Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

A New Adaptive Randomized Equilibrium Search for
Generalized Nash Equilibrium Problems

Benjamin Benteke Longaou

bbenteke®Puoguelph,ca

University of Guelph
Tangi Migot
Monica-Gabriela Cojocaru

University of Guelph

Research Article

Keywords: GNEPSs, local search, trust region, best response dynamics
Posted Date: October 16th, 2026

DOI: https://doi.org/10.21203/rs.3.rs-11175847/v1

License: €© ® This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: No competing interests reported.


https://doi.org/10.21203/rs.3.rs-11175847/v1
https://doi.org/10.21203/rs.3.rs-11175847/v1
https://doi.org/10.21203/rs.3.rs-11175847/v1
https://creativecommons.org/licenses/by/4.0/

A New Adaptive Randomized Equilibrium Search
for Generalized Nash Equilibrium Problems

Benjamin Benteke Longaou'", Tangi Migot?! and
Monica-Gabriela Cojocaru'f

Department of mathematics and Statistics, University of Guelph, Stone
Rd E 50, Guelph, N1G 2W1, Ontario, Canada.

*Corresponding author(s). E-mail(s): bbenteke@uoguelph.ca;
Contributing authors: tangi.migot@gmail.com; mcojocar@Quoguelph.ca;
TThese authors contributed equally to this work.

Abstract

Generalized Nash equilibrium problems (GNEPs) provide a framework for
modeling strategic interactions among multiple decision-makers with coupled
constraints. Solving general GNEPs is challenging because of coupled feasibil-
ity, possible nonconvexity, equilibrium-existence issues, and potentially empty
player feasible sets. This paper proposes a simple and practical local search
heuristic for solving GNEPs, termed adaptive randomized equilibrium search
(ARES). The proposed method combines best-response information, local action
sampling, a Gauss-Southwell-type player-selection rule Nesterov (2012); Nutini
et al. (2015), and an adaptive trust-region mechanism. We evaluate ARES on
academic jointly-convex and non-shared-constraint GNEPs, as well as on several
application-inspired jointly-convex GNEPs. Illustrative examples further show
that ARES can avoid cycling or stagnation encountered by best-response dynam-
ics and Gauss—Seidel updates on selected GNEPs. We compare ARES with a
deterministic variant based on full best-response directions, using success rate
and solution diversity as the main performance measures.

For application-inspired jointly-convex GNEPs, both methods generally identify
GNEs, while ARES can discover a more diverse set of equilibria, as illustrated by
the autonomous-racing example. For GNEPs with non-shared constraints, ran-
domized partial moves substantially improve robustness on several instances and
generally maintain high solution diversity. These results suggest that random-
ized partial best-response moves are particularly useful when full best-response
updates interact poorly with coupled constraints.

Keywords: GNEPs, local search, trust region, best response dynamics



1 Introduction

We consider a noncooperative game with N players, each with an objective function
and a feasible strategy set. Both the objective function and the strategy set of each
player may depend on the player’s own strategy as well as the strategies of the other
players. Such a game is called a generalized Nash game, and finding its equilibria
is called the generalized Nash equilibrium problem (GNEP). Nash Jr (1950) origi-
nally introduced the notion of Nash equilibrium for games in which only the objective
functions depend on other players’ strategies. Later, Debreu (1952) and Arrow and
Debreu (1954) extended this concept to the generalized Nash equilibrium (GNE), tak-
ing into account strategy sets that also depend on the strategies of other players. The
GNEP was initially inspired by economics as an abstract economy or social equilib-
rium problem. Since then, it has been used to model a wide range of problems, such
as autonomous racing Dreves and Gerdts (2018); Le Cleac’h et al. (2022); Pustilnik
et al. (2025); Pustilnik and Borrelli (2025), electricity markets Jing-Yuan and Smeers
(1999); Le Cadre et al. (2020); Contreras et al. (2004); Hobbs and Pang (2007), envi-
ronmental control Krawczyk (2005); Breton et al. (2006), forecast of prices and sales
Wang (2023), mobile cloud computing Cardellini et al. (2016), traffic routing Bene-
nati and Grammatico (2024), network optimization Kelly et al. (1998), supply chains
Hall et al. (2024), electric vehicle charging Ma et al. (2016, 2011), transportation
Stein and Sudermann-Merx (2018), and railroad pricing Bassanini et al. (2002). This
broad range of applications motivates the development of reliable numerical methods
for computing GNEs.

Computing a GNE is challenging because coupled constraints make each player’s
feasible strategy set depend on the decisions of the other players. When constraints
are not shared, unilateral updates may also make the strategies of other players
infeasible. Feasible sets may even become empty, and standard equilibrium-existence
assumptions need not hold.

Jointly-convex GNEPs are tractable because they admit a convex structure in
the joint strategy space, which enables stronger existence guarantees and more sta-
ble algorithms. Common approaches include variational inequality reformulations
Facchinei et al. (2007); Kulkarni and Shanbhag (2012), global optimization via the
Nikaid6-Isoda function URYAs’ Ev and Rubinstein (2002); Von Heusinger and Kan-
zow (2009); Krawczyk and Uryasev (2000), and Karush-Kuhn-Tucker (KKT)-based
methods Dreves (2011). In this setting, the most well-known solution concept is the
variational equilibrium is a GNE where all players have the same Lagrange multiplier
for any shared active constraints. Many methods for jointly-convex GNEPs target vari-
ational equilibria, however, in this work we are interested more broadly in computing
GNEs.

Finding GNEs for general GNEPs is substantially more challenging because con-
vexity and regularity properties available in the jointly-convex setting may be lost,
player feasible sets may become empty, and equilibrium existence is more difficult to
guarantee. In many cases, researchers reformulate general GNEPs as quasi-variational
inequalities Pang and Fukushima (2005). The augmented Lagrangian method (ALM)-
based techniques Kanzow and Steck (2016, 2018), as well as inexact and exact penalty



methods Fukushima (2011); Ba and Pang (2022); Facchinei and Kanzow (2010b);
Facchinei and Lampariello (2011), are commonly used to handle these difficulties.

Best response dynamics (BRD) form a widely used class of algorithms for comput-
ing GNEs. In this approach, players iteratively update their strategies according to
their best response. The updating scheme may be synchronous, sequential, or totally
asynchronous. BRD enjoys convergence guarantees only in special classes of games,
including potential games Monderer and Shapley (1996), aggregative games Dindos
and Mezzetti (2006), acyclic games Fabrikant et al. (2010), and quasi-acyclic games
Friedman and Mezzetti (2001); Takahashi and Yamamori (2002). It has also been
extended to GNEPs. In particular, Thiran et al. (2024) apply BRD in distributed
GNEP settings, while Lisboa et al. (2025) demonstrate its performance on both bench-
mark and real-world problems, and the internet switching model. Although simple
and intuitive, BRD may cycle in games with multiple equilibria and fail to converge
Thiran et al. (2024). To mitigate this issue, better-response dynamics Amiet et al.
(2021) allow players to switch to any improving strategy, not necessarily the best one.
Another modification is the Krasnosel’skii-Mann update Neto et al. (2025), which
combines the previous iterate with the best response using a relaxation parameter
in (0,1). For GNEPs with coupled non-shared constraints, full best-response updates
may additionally be problematic because an update that is feasible for one player can
render the joint strategy infeasible for another player.

