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Abstract

Heatwaves are a major climate hazard in arid environments, affecting public
health, infrastructure, energy demand, and environmental sustainability. This
study develops a reduced-order, physics-based spatiotemporal framework for
regional temperature reconstruction and heatwave analysis, using the United
Arab Emirates as a case study. The framework is derived from an advection—
diffusion heat-transport equation, while the implemented model adopts a reduced
diffusion—forcing formulation driven by ERAB-derived surface solar radiation,
sensible heat flux, and near-surface specific humidity. The model is solved on
a structured grid using finite-difference discretisation and evaluated primarily
through one-step reconstruction over a chronologically held-out test period. Heat-
waves are identified using location-specific 90*®-percentile thresholds estimated
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exclusively from training-period temperatures, together with a minimum dura-
tion of three consecutive days. The one-step reconstruction achieves an R? of
0.956, RMSE of 1.18°C, and MAE of 0.83°C; duration-based heatwave detection
yields an Fl-score of 0.843 and accuracy of 94.2%. A supplementary recursive
experiment under prescribed ERAS5 forcing and reference-based boundary condi-
tions shows increasing error with integration horizon, with R? decreasing from
0.875 at 3 days to 0.761 at 30 days and RMSE increasing to 2.76°C. These results
demonstrate that a parsimonious diffusion—forcing PDE can reproduce dominant
regional temperature patterns and sustained heatwave behaviour while exposing
the accumulation of structural error under recursive integration. The framework
provides a reproducible baseline for future extensions involving explicit advection,
irregular-domain discretisation, prognostic forcing, and hybrid physics—learning
models.

Keywords: Heatwave dynamics, Heatwave persistence, Partial differential equations,
Reduced-order modelling, Climate reanalysis, Arid environments

1 Introduction

Heatwaves are sustained periods of anomalously high temperature relative to local cli-
matological conditions. Percentile-based thresholds combined with persistence criteria
are widely used because they accommodate regional climatic differences and distin-
guish persistent events from isolated hot days (Perkins and Alexander, 2013; Robinson,
2001; Nairn and Fawcett, 2013). Extreme heat has important consequences for pub-
lic health, labour productivity, infrastructure and energy systems (Kovats and Ebi,
2006; Gasparrini and Armstrong, 2011; Campbell et al., 2018; Arbuthnott and Hajat,
2017; Zuo et al., 2015), and its frequency, intensity and duration have increased in
many regions under anthropogenic climate change (Guo et al., 2018; Lhotka et al.,
2018; Liu et al., 2024). Arid and semi-arid regions are particularly exposed because
strong radiative loading, sparse vegetation, dry land surfaces, coastal humidity gradi-
ents and rapid urbanisation interact to produce severe and persistent thermal stress.
Urban expansion can further alter local heat storage and heatwave intensity through
the urban heat-island effect (Lemonsu et al., 2015; Imran et al., 2019).

The United Arab Emirates (UAE) provides a relevant testbed for regional heatwave
modelling. Its relatively compact domain combines extensive desert, major coastal
cities, two coastlines and eastern mountainous terrain, producing substantial spatial
variability in near-surface temperature. Regional climate projections for the Middle
East and North Africa indicate further increases in maximum temperature and per-
sistent heatwaves under future warming (Varela et al., 2020). Physically interpretable
methods that can reproduce regional temperature evolution and persistent extreme
heat are therefore useful for climate-risk assessment and as a foundation for subse-
quent adaptation-oriented modelling and climate services (Brimicombe et al., 2021;
Vanderplanken et al., 2021).

Existing heatwave studies span empirical indices, statistical trend analysis, health-
risk mapping and surveillance, data-driven prediction, and comprehensive atmospheric
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modelling (Michelozzi et al., 2010; Buscail et al., 2012; Perkins, 2015). Statisti-
cal and machine-learning approaches can provide strong predictive performance but
may offer limited direct interpretation of heat-transport mechanisms (LeCun et al.,
2015; Reichstein et al., 2019; Karpatne et al., 2017). Conversely, numerical weather-
prediction and regional climate models resolve substantially more atmospheric physics
but require greater computational resources, complex boundary conditions and exten-
sive parameterisation (Powers et al., 2017; Skamarock et al., 2019). This leaves a useful
intermediate modelling scale for reduced-order, physics-based frameworks that retain
a transparent connection between measurable environmental forcing and temperature
evolution.

