[n] ∈ R
N (for an airfoil, e.g. the angle of attack

α, the reduced pitch rate q̂ = α̇c/(2U) and the airspeed U ; for an aircraft, any set of state and
control channels) and the target the coefficient vector C[n] ∈ R

K , e.g. (CL, CD, Cm). (Capitals
denote aircraft or generic coefficients; the airfoil data of Sections 7–8 use the section lift Cl, the
pressure drag Cd,p, the normal force Cn and the quarter-chord moment Cm.) The model has three
parts (Fig. 1): a bank of lags, a static nonlinear map, and a linear term.

Input scaling. Each input is first made dimensionless and of order one, ûi[n] = (ui[n]−µi)/σi,
with the mean µi and standard deviation σi of the training data (stored with the model), so that
no input dominates the fit merely because of its units.

Lags. Each scaled input feeds M second-order filters (biquads). Filter f , acting on input c(f),
updates its output gf once per time step from the current and two previous inputs and its own two
previous outputs:

gf [n] = b0f ûc(f)[n] + b1f ûc(f)[n−1] + b2f ûc(f)[n−2]− a1fgf [n−1]− a2fgf [n−2], (1)

This is the discrete-time form of a second-order linear system: the a coefficients set how fast the
response decays and whether it oscillates (Section 3.2), the b coefficients its gain and shape. A
filter with a2 = 0 and one b is a first-order lag, the building block of Jones’s approximation and
of the semi-empirical models. The F = NM filters act side by side on the inputs, giving F lagged
versions of the motion history.

Static nonlinear map and linear term. The lagged signals and the scaled inputs themselves
form the vector

v[n] = (g0[n], . . . , gF−1[n], û0[n], . . . , ûN−1[n]) ∈ R
D,

(D = F+N entries), which a one-hidden-layer MLP maps to the coefficients. The MLP is a flexible
curve fit: each of its H “hidden units” is a smooth step, tanh of a weighted sum of the entries of
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v, and each coefficient is a weighted sum of these steps, which is enough to represent a stall break
or a drag rise. A linear term L adds a direct linear dependence on the inputs:

hj [n] = tanh
(

b1j +
∑

dW
1
jdvd[n]

)

, ok[n] = b2k +
∑

j W
2
jkhj [n] +

∑

i Lkiûi[n], (2)

each converted back to physical units as Ck = oksk+mk. The weights W , b and L are fitted to data.
The linear term carries the near-linear effects, most importantly the rate (damping) derivatives, so
that the MLP models the residual nonlinear, history-dependent part rather than competing with
a large linear term. The filter bank is shared by all coefficients: one internal unsteady state drives
every coefficient through a per-coefficient read-out, as a single separation state drives lift, drag and
moment in the semi-empirical models. Passing the scaled inputs directly to the MLP (the “skip”
path of Fig. 1) lets a purely static input, such as a configuration flag or the airspeed, shape the
map without passing through the lags.

inputs
α, q̂, U, . . .

biquad bank
(unsteady dynamics)

MLP
(stall, polar)

coefficients
CL, CD, Cm, . . .

forces &
moments

g q̄S

standardized inputs (skip)

linear path L

Figure 1: The biquad-Wiener surrogate: learnable biquads (unsteady dynamics) feed a small MLP
(static stall and polar map); the standardized inputs also reach the MLP directly and, through the
linear path, the coefficients. The coefficients are scaled to dimensional loads by dynamic pressure
and reference geometry.

3.2 Stability by construction

The response of filter (1) to a single pulse of input decays like rn and oscillates with a phase
advance θ per step: r is the fraction of the response that survives each time step, and θ = 0
means no oscillation. The filter is stable, i.e. its response dies out instead of growing, if and only if
r < 1 (in signal-processing terms, its two “poles” re±iθ lie inside the unit circle). Training could in
principle push the coefficients a1, a2 into the unstable region, so they are not fitted directly: each
filter carries two free parameters (ρf , θf ) from which they are computed as

rf = σ(ρf ) ∈ (0, 1), a1f = −2rf cos θf , a2f = r2f , (3)

where σ(ρ) = 1/(1 + e−ρ) lies between 0 and 1 for every ρ. Hence rf < 1 whatever values the
optimizer chooses, and every filter is stable without any constraint during training; θf → 0 gives
a non-oscillating, critically damped lag. A serialized coefficient file is checked against the discrete-
time stability condition again before a simulator accepts it. Since stable filters give bounded
outputs for bounded inputs, and the MLP maps bounded values to bounded values, the whole
model returns bounded coefficients for any bounded input history (it is “bounded-input bounded-
output”). A general recurrent neural network has no such guarantee: its internal state is updated
by a nonlinear function of itself, and small perturbations of that state can grow even when its
outputs remain bounded.