A related class of best-response-based algorithms consists of decomposition meth-
ods. These approaches decompose the game into a sequence of smaller optimization
problems, typically one per player, which are solved iteratively while keeping other
players’ strategies fixed. Classical schemes include Jacobi and Gauss—Seidel methods.
The Jacobi method enables parallel updates, whereas Gauss—Seidel updates players
sequentially, see Facchinei and Kanzow (2010a); Facchinei and Lampariello (2011);
Facchinei et al. (2011); Fischer et al. (2014); Nie et al. (2021); Kim (2021); Migot and
Cojocaru (2021). Migot and Cojocaru (2020a) show that GNEPs can be interpreted
through projected dynamical systems and sweeping processes whose stable points
correspond to equilibria.

Recent work has also explored learning-based approaches. Graf et al. (2024) uses
deep reinforcement learning (DRL), specifically deep deterministic policy gradient,
to compute Nash equilibria in Bertrand competition. Benteke Longaou et al. (2025)
extend multi-agent DRL methods, including multi-agent deep deterministic policy
gradient and multi-agent proximal policy optimization, to both shared and non-shared
constraints GNEPs.

GNEPs may admit multiple or infinitely many equilibria. Although most numerical
methods target a single GNE, identifying different equilibria may be valuable when the
solution set is nonunique. Multi-start heuristic methods provide a natural mechanism
for exploring such solution diversity. Parametrized variational inequality formulations
were introduced for jointly-convex GNEPs Nabetani et al. (2011); Cojocaru et al.
(2018); Dreves and Kanzow (2011) and later extended to general GNEPs Migot and
Cojocaru (2020Db). Dreves (2014, 2017) study affine GNEPs.

Researchers have also developed local search methods to compute Nash equilibria
via support exploration. Porter et al. (2008) propose algorithms that systematically



explore support profiles, pruning infeasible ones based on dominance relations and
favoring small supports. Extending this idea, Ceppi et al. (2010) introduce an anytime
algorithm that combines support enumeration with local search, framing equilibrium
computation as a combinatorial optimization problem over supports.

Heuristic and metaheuristic methods have also been proposed to improve effective-
ness and solution diversity. These include evolutionary-inspired algorithms, stochastic
gradient descent (SGD) methods Fields (2021); Benteke et al. (2024), and the
generalized Nash equilibrium iterative Sierpinski solver (GNEISS) Wild (2017).
Population-based approaches such as the whale slime mould Algorithm (CWSMA)
Wang and Jia (2025) and coevolutionary immune quantum particle swarm optimiza-
tion Liu and Jia (2020) typically produce a single equilibrium per run, but can
be used repeatedly to obtain multiple solutions. While these methods perform well
on benchmark jointly-convex GNEPs, their behavior on general GNEPs is still not
fully understood. In particular, there remains limited evidence on simple local-search
mechanisms specifically designed to cope with the feasibility difficulties created by
non-shared constraints.

In this paper, we propose Adaptive Randomized Equilibrium Search (ARES),
a local-search heuristic for computing GNEs. ARES uses best-response informa-
tion to define promising search directions but, rather than moving directly to a
best response, samples randomized partial moves along these directions. Candidate
actions are filtered according to the feasibility of the resulting joint strategy, and a
Gauss—Southwell-type rule selects the player to update. An adaptive search radius
controls the magnitude of the sampled actions. ARES computes a single equilibrium
per run, while repeated runs can be used to explore multiple GNEs, either from differ-
ent initial points or, because of randomization, from the same initial point. ARES does
not enforce monotonic decrease of the equilibrium residual: because the best response
is recomputed after each update, an accepted partial move may lead to an increase
in the resulting residual. This nonmonotonicity gives the search additional flexibil-
ity compared with methods that require improvement at every iteration. The main
contributions of this work are the development of a randomized local-search frame-
work based on partial best-response moves and an adaptive search radius, together
with a feasibility mechanism that accounts for the effect of unilateral updates on all
players’ constraints and thereby enables the treatment of GNEPs with non-shared
constraints. We also provide an empirical evaluation on academic jointly-convex and
non-shared-constraint GNEPs, as well as several application-inspired jointly-convex
models, including comparisons with a deterministic full best-response variant. Finally,
we investigate how randomized partial moves affect robustness and the exploration of
multiple equilibria.

The remainder of this paper is organized as follows. Section 2 provides a brief
review of GNEPs. Section 3 introduces the proposed algorithm. Section 4 reports
the performance metrics used for evaluation and the numerical experiments on nine-
teen benchmark GNEPs, including both academic and real-world. Finally, Section 5
concludes the study and outlines potential directions for future research.



2 Background

This section introduces the main concepts used throughout the paper. A GNEP is
a non-cooperative game with N players. For each player v € V := {1,..., N}, the
objective function 6, (x,,z_,) and feasible set may depend on both the player’s own
strategy x, and the strategies of the other players x_,. Here, x,, € R™ is the strategy
of player v, while x_, := (z,)u%, € R" collects the strategies of all other players.
The total dimension is n = Zflvzl n,, with n_,, = n—n,, and the joint strategy vector
is z = (x,))_; € R". We occasionally write (z,,r_,) instead of x, without implying
any reordering of components. For each player v, the feasible set is defined through
a vector-valued constraint function g, : R™ — R™. Given the strategies of the other
players x_,,, the feasible set of player v is defined as

Xo(x_y) = {x, e R™ | g (xy,x_,) <0, j=1,... Sy b

The goal is to find a strategy vector x* = (z7,...,z%) such that no player can
improve its objective by unilateral deviation, i.e.,
0, (x}, 2" ) <0,(x,,z" ), Va, € X, (z* ), Vw eV,
and such that feasibility holds: z} € X, (z*,), Vv € V. The vector z* is called a
generalized Nash equilibrium (GNE). Equivalently, an N-player GNEP is a system

of N coupled optimization problems, where each player v optimizes over n, variables
under constraints depending on the other players’ strategies:

P,(z_y): xrg%@r}w 0, (xy,x_y) st x, € X, (_,),

We denote by

Q={z |z, € X,(z_,),Yv eV}
the joint feasible strategy set. Because our proposed approach allows a controlled
relaxation of feasibility during the search, we also define the following A-feasible set,
with A > 0. For each player v and a fixed strategy profile x_, of the remaining
players, the A-feasible set is given by:

X)) {al R max gl o) <0 )

j=1,....m

We then define classical assumptions used to state standard existence and best-
response results.

Assumption 1 There exist N nonempty, convex, and compact sets L, C R™ such that,
for every z € R" with z, € L, for every v, X, (z—_,) is nonempty, closed, and convex,
Xv(z—y) C Ly, and X,, as a point-to-set map, is both upper and lower semicontinuous.

Assumption 2 For every player v, the function 0, (-, z_,) is quasi-convex on X, (z_,).



These conditions provide sufficient conditions for the existence of a GNE Facchinei
and Kanzow (2010a), but they are not required in our proposed approach as global
assumptions. For the algorithm to be well defined, however, we assume that the best-
response problem of each player admits a solution at every strategy profile encountered
by the method. If the GNEP admits no equilibrium, then the exact best-response
residual cannot attain zero. In this case, our proposed approach may still search for a
strategy profile with small residual, but reaching the maximum number of iterations
without satisfying the prescribed tolerance should be interpreted only as algorithmic
failure, not as a certificate of nonexistence of a GNE.

