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ABSTRACT
Physics-informed extreme learning machines (PIELM) cast the numerical solution of partial differen-
tial equations (PDEs) as a single linear least-squares problem by fixing the hidden-layer weights at
random, yet the standard soft-constraint formulation augments the PDE residual system with boundary
equations, requiring a single coefficient vector to reconcile two competing objectives. A Gram-matrix
eigenvalue analysis reveals that this competition suppresses boundary influence along directions where
the PDE block dominates, and that uniform row scaling cannot reduce the resulting spectral spread. To
eliminate this structural imbalance, we embed Dirichlet boundary conditions directly into the trial func-
tion via a lifting term and a boundary-vanishing distance function, so that the resulting least-squares
system involves only the interior PDE residual while the one-shot closed-form structure is preserved.
Boundary conditions are thereby satisfied to machine precision without entering the coefficient solve.
Across seven Dirichlet benchmarks covering Helmholtz, Poisson, Kovasznay Navier—Stokes, wave,
and nonlinear reaction equations on convex, non-convex, and curved domains, the hard-constrained
formulation yields identically zero boundary residuals and reduces relative L? errors by up to seven
orders of magnitude under identical random bases and collocation layouts, at comparable compu-
tational cost. The code and data accompanying this manuscript will be made publicly available at
https://github.com/xgxgnpu/Physics-informed-vibe-coding/tree/main/HC-PIELM.
Keywords: Physics-informed extreme learning machine; Hard constraint; Distance function; Dirichlet boundary
condition; Gram-matrix analysis; Random-feature least squares

Article Highlights

* Gram-matrix eigenvalue analysis reveals a structural imbalance that suppresses boundary fidelity in soft-
constrained PIELM.

* A distance-function embedding enforces Dirichlet data exactly while preserving the one-shot least-squares
framework.

* The hard-constrained formulation reduces relative errors by up to seven orders of magnitude at comparable
cost.
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1 Introduction

Partial differential equations (PDEs) underpin the modeling of physical and engineering phenomena. Classical numerical
methods—finite element, finite difference, and spectral methods—are mature but remain constrained by mesh generation
for complex geometries [1] and by the curse of dimensionality. Embedding PDE residuals into neural-network loss
functions, first explored by Dissanayake and Phan-Thien [2], has been developed over the past decade into Physics-
Informed Neural Networks (PINNs) [3] and related mesh-free paradigms such as the Deep Ritz method [4] and the Deep
Galerkin Method [5]—implemented in open-source libraries such as DeepXDE [6]. These methods have been applied to
the incompressible Navier—Stokes equations [7, 8] and a wide range of forward and inverse problems. However, PINNs
rely on nonlinear optimization and are therefore sensitive to hyperparameters and prone to gradient pathologies [9],
spectral bias [10—12], and failure on stiff multi-scale dynamics [13—-15]. Adaptive loss weighting [16] and adaptive
activation functions [17, 18] alleviate but do not remove the underlying optimization difficulty [19,20].

Extreme Learning Machines (ELM) [21,22], grounded in the universal approximation capability of single-hidden-
layer networks [23] and the random-feature framework [24], provide an alternative that bypasses nonlinear optimization
entirely: the hidden-layer weights and biases are randomly generated and fixed, so only the output-layer coefficients
need to be determined, reducing the learning problem to a single linear least-squares solve. Random-feature methods
have since been applied directly to the numerical solution of PDEs with spectral accuracy [25], theoretical convergence
guarantees free from the curse of dimensionality [26], and efficient collocation-based implementations [27-29]. Physics-
Informed ELM (PIELM) [30] combines this idea with PDE residual embedding, constructing system matrices from
PDE operators evaluated at interior collocation points and boundary operators evaluated at boundary collocation points,
then solving the stacked over-determined system in one step. PIELM trains orders of magnitude faster than PINNs
and avoids gradient vanishing, local minima, and learning rate tuning altogether. Subsequent work has extended
ELM-based PDE solvers to elliptic problems with sharp gradients [31], nonlinear bifurcation problems [32], domain
decomposition settings [33,34], pre-trained ELM bases [35], high-dimensional PDEs with A-TFC constructions [36],
hidden-layer-concatenated ELM architectures [37,38], eigenvalue problems [39], and various other extensions reviewed
in [40].

Most PIELM implementations enforce boundary conditions by a soft-constraint strategy: BC rows are appended
below the PDE rows in a single least-squares system. This couples two objectives with different row counts, operator
orders, and preferred coefficient directions. Under homogeneous Dirichlet conditions, the target solution can often be
written as a distance factor times a smoother interior field; the ELM basis must then approximate this product directly,
capturing both the boundary zero structure and the interior variation. The task grows harder for high-degree distance
factors (e.g., degree ten on a pentagram). In nonlinear Picard iterations, boundary residuals can also enter subsequent
linearized solves through the nonlinear coupling.

Hard-constraint strategies embed boundary conditions into the trial function construction and thereby avoid boundary
fitting as a competing least-squares objective. Lagaris et al. [41,42] proposed early hard-constraint neural network
formulations for rectangular and irregular domains, and McFall and Mahan [43] introduced length factors for exact
BC satisfaction on general boundaries. Berg and Nystrom [44] and Sheng and Yang [45] developed domain-aware
trial-function ansatze for complex geometries, while Dong and Ni [46] addressed periodic boundary constraints via
hard embedding. Sukumar and Srivastava [47] developed distance-function methods for exact BC imposition in deep
neural networks, including R-functions and TFI-based treatments of non-homogeneous data. Liu et al. [48] proposed a
unified hard-constraint framework that transforms Dirichlet, Neumann, and Robin conditions into analytically solvable
linear equations via extra fields, and Berrone et al. [49-51] provided a systematic comparison of boundary-enforcement
strategies in variational and collocation PINN formulations.