Throughout the paper, “stable by construction” means exactly this property of the surrogate’s
internal lags, and the resulting bounded response. It does not imply stability of the closed loop the
surrogate forms with the vehicle dynamics and a flight-control system (a stable quasi-static table
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can also destabilize a closed loop through wrong damping), nor robustness to inputs outside the
training envelope, nor numerical robustness on a particular embedded target, nor acceptability for
simulator qualification; these are system-level properties to be established by conventional means.
What the property removes is one failure mode specific to learned recurrent surrogates, an internal
state that grows or oscillates on its own, and it can be checked by inspecting the poles of a coefficient
file.

3.3 From coefficients to loads

The outputs are dimensionless. Dimensional loads follow from dynamic pressure q̄ = 1
2ρV

2 and
reference geometry (area S, chord c, span b):

force = q̄ S C, moment = q̄ S ℓC, (4)

with ℓ = c for pitch and ℓ = b for roll and yaw. In a simulator q̄ is read from a channel or computed
from airspeed and density; the network itself predicts only dimensionless coefficients.

4 Training

Fitting criterion and data. Training adjusts all the filter and MLP parameters to minimize the
mean-square difference between predicted and measured coefficients. The data are time histories of
inputs and measured coefficients, generally several separate runs (wind-tunnel records, flight-test
manoeuvres, CFD simulations) of different lengths and sampling rates. The model is advanced on
a fixed simulator grid of step ∆t, the rate at which it will run in the simulator, and its outputs are
interpolated linearly to the measurement instants, where the loss

L =
1

JK

∑

runs

∑

j

K
∑

k=1

(

ok(tj)− yk(tj)
)2

(5)

is evaluated with each coefficient scaled like the inputs (J the number of measured samples). Every
run starts from zero filter state; to keep the arbitrary initial condition out of the loss, the inputs are
extended backwards by a pre-roll (one period of the motion for periodic tests, a hold at the initial
state for transients) during which no loss is accumulated. Models are always checked on whole runs
withheld from training (“validation” runs), never on randomly chosen points of the training runs,
which the model would partly have seen through its memory.

Computing the fit. Minimizing L requires its derivatives with respect to every parameter. For
the MLP these are standard; through the filters they are obtained by propagating sensitivities
backwards in time (“back-propagation through time”). The canonical trainer of the simulation
stack does this with a hand-derived recursion whose derivatives agree with finite differences to
better than 10−9. For the benchmark, a faster equivalent is used: the output of a linear filter is
the superposition of its responses to each past input sample, i.e. the convolution of the input with
its pulse response, which for a biquad has the closed form

hf [n] = b0fpf [n] + b1fpf [n−1] + b2fpf [n−2], pf [n] = r n
f

sin
(

(n+1)θf
)

sin θf
. (6)

Evaluating the convolution by fast Fourier transform processes all time steps at once, and standard
automatic-differentiation software then supplies the derivatives. The two implementations agree
to 3 × 10−13, and a model trained this way and exported to the simulator’s coefficient format
reproduces its predictions when run step by step (Section 7.4).
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Optimization. The parameters are updated iteratively with the Adam gradient method [36]
(step size 10−2, reduced gradually during training; gradient norm limited to 10), each iteration
(“epoch”) using all training runs. Training runs for a fixed number of epochs, and the parameters
retained are those with the lowest error on the validation runs (“early stopping”), which guards
against fitting measurement noise. The poles are initialized log-uniformly in time constant between
2 and 60 simulator steps with small θ, and the numerators so that every filter starts with a unit
steady-state gain. Training is offline; the runtime is inference only.

5 Real-time deployment

At each simulator step the runtime reads the declared input channels in physical units, standardizes
them, advances every biquad once by (1), evaluates (2), publishes the dimensionless coefficients,
and optionally the dimensional loads (4). The runtime state is the two-sample input and output
history of each biquad; it is the only quantity to save and restore at simulator checkpoints. The
model dimensions are fixed when the coefficient file is loaded, and the forward pass uses fixed-size
buffers with no allocation and no interpolation search. The denominator coefficients are checked for
stability before use and, if dimensional loads are requested, the configuration must provide a valid
dynamic-pressure source and positive reference geometry. The per-step cost of the configuration
benchmarked below (N = 3, M = 4, H = 16, K = 3) is 357 multiply–adds and 16 hyperbolic
tangents, an estimated 0.7 µs at 1 GHz (Section 9), and its state is 48 numbers; Table 6 compares
it with the alternatives. By contrast, a single coefficient tabulated over d arguments at g points
per axis stores gd entries (a coarse g = 20 grid over five arguments is 3.2 × 106 entries), and each
history or rate argument multiplies that again.