This study asks whether the dominant spatiotemporal evolution of daily near-
surface temperature and persistent heatwave behaviour can be represented by a
parsimonious heat-transport model driven by meteorological forcing. We derive a gen-
eral advection—diffusion formulation and implement a reduced diffusion—forcing PDE
in which environmental forcing is constructed from ERA5-derived surface solar radi-
ation, sensible heat flux and near-surface specific humidity. The model is calibrated
chronologically, solved on a structured grid, and evaluated using a held-out test period.
The primary experiment is a conditional one-step reconstruction that assesses the
local behaviour of the heat-transport operator under prescribed initial and boundary
conditions; a recursive multi-step experiment quantifies structural error accumulation
when the interior state is propagated for up to 30 days.

The principal contributions are: (i) a physically interpretable reduced-order
formulation linking regional temperature tendency to diffusive redistribution and
measurable environmental forcing; (ii) a transparent finite-difference implementation
using processed ERA5-derived data at 48 fixed spatial locations; (iii) a leakage-
controlled evaluation using chronological training, validation and held-out test subsets,
training-only heatwave thresholds, pointwise and spatial diagnostics, and forcing-only
comparison; and (iv) a recursive multi-step assessment that clarifies the capability
and limitations of the reduced formulation beyond daily reinitialisation. The objec-
tive is not to replace operational forecasting systems, but to establish a reproducible
intermediate-scale model that can be extended to explicit advection, heterogeneous
transport coeflicients, irregular domains and physics-informed learning.

2 Physics-Based Heat-Transport Model

2.1 Governing formulation

Let T(x,t) denote near-surface air temperature over a horizontal domain Q C R2
where x = (z,y). A reduced local conservation statement for thermal energy is

orT
EZfV'J+Q(X7t)7 (1)
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where J is the horizontal heat-flux vector and @ is an effective environmental forcing
expressed as a temperature tendency. Decomposing J = Jqig + Jaqv, with

Jaig = —a(x,t)VT, Joav = v(x, )T, (2)
and assuming locally incompressible horizontal flow gives

%—f =V (aVT) —v-VT + Q(x,1). (3)
Here « is an effective turbulent diffusivity and v is horizontal wind velocity. The
diffusion term represents unresolved turbulent redistribution of thermal energy over
the spatial scale of the model rather than molecular heat conduction. The advec-
tion term represents directional transport by the resolved horizontal circulation, while
Q represents the aggregate temperature-tendency contribution of the environmental
forcing. Equation (3) is therefore a reduced convection—diffusion representation rather
than a complete atmospheric model; unresolved vertical structure, turbulent closure,
land-surface exchange and mesoscale circulation are represented only indirectly.

The general formulation is useful because it separates three physically dis-
tinct mechanisms—Ilocal temperature tendency, spatial redistribution and directional
transport—while remaining computationally tractable. In the present study, however,
the objective is narrower: to determine how much of the daily regional tempera-
ture evolution can be reconstructed from diffusion plus measurable forcing before
introducing additional transport complexity. The present implementation therefore
deliberately omits explicit horizontal advection in order to isolate the contributions of
diffusive redistribution and measurable environmental forcing. The implemented PDE

is therefore

aT
For the daily implementation, @) has units of temperature tendency. The omission of
advection is a modelling simplification, not an assumption that advective transport is
physically unimportant; its consequences are evaluated through residual and recursive

analyses and discussed in Section 6.