Definition 1 (Jointly-convex GNEP Facchinei and Kanzow (2010a)) A GNEP is jointly
convex if, for every player v, 0,(-,x—,) is convex, X, (z—,) is closed and convex, and there
exists a nonempty, closed, and convex set X C R™ such that X,(z—,) := {z, € R™ |
(zv,z—y) € X}.

The best response mapping of player v given the strategies of the other players

z_, is defined as
BR,(z_,):= argmin 0,(z,,z_,). (2)
z,eX, (x_y)

A feasible z* is a GNE if and only if z} € BR,(z*,), Vv € V. Equivalently,
x* € BR(z*) == BRi(z* 1) X -+ X BRy(2* ).

If Assumption 1 holds and, for each player v, the function 6, is continuous, then
the existence of a best response is guaranteed.

In general, the best-response correspondence BR(z) may be set-valued. A shadow
coordinate of x, is the selected best response of player v to x_,, and it is denoted by
Z,. Then, & = (&,,...,2_,) is called the selected best response (or shadow point) to
z = (zy,x_,), with &, € BR,(x_,),Yv =1,...,N.

The exact best-response residual is

f(x) := dist(z, BR(z)) := jegg(x) & — |2 (3)

Under some of our assumptions, the best-response set is compact, so the infimum
above can equivalently be written as a minimum.

In practice, when a best response is not available analytically, we approximate a
selected best response numerically using an optimization solver. We continue to denote
the resulting point by &, with the understanding that the computed residual depends
on the accuracy of the underlying best-response solve. In this context, the merit or
fitness function becomes

fa(z) =12 —zll2, (4)

where the dependence of f to Z is in general clear from the context and omitted.

Proposition 1 The function f(x) is an upper bound on the distance from x to the best-
response set, i.e.,

fi(x) > dist(z, BR(z)).



Proof Since # is a best-response candidate, while dist(z, BR(z)) = minyecpr () |z — yll2 is
the minimum distance over all best responses, it follows immediately that
|& — z||2 > dist(z, BR(z)).

Hence, f(x) is an upper bound on the distance from z to the best-response set. O

This residual or fitness function (4) plays the role of an equilibrium merit function.
Unlike the Nikaidé—Isoda function, which measures objective improvement gaps, it
measures the distance to a selected best-response Fields (2021); Benteke et al. (2024).

A feasible point z* is a GNE if and only if f(x*) = 0. In practice, our proposed
approach uses the selected best-response residual f as a computable fitness measure.

3 Adaptive Randomized Equilibrium Search
algorithm

We now present Adaptive Randomized Equilibrium Search (ARES) for approximately
minimizing the residual f (4). At each iteration, ARES uses the current selected
best response to generate randomized partial moves for each player. Candidate moves
are filtered according to joint feasibility, and a Gauss—Southwell-type rule selects one
player to update. The magnitude of the sampled moves is controlled by an adaptive
search radius.

ARES starts from a jointly feasible strategy profile 2° and generates iterates z*,
for k = 1,..., K. At each iteration k, the selected best response #%~! defines the
best-response direction

B o ah1 g,

Unlike classical best-response dynamics, ARES does not necessarily move directly
to the best response. Instead, it considers randomized partial moves along best-
response directions, which can provide additional flexibility when full best-response
updates lead to cycling or violate joint feasibility.

ARES does not require the residual to decrease monotonically, since the selected
best response is recomputed after each accepted update. Finally, ARES updates its
strategy for only one player at each iteration, and it has an adaptive mechanism
inspired by trust-region to find their current strategies.

3.1 Randomized partial best-response search

In this subsection, we present the main components of the proposed ARES algorithm,
as outlined in Algorithm 1.

3.1.1 Action generation

To construct the randomized partial best-response search, normalize each player v’s
best-response direction and then scale it by the trust-region radius §, yielding

6'1, = Aiﬁy’ (5)




where the iteration indices are omitted here.

Within the ARES framework, we study randomized moves aligned component-
wise with the best-response direction. Specifically, each player v samples M candidate
actions A, = {al,’i}f-vil by independently drawing each coordinate between 0 and the
corresponding component of 5, € R™. For each i = 1,..., M, the candidate action
a,; € R" is generated component-wise according to

(ay,i); ~ Unif (min (0, (6,);),max (0, (6,);)), Jj=1,...,m,

where Unif denotes the uniform distribution over the specified interval.

The sampling neighborhood is bounded by §, so that the resulting moves satisfy
llavill2 < 4. Thus, ARES explores a bounded region in the direction of the best
response while allowing different components to move by different amounts.

If ‘ B,
selected best response and |6, || = 0. In this case, no normalization is required, and
the natural candidate action is simply a, = 0.

= 0, then the current strategy of player v already coincides with its
2

Algorithm 1 Adaptive Randomized Equilibrium Search (ARES)

Require: Initial feasible strategy z°, maximum iterations K, number of sampled
actions M, initial dg > 0, dmax, tolerance € > 0, and constants 0 < pg, p1 < 1.
Initialize: k < 0, § < dg
Compute an approximate best response £° to #° and f0 < [|2° — 29||5.
while k < K or (f* >cor c* >¢) do

for v =1to N do

(@, Vv, fo) < BESTACTIONANDFITNESS(v, 81, zk=1 271 ¢ §)

end for

Select player with lowest fitness: v* < arg min,, f,

Update strategy for selected player: 25, « zf7!' +a,., 2% . « 2"}

¥+ max,_1_ nmax;_1 __m, g2 (zF)

Compute an approximate best response % to z

Compute the fitness: f* < ||#F — 2%,

§ + RADIUSUPDATE(S, dmmax, 5, 571, (@)1, (7)1, €, po, p1, V™)
13: k+ k +1
14: end while
15: return z*

© ® 3> G Ne

k

= = e
o2

or report failure if maximum iterations reached

3.1.2 Joint feasibility control

Feasibility is a key challenge in GNEPs because players’ feasible sets are interdepen-
dent. In particular, an update that is feasible for the updating player may violate
the constraints of other players, so player-wise feasibility does not necessarily imply
feasibility of the resulting joint strategy.



For GNEPs with shared constraints, this issue does not arise when players are
updated one at a time: if the updated player’s action satisfies the shared constraints
while the other strategies remain fixed, then the resulting joint strategy remains fea-
sible. However, this property does not necessarily hold for GNEPs with non-shared
constraints. In such cases, the updating of a single player’s strategy may preserve the
feasibility of that player but violate the constraints of the other players as illustrated
by Example 1.

Ezample 1 Consider the following three-player game:

1
Py: min =(z1 — 1)2 —x1x9 st.x1 + a0 +23 <1,
z1€ER 2

1
Py: min —(z2 — 1)2 +xzix0 Stz +x0+23 <1,
z2ER 2

1
P3: min f(x3—1)2 s.t. 0 < z3 <z + 22
z3€R 2
Consider the feasible strategy z*~1 = (x]ffl,ngl,x’;*l) = (1.0, —0.5,0.2). At iteration
k, Player 1’s best-response problem is

1 _ _ _
mil}Rf(:cl — 1)2 — xlwg ! subject to x1 + xg 1y xlg 1< 1,
T1€

and the best response is 5:11“71 =1+ a:g*l =0.5.