6 Verification on a synthetic unsteady airfoil

Before turning to measured data, the structure was verified on a synthetic generator with known
dynamics, mapping (α, flap, q) to (CD, CL, Cm): lift and moment respond to a first-order-lagged
effective angle of attack, lift saturates through a tanh, drag follows a quadratic polar and the
moment includes pitch-rate damping; the excitation is a random sequence of smoothed steps, not a
periodic motion. A memoryless MLP given the same three inputs, including the pitch rate, reaches
a held-out standardized error of 1.3 × 10−1; the biquad-Wiener model reaches 2.0 × 10−3 with
only 60 more parameters (Table 2). Driven through a sinusoidal α sweep with flap and rate held
at zero, the full model traces the CL–α and Cm–α hysteresis loops (Fig. 2), while the memoryless
model collapses each to a curve. In this generator the lagged-α contribution is only about 4% of the
variance of Cm, the rest being pitch-rate damping; the explicit linear path and input standardization
are what allow that small history-dependent component to be recovered next to the large rate term.
In closed-loop use in the simulator, with an α sweep and an airspeed step from 40 to 60 m/s, all
dimensional loads scale by (60/40)2 and the pitching moment equals q̄ScCm to machine precision.
This case verifies the structure, the gradients and the runtime; it is not aerodynamic validation,
which is the subject of the next two sections.
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Table 2: Synthetic unsteady airfoil (N = 3 inputs, K = 3 coefficients, 4000 samples): held-out
standardized MSE, averaged over the three coefficients, on the final 20% of the record.

Configuration Biquads Trainable params Held-out MSE

Memoryless MLP (inputs include q) 0 316 1.3× 10−1

Biquad-Wiener model 12 376 2.0× 10−3

Figure 2: Synthetic verification: predicted and true hysteresis on a sinusoidal α sweep (flap and
pitch rate zero, so the loop is carried entirely by the lagged effective incidence). The true response
(thick grey) is reproduced by the biquad-Wiener model (dashed), while the memoryless ablation
(dotted) collapses each loop to a single-valued curve.

7 Benchmark on measured oscillating-airfoil data

7.1 Data

The Ohio State University (OSU) campaign for the U.S. National Renewable Energy Laboratory
measured the S809, S801 and NACA 4415 sections [2, 3, 4] in a 3 × 5 ft tunnel: 18-in-chord
(c = 0.457 m) models pitched about the quarter chord by a cam, with the loads integrated from
surface pressures. For each airfoil the clean-surface data comprise two amplitudes (±5.5◦, ±10◦),
three oscillator frequencies (about 0.6, 1.2 and 1.8 Hz), four Reynolds numbers (0.75 to 1.5 million)
and three mean angles (8◦, 14◦, 20◦): 72 runs per airfoil and 216 in total, with k from 0.017 to
0.11 and α from −2◦ to 31◦, spanning attached flow to deep dynamic stall. Each run holds 120
unaveraged samples (about 33 per cycle) of α, Cl, the pressure drag Cd,p and Cm; the static polars
of the same campaign are used by the table and semi-empirical models. All models are driven by
the same smooth kinematics, a six-harmonic Fourier fit of the measured incidence (residual 0.15◦

RMS, the level of its 0.1◦ quantization), which also supplies α̇ and the pre-roll. Because the runs are
not phase-averaged, their cycle-to-cycle scatter sets a repeatability floor, the RMS deviation of each
run’s samples from its own phase average, below which no deterministic model can go (Table 3).

7.2 Compared models

All models receive the same information: the kinematics α(t) and q̂(t) = α̇c/(2U), the airspeed U
and, for those that use one, the measured static polar at the nearest Reynolds number. Recurrent
and filter-based models are advanced on the same ∆t = 10 ms (100 Hz) grid and scored at the
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measurement instants. The alternatives are:

• Quasi-static table: linear interpolation of the static polar at α(t), which is current practice
in most simulators.

• Table in (α, q̂): a rate-augmented table, fitted to the unsteady training runs by least squares
on a bilinear grid (2◦ in α, seven levels of q̂) with a second-difference smoothness penalty that
fills cells the data do not reach; this is the “dynamic derivative” extension of a table, with
462 entries for three coefficients.

• RFA, fixed lags: a Roger-type rational-function approximation in the time domain [19, 20]:
each coefficient is a linear combination of α, q̂, U and first-order aerodynamic lags of α and q̂
with lag roots bi ∈ {0.0455, 0.1, 0.3, 0.6} per semichord (Jones’s two roots among them), fixed
in convective time and therefore airspeed-scheduled; residues by ridge least squares.

• HGM: the Hansen–Gaunaa–Madsen state-space Beddoes–Leishman model [17] (lift and drag;
it has no moment equation), driven by the static polar through a Kirchhoff separation point,
with Jones’s attached-flow constants, a pressure lag Tp and a boundary-layer lag Tf . It is run
with the published constants (Tp = 1.5, Tf = 6) and, separately, with Tp and Tf calibrated
on the training runs of each fold by Nelder–Mead minimization of the standardized error.

• Goman–Khrabrov [8]: the separation point obeys τ1ẋ+x = fst(α− τ2α̇) and Cl = Clα(α−
α0)

(

(1 +
√
x)/2

)2
, with τ1 and τ2 (in convective units) calibrated on the training runs (lift

only).