Leake and Mortari [52] introduced the Theory of Functional Connections (TFC) [53] for constrained function
approximation, and Schiassi et al. [54] combined TFC with ELM in the Extreme Theory of Functional Connections
(X-TFC) framework. Lu et al. [55] implemented hard constraints in the PINN setting by composing a distance function
with a neural network output plus a boundary-data function. More recently, De Falco, Schiassi, and Calabro [56]
proposed LSE-ELM, which enforces boundary constraints through equality-constrained least squares and extends the
X-TFC viewpoint to general-shaped domains, and Dong and Zhang [57] extended transfinite interpolation with TFC and
ELM to enforce Dirichlet, Neumann, and Robin conditions exactly on curved quadrilateral domains. These works show
that the ansatz L + D N itself is a well-established hard-constraint construction; from a complementary theoretical
angle, Xie et al. [58] recently provided a spectral analysis showing that boundary functions act as spatial modulators
reshaping the neural tangent kernel eigenspectrum. The present paper focuses on a different PIELM route: continuous
distance-function embedding within a closed-form random-feature least-squares solver, explicit constructions for
non-convex polygonal and curved domains, and a Gram-matrix diagnosis of the soft-constraint system.

This paper makes three contributions. (i) We give a Gram-matrix diagnosis of Soft-PIELM: the joint least-squares
solution is expressed as a matrix-weighted combination of the PDE-only and BC-only optima, and the associated
generalized eigenvalues identify directions in which boundary influence is weak. As a corollary of this analysis,
uniform row scaling is shown to preserve the spectral spread, motivating a structural rather than parametric remedy.



(ii) We formulate a distance-function Hard-PIELM workflow that embeds Dirichlet data continuously on 0f2 while
preserving the closed-form random-feature least-squares structure. The implementation uses four analytic constructions—
polygonal edge-distance products, implicit level sets, TFC spatiotemporal lifting, and TFI multi-field lifting—covering
the geometries and constraint types used in the experiments. (iii) We connect the construction to numerical evidence:
seven Dirichlet-type benchmarks use identical ELM bases and collocation sets for Soft and Hard PIELM, showing
lower boundary residuals and relative L? error reductions ranging from several-fold to seven orders of magnitude for
the hard formulation at comparable cost.

Section 2 analyzes the structural imbalance of Soft-PIELM from the Gram-matrix perspective. Section 3 presents the
Hard-PIELM framework, distance-function construction strategies, and approximation properties. Section 4 reports
numerical experiments on seven benchmark problems. Section 5 concludes with a discussion of limitations and future
directions.

2 Structural Imbalance of Soft-Constrained PIELM

2.1 Problem Formulation
Consider a boundary value problem on a domain © C R? with boundary 99

Llu]=f inQ, Blu] =g on 09, 2.1

where L is a p-th order (possibly nonlinear) differential operator and B is the boundary operator (Dirichlet type
throughout this paper). In the ELM framework [21], N hidden neurons generate the basis functions

¢j(x) = o(W; - x+bj), j=1...,N, (2.2)

where W; € R% and b; € R are randomly sampled and then fixed, and o denotes the activation function (0 = tanh
throughout). PIELM [30] adopts the trial function

N
us = ¢ (2.3)
j=1

and discretizes (2.1) at m p interior and m g boundary collocation points, yielding the stacked least-squares system

()= ()

where Ap € R™P*N has entries [£[¢;]](x™), Ag € R™2*N has entries [B[¢,;]](x;"), and 7p, 75 collect the
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right-hand-side values. Define the PDE and BC Gram matrices

Gp:=ALAp, Gp:=ALAp. (2.5)
The normal equation associated with (2.4) takes the form

(Gp+Gp)c* = Aprp+ Aprp. (2.6)

Equation (2.6) makes the bi-objective nature of the system transparent: the coefficient vector ¢ must simultaneously
minimize the PDE residual || Apc — rp||? and the BC residual || Agc — 75||?, and the least-squares formulation sums
these two terms without any weighting. The following theorem rewrites this competition in a form that separates the
PDE and boundary influences.

2.2 Weighted Decomposition Theorem

Theorem 2.1 (Weighted Decomposition). Suppose Gp + G p is invertible. Let cp := GJ[DA;T pandcp := GLAET B
denote the PDE-only and BC-only least-squares solutions, respectively. Then the joint minimizer c* of (2.4) satisfies

c* =I'pcp+TIpcs, 2.7
where the influence matrices
I'p:= (GP+GB)71GP, I'p:= (GP+GB)71GB (2.8)

satisfy Up +Tp = I. Let {(pi, ;) }Y, be the generalized eigenpairs of (Gp,Gg), i.e., Gpq; = 1;Gpq; with {q;}
G g-orthonormal. Then

Hi o — 1
1+Niq“ Bql_]-'f'/ii

I'pq; = qi- (2.9)



Proof. By definition, ALrp = Gpcp and Afrg = Gpcp. Substituting into the normal equation gives (G p +
Gp)c* = Gpep + Gpep. Left-multiplying by (Gp + G)~! yields (2.7)—(2.8). For the spectral characterization,
from Gpq; = u;Gpgq; we obtain (Gp + GB)%‘ = (1 + /Li)Gqu, whence ['pq; = (Gp + GB)_lGBqZ‘ = ﬁqi.
The identity I'p = I — I' g gives the first relation. O

Theorem 2.1 shows that the joint solution c* is a matrix-weighted average of cp and cp, with weights governed
by the generalized eigenvalues p;. In directions where p; > 1, the BC influence weight 1/(1 + ;) is small. The
influence matrices I'p and I' 5 depend only on Ap and Ap (the operator structure and collocation geometry), not on
the right-hand-side data rp, rp.

2.3 Three-Factor Driving Mechanism

Remark 1 (Three-factor mechanism for p; > 1). In typical PIELM configurations, ji; is driven well above unity by
three multiplicative factors. The following scaling is a heuristic order-of-magnitude estimate rather than a rigorous

bound: .

mp O
[y ~ 2P (2.10)
mp 0p

where mp/mp is the row-count ratio (Factor I), 6%/6% is the operator-order amplification (Factor II), and p; is
the spectral anisotropy (Factor III). Here 6 p and g should be read as representative row scales of the PDE and
boundary blocks, for example root-mean-square row norms after applying the corresponding operators to the same
ELM basis. Factor I reflects the row-count ratio: standard collocation schemes place mp > mp interior points, giving
PDE rows a numerical majority. For instance, with mp = 10,000 and mp = 256 (the Poisson 2D benchmark), this
factor alone contributes a ratio of approximately 39. Factor Il captures operator-order amplification: for a p-th order
operator, the PDE rows involve p-th derivatives of ¢; whose magnitudes scale as O(s?P) with the ELM weight scale
s, while Dirichlet BC rows involve ¢; itself at O(1). For the Laplacian (p = 2) with s = b, this factor is of order
s* = 625. Factor IIl encodes the spectral anisotropy: the eigenvalue distribution {1;} can be highly non-uniform, with
tmax/ min > 1 in high-frequency directions.