. . k-1,
Suppose Player 1 updates its strategy using the best response to z;y ™

k k—1 Ak ~k—1
] =xy  +pr =] =05

The updated profile is therefore k= (0.5,—0.5,0.2). The update is feasible for Player 1;
however, the updated profile violates Player 3’s constraint z§ < z¥ + 25

To address this issue, ARES controls the feasibility of the overall strategy profile
when updating a player’s strategy. Specifically, a new iterate z* is chosen such that
the resulting constraint violation satisfies

c® = max ( max g,{(a}k)> < Ay (6)
j

v=1,....N =1,....m,

Therefore, all iterates produced by ARES remain Ay-feasible. Moreover, since Ay =
max(g,d;_1), then Ay — ¢ whenever d;_1 — 0 as k — oo.
Accordingly, the A-feasible set for player v is redefined as

A J— / ny . J / <
X (x-) {% €R™: max (j_{??’fmu gﬂ(%,r_u)> < A} : (7)

3.1.3 Action selection

Each player evaluates the fitness of candidate strategies obtained by adding each

action to the previous strategy, 28! + a,,;, for i = 1,..., M. To avoid recomputing



a best response for every sampled candidate, ARES ranks candidate strategies using
their distance to the current selected best response.

An action a,,; is A-feasible if it satisfies 2%~ + a,; € X2(2*!) for all v. Among
the A-feasible candidate actions, the player selects the one that yields the lowest
fitness, while the strategies of the other players remain fixed. Specifically,

.. . Ak—1 k-1 k—1 k=1\|| . k-1 Ay k-1
ay, = argming ¢ ax {’ (@57, 85,7) — (xl, +ay i,z )H2 cx T ay € X (2, )}

The joint A-feasibility criterion and its role in controlling constraint violations are
discussed in Section 3.1.2.

N

1: procedure RADIUSUPDATE(S, Smax, 5, F571, (@)1, (W) 1, &, po, p1, V)

2 Compute the progress indicator: b* = f&-1 — fk,

3 if b* =0 A Vv (y, =0) then > Stagnation
4 04 po X0 > Reduction
5: else if b* < p; then > No progress or deterioration
6 04 po X0 > Reduction
7 else if b* > p; then > Sufficient progress
8 if |||ay«|| — 6] < e then > Active trust region
9: 0 < min(2.0 X §, dmax) > Expansion
10: else if |||a,|| — 8] > e AVv(y, #0) then

11 R > Preservation
12: else if |||a,«|| — 6] > e A v(y, = 0) then

13: 0 pg X0 > Reduction
14: end if

15: end if

16: return ¢

17: end procedure

3.1.4 Player selection and update

ARES uses a GS type of player selection in which the player whose candidate action
yields the lowest fitness is selected for update. Specifically,
v = argmin (2571, 8551) - (k7 +ap,0t3t) |
vey 2
where the candidate action satisfies
bt e e X2 (M.

Only the selected player updates its strategy:

k

v

_ k-1 * ko _ k-1
Tpw = Tpu” F Opuy T 0 =T 5

10



Thus, ARES employs a greedy block-selection rule inspired by GS, while alter-

native selection mechanisms, such as random or cyclic selection, could also be
considered.

1:
2
3
4:
5:
6
7

10:

11:

12:

procedure BESTACTIONANDFITNESS(v, &, 2, T _,,€,0)
Initialize: f} < oo, aj, < 0
B, + &y — 0 Set A max(4, €)
if ||5,]| <107¢ then

Set a¥ <— 0 and f < ||& — |2
Create a new strategy: y = (z,,2_,)
Compute constraint violation: ¢ <— max,—1 . n (maxj:17.._,m,y g{,(y))

1, ¢<A,
Yo
0, c¢>A.

else

Scale to trust region: &, <+ ﬁﬁy
vil2

Sample actions: A, = {a,;}M,, where a,; € R™ and (a,;); ~

Unif (min(0, 6,,;), max(0,6,,)), 1 =1,...,n,.

for all a, € A, do
Create a new strategy: y = (z, + a,,x_,)
Compute constraint violation: ¢ <— max,—1,...n (max;—1,..m, 9% (y))
if ¢ < A then
Compute fitness: f, < ||Z — y||2
if f, < f; then
ay —ay, 1, f— fo
end if
end if
end for
if 75 =0 then > No feasible action exists for player v.
ay <0, f7 < |2 — zl2
end if

end if
return (ay, v, f;)

27: end procedure

3.1.5 Adaptive search-radius mechanism

The radius § is adaptively adjusted according to the improvement observed between
successive iterations. This adjustment is inspired by the trust-region principle of
adapting the size of the search region based on the quality of the progress achieved
7. All steps of the trust-region update are detailed in Procedure RadiusUpdate.
Specifically, we measure the absolute improvement for the selected player v* by

* . rk—1 k
b= v* _fu*a

11



where f¥. denotes the fitness value of the selected player at iteration k. A positive
value of b* indicates an improvement in fitness relative to the previous iteration,
b* = 0 indicates no improvement (progress), and a negative value of b* indicates a
deterioration in fitness.

In addition to b*, we consider the A-feasibility of the action a, selected by player
v. This feasibility is encoded by the indicator.

)1, ife <A,
= 0, otherwise,

where ¢ = max,—1,.. N (maszlw,my gf;(x,, +al,,x,,,)). Thus, 7, = 1 indicates
that the resulting action profile is A-feasible, while 7, = 0 indicates that it is not.
This indicator is used in the adjustment of §.

The value of § is adjusted according to three modes: contraction, expansion, and
preservation, based on b*, the players’ actions, and the feasibility of all players’ actions
via v, for v € V, even though only one player is updated at each iteration.

In this study, we set py and p; are 0.75 each.

Contraction occurs when the search fails to make sufficient progress (b* < p;), and
the search radius is then reduced according to

(SZPQX(S.

This contraction applies both when the search makes limited progress, (0 < b* < p1),
and when fitness deteriorates, (b* < 0).

Contraction also occurs when no progress is made and no player finds feasible
action, i.e., b* = 0 and v, = 0 for all v, then the search neighborhood is contracted,
with the radius updated according to

6:p0x5.

Additionally, contraction is also applied when progress is achieved, but the action
a,+ for the selected player is away from the boundary of the trust-region, and at least
one player generates an infeasible action. This is if b* > p1, |||au«|| — ] > &, and
Jv(y, = 0), then

0= pPo X 0.

Reducing ¢ narrows the search region and encourages more localized exploration
around the current solution.

Under the expansion strategy, the trust-region radius increases when adequate
progress has been made, and the action a,~ for the selected player is close to the
boundary of the current region. Particularly, whenever b* > p;, then a,+ is checked
for its proximity to the boundary of the current trust region radius, that is, satisfying

llaw- || = d] <e,
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the radius is expanded as 6 < min(2 x §, dmax ), allowing the players to explore a larger
neighborhood.

In preservation mode, the radius remains unchanged when sufficient progress has
been made, and the action a,+ for the selected player is away from the boundary of
the current region. Specifically, if

b*=p1 o lla|] =6l > e,

and all players generate nonzero actions, the radius is maintained: § = 6.