• Memoryless MLP: the proposed model with the filters removed, i.e. the MLP and linear
path on the instantaneous (α, q̂, U).

• Learned-pole RFA: the proposed filter bank with a linear read-out instead of the MLP.

• Tapped-delay MLP (time-delay network): an MLP fed with 16 past values of the inputs
spanning 0.6 s, i.e. a memory of fixed, finite length.

• GRU and LSTM [31, 30], the two standard gated recurrent networks (Section 2), with an
8-dimensional state (parameter counts comparable to the proposed model), and a GRU with
a 32-dimensional state (ten times more parameters), each with a linear output layer and the
same linear input term.

• Proposed biquad-Wiener model with M = 4 biquads per input and H = 16 hidden units
(376 parameters); as sensitivity variants, a larger model (M = 6, H = 32) and a model with

airspeed-scheduled poles, rf (U) = r
U/Uref

f and θf (U) = θfU/Uref , which fixes the filter time
constants in convective rather than physical time and keeps every filter stable.

Every learned model is trained with the procedure of Section 4 (2000 epochs, early stopping on
a validation subset of about one sixth of the training runs), with identical inputs, targets, splits
and budget. The learned models are trained with three random seeds; the sensitivity variants,
the learned-pole RFA and the 32-unit GRU with one. No model’s hyperparameters were tuned
independently: all learned models share the optimizer, learning rate (10−2; 5×10−3 for the 32-unit
GRU), budget and stopping rule. This keeps the comparison controlled, but equal budgets do not
make the models equally well tuned, and the ranking among the learned models, including the
proposed one, could change under per-model tuning.
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Implementation details. All 72 clean runs of each OSU airfoil are used; every record was
checked to hold its 120 samples, and none is missing or excluded. The kinematic fit refines the
oscillator frequency within ±5% of the nominal value (grid search, then golden-section search)
before the six-harmonic least-squares fit. Inputs and outputs are standardized with the means and
standard deviations of the training runs of each fold. Static polars are interpolated linearly in α and
held constant beyond their range; the lift slope and zero-lift angle are fitted over −4◦ ≤ α ≤ 6◦,
where the Kirchhoff separation point is set to one, and it is forced to decrease monotonically
outside that range. The semi-empirical time constants are calibrated in logarithmic coordinates,
without bounds, by Nelder–Mead from the published values and from one perturbed start, keeping
the better of the two (at most 120 iterations each). The Glasgow selection rules and smoothing
(Savitzky–Golay, window 9, cubic) are given in Section 8.

7.3 Protocols and metrics

The models are tested by cross-validation on whole flow conditions: the runs are split into groups
(“folds”), each group is predicted by models trained on all the other groups, and the process is
repeated so that every run is predicted exactly once without having been used for training. Two
groupings are used:

• leave-one-Reynolds-number-out (4 folds): generalization to an unseen Reynolds number,
and hence airspeed, at otherwise familiar motions;

• leave-one-frequency-out (3 folds): generalization to an unseen oscillator frequency, i.e. to
unseen reduced frequencies, the defining parameter of unsteady aerodynamics. Holding out
the lowest or highest frequency makes this an extrapolation test.

The primary metric is the pooled root-mean-square error (RMSE) of each coefficient over all test
samples, reported as mean ± standard deviation over seeds. For paired comparisons, the per-run
Cl RMSE of the proposed model is compared with that of every alternative over the 216 runs with
the Wilcoxon signed-rank test, a standard paired test of whether one model’s per-run errors are
systematically lower than another’s, which does not assume normally distributed errors. We report
the fraction of runs in which the proposed model is more accurate and the median ratio of the
per-run errors as effect sizes. The p-values are not adjusted for multiple comparisons; with Holm’s
correction over the 14 comparisons of a protocol, every p < 10−4 remains significant at the 5%
level; the few larger p-values in Table 5 are those whose significance depends on the correction.

7.4 Results

Figures 3 and 4 give the held-out errors of the two protocols and Table 5 the paired comparisons
over all 216 runs. The quasi-static table and both linear models (the fixed- and learned-lag RFAs)
have lift errors 2.2–3.4 times the best: a table cannot represent the loop, and a linear model cannot
represent the stall break. The semi-empirical models close much of that gap once calibrated (HGM
with its published constants is clearly worse), and calibrated Goman–Khrabrov is the best physics-
based lift model on all three airfoils. For unseen Reynolds numbers the proposed model is more
accurate than all of these, with a lower per-run lift error than calibrated HGM in 78% of runs
and than calibrated Goman–Khrabrov in 72% (p < 10−4), and than the tapped-delay network
in 82%. It is only marginally more accurate than the memoryless MLP and the table in (α, q̂)
(54–59% of runs), and the gated networks are better than it in 68–76% of runs, with a median
error 9–12% lower; they are the most accurate models in lift on every airfoil, within 1.2–1.4 times
the repeatability floor (Table 3). For unseen reduced frequencies the proposed model generalizes
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less well: its advantage over calibrated HGM is small (60% of runs), it is on a par with calibrated
Goman–Khrabrov (51%, p = 0.31), the memoryless MLP and the (α, q̂) table are more accurate
than it in 76% and 64% of runs, and the gated networks in 95–98%, with a median error 29–
35% lower. The errors of all models grow from 8◦ to 20◦ mean incidence (Table 4), most for the
semi-empirical models, whose single separation lag describes the vortex-shedding and reattachment
phases of deep stall least well (Fig. 5).