The three factors compound multiplicatively, suggesting large values of yu; in practice. In the L-shape Poisson
benchmark (n, = 5), the condition numbers of the Soft and Hard systems are both of order 1017, yet the Soft L2
error at N = 1000 is 3.46 x 10~'2 compared with Hard’s 2.42 x 10~ !°. In the wave benchmark, five constraint types
(PDE, two spatial BCs, displacement IC, velocity IC) contribute five blocks to the stacked system, and the combined
mp/mp ratio across all constraint rows exceeds 50. The resulting BC residual at N = 1000 remains at 5.56 x 1073,
qualitatively in line with the heuristic expectation of reduced boundary influence in the stacked fit.

2.4 TIrreparability of Row Scaling

The following observation shows that the simplest remedy—uniformly rescaling the PDE rows—cannot resolve the
spectral spread. The result is an elementary consequence of the homogeneity of generalized eigenvalues under scalar
multiplication; we state it explicitly to motivate the hard-constraint approach developed in Section 3.

Remark 2 (Uniform row scaling preserves spectral spread). If Ap is replaced by aAp for any a > 0, then: (i)
Wi — &2 for all i; (ii) fimax/fhmin IS strictly invariant; (iii) ker (G ) is unchanged. Consequently, no o > 0 can
make all p; simultaneously close to unity.

Proof. After scaling, Gp — oG p while G is unaffected. The generalized eigenvalue equation o?G pq; = (.G pg;
gives 11 = a?p; with identical eigenvectors, so ) .. /il . = fimax/ftmin- The null space ker(Gp) = ker(Ap)
depends only on Ap and is independent of Ap or a.

Remark 2 establishes that uniform scaling shifts all eigenvalues by the same multiplicative factor but leaves the
relative spread intact. Directions in ker(G ) (where p; = o0) receive zero BC influence regardless of scaling. This
result is deliberately limited to scalar row-block weights; more elaborate non-uniform or adaptive weighting strategies
change the algebraic problem and are outside the present analysis. The hard-constraint approach developed next
removes the boundary objective rather than attempting to tune its relative weight.

3 Hard-Constrained PIELM

3.1 Unified Hard-Constrained Ansatz

To remove boundary fitting from the least-squares objective identified in Section 2, we embed the boundary conditions
directly into the trial function. Define the Hard-PIELM ansatz

N

up(x) = L(x) + D(x) - Y _ ¢; ¢;(x), (3.1)

Jj=1



where L: Q — R is a lifting function satisfying B[L] = g on 0, and D: Q — R is a distance function satisfying
D(x) = 0forall x € 0 and D(x) > 0 for all x € Q. By construction, Blug ‘BQ = g for any coefficient vector c, so
the Dirichlet data are built into the trial space rather than fitted by optimization.

Substituting (3.1) into the PDE L[uy] = f and evaluating at m p interior collocation points yields an interior-residual
least-squares system

2
, 3.2)
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where [Ahd],. = L[D¢;|(x;) and f; = f(x;) — L[L](x;). Constructing A9 requires the differential operator
applied to the product D¢;. For £ = —A, the Leibniz rule gives

A(D ¢;) = (AD) ¢; +2VD -Vo; + D A¢;, (3.3)

where all three terms are computed from closed-form expressions of D and the tanh activation derivatives
Sj=1-0%, ¢ =-28;(1-¢)). (3.4)

Because every quantity in (3.3)—(3.4) admits a closed-form expression, no numerical differentiation or automatic
differentiation is required. For nonlinear PDEs of the form —Au + h(u) = f, we employ Picard iteration. At step k,
the nonlinear term is linearized around the previous iterate uy, yielding the linear system

—Auk+1 + h’(uk) Uk41 = f- h(uk) + h’(uk) Uk, 3.5)

which is solved using ansatz (3.1). Because uy | an = 9 exactly at every iteration, the boundary residual does not
propagate into the nonlinear coupling.
The complete Hard-PIELM workflow is summarized in Algorithm 1.

Algorithm 1 Hard-PIELM solver

Require: PDE operator £, source f, BC data g, domain {2
Requlre Neuron count [V, collocation points m p, activation o
: Construct distance function D and lifting function L (Strategies I-IV)
Precompute Dy ax; normalize D < D/ Dy, if needed
Generate random weights W; ~ U(—s, s), biases b; ~ U(—s, s)
Compute ELM basis ¢,(x;) = o(W; - x; + b;) at all collocation points
Compute derivatives Vo;, A¢; via (3.4)
Compute VD, AD analytically from the closed-form expression of D
Assemble [A%rd], = L]D ¢;](x;) via Leibniz rule (3.3)
Assemble f; = f(x;) — L[L](x;)
if PDE is nonlinear then

Initialize ug = L

fork=0,1,...,K —1do

°°\‘°\U‘4>"’N‘

—_ =
— e

12: Linearize via (3.5); update A% and f
13: Solve c**1) = arg min || A% ¢ — f|13
14: Setups1 =L+ DY g,

15: end for

16: else

17 Solve ¢* = argmin || A% ¢ — f]|3

18: end if

19: return uy = L+ D - Y cj¢;

3.2 Distance-Function Construction Strategies
The distance function D and lifting function L must satisfy: (C1) D € C?(Q); (C2) D > 0in Q and D = 0 on 0%;
(C3) all required derivatives of D admit closed-form expressions; (C4) B[L] = g on 02. We develop four construction
strategies.