In ARES, a player may choose the best-response direction as the optimal action. If
the best-response direction satisfies the trust-region condition and leads to a globally
A-feasible joint strategy while keeping the other players’ strategies fixed, then it is
selected, as it provides the greatest improvement.

3.2 ARES with best-response directions

To assess the effect of randomized partial updates, we consider a deterministic variant
in which candidate partial moves are replaced by full best-response steps. We refer to
this method as ARES with best-response directions (ARES-BR).

In this setting, the selected player v* always takes the full best response step.
Specifically, the selected player updates along the best-response direction:

—1 -1, A 1, A k-1 k=1 _ k-1
gk, =ah T e =ah T 4 BE =T @ — T = 2R

The important difference from the Algorithm 1 is that o} is obtained directly from
the approximate best response.

The ARES-BR algorithm is a best-response dynamics (BRD) method with a GS
player-selection mechanism. Unlike sequential BRD, where players update according
to a predetermined order, or synchronous BRD, ARES-BR evaluates the best-response
update of each player and selects the player with the lowest fitness for the actual
strategy update. Thus, only one player updates at each iteration, while the strategies
of the remaining players are kept fixed.

Since ARES-BR directly uses the best-response action, we do not employ a trust-
region mechanism. In particular, we set 6 = 0 and consequently A = max(d,¢) = ¢,
where € > 0 is the prescribed feasibility tolerance. Therefore, a proposed update is
accepted only if its constraint violation satisfies ¢* < A = e. If ¢* > ¢, the resulting
iterate is infeasible beyond the prescribed tolerance. In this case, the proposed update
is rejected, the algorithm terminates, and ARES-BR is reported as a failure. In other
words, ARES-BR does not attempt to reduce the step size or recover from an infeasible
update through a trust-region adjustment. Once an infeasible iterate is encountered,
the procedure stops.

The ARES-BR procedure is given in Algorithm 2.

13



Algorithm 2 ARES-BR

Require: Initial feasible strategy x°, maximum iterations K, initial approximate best
response £°, and tolerance £ > 0

1. Initialize: k < 0

2. Compute the initial fitness: fO < [|2° — 29||2

3: while k < K and (f* > ¢ or ¢* > ¢) do

4: for v =1to N do

5: Fix the strategies of all other players: z*  « 2%71

6: Compute the best-response action for player v: a’ < 28—t — gk=1,

7: Construct the candidate strategy profile: % « 5= 4 a*, 2k« 271
8: Compute the fitness of the candidate: f} + ||2F~1 — z*]|,

9: end for

10: Select the player with the lowest fitness: v* <— argmin,—1, . n fl’f

11:  Update the strategy of the selected player: ¥, « #8714 a*., 2F . « 2"}
12: Compute the constraint violation: ¢* <— max,—1 _ nmaxj_1_m, g.(z")
13: if c* > ¢ then

14: Reject the proposed move: z + x#~!

15: break

16: end if

17. Compute an approximate best response ¥ to ¥ and f* « ||#% — 2% ||,

18: k—k+1
19: end while

20: return z¥ or report failure if the maximum number of iterations is reached.

3.3 Illustrative examples

In this subsection, we present two examples illustrating the advantages of ARES over
ARES-BR. Furthermore, the second example demonstrates that ARES converges even
where both BRD and the Gauss-Seidel method (GSM) fail to converge. For the two
examples, we set K = 500, M = 200, ¢ = 107%, §p = 25.0, and 6max = 50.

Ezxample 2 Consider the following two-player non-shared constraints GNEP.

Pi(z2) min Py(z1) min a3
r1€R T2
s.t. —-1<z <1 s.t. —1<z2<1
1 +22 <0 z1+x2 >0

The corresponding GNE is given by (z7,25) = (—1,1).

ARES-BR: One iteration

Suppose that we start at the joint feasible starting point z° = (0,0), with 20 = (—=1,0). At
iteration k = 1:
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1. Player 1 optimization: Fixing player 2’s strategy (z9 = 0), player 1
computes the action a} = 29 = —1, updating its strategy via:

ri=a24+al=0-1=-1

This yields the candidate strategy profile 2! = (x1,29) = (-1,0). The
corresponding fitness value for player 1 is evaluated as:

f=12° =2tz = (=1,0) = (-=1,0)[2 =0

2. Player 2 optimization: Fixing player 1’s strategy (2 = 0), player 2
computes the action step a3 = 29 = 0, updating its strategy via:

This yields the candidate strategy profile #! = (29, 23) = (0,0). The
corresponding fitness value for player 2 is evaluated as:

f2 = 17" =22 = [ (=1,0) = (0,0)[]2 = 1

3. Player selection and joint feasibility check: Since player 1 achieves
the lower fitness value (fi = 0 < f3 = 1), player 1 is selected to
update its strategy while player 2 remains fixed, leading to the proposed
strategy profile z! = (—1,0).

However, ! = (—1,0) is not jointly feasible: while it satisfies
player 1’s individual feasibility, it violates the feasibility condition for
player 2. Consequently, no move is executed, and the algorithm remains

stationary at (0,0) until the maximum number of iterations is reached.

So, ARES-BR fails to converge from (0,0) due to the violation of joint feasibility
constraints. The same scenario is observed for other initial points.

The results of ARES and ARES-BR are also illustrated in Figure 1. As mentioned
above, ARES-BR does not reach the GNE. To address this problem, ARES uses a
trust-region strategy that lets the algorithm find feasible improvements. For the same
initial point, ARES reached the stopping tolerance to the GNE (—1,1). One reason
the trust-region approach works better for ARES is that it shrinks the trust-region
radius, making the strategy feasible for subsequent steps.

Example 3 In this example, we compare ARES-BR against three benchmarks in challenging
scenarios involving cyclic behavior: (i) classical BRD, using the results from Thiran et al.
(2024); (ii) the Gauss-Seidel Method (GSM), which we implement directly; and (iii) ARES-
BR.

Let us consider a two-player GNEP P“¢ parameterized by 0 < ¢ < 1.5 is considered
Thiran et al. (2024):
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o Starting point Starting point
 Final point  Final point

3 = 3
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-
X2
-
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-2 -1 0 1 2 3 4 -2 -1 0 1 2 3 4

(a) Iterative trajectory of the ARES converg-  (b) Iterative trajectory of the ARES-BR not
ing to the GNE (x7,z3) = (—1,1). converging to the GNE.

Fig. 1: Comparison of the ARES and ARES-BR, with ¢ = 10~%.

Pi(x2) : n;in 01(z1,22) = (v1 — cx2 + 1)2 P5(x1) : n;in 02(z1,22) = (22 +cx1)2
1 2

st. x1 € L1 =[-2,2] st. wp € Ly=[1-2¢3+(,

Xo(z1) = [1 —cr1,3 — c%

Thiran et al. (2024) found that the GNEP has a unique GNE given by zF =

—1 +1
(cc2+1 ’ 602+1 ) :

We evaluate the algorithmic behavior across different parameter settings ¢ € {0.8,1.0},
with the comparative results detailed in Table 1. In particular, when ¢ = 0.8 or ¢ = 1, ARES-
BR fails to reach a GNE. Conversely, as shown in Table 1, ARES successfully bypasses these

limitations and converges to the exact GNE solutions.