That a memoryless map of (α, q̂, U) can match or beat the proposed model here is a property
of the test rather than evidence against memory: for periodic motion (α, q̂) fixes the phase of the
cycle, so any periodic loop is a function of the instantaneous state. The oscillation benchmark
alone cannot separate models that carry a state from models that see the rate; this is the purpose
of the ramp test of Section 8.

The larger variant of the proposed model is worse on almost every airfoil, presumably overfitting
the 45–50 training runs of a fold. The airspeed-scheduled poles do not help across Reynolds
numbers, but are slightly more accurate than the base model for unseen frequencies (60% of runs).
The proposed model’s seed-to-seed spread is larger than that of the gated networks, particularly
for unseen frequencies (Fig. 4). A trained model exported to the runtime coefficient format and
streamed through the runtime recursion reproduces the batch predictions to 5 × 10−15, so the
benchmarked model is exactly the deployed one.

Figure 3: OSU benchmark, leave-one-Reynolds-number-out: held-out RMSE of each model (rows)
for each coefficient (panels) and airfoil (markers). Horizontal bars: standard deviation over three
training seeds (learned models; the variants and the 32-unit GRU have one seed). Vertical lines:
repeatability floor of each airfoil. HGM predicts lift and drag, Goman–Khrabrov lift only.
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Figure 4: OSU benchmark, leave-one-frequency-out (unseen reduced frequency): held-out RMSE,
as in Fig. 3.

Table 3: Repeatability floor: RMS cycle-to-
cycle scatter of the measurements about each
run’s phase average.

Airfoil Cl Cd,p Cm

S809 0.066 0.0302 0.018
S801 0.077 0.0348 0.020
NACA 4415 0.054 0.0251 0.012

Table 4: Lift RMSE by mean incidence,
Reynolds protocol, averaged over the three air-
foils.

Model 8◦ 14◦ 20◦

Quasi-static table 0.153 0.257 0.292
Table in (α, q̂) 0.062 0.111 0.136
RFA, fixed lags (least squares) 0.266 0.179 0.211
HGM, default constants 0.080 0.154 0.219
HGM, calibrated 0.076 0.112 0.188
Goman–Khrabrov, calibrated 0.060 0.108 0.153
Static MLP (no memory) 0.077 0.114 0.138
Learned-pole RFA (linear) 0.271 0.182 0.213
Tapped-delay MLP 0.118 0.137 0.148
GRU, 8 units 0.048 0.089 0.115
LSTM, 8 units 0.049 0.093 0.120
GRU, 32 units 0.045 0.087 0.115
Proposed (biquad Wiener) 0.060 0.100 0.125
Proposed, M=6, H=32 0.124 0.147 0.157
Proposed, convective poles 0.112 0.135 0.160
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Table 5: Paired comparison of per-run lift RMSE, all 216 runs: fraction of runs in which the
proposed model is more accurate than the alternative (“better”), median ratio of the proposed
model’s per-run error to the alternative’s (“ratio”, below one when the proposed model is more
accurate), and unadjusted Wilcoxon signed-rank p-value.

Reynolds protocol Frequency protocol

Alternative better ratio p better ratio p

Quasi-static table 98% 0.44 < 10−4 88% 0.53 < 10−4

Table in (α, q̂) 59% 0.95 < 10−3 36% 1.10 < 10−4

RFA, fixed lags (least squares) 100% 0.44 < 10−4 95% 0.53 < 10−4

HGM, default constants 85% 0.65 < 10−4 73% 0.77 < 10−4

HGM, calibrated 78% 0.80 < 10−4 60% 0.94 0.008
Goman–Khrabrov, calibrated 72% 0.85 < 10−4 51% 0.99 0.308
Static MLP (no memory) 54% 0.98 0.022 24% 1.17 < 10−4

Learned-pole RFA (linear) 100% 0.44 < 10−4 98% 0.46 < 10−4

Tapped-delay MLP 82% 0.76 < 10−4 80% 0.87 < 10−4

GRU, 8 units 24% 1.14 < 10−4 2% 1.41 < 10−4

LSTM, 8 units 32% 1.10 < 10−4 5% 1.47 < 10−4

GRU, 32 units 30% 1.14 < 10−4 3% 1.53 < 10−4

Proposed, M=6, H=32 75% 0.75 < 10−4 53% 0.98 0.003
Proposed, convective poles 79% 0.85 < 10−4 40% 1.04 0.003