Strategy I: Edge-distance products for polygonal domains. Let €2 be a polygon with n. edges, the i-th edge
described by the linear equation ¢;(x) = a;z + b;y + ¢; = 0 (oriented so that ¢; > 0 inside €2). Then

x) = [[t:(x) (3.6)
i=1



is a polynomial of degree n. vanishing on every edge. Since each ¢; is linear, A¢; = 0 and V¥¢; = (a;, b;) is constant.
The Laplacian of D can therefore be expanded as

AD =Y (Ve - Vi) ] 4, 3.7)
ik j#ik
which contains only constant inner products V/¢; - V{;, = a;a; + b;bx, multiplied by products of linear functions, all
computable in closed form. The gradient of D follows from the product rule as

vD=> V][]t (3.8)
i=1 J#i
This strategy covers rectangles (n. = 4), L-shaped domains (n. < 6), and pentagrams (n. = 10). For homogeneous
Dirichlet conditions, L = 0.
Strategy II: Implicit level sets for curved domains. When 952 is defined by a smooth implicit function F'(x) = 0
with F' > 0 inside §2, we set D = F directly. For instance, the five-petal flower domain used in Section 4.8 has

D =1—7°+Re[(z +iy)®], r=va?+y?, AD = —367%, (3.9)
where the last identity holds because Re[(z + iy)®] is harmonic. All derivatives are available in closed form.
Strategy III: Spatiotemporal TFC framework. For time-dependent PDEs with initial conditions (ICs) and boundary

conditions, D and L are constructed to satisfy all constraints simultaneously. For the wave equation on [0, 1] x [0, T]
with u(z,0) = ug(x), ur(z,0) =0, and u(0,t) = u(1,t) = 0, we set

L(z,t) = uo(z), D(z,t) = (1 —z)t% (3.10)
The factor (1 — x) enforces the spatial BCs, while ¢ ensures both D|;—g = 0 and D;|;—q = 0, satisfying the
displacement and velocity initial conditions. All partial derivatives of D required by the wave operator are available
analytically:
D, = (1-2x)t? Dy =—-2t> D;=2x(1-2)t,
Dtt=2x(l—x), th:2(1—2$)t
Strategy IV: Transfinite Interpolation (TFI) lifting. For non-homogeneous Dirichlet conditions on rectangular
domains [z, xp] X [ya, ys), the lifting function is constructed by Gordon—Hall TFIL:

L(z,y) = (1-&) g(xa,y) + E gy, y) + (1-7) g(x, ya) +1.9(x, yp)
_(1_5)(1_7])9(1}1,%1) —5(1—77)9(%,1/(1) (312)
— (1= g(@a,yp) — Eng(Tn, yp),

where £ = (x — z4)/(xp — 24) and n = (y — ya)/(Yp — ya)- After TFI lifting, D is constructed as in Strategy I for the
homogeneous residual. For multi-field systems such as Navier—Stokes (fields u, v, p), each field receives its own lifting
Lu7 Lv7 Lp

When n, is large, Diay := maxyeq |D(x)| can be very small (e.g., Dax = 7.94 x 107 for the pentagram with
n. = 10). To avoid ill-conditioning, we normalize D — D /D,y so that max |D| = 1; Dyax is precomputed on a
dense evaluation grid before assembling the system matrix.

@3.11)

3.3 Theoretical Advantages

Proposition 1 (Elimination of multi-objective competition). In the Hard-PIELM system (3.2), the boundary Gram
matrix satisfies Gg = 0, and consequently I'p = I, U'g = 0. All N degrees of freedom are devoted to minimizing the
PDE residual, and the BC residual is identically zero for any c.

This follows immediately from the absence of boundary rows in (3.2): Ag does not exist, so Gg = AEA =0,
and the influence matrix decomposition of Theorem 2.1 degenerates to ¢* = cp. No generalized eigenvalue p; arises,
eliminating the spectral imbalance at the algebraic level.

Proposition 2 (Conditional approximation-space decoupling). Assume that D € C?(2), D = 0 0on 0Q, D > 0 in (),
and that the quotient

gp ‘= (’LL* — L)/D
admits an L?(Q) extension with the regularity required by the ELM approximation space. Then the Hard-PIELM
approximation error satisfies

N
lun = ullpaa) <UDl gy - inf > eids —gp| (3.13)
=t L3(Q)
so the ELM basis approximates the quotient field gp rather than the full product Dgp.



Proof. For any coefficient vector ¢, write §p = Zjvzl cj¢j. Since ugp = L + Dgp and u* = L + Dgp almost
everywhere in €2, we have

ug —u" = D(gp — gp).
Taking the L2(2) norm and using | D(§p —gp)||z2 < [|D||z=|lgp —9p| > gives (3.13); minimizing over c completes
the argument. O

The quotient condition is a genuine regularity assumption: if D has higher-order zeros at corners or edge intersections,
the numerator 4™ — L must vanish to a compatible order for gp to remain smooth. Under this condition, Soft-PIELM
must approximate the product D - gp directly, simultaneously capturing both the polynomial zero structure of D and
the physical content of gp. In Hard-PIELM, the network approximates gp, with D supplied analytically by the trial
function.

Hard-PIELM also provides two stability benefits. First, D-weighted boundary suppression: the pointwise error
satisfies

lur (%) —u* (%) = |D(x)| - |9p(x) = gp(x)| = 0

as x — 092, (3.14)

so errors are automatically damped near the boundary. Second, Picard iteration boundary consistency: since uy, |a =
exactly at every iteration k, boundary mismatch is not carried into the nonlinear coupling through the iterates, recﬁlcing
one route by which Soft-PIELM errors can accumulate over K Picard steps.

Table 1 contrasts the structural properties of Soft-PIELM and Hard-PIELM.

Table 1: Structural comparison of Soft-PIELM and Hard-PIELM.