Table 1: Comparison of BRD, GSM, and ARES for different values of c.

c BRD/GSM behavior ARES
¢=10.8 | GSM converges to (—0.1219,1.0975). Converges to x* =
(—0.1239,1.0991) with
f(z*) =0.0.
c=1 BRD and GSM become trapped in | Converges to z* =
cycles. For GSM, the iterates follow | (0.0000,1.0000) with
the cycle z° = (—1.0876,1.4730) — | f(z*)=0.0.
' = (04730,0.5269) — 2?2 =
(—0.4730,1.4730) — 2 = (0.4730, 0.5269).
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From the examples 2 and 3, it is clear that ARES can perform better than ARES-
BR. This observation motivates the use of ARES-BR as a baseline in the numerical
experiments, against which we assess the performance of the proposed randomized
approach.

In the next section, where we present extensive numerical experiments on both
benchmark and real-world GNEPs.

4 Numerical Results

In this section, we evaluate ARES on academic jointly-convex and non-shared-
constraint GNEPs, as well as on several application-inspired jointly-convex models.
The analysis is structured as follows. First, we describe ARES’s performance on
jointly-convex GNEPs to validate our approach under theoretically favorable condi-
tions. Then, we evaluate the practicality of ARES on real-world jointly-convex GNEPs,
including autonomous racing, internet switching, and oligopoly model. Finally, we
consider GNEPs with non-shared constraints, where unilateral player updates may
make the joint strategy globally infeasible.

Throughout this section, we compare ARES with ARES-BR, which serves as the
baseline for assessing the effect of randomized partial moves. Unless otherwise stated,
both methods are evaluated using the same initialization procedure and stopping
criteria.

4.1 Performance Metrics

We assess the performance of ARES using convergence and solution-diversity mea-
sures. Convergence is evaluated using the iteration count k*, final fitness, and success
rate (SR), while solution diversity is assessed using scatter plots and the percentage
of distinct points (PDP).

Denote k*(r) the first iteration during run = at which the convergence tolerance e
is satisfied, i.e. k*(r) :==min{k € {1,...,K}: f* < e}, where f* denotes the fitness
value at iteration k during run r. If the above condition is not satisfied, then k*(r) =
K. Runs with k* = K are classified as unsuccessful, although their final fitness values
are retained for statistical analysis.

Definition 2 (Success rate) The success rate (SR) is defined as

#{r: kK (r) < K}
R )

where k*(r) is the iteration count to convergence for the r-th run (r =1,..., R).

SR :=

Definition 3 (Final fitness) Let A be our algorithm that generates a sequence of fitness

values {fk}llz;l For a run r, the final fitness is defined as fég)al = fk*. Therefore, the average
final fitness is given by

R
s 1 (r)
fﬁnal = Ezlfﬁ;al
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The final fitness is the fitness value at termination, either when the stopping
tolerance is first reached or when the maximum number of iterations is attained.
Unsuccessful runs are included in the final-fitness statistics to characterize the residual
attained when the method fails to meet the prescribed tolerance. Additionally, for
each GNEP, we report the maximum final fitness value.

Definition 4 (Percentage of distinct points) Let X = {:rl, 22, .., azR"} be the set of approx-
imate GNEs obtained from Rs successful runs of an algorithm. Two points z* and 27 are
considered distinct if ||z* — 27 || > ~, where v > 0 is a predefined tolerance. The set of distinct
points identified from X is denoted by X, and its cardinality by Ny := |X4]. The percentage
of distinct points (PDP) is defined as

Ng
PDP := —= x 100.
R,

A higher PDP indicates that a larger proportion of successful runs produce mutu-
ally distinct approximate GNEs and is therefore used as an empirical indicator of
solution diversity.

4.2 Experimental Protocol

For all experiments, the algorithm settings are Ky,ax = 500, pg = p1 = 0.75, M = 200,
8o = 25.0, and dpax = 50. The convergence tolerance is set to ¢ = 1074, and the
distinct point criterion to v = 1074

For all academic GNEPs, we uniformly generate starting points from the players’
feasible strategy sets until 300 jointly feasible starting points are obtained. We run
ARES independently five times from each starting point, resulting in 1,500 runs per
problem. Since ARES-BR is deterministic for a fixed initial point, repeating the run
from the same initialization yields the same trajectory and is therefore unnecessary.
For the real-world GNEPs, we run each algorithm once for each starting point, with
the number of starting points specified in the corresponding subsections.

We use the collection of successful runs to construct the set of computed
approximate GNEs, from which we evaluate the convergence and diversity metrics.

The experiments were implemented in Python 3.13.9 and conducted on a machine
equipped with an Apple M5 processor and 24 GB of RAM.

For each example, we compute the best response sequentially for players using the
Sequential Least Squares Programming (SLSQP) algorithm implemented in SciPy’s
optimize.minimize routine.

4.3 Academic Jointly-Convex GNEPs

We first evaluate ARES on the four academic jointly-convex GNEPs listed in Table 2.
The results are reported in Table 3, for which reference equilibrium information is
available.

These results show that ARES competes with ARES-BR, in solving jointly-convex
GNEPs. ARES achieves a 100% SR in Ex. 1, Ex. 3, and Ex. 4, matching the ARES-
BR in these examples. While ARES gets a lower SR in Ex. 2 (51.9% vs 100%), it finds
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Table 2: Academic jointly-convex GNEPs.

Problems GNEs set

Ex. 1 Nabetani et al. (2011)

Plzminm:chmyfm {( > 0<t<4}
Vi—t2 ) ="=5

s.t.:x2+y2§1,x20 t

Ps : miny y2 - %my — 2y

s.t.: m2+y2 <1l,y>0

Ex. 2 Harker (1991)

Py (z2) : ming, a:% + %xlxz — 34z, { (g) U (15t— t) ,9<t< 10}
stox; +a292 <15, 0< 21 <10

Ps(x1) : ming, x% + %xlxg —24.2519
stoxp +a9 <15, 0< 29 <10

Ex. 3 Wild (2017)

t
Py :ming y 2% + 2y + 42 + (z + y)z — 252 — 38y { 11—-t], O§t§2}
storx+2y—2<14, 3x+2y+2 <30, 2,y >0
Py : min; 2% + (z + y)z — 252
stoxrx+2y—2<14, 3x+2y+2<30, 2>0

Ex. 4 Krawczyk and Uryasev (2000)

Py : ming, (121 + B(z1 + z2 + 23) — X1)21

s.t.: 3.25x1 + 1.25x9 4+ 4.125z3 < 100

2.2911521 + 1.562572 + 2.812573 < 100, z1 >0
Py : ming, (aozo + B(z1 + z2 + x3) — X2)22

s.t.: 3.25z1 + 1.25x9 4+ 4.125z3 < 100

2.29115x1 + 1.5625x9 4 2.8125x3 < 100, 29 >0
P3 : ming, (azzs + B(z1 + z2 + x3) — x3)3

s.t.: 3.25z1 + 1.25x9 4+ 4.125z3 < 100

2.29115x1 + 1.5625x9 4 2.8125z3 < 100, z3 > 0
a1 = 0.001, as = 0.05, as = 0.01

B=0.01, x1 = 2.9, y2 = 2.88, x3 = 2.85

Table 3: Performance comparison of ARES and ARES-BR based on
1,500 and 300 independent runs, respectively.