Figure 5: Held-out S809 runs (±10◦, k ≈ 0.08, Re ≈ 1.0× 106, a Reynolds number excluded from
training) at the three mean angles: measured lift and moment (circles, 3.6 cycles, not averaged),
quasi-static table (dotted), calibrated HGM (dash-dot; no moment model), 8-unit GRU (dashed)
and proposed model (thick solid).
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8 Motion transfer: from oscillations to ramps

8.1 Why a second test is needed

For periodic motion, the pair (α, q̂) determines the phase of the cycle uniquely. A static map of
(α, q̂), such as a rate-augmented table or a memoryless network given the pitch rate, can therefore
represent any periodic hysteresis loop without carrying a state, and on oscillating-airfoil data it can
look deceptively good. It cannot represent a response that depends on history in any other way:
after a ramp stops, q̂ = 0 and α is constant, yet the loads keep evolving as the dynamic-stall vortex
convects and the flow relaxes to its static state. A simulator that flies arbitrary manoeuvres needs
exactly that capability. The second test therefore trains every model on sinusoidal oscillations only
and evaluates it on measured constant-pitch-rate ramps, a motion family absent from training.

8.2 Data and protocol

The University of Glasgow dynamic-stall database [5] (CC BY 4.0) contains ensemble-averaged
surface-pressure histories of 2-D models of c = 0.55 m pitching about the quarter chord in a
5 × 7 ft low-speed tunnel, mostly at U ≈ 42 m/s (Re ≈ 1.5 × 106), under sinusoidal oscillations
(averaged over ten cycles) and ramp-up and ramp-down motions at constant pitch rate (averaged
over five hold–ramp–hold cycles). Three sections are used: the NACA 0012 and NACA 0015 and
the cambered NACA 23012B. The normal-force and quarter-chord moment coefficients Cn and Cm

are integrated from the 30 pressure taps with the trapezoidal rule, closing both surfaces to the
trailing-edge pressure (they agree with the coefficients exported by the database’s own viewer to
about 0.01 in Cn).

Training uses the sinusoidal runs with mean incidence below 30◦ and a period of at most 1.25 s
(reduced frequencies 0.04–0.50, amplitudes up to ±33◦; 175–244 runs per section); testing uses
every ramp-up and ramp-down of at most 2.3 s with reduced pitch rate r = α̇c/(2U) ≥ 0.005 (up
to 0.19; 91–147 runs per section). The quasi-static ramps (r < 0.001) of the same section provide
the static polar of the table and semi-empirical models. Sinusoids are driven by their Fourier fit with
a one-period pre-roll; ramps by Savitzky–Golay-smoothed (window 9, cubic) measured kinematics
with a 0.2 s hold at the initial incidence. All models run on a 4 ms (250 Hz) grid (a fast ramp
reaches 30◦ in under 0.1 s), with the inputs (α, q̂, U) and outputs (Cn, Cm); the semi-empirical
models predict Cn from the Cn polar. The model set and training procedure are those of Section 7,
with three seeds.

Most ramps end at 30–40◦, beyond the largest incidence of the training sinusoids of some
sections. Errors are therefore reported twice: over the whole record, and over the portion of each
ramp before α first leaves the incidence range covered in training (“in envelope”), which separates
motion transfer from extrapolation in α.

8.3 Results

Figure 6 gives the ramp errors of the models trained on oscillations only. The picture differs from
the oscillation benchmark in the way the argument of Section 8 predicts. The static maps of (α, q̂),
namely the rate-augmented table and the memoryless MLP, which matched or beat the proposed
model on oscillations, are now clearly worse than it within the envelope on all three airfoils (for
the NACA 0012, by more than a factor of two), and the tapped-delay network, whose memory is
limited to its window, falls between them. The proposed model thus demonstrably uses its state. It
does not have the lowest time-history error, however: the calibrated Goman–Khrabrov and HGM
models have a lower Cn RMSE on all three sections, and the gated networks on the two symmetric
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ones, while on the cambered NACA 23012B the proposed model is better than the gated networks.
Outside the training envelope all learned models degrade, as expected of any data-driven model
extrapolated in incidence.

Fig. 7 shows why the RMSE ranking does not tell the whole story. HGM, which has no vortex-
lift term, saturates at the static-like level and misses the dynamic-stall overshoot of Cn that follows
a fast ramp; the proposed model and the GRU reproduce the overshoot, but a small error in its
timing costs them heavily in RMSE. On the peak normal force of each ramp-up (Fig. 6, right), the
maximum load that a structural or handling-qualities analysis would use, the proposed model is
better than calibrated HGM and calibrated Goman–Khrabrov on all three airfoils; the LSTM is
best on the symmetric sections.