Soft-PIELM limitation

Hard-PIELM resolution

Supporting result

Multi-objective: p; > 1, BC sup-
pressed

Uniform row scaling cannot reduce
Soft spectral spread
Approximation mismatch when n,
is large

No boundary suppression; Picard er-
ror O(CK)

Gp = 0, single PDE objective

Boundary rows removed from the
Hard system
ELM approximates smooth gp only

D — 0 suppression; exact BC each
step

Prop. 1
Remark 2; Eq. (3.2)
Prop. 2

Eq. (3.1)

4 Numerical Experiments

4.1 Experimental Setup

We use a matched protocol throughout. The random seed is fixed at seed = 42 for every case. At each neuron count NV,
Soft-PIELM and Hard-PIELM use the identical random weight matrix W and bias vector b (and hence the same ELM
basis functions), the same interior collocation set, and the same boundary collocation set. The sole difference is the
constraint strategy: Soft appends BC rows to the least-squares system, while Hard embeds BCs through the ansatz (3.1).
Two sweep protocols are employed: (i) neuron sweep—fix the number of interior collocation points Nj, and vary N;
(ii) collocation sweep—fix N and vary Nj,. Errors are evaluated on independent test grids distinct from the training
collocation set. The four metrics reported throughout this section are defined as follows. The relative L? error measures
the overall accuracy of the predicted solution:

Hupred - uref”Q

4.1)
||uref||2

€r2 =

where the norms are computed over the test grid. The PDE residual and BC residual quantify the point-wise satisfaction
of the governing equation and boundary conditions, respectively:

Nint Nbd
1 test 9 1 test 9
TPDE = A\| ~omi Z ‘L’[Upred}(xi) — f(xi)|", TBC = | ~pa Z ‘upred(xj) - Q(Xj)‘ .42
Ntest i=1 Ntest j=1
The error ratio compares the relative L? errors of Soft-PIELM and Hard-PIELM:

ei%ft

R = 1. 4.3)
ers



Table 2: Summary of seven benchmark cases at N = 1000 (Kovasznay at N = 500; see text). PDE-res and BC-res
ratios are Soft/Hard (>1 means Hard is better). L? ratio is Soft/Hard.

Benchmark Domain D-strategy n. PDE-resratio BC-resratio BestHard L? L2 ratio
Helmholtz 1D (0,2) Lifting + edge 2 2.1 o 3.95x 10713 73
Poisson 2D [-1,1]? Edge product 4 122 1.4x 105 5.35x 10714 147
L-shape Poisson L-shape Polynomial 5 85 4.4 x10* 242 x107% 1430
Kovasznay flow Rectangle TFI + edge 4 46 1.2x 10 7.46x1078 206
Wave 1D Spatiotemporal TFC 4 52 2.3 x 10 201 x107% 1.2x10°
Pentagram NL react. Pentagram Edge product 10 1.2x10°  1.6x10% 9.02x 107 1.0 x 107
Flower NL react. Five-petal flower  Level set 6 112 8.0x 10 3.30x 10714 3720

A value R > 1 indicates a lower Hard-PIELM error in the reported metric. The implementation is written in JAX, and
all computations use float64 arithmetic on a single NVIDIA RTX 4090 GPU.

Table 2 provides an overview of the seven benchmark problems and their key metrics at the listed neuron configura-
tions.

The seven cases exercise edge products on convex and non-convex polygons, implicit level sets on a curved domain,
and TFC/TFI liftings for spatiotemporal and multi-field constraints. Larger L? ratios occur in cases with higher-degree
distance functions, multiple constraint types, or Picard linearization. The following subsections describe each case in
detail.

4.2 Helmholtz 1D — Non-Homogeneous Dirichlet
Consider the one-dimensional Helmholtz equation
v —Kru=f, x€(0,2), k*=10, u(0)=go, u(2)=gi, (4.4)

with reference solution u(x) = sin(3wx +37/20) cos(2mx +7/10) + 2 and the source term f computed by substitution.
The boundary values go = u(0) and g; = u(2) are non-homogeneous. For the Hard ansatz, the lifting and distance
functions are

L(z) =(1-2/2) g0 + (/2) g1, D(z) =z(2 — x), 4.5)
giving n. = 2. Interior collocation uses Nj,; = 10,000 uniform random points; the ELM weight scale is s = 5.

Table 3: Helmholtz 1D neuron sweep (Vs = 10,000).
N  Soft PDE-res Hard PDE-res Soft BC-res Hard BC-res Soft .2 Hard L? Ratio

10 8.12e+01 8.24e+01 9.27e+01 0 1.79e+01  2.35e—01 76
50 2.47e-02 9.24e—-03 7.17e—05 0 1.65e—05 6.98e—06 24
200 2.75e—08 5.26e—08 1.64e—10 0 5.15e—11 1.52e—11 34
1000 9.48e—10 4.45e—10 4.80e—12 0 2.87e—12 3.95e—13 7.3

Table 3 reports the results of the neuron sweep. The lifting-plus-distance construction gives zero boundary residual
atevery N. At N = 10, the Soft system must fit the two non-homogeneous boundary values with very few degrees
of freedom, producing an L? ratio of 76. For N = 50-1000, both methods converge rapidly and Hard remains lower
in relative L? error by factors from 2.4 to 7.3. The condition numbers are both of order 10'¢ (Soft: 3.16 x 10°,
Hard: 2.20 x 10'°), indicating that the gain is not simply a conditioning effect. The lifting function L absorbs the
non-homogeneous boundary data, so the ELM basis in the Hard system approximates only the residual interior structure.
The monotonic growth of the L? ratio with N reflects the increasing dilution of the two boundary equations in a system
whose PDE block grows with V. The pointwise error distribution is shown in Figure 1; Hard errors are roughly uniform
across the domain, whereas Soft errors peak near the boundaries. Both methods achieve spectral-like decay (Figure 2),
but the Hard curve lies consistently below the Soft curve.

4.3 Poisson 2D — Homogeneous Dirichlet

We solve —Au = f on [—1,1]? with homogeneous Dirichlet BCs and reference solution u = sin(rx) sin(ry). Here
the distance function is a degree-four polynomial and the soft system contains many more interior than boundary rows.
The Hard ansatz uses D(x,y) = (1 — 2?)(1 — y?) (n. = 4) and L = 0. The collocation set contains Nj,; = 8192
interior and 4 x 64 = 256 boundary points.

The neuron sweep results are listed in Table 4. Hard-PIELM gives BC residuals of 8.66 x 10717 across all N, while
the Soft BC residual decreases from 2.77 x 10~! at N = 50 to 1.17 x 10~ !! at N = 1000. The PDE residual ratio
grows from 1.8 to 122 over the same range, and the L? ratio is 147 at N = 1000. With mp/mp = 8192/256 = 32,
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Figure 2: Helmholtz 1D convergence studies.

Table 4: Poisson 2D neuron sweep (Vi = 8192).