ARES | ARES-BR
Example PDP SR (%) \ PDP SR (%)
Ex. 1 60.8 100.0 96.3 100.0
Ex. 2 86.7 52.3 43.6 100.0
Ex. 3 90.0 100.0 67.3 100.0
Ex. 4 98.6 100.0 100.0 100.0

a more diverse set of GNEs, with a PDP of 87.0 vs 43.6 for ARES-BR. This lower
SR in Ex. 2 suggests a trade-off between solution robustness and solution diversity:
although ARES does not find an equilibrium in every run, the equilibria it identifies
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cover a more diverse set of solutions. ARES also achieves a higher PDP in Ex. 3,
meaning it can obtain a more diverse set of GNEs.

Overall, these results show that when ARES with best-response direction behaves
well, ARES can generally find equilibria too, but its randomization introduces a trade-
off between robustness and solution exploration. In particular, while the ARES best-
response method can converge more consistently in some cases, ARES can identify a
more diverse set of GNEs through its randomized search.

4.4 Real-world jointly-convex GNEPs

For real-world jointly-convex GNEPs, both algorithms consistently obtain GNEs
across all applications, though ARES fails in 2 out of 10 autonomous racing runs.
However, while ARES with the best-response direction identifies only a single GNE
in autonomous racing, ARES with best-response direction discovers some distinct
solutions.

4.4.1 Internet switching model

We consider the N —user internet switching proposed by Alex Kesselman Kesselman
et al. (2005) with a buffer capacity of B. The goal of each user is to determine the
amount of buffer capacity allocated to user v by maximizing the utility:

Ty 1 Z,]LV:1 Ty ZN 0
- 3 12y >0,
0,(x) = 22;1 T, B p=1"tp

N
Oa Zuzl Ty = 07

Adding shared buffer capacity constraints and private bound constraints, Player’s
v problem is

&

st. x,>0, v=2,...,N,
N
> w, <1,
v=1

where 0 < z; < % is the private bound constraint for Player 1. To run our pro-
posed algorithms, we initialize 10 feasible starting points and run the algorithms
independently from each starting point.

In this case, we have N = 5 users and B = 1, as used in Wang and Jia (2025).
This instance was considered in Wang and Jia (2025), where SMA and CWSMA were
shown to converge to the GNE a* = (0.16,...,0.16). We use it here to assess whether
ARES recovers the same equilibrium structure. Table 4 shows that both methods
converge to a unique GNE that is also discovered in .both methods converge from all

tested initial points to the same approximate GNE, consistent with the equilibrium
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reported in Wang and Jia (2025). The computed GNEs are close to the reference
equilibrium in both cases.

Table 4: Summary of convergence performance for the internet switching prob-
lem over 10 independent runs initialized from different starting points.

Method SR (%) Mean k* max [|z("*) — z* ||
r=1,..., 10

ARES 100.0 13 0.00714

ARES-BR 100.0 12 0.00700

We omit the fitness value from the table, as it is consistently close to zero across
all instances for both methods.

4.4.2 Oligopoly model

This problem is a 5-player oligopoly model Facchinei and Kanzow (2009); Dreves and
Kanzow (2011).

P,(x_,): min 0,(x,,z_,) = fo(z,) — 50001/”1’V(LE1 +... Jr:vN)*l/“

Ty

st. z1+...+any< P, z,>0

(1+m)

with, f,(2,) == o2y + #KV_U”” (x,) " for v =1,...,N. The parameter
n

P represents the upper bounla for the total production activity for all players, P €
{75,100, 150,200}, and p = 1.1. The remaining parameters are given in Table 5.

Table 5: Oligopoly model parameters

v 1 2 3 4 5
cy 10 8 6 4 2
K, 5 5 5 5 5
M 1.2 1.1 1.0 0.9 0.8

For each value of P, we run ARES on two starting points:
210 = (10.0,10.0,10.0,10.0,10.0) and 2*° = (0.0, 5.0, 10.0, 15.0, 20.0)
Results in Table 6 show that both the ARES and ARES-BR find GNEs. The
different GNEs found by the two algorithms demonstrate that both can find distinct

GNEs. Furthermore, the GNEs found by both ARES and ARES-BR make the common
constraint active (see Dreves and Kanzow (2011)).
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Table 6: Comparison of convergence results for the oligopoly model using ARES

and ARES-BR.
ARES ARES-BR

P, x° GNE k* GNE k*
75, x1:0 (9.99, 9.96, 34.98,9.95, 10.09) 17 (10.00,10.00,10.00, 35.00,10.00) 2
75, £20 (0.02,4.97,10.03, 39.96, 19.99) 22 (25.00,5.00,10.00, 15.00, 20.00) 2
100, z° (9.99,34.93,10.06,10.01,34.99) 20  (10.00,56.19,10.00,10.00,13.81) 3
100, z2° (0.00, 54.98,10.00, 15.02, 19.98) 18 (50.00,5.00,10.00, 15.00, 20.00) 2
150, 2% (35.02,35.21,34.81,10.01,34.92) 21  (20.00,52.66,52.59,14.20,10.56) 13
150, 220 (24.98,29.87,35.00,40.15,19.99) 18  (50.32,49.55,10.12,15.71,24.30) 9
200, 10 (34.90,42.74,44.44,40.97,36.93) 24  (37.89,42.75,44.47,43.25,31.64) 25
200, 29 (38.10,41.98,37.56,42.73,39.64) 26  (38.08,42.75,44.45,43.18,31.54) 28

N

S -E--

Fig. 2: Illustration of the 1D racing example.

4.4.3 Autonomous racing

Autonomous racing provides an application-inspired benchmark involving strategic
interaction and collision-avoidance constraints. This problem is described in Pustilnik
and Borrelli (2025); Pustilnik et al. (2025).

Consider a single-step, finite-horizon, discrete-time, general-sum, open-loop
dynamic game in a racing scenario involving three cars on a two-lane track. Each car
acts as a player in the GNEP, controlling its velocity along a one-dimensional lane.
Car 1 occupies the first lane, while Cars 2 and 3 share the second lane; see Figure 2.
Let z,, and v, denote the final position and velocity of car v, respectively. The 3-player
game is given by

Player 1: min —x; +x2 + 51)?, st. 1 =21(0) + At - vy, 2 < w3, 1(0) =0
T1,V1
1
Player 2: min — 2o+ 21 + 51}%, s.t. o = x2(0) + At - v9, z9 < x3, 22(0) = 0.5
r2,v2
1
Player 3: min — 2 + a9+ 51}%, s.t. x3 = 23(0) + At - v, 20 < 3, 23(0) = 0.75
xr3,vs
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In this game, the three vehicles have the following goals: car 1 aims to outdistance
car 2 and minimize its control effort; car 2 aims to outdistance car 1 and minimize
its control effort. Car 3, on the other hand, tries to help car 1 win the race while
minimizing its own control effort. Collision avoidance between cars 2 and 3 gives car
3 an opportunity to affect the motion of car 2 in its favor.

Table 7: Performance of ARES on the autonomous racing problem over
10 independent runs initialized from the same starting point.

Run GNE k*
1 (1.000,0.764,0.764) 46
2 No solution 500
3 (0.999, 1.040, 1.040) 34
4 (1.000,1.379,1.379 33
5 (0.999,0.782,0.782) 37
6 (1.000,0.749, 0.749) 31
7 (0.999,0.751,0.751) 33
8 (1.000, 0.896, 0.896) 33
9 No solution 500
10 (1.000,0.789,0.789) 35

The initial positions and velocities are set as #° = (29, 29,2%) = (0.0,0.5,0.75)
and v° = (v9,08,v3) = (1.0,1.0,0.0), respectively.