Figure 6: Glasgow ramps, models trained on sinusoids only: RMSE of Cn within the training
incidence envelope and over the whole record, RMSE of Cm within the envelope, and mean absolute
error of the peak normal force of the ramp-ups, for each airfoil (markers). Horizontal bars: standard
deviation over three training seeds. The data are ensemble-averaged, so no repeatability floor is
shown.

9 Learned time scales and cost

A filter pole of radius r at step ∆t has the convective time constant

τ̂ = −2U∆t

c ln r
(7)

in semichords of travel, the unit of the classical lags (Jones: about 22 and 3.3; HGM: Tp = 1.5,
Tf = 6). One might hope to read physical time constants off the trained model; the benchmark
does not support that. Comparing, for every α- and q̂-channel filter of every trained model, the
convective time constant after training with its value at initialization, the median filter moves by
less than 20%, and only 7–15% move by more than a factor of two. On records of a few cycles
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Figure 7: NACA 0015, models trained on sinusoids only: two measured ramp-ups and a ramp-
down (top: incidence, dashed lines the training envelope; bottom: normal force): measured (cir-
cles), quasi-static table (dotted), (α, q̂) table (thin grey), calibrated HGM (dash-dot), 8-unit GRU
(dashed) and proposed model (thick solid).

Table 6: Parameters (S809), state size, estimated time per step at 1 GHz (from operation counts,
N = 3 inputs, K = 3 outputs; see text), and whether the internal recurrence is stable for every
parameter value.

Model Class Params State ns/step Stable by constr.

Quasi-static table Table 0 – 45 –
Table in (α, q̂) Table 462 – 75 –
RFA, fixed lags (least squares) Linear ROM 36 8 52 yes
HGM, default constants Semi-empirical 0 4 140 yes
HGM, calibrated Semi-empirical 2 4 140 yes
Goman–Khrabrov, calibrated Semi-empirical 2 1 43 yes
Static MLP (no memory) Learned 124 – 425 –
Learned-pole RFA (linear) Learned 108 48 105 yes
Tapped-delay MLP Learned 844 183 1145 yes (FIR)
GRU, 8 units Learned 348 8 777 no
LSTM, 8 units Learned 452 16 1185 no
GRU, 32 units Learned 3660 32 5385 no
Proposed (biquad Wiener) Learned 376 48 677 yes
Proposed, M=6, H=32 Learned 902 72 1507 yes
Proposed, convective poles Learned 376 48 677 yes
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Figure 8: Accuracy versus estimated cost. Left: OSU held-out lift RMSE averaged over the three
airfoils, for unseen Reynolds numbers (circles) and unseen reduced frequencies (squares); right:
Glasgow ramp Cn RMSE within the training envelope, averaged over the three airfoils (the semi-
empirical models predict Cn only). Filled markers: proposed model. Lines: Pareto fronts (dashed,
circles; dotted, squares).

sampled at ≈ 33 points per cycle, the loss is only weakly sensitive to individual pole locations,
and the optimizer adapts the numerators and the read-out instead. In practice the filter bank acts
as a stable, well-spread basis of lags, much like the fixed lag roots of an RFA, rather than as an
identifier of physical time constants; interpreting individual learned poles physically would require
richer excitation (e.g. step or ramp responses) or regularization toward a physical prior.

Table 6 summarizes the cost of each model as a single number: the time per step estimated from
its operation counts for a scalar processor at 1 GHz, assuming one cycle per multiply–add, 20 cycles
per hyperbolic tangent, sigmoid or square root, 15 cycles per one-dimensional table look-up (interval
search and interpolation) and 25 per bilinear look-up. This is an estimate, not a measurement:
at this size memory access and the implementation of the transcendental functions matter, so the
figures indicate relative cost and order of magnitude only. The proposed model needs about 0.7 µs
per step, similar to an 8-unit GRU, less than an LSTM or the tapped-delay network, and about
one eighth of the 32-unit GRU; the tables and semi-empirical models are an order of magnitude
cheaper still.

Figure 8 places every model in the accuracy–cost plane. For unseen Reynolds numbers the
proposed model lies on the Pareto front: nothing cheaper is more accurate, and the gated networks
that are more accurate cost 15% to eight times more. For unseen reduced frequencies it is dominated
by the cheaper memoryless MLP. On the ramps, the calibrated Goman–Khrabrov and HGM models
are both the cheapest and, in time-history error, the most accurate on average, while the proposed
model sits with the gated networks at a lower cost. Of the models with a learned recurrent state,
the proposed one is the only one whose recurrence is stable for every parameter value.
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10 Discussion

Summary of the results. On measured unsteady loads of six two-dimensional airfoil sections,
in two independent facilities, the biquad-Wiener surrogate is consistently and significantly more
accurate than the methods it is meant to replace in a real-time simulator: quasi-static tables and
linear rational-function models. Against the calibrated semi-empirical models the answer depends
on the test and on the quantity of interest: on oscillating airfoils at unseen Reynolds numbers the
surrogate has the lower time-history error, at unseen reduced frequencies the two are on a par, and
on ramps the calibrated models have the lower time-history error while the surrogate predicts the
dynamic-stall peak loads better. On periodic motion a rate-augmented table and a memoryless
network match it, and beat it at unseen frequencies; unlike them, it transfers to motions it has not
seen. It is not the most accurate model tested: small gated recurrent networks have a lower error
on most airfoils.