N SoftPDE Hard PDE PDEratio Soft BC Hard BC  Soft L2 Hard L2 L2 ratio
50 7.83e—01 4.41e—01 1.8 2.77e—01 8.66e—17 2.82e—01 7.40e—03 38
200 5.29e¢—03 3.51e—-04 15 847e—04 8.66e—17 6.39e—04 2.45¢—06 261
500 1.13e—06 3.56e—08 32 5.86e—08 8.66e—17 3.44e—08 1.26e—10 273
1000 1.79¢—09 1.47e—11 122 1.17e—11 8.66e—17 7.86e—12 5.35¢—14 147




the row-count ratio already pushes the generalized eigenvalues well above unity; combined with second-derivative
amplification from the Laplacian, the boundary block carries limited weight in the Soft normal equation. The increasing
PDE ratio with NV reflects that additional neurons add degrees of freedom devoted entirely to interior accuracy in the
Hard system, while the Soft system must allocate part of this capacity to boundary approximation. The log-ratio error
map in Figure 3 shows that the Soft—-Hard discrepancy is distributed throughout the domain interior rather than being
confined to the boundary. Convergence behavior is reported in Figure 4.
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Figure 3: Poisson 2D benchmark (N = 2000, Ni,s = 10,000). (a) Reference solution. (b) Log-ratio map
logyo(|esott|/|emaral)- (c,d) Pointwise absolute errors on a common logarithmic color scale.
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Figure 4: Poisson 2D convergence studies.

4.4 L-Shape Poisson — Non-Convex Domain

The Poisson equation —Au = f is solved on the L-shaped domain Q = [—1,1]%\ [0,1]? with « = 0 on 99 and
reference solution u = sin(wz) sin(my). The L-shape has six boundary segments requiring 384 boundary collocation

10



points. The Hard distance function is D(x,y) = xy (1 — 22)(1 — y?), a polynomial of degree n. = 5 that vanishes on
all boundary segments. The ELM weight scale is s = 3; Nj,, = 10,000.

Table 5: L-shape Poisson neuron sweep (N, = 10,000).

N Soft PDE  Hard PDE PDEratio Soft BC Hard BC  Soft L2 Hard L2 L2 ratio
100 6.90e—02 1.94e—03 36 2.02¢e—02 7.04e—17 1.80e—02 1.04e—05 1730
500 1.13e—07 3.42e—10 330 5.12¢—09 7.04e—17 4.86e—09 7.99¢—13 6079

1000 6.32e—11 7.47¢e—13 85 3.10e—12 7.04e—17 3.46e—12 2.42e—15 1430

Table 5 presents the results. The non-convex geometry introduces 384 boundary collocation points across six
segments in the Soft system, while the Hard system uses the polynomial distance factor D = zy(1 — 22)(1 — 3?).
At N = 100, the L? ratio is 1730; at N = 500, it exceeds 6000. At N = 1000, the reported relative L? error of
Hard-PIELM is 2.42 x 10~ on the evaluation grid. Compared with the convex Poisson benchmark (L2 ratio 147 at
n. = 4), the L-shape ratio increases to 1430 at the same /N = 1000. Two factors contribute: the higher polynomial
degree (n. = 5 versus 4) makes the Soft basis work harder to represent the boundary zero structure, and the additional
128 boundary points further dilute the relative BC weight in the stacked normal equation. Near the re-entrant corner at
the origin, D vanishes as O(zy), creating a second-order zero; however, because the reference solution sin(7z) sin(my)
also vanishes as O(xy) at the origin, the quotient g remains smooth and Proposition 2 applies without requiring local
enrichment. The pointwise error maps in Figure 5 show that the Soft error concentrates along the boundary segments
and is elevated near the re-entrant corner, whereas the Hard error is uniformly small throughout the interior (see also
Figure 6).
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Figure 5: L-shape Poisson benchmark (N = 3000, Ni,, = 10,000). (a) Reference solution on [—1,1]% \ [0, 1]2. (b)
Log-ratio map. (c,d) Pointwise absolute errors on a common logarithmic color scale.

4.5 Navier-Stokes Kovasznay Flow

The steady incompressible Navier—Stokes equations are considered:

u-Vu+ Vp—vAu=0, V-u=0. (4.6)

11



Relative L2 error

—O— Soft PIELM

—{ Hard PIELM ||

Nint = 10000 (fixed) -

2

10 10°

Number of neurons N

(a) Neuron sweep: relative L? error vs. N at fixed Nipe =

10,000.

Relative L2 error

i —O— Soft PIELM ||
- ~~ Hard PIELM H

EN =2000 (fixed)

N = 2000.

10"
Number of collocation points Ny

(b) Collocation sweep: relative L? error vs. Nin at fixed

Figure 6: L-shape Poisson convergence studies.

These equations are solved on [—0.5,1.0] x [—0.5,1.5] at Reynolds number Re = 40 (v = 1/Re). The Kovasznay
reference solution is

A

2 x
V= —¢€
oy ),

1
u=1— e cos(2my), Tsin(2my), p= 5(1 —e 4.7
where A = Re/2 — \/Re?/4 + 4mn2. Non-homogeneous Dirichlet BCs for all three fields are imposed on all boundaries
via TFI lifting (Strategy IV, Eq. (3.12)), with D = (x — z4)(zs — 2)(y — Ya)(yp — y) (ne = 4). Each field (u,v,p)
receives its own lifting function L,,, L,,, L, constructed from its boundary data. The nonlinearity is handled by Picard

iteration (40 steps). The ELM weight scale is s = 5; Ny, = 5000; 32 points per boundary edge.

Table 6: Navier—Stokes Kovasznay neuron sweep (N, = 5000).