2.2 Environmental forcing and physical interpretation

The environmental forcing is represented conceptually as

Q(x,t) = Ble(x, t) + BQH(X, t) — ng(x,t), (5)

where R, denotes incoming surface solar radiation, H denotes sensible heat flux under
an upward-positive convention, and g denotes near-surface specific humidity. The coef-
ficients 3; are effective scaling parameters rather than fundamental physical constants.
Surface solar radiation provides the radiative heating predictor; H represents land-
to-atmosphere sensible heat exchange under the adopted upward-positive convention;
and specific humidity is used as a moisture-related predictor rather than as an explicit
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latent-heat-flux term. Because the three predictors have different units and are mutu-
ally correlated, the operational implementation standardises them before fitting and
interprets the resulting coefficients as effective temperature-tendency weights. The
forcing is therefore a calibrated reduced-order representation of the net influence of
these predictors on daily temperature tendency, not a closed surface-energy balance.
Unresolved effects such as land-cover heterogeneity, urban processes, soil-moisture
feedbacks and coastal circulations remain potential sources of residual structure.
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Fig. 1 Relative absolute contributions of the diffusion and forcing terms to the reduced-order PDE
during the held-out reconstruction period.

Figure 1 shows that the calibrated forcing dominates the daily temperature ten-
dency, while diffusion contributes a smaller but seasonally varying share. This finding
motivates the explicit forcing-only comparison in Section 5.1 and cautions against
interpreting the diffusion parameter as strongly identified from one-step reconstruction
alone.

2.3 Heatwave definition

Let Tiet,j(t) denote the daily reference temperature at evaluation location j. The
location-specific heatwave threshold is estimated exclusively from the training period:

To0,5 = Qo0.90 [Tret,j(t) : t € Terain) » (6)

where Qggo denotes the empirical 90" percentile. For either the reference or
reconstructed series T;(¢), an instantaneous exceedance is

E;(t) = 1[T;(t) > Too,] - (7)

A duration-based heatwave indicator marks every day belonging to an exceedance run
lasting at least di, = 3 consecutive days:

W;(t) =13Fa,b: a<t<b, b—a+12>dnmn, Ej(s)=1Vse {a,...,b}]. (8)
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The same fixed threshold Ty ; is applied to the reference and reconstructed series.
This prevents test-period leakage and ensures that classification differences arise from
reconstruction error rather than from different threshold definitions.

3 Numerical Framework

3.1 Grid, spatial discretisation and time integration

The processed dataset contains daily values at 48 fixed spatial locations. These point-
wise variables are interpolated onto an 80 x 60 regular grid before the PDE is solved.
On this grid, the diffusion operator is approximated using the standard five-point
central-difference Laplacian,

Tivr; =20+ Ticny  Tijin =210+ Tija

2
T, =
ViTi; Ax? Ay?

9)
The reduced model is advanced using explicit forward Euler integration,
n+l _ qmn 2 n
Ty =Ti; + At (VAT + FT5 ], (10)

where F' is the implemented forcing field defined in Section 4.2. For constant a, a
sufficient two-dimensional diffusion-stability condition is

1 1 1
aAt | — + — ] < =,
t(A:z? AyQ) 2 (11)

The scheme is first-order accurate in time and second-order accurate for diffusion.
Explicit advection is not discretised in the present implementation because it is not
included in Eq. (4).

3.2 Parameter estimation and effective diffusivity

The implemented model contains an effective diffusivity « and forcing coefficients.
For each candidate «, the forcing coefficients were estimated from the training data
using constrained ridge-regularised least squares. The three forcing predictors were
standardised before calibration. For a generic predictor Z,

_Z-pz
(34 ’

z* (12)
where pyz and oz are estimated from the data used for forcing calibration. For a
prescribed «, the regression target is the reference daily temperature tendency after
subtracting the discrete diffusion contribution,

T’n+1 _ n

re Tr n
Y= fTef - aV}QL ref* (13)
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Fig. 2 Schematic overview of the reduced-order heatwave-modelling framework, linking the con-
servation equation to environmental forcing, numerical solution, one-step reconstruction, heatwave
evaluation and future methodological extensions.
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The coefficient vector is then obtained from
min [ly = XBJ; + MBIz, Br e fs 2 0, (14)

with an unpenalised, unconstrained intercept. The ridge term stabilises estimation
in the presence of correlation among the ERA5-derived predictors, while the non-
negativity constraints preserve the intended sign structure of the conceptual forcing
model.