Practical value. The model offers a combination of properties: (i) it is more accurate than
quasi-static tables and RFAs on all measured data, and than calibrated semi-empirical models in
time-history error at unseen Reynolds numbers and in peak load on ramps; (ii) it is learned directly
from time histories, without a static polar, separation-point construction or hand-tuned constants,
and applies to coefficients for which no semi-empirical model exists (here the pitching moment,
which the HGM and Goman–Khrabrov formulations do not predict); (iii) its internal recurrence is
stable by construction, with a bounded, fixed-cost, allocation-free forward pass; and (iv) its lift error
exceeds that of the best recurrent network by 7–24% for unseen Reynolds numbers and by 44–53%
for unseen reduced frequencies, at a similar nominal cost. Where the last few percent of accuracy
matter most, a gated network is the better choice on this evidence. Where a learned surrogate must
be admitted into a closed-loop simulator, a recurrence whose stability can be checked by inspecting
its poles, and a short inference kernel, are easier to verify than the nonlinear state dynamics of a
gated network. As stated in Section 3, this is a property of the surrogate alone: it does not establish
the stability of the closed loop with the vehicle and its flight controls, nor the acceptability of the
model for simulator qualification, which remain to be shown by the usual means.

Extension to six-degree-of-freedom databases. The experiments concern two-dimensional
sections with three inputs; whether the approach carries over to an aircraft database is untested
and is the main open question. The architecture itself scales linearly. A typical database has
about N = 12 inputs (α, β, Mach number, the three body rates, three to five control surfaces
and a configuration variable) and six force and moment coefficients; with M = 4 filters per input
and H = 64 hidden units give about 4 000 multiply–adds per step, whereas a table over the
same arguments is infeasible. Only channels with unsteady dynamics need filters (Mach number
or configuration can bypass the bank through the skip path), and the cross-coupling between
coefficients enters only through the shared MLP. The open issues are elsewhere: the data needed
to cover a coupled multi-dimensional envelope with time histories (flight test, dynamic wind-tunnel
tests or unsteady CFD), extrapolation outside that envelope, and whether a single filter bank with
poles fixed in seconds can serve an envelope spanning a wide range of airspeeds; in the present
tests, scheduling the poles with airspeed did not help across Reynolds numbers.

Limitations. Besides the two-dimensional, low-Mach scope (Reynolds numbers of about 1–2 mil-
lion), the OSU records are short and coarsely sampled, which limits what any model can identify
and explains the weakly constrained poles; the model is therefore best understood as a stable, struc-
tured dynamical basis with a nonlinear read-out, not as an identification procedure for aerodynamic
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time constants. All learned models were trained with an identical, fixed budget and without per-
model tuning; on the Glasgow data the validation loss of every learned model was still decreasing
at the end of the budget. As with any data-driven model, extrapolation in incidence or rate beyond
the training envelope is unreliable (Fig. 6, whole-ramp panel) and must be guarded in a simulator
by envelope checks or a fallback model.

11 Conclusion

A compact Wiener surrogate, a bank of learnable biquads with a recurrence stable for every pa-
rameter value, feeding a small MLP with an explicit linear path, was formulated for unsteady
aerodynamic coefficients in real-time simulation and benchmarked on measured two-dimensional
airfoil data: 216 oscillating-airfoil runs of three sections under condition-level cross-validation, and
a transfer test from oscillations to ramps on three further sections, against tables, rational-function
approximations, calibrated semi-empirical dynamic-stall models and memoryless, finite-memory
and recurrent neural networks. The surrogate is significantly more accurate than quasi-static and
linear models. Against calibrated semi-empirical models it has the lower time-history error at
unseen Reynolds numbers, is on a par at unseen reduced frequencies, and predicts dynamic-stall
peak loads better on ramps, where their time-history error is lower. Rate-augmented static maps
match or beat it on periodic motion but, unlike it, fail to generalize from periodic to transient mo-
tion. Gated recurrent networks remain somewhat more accurate at similar nominal cost, without
a stability guarantee on their internal dynamics.

Natural extensions for future work include measured execution times (mean and worst case)
and memory footprints on desktop and embedded processors, with accuracy–cost trade-off compar-
isons; per-model hyperparameter tuning and longer training budgets; ablations of the individual
architectural choices (linear term, skip inputs, learned versus fixed poles, second- versus first-order
sections) on measured data; bootstrap confidence intervals for the paired comparisons; and an
application to a full six-degree-of-freedom aircraft database in closed-loop simulation.
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