N Soft PDE Hard PDE PDEratio Soft BC Hard BC  Soft L2 Hard L2 L2 ratio
20 2.95e—02 2.46e—01 0.12 5.11e—01 1.53e—16 6.78¢—01 6.34e—02 11
100 3.86e—02 6.05e—03 6.4 2.19e—01 1.53e—16 3.07e—01 3.95e—04 777
200 9.43e—03 1.90e—04 50 3.61e—02 1.53e—16 6.99¢—02 8.08e—06 8653
500 1.02e—04 2.23e—06 46 191e—05 1.53e—16 1.53e—05 7.46e—08 206

As shown in Table 6, TFI lifting keeps the combined boundary residual at 1.53 x 10~1° for the three-field Hard
system. The Soft BC residual is 5.11 x 10~! at N = 20 and remains 2.19 x 10~ at N = 100. The L? ratio reaches
8653 at N = 200 and is 206 at N = 500. Each of u, v, and p receives its own TFI boundary extension before the
homogeneous distance factor is applied. At N = 20, the Soft system has a smaller PDE residual but much larger
boundary error—a direct illustration of the PDE-BC trade-off. Over 40 Picard iterations, boundary mismatch in the
Soft iterates enters each subsequent right-hand side through the nonlinear advection term, compounding the residual;
Hard-PIELM avoids this because u|sq = ¢ at every step. The three-field error maps in Figure 7 reveal that boundary
mismatch propagates to all three fields through the Picard coupling. Figure 8 reports the convergence studies.

4.6 Wave Equation 1D — TFC Multi-Constraint
The one-dimensional wave equation

B 1
o 16w2’

is solved with initial conditions u(z, 0) = sin(4wx), u:(x,0) = 0 and homogeneous Dirichlet BCs u(0,t) = u(1,t) =
0. The Hard ansatz uses L(z,t) = sin(4rx) and D(z,t) = (1 — z) t* (Strategy III, n. = 4), which simultaneously
satisfies both ICs and both BCs. The Soft system must accommodate five constraint types (PDE + 2 BCs + 2 ICs),
making this case a direct test of the multi-constraint setting. Vi, = 10,000.

Table 7 records the results. This case tests the TFC component because the ansatz must satisfy two spatial BCs,
displacement IC, and velocity IC simultaneously. At N = 1000, the Soft BC residual is 5.56 x 102 and the Soft L?
error is 2.36 x 1073, while Hard gives L? = 2.01 x 108 with IC and BC residuals at zero or roundoff level. The Hard

U = € Uz, (z,t) € [0,1] x [0,2], 2

(4.8)
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Figure 8: Navier—Stokes Kovasznay convergence studies.

Table 7: Wave equation 1D neuron sweep (N = 10,000).
N SoftPDE Hard PDE Soft BC  Hard BC  SoftIC Hard IC  Soft L2 Hard L2 L2 ratio

200 3.12e—02 1.92e—02 5.96e—01 245e—16 8.00e—03 0 3.38¢e—01 7.72e—03 44
500 2.42e—04 1.44e—05 1.77e—02 245e—16 4.34e—05 0 6.84e—03 3.99¢e—06 1713
1000 9.68e—06 1.87e—07 5.56e—03 2.45e—16 6.02e—07 0 2.36e—03 2.01le—08 1.2 x 10°
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IC residual is zero because the distance function and its time derivative both vanish at ¢ = 0:
D(z,0)=z(1—2)-0>°=0 = wug(z,0) = L(x,0) = up(x),
Dy(z,0)=2z(1—2)-0=0 = OJug(z,0) = 0:L(x,0)=0.

The wave equation shares n. = 4 with the Poisson 2D benchmark, but the additional IC constraints make the Soft
system a five-block least-squares fit rather than a simple PDE-BC fit. Consequently, the L? ratio at N = 1000 is
1.2 x 10°—three orders of magnitude larger than the Poisson 2D ratio of 147 at the same n,—because the IC rows
further inflate the total row count mp + mp while contributing objectives that are structurally different from the PDE
residual. The spatiotemporal error map in Figure 9 shows that the Soft error grows with increasing ¢: at ¢ = 0 both
methods start from the prescribed IC, but as ¢ advances the Soft solution accumulates phase and amplitude errors
that the Hard solution avoids because its constraint structure is enforced analytically for all ¢. The neuron sweep and
collocation sweep in Figure 10 confirm that the Hard curve converges monotonically, whereas the Soft curve plateaus at
large N due to the persistent BC residual floor.

(4.9)
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Figure 9: Wave 1D benchmark (N = 3000, Niyy = 10,000). (a) Reference solution on [0, 1] x [0, 2]. (b) Log-ratio
map. (c,d) Pointwise absolute errors on a common logarithmic color scale.

4.7 Pentagram Nonlinear Reaction

We solve the nonlinear reaction—diffusion equation
—Au+ud=f (4.10)

on a regular pentagram domain €2, with 10 edges and homogeneous Dirichlet BCs. The distance function is the product
of signed distances to all ten edges,

D = Hgi; Dnorm = D/DmaX7 Ne = 107 (41])

and the reference solution is u = Dypm - €Y. The Diyay for this geometry is 7.94 x 1076, necessitating normalization.
The cubic nonlinearity is handled by 30 Picard iterations. The ELM weight scale is s = 3; Niy; = 10,000.

Table 8 gives the largest separation among the reported benchmarks. The Soft basis must represent the degree-ten
boundary zero structure directly, whereas Hard-PIELM inserts this structure analytically through D. At N = 50, the
Soft L? error is 3.15 x 10!, while Hard gives 5.57 x 107°. At N = 200, the L? ratio is 3.7 x 10%; at N = 1000,
it remains 1.0 x 107. The PDE residual ratio exceeds 10° across all listed N, and the Picard iteration provides an
additional pathway for Soft boundary error to affect the interior solve. The extreme separation here has a specific
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Table 8: Pentagram nonlinear reaction neuron sweep (Vi = 10,000).

N SoftPDE Hard PDE PDEratio Soft BC  Hard BC  Soft L? Hard L? L? ratio

50 2.43e+04 338e—02 7.2x10° 2.10e+01 5.67e—34 3.15e+01 5.57e—05 5.7 x 10°
200 2.37e+00 1.56e—06 1.5 x 10 6.37e—01 3.81e—38 5.18¢e—01 1.40e—09 3.7 x 10%
500 1.16e—04 6.7le—11 1.7 x10° 1.01e—05 2.12e—42 7.17e—06 2.76e—14 2.6 x 10®
1000 3.32e—06 2.8le—11 1.2x10° 1.25¢e—07 7.80e—43 9.15e—08 9.02e—15 1.0 x 107

algebraic origin: with D, = 7.94 x 1075, the unnormalized D values inside the pentagram are tiny, so the Soft basis
must approximate a function that is O(10~°) in the interior while simultaneously vanishing on the boundary—a task
that random tanh features are poorly suited for without explicit polynomial structure. After normalization, the Hard
quotient gp = u*/Dyorm is simply €*T¥, a smooth function that the ELM basis approximates efficiently. Moreover,
because the cubic nonlinearity couples each Picard iterate through the linearized term h’(uy,) ug1, boundary errors in
the Soft iterates propagate into subsequent right-hand sides, providing an additional amplification route that is absent in
the linear benchmarks. The pointwise error map in Figure 11 confirms that the Soft error is concentrated along the
narrow arms of the pentagram where D is smallest. Figure 12 shows the convergence trends.