The variational GNE of this game is (1,1.125,1.125); see Pustilnik et al. (2025)
for details. Surprisingly, this GNE exhibits counterintuitive behavior: rather than
blocking car 2, car 3 starts moving, even though this action increases its cost.

From Table 7, it can be seen that ARES finds different GNEs across runs from
the same initial point, indicating that the randomized search can explore different
regions of the solution space. For example, one of the GNEs found by the algorithm is
(1.000, 1.379,1.379). In contrast, ARES with best-response direction converges to the
same equilibrium in every run from this initialization, namely (0.990,0.750,0.750).
This illustrates that the random actions in ARES enable exploration of multiple equi-
librium solutions from an identical initialization, resulting in greater diversity among
the GNEs discovered.

4.5 GNEPs with non-shared constraints

We next evaluate ARES on ten GNEPs with non-shared constraints described in
Table 8. As discussed earlier, unilateral player updates may violate the constraints
of other players, making direct best-response updates particularly challenging. The
results can be found in Table 9.

As shown in Table 9, ARES achieves a higher SR than ARES-BR on seven of the
ten test problems and a higher PDP on six of the ten test problems. In particular,
ARES-BR fails to find any GNE in Ex. 4 and Ex. 5 (SR=0%) and performs poorly
on Ex. 6 (SR=28.3%). In contrast, ARES achieves SRs of 99.8%, 47.2%, and 100.0%
on these three examples, respectively. The largest differences occur in Examples 46,
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Table 8: General (non-shared constraints) GNEPs.

Problems GNEs set
Ex. 1 Py :ming, ,)cpe %(m —-1)%+ %(y —1)? {(a,a, %ﬁ) ca=1,1— %}

stex+y+2<3, £>0.1, y>0.1
2

Po : min,ep %wyz st

Ex. 2 Migot and Cojocaru (2021)

P :mingep(z —1)2 st 2?2 492 <1, 2 +y <1 {(t,lft) (05 <t< 1}
Py : mingegr(y — %)2 stox+y<1

EX.3P1:min(z1,12)€R2 1 + X2 {(t,l—t,l):ogtfl}
stoxy+x2>23, 0<21 <1, 0<22<1
Py : ming, cp(z3 — 1)

Ex. 4 Facchinei and Kanzow (2010a)

Py :ming, ep 3(z1 — 1)° — 2129 {(m%—m%)iaﬁg}
steoxy+a2+23 <1

Py i ming,cp 5 (22 — 1)* + 2122
steoxy+xo+23<1

P53 : ming, cr %(503 - 1)2 st.:0<x3 <x1+ 722

Ex. 5 Py : ming, eg 525 + 21 st gaf 22— 5 <0 a* = (—1.3817,2.1817)
Py : ming, cg 575 + T172 — %xg

Ex. 6 P :ming, epa1 st ad + a3 <1 z* = (—1.0,0.0)
Py : ming, cr %x% st.oxg €R

Ex. 7 Dreves et al. (2012)

P :minwleR(x1—2)2 stoxy +x0 <1 {()\,1—)\):)\6 [%,2]}
P, : ming, cg %(wz —2)2
stoaxr+a9 <1, 9 —21 <0

Ex. 8 Dreves et al. (2012)

Py :ming, eg 227 + 32122 {(0, 0), (1, —1)}

stoxy —3x0 <2, 31 +a9<2, x1+22<1 2 1 1

Py : ming, cr %w%—l—i’)xlmg U{()H*ngg/\)i)\e 571J}

stoxy — 32 <2, =311 + 12 <2 U{()\Z—FS)\)’)\G[—f _7}}
’ ) 5 3

Ex. 9 Dreves et al. (2012)

Py : ming, er(z1 — 1?2 stoaf—23<0 {()\7 A):Ae [0, %]}

Py : ming, cr(z2 — 1)? stoa?+ad<i

Ex. 10 Dreves et al. (2012)

Pr :ming, cr(z1 — 1)2 {()\, V1— )\2) tAE [0, i} }
s.t.: x% —x% <0, a:%—&—x% <1

Py : ming, cr(z2 — %xl — 2)2 s.t.: w% —|—1’§ <1
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Table 9: Performance comparison of ARES and ARES-BR based on 1,500 and 300
independent runs, respectively.

ARES ARES-BR
Example PDP SR (%) PDP SR (%)
Ex. 1 76.9 99.4 4.2 95.0
Ex. 2 79.2 100.0 62.0 100.0
Ex. 3 96.4 100.0 97.4 91.7
Ex. 4 91.6 99.8 - 0.0
Ex. 5 16.2 47.2 - 0.0
Ex. 6 13.9 100.0 2.3 28.3
Ex. 7 72.8 100.0 14.0 100.0
Ex. 8 93.4 74.2 99.2 75.6
Ex. 9 92.1 100.0 97.1 59.3
Ex. 10 92.4 50.6 94.4 48.3

where the ARES with best-response frequently fails to produce an acceptable update.
This is consistent with the feasibility difficulty illustrated in Subsection 3.3 and sug-
gests that randomized partial moves can substantially improve robustness when a full
best-response step interacts poorly with non-shared constraints. Example 7 isolates
the effect on solution exploration: both algorithms converge in every run, but ARES
obtains a PDP of 72.8%, compared with 14.0% for the ARES-BR.

5 Conclusions and Future Work

This paper introduces the novel Adaptive Randomized Equilibrium Search (ARES),
a simple and practical local search heuristic for GNEPs. ARES uses best-response
information to generate randomized partial moves, combined with Gauss—Southwell-
inspired player selection and an adaptive search radius. Computational results on
academic GNEPs and practical jointly-convex GNEPs demonstrate the capability of
ARES to find GNEs in different problems.

The numerical experiments illustrate different effects of this randomization. On
jointly-convex GNEPs, both ARES and ARES with best-response direction (ARES-
BR) generally identify GNEs, and ARES-BR can be more efficient or more reliable
when they already behave well. ARES nevertheless provides additional exploration
in some problems; in particular, repeated ARES runs from the same initialization in
the autonomous-racing example identify different GNEs, whereas the deterministic
variant follows a single trajectory. The strongest benefit is observed for GNEPs with
non-shared constraints: ARES achieves higher success rates than ARES-BR on seven
of the ten test examples, substantially improves robustness on several problems, and
maintains high solution diversity. These results indicate that randomized partial best-
response moves are particularly useful when full best-response updates interact poorly
with coupled feasibility constraints.

The illustrative examples further show that partial randomized updates can avoid
cycling or stagnation encountered by classical best-response or Gauss—Seidel updates
on selected games. However, the experiments also indicate that randomization is not
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uniformly advantageous, motivating further investigation of when partial versus full
best-response steps should be preferred.

Future work includes studying the scalability of ARES to larger GNEPs, adaptive
selection of the sampling and search-radius parameters, and alternative player-
selection mechanisms. Extending the framework to nonsmooth, piecewise-linear, or
black-box games is another promising direction. In settings where exact best-response
information is difficult to obtain, surrogate or learning-based models could also be
used to approximate the required best-response information.
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