4.8 Flower Domain Nonlinear Reaction

The nonlinear equation
—cAu+u?=f, (4.12)
is solved on a five-petal flower domain 2g,yey With curved boundary and homogeneous Dirichlet BCs. The reference

solution is u = Dyorm - 1Y, where D = 1 — % + Re|[(z + iy)®] is a level-set function (Strategy II, effective n. = 6).
Picard iteration (30 steps) handles the u? nonlinearity. Ni,; = 10,000; s = 3.

e=1,

Table 9: Flower domain neuron sweep (N, = 10,000).

N Soft PDE Hard PDE PDEratio Soft BC Hard BC  Soft L2 Hard L2 L2 ratio
100 7.53e—01 5.07e—03 149 3.45e—01 1.14e—17 1.22e—01 5.85e—06 2.1 x 10%
500 4.39e—06 8.75e—10 5020 4.96e—07 1.25¢—24 1.11e—07 6.0le—13 1.8 x 10°

1000 6.66e—09 5.97e—11 112 7.0le—10 8.75¢—26 1.23e—10 3.30e—14 3720

Table 9 complements the pentagram benchmark by replacing edge products with the level-set function D =
1 — 75 + Re[(x + iy)®], for which AD = —36r? because the harmonic term vanishes under A. The Hard BC residuals
range from 1.14 x 10717 at N = 100 to 8.75 x 10725 at N = 1000, and the L? ratio ranges from 3720 to 1.8 x 10°.
The pentagram and flower cases have very different D, ., values (7.94 x 106 and 1.067, respectively), but both
are handled by the same normalization step and quotient approximation viewpoint. This comparison reveals that the
dominant factor in the Soft—Hard gap is the complexity of the boundary zero structure rather than the magnitude
of D: the flower has D ,,x ~ 1 yet still shows a four-order ratio, because the Soft basis must capture the five-fold
rotational symmetry of D near the petals. A distinctive feature of the level-set construction is that the Leibniz cross
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term 2V D - V¢; contributes anisotropically—the gradient V D rotates around the boundary curve, probing different
directional components of each basis function. Figure 13 shows that the Soft error peaks at the petal tips where D varies
most steeply, while the Hard error remains below 10~ '3 uniformly. Convergence curves are given in Figure 14.
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Figure 13: Flower domain nonlinear reaction benchmark (N = 2000, Nj,y = 10,000, 30 Picard iterations). (a)
Reference solution on the five-petal flower domain. (b) Log-ratio map. (c,d) Pointwise absolute errors on a common
logarithmic color scale.
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Figure 14: Flower domain nonlinear reaction convergence studies.

4.9 Computational Cost

Table 10 reports the wall-clock times for the listed neuron-sweep configuration in each benchmark.
The Hard-to-Soft time ratios range from 0.88 (Poisson 2D) to 1.15 (wave equation, where the D¢; product expansion
adds marginal cost to each Picard-free linear solve). In five of the seven cases, Hard is faster than Soft, because Soft’s
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Table 10: Computational cost comparison at the listed neuron-sweep configuration.

Benchmark Soft time (s) Hard time (s) Hard/Soft
Helmholtz 1D 1.80 1.61 0.89
Poisson 2D 3.42 3.01 0.88
L-shape Poisson 4.39 4.34 0.99
Kovasznay flow 820.9 835.0 1.02
Wave 1D 6.75 7.75 1.15
Pentagram NL react. 160.4 154.0 0.96
Flower NL react. 33.65 30.66 0.91

system matrix has mp additional rows. The dominant expense is the least-squares solve via SVD, whose complexity is
Soft: O((mp+mp)N?),  Hard: O(mp N?). (4.13)

For the nonlinear cases, the Picard iteration cost dominates: the Kovasznay benchmark requires 40 iterations of a
three-field system (~ 835 s), while the pentagram requires 30 iterations with a single field (~ 154 s). Once D and its
analytic derivatives are available, the hard formulation has a comparable wall-clock cost to the soft formulation in these
benchmarks.

5 Conclusions

This paper has developed a hard-constrained formulation for physics-informed extreme learning machines in which
Dirichlet boundary data are incorporated directly into the trial function through a lifting term and a boundary-vanishing
distance function. The analysis identifies a structural imbalance in the conventional soft-constrained least-squares
system: boundary rows and interior residual rows compete within a single coefficient solve, and this competition can
weaken boundary influence along directions dominated by the PDE block. The proposed formulation removes this
competition while retaining the one-shot random-feature least-squares structure of PIELM. It also provides practical
distance-function constructions for polygonal, curved, spatiotemporal, and multi-field Dirichlet settings. Across seven
benchmark problems with identical random bases and collocation layouts, the hard-constrained solver achieves zero or
roundoff-level boundary residuals, consistently reduces relative errors, and maintains comparable computational cost.

The present framework is nevertheless limited to Dirichlet-type constraints. Extensions to Neumann or Robin
conditions would require additional constraint mechanisms, such as mixed hard—soft formulations or factors designed to
control derivative traces. The effectiveness of the method also depends on the regularity of the quotient field induced by
the distance-function representation. Corner singularities, boundary layers, non-smooth boundary data, or non-smooth
distance functions at edge intersections may reduce the achievable approximation quality unless local enrichment or
partition-of-unity corrections are incorporated. In higher spatial dimensions, analytic distance-function construction
can become difficult because edge-product representations grow in algebraic complexity and closed-form implicit
descriptions may not be available.

Future work will focus on extending the formulation to more general boundary conditions, developing automated
distance-function construction for complex geometries, and combining the hard-constrained PIELM framework with
adaptive collocation and rank-revealing linear solvers for higher-dimensional and singular problems.
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