The candidate o producing the minimum validation-period one-step RMSE was
selected, after which the forcing coefficients were refitted using the combined train-
ing and validation data before final held-out evaluation. The selected value was
o = 2 km*day™!, but the validation RMSE was almost invariant over 0 < a <
2 km? day . Accordingly, « is treated as a numerically selected effective parame-
ter rather than a uniquely identified physical estimate. The final fitted coefficients
were cg ~ 0.00181 OCda;fl, B1 = 0.1293, B> =~ 0, and 3 = 0.0332 for the stan-
dardised solar-radiation, upward sensible-heat-flux and specific-humidity predictors,
respectively. The near-zero B2 should not be interpreted as evidence that sensible heat
exchange is physically unimportant because the predictors are correlated and each
coefficient represents an incremental contribution conditional on the others.

3.3 Reconstruction and evaluation design

The primary experiment is a conditional one-step reconstruction. For each daily
interval, the reference temperature field at time t initialises the interior state, the
environmental forcing is prescribed, and the model advances one day to produce
Tsim(x,t + At). This design evaluates the local dynamical behaviour of the reduced
PDE without allowing long-term integration error to dominate. It therefore mea-
sures reconstruction fidelity rather than autonomous forecasting skill. This distinction
is important because high one-step agreement may arise partly from the accu-
rate prescribed initial state; the forcing-only comparison and recursive experiment
are therefore included explicitly to quantify what the diffusion operator contributes
beyond that conditioning.

A supplementary recursive experiment evaluates 1-, 3-, 5-, 7-, 10-, 15- and 30-
day horizons. For each reconstruction origin, the reference field is used only at the
beginning of the integration window; subsequent interior states are generated recur-
sively. ERA5-derived forcing and reference-based Dirichlet boundary values remain
prescribed throughout the window. The recursive experiment is therefore a controlled
multi-step reconstruction, not a free-running forecast.

Continuous performance is summarised using RMSE, MAE, mean bias and RZ2.
Heatwave classification is evaluated using accuracy, precision, recall and F1-score for
both instantaneous threshold exceedance and the duration-based definition in Eq. (8).
Residuals are defined consistently as

€(x,t) = Trer(x,t) — Tsim (%, 1). (15)
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4 UAE Case Study and Implementation
4.1 Study region, data and spatial interpolation

The analysis covers January 2020 to December 2024. The processed dataset contains
ERAS5-derived atmospheric and land-surface variables at 48 fixed spatial locations
across the UAE, including 2 m air temperature, solar radiation, sensible and latent
heat fluxes, dew-point temperature, surface pressure, land-surface thermal variables
and wind components. ERAS5 is produced by ECMWF through assimilation of obser-
vations within a numerical weather-prediction system; in this study, however, the
numerical solver does not consume native ERA5 grid cells directly. Instead, it uses the
processed daily point dataset described below. The present workflow uses the available
daily values directly; no additional sub-daily aggregation is performed, and one refer-
ence temperature value is available per evaluation location and day. Accordingly, the
exact upstream daily statistic is not redefined by the PDE workflow and the heatwave
thresholds are calculated from the daily values as supplied in the processed dataset.

The computational domain is formed from the minimum and maximum input
coordinates with 2% padding, giving approximately

51.84°E < A < 56.42°E, 22.62°N < ¢ < 25.68°N, (16)

and is discretised on an 80 x 60 grid with mean spacings Az = 5.88 km and Ay ~
5.72 km.

For each day and required variable, point values are mapped to the grid using
inverse-distance weighting (IDW) based on the eight nearest input locations:

Sx _ZmeNg(x)wm(x)Z(me) o () — 1
2nt) = Yomens() Wm(¥) mlx) = ' an)

The same procedure is applied independently to the daily reference temperature and
to each forcing variable. The eight-neighbour, inverse-square weighting gives larger
influence to nearby input locations while providing a spatially continuous field on the
structured grid required by the finite-difference solver. Thus, the numerical model
does not operate directly on the native ERAS grid; it operates on gridded fields con-
structed from the processed 48-location dataset. The interpolated reference field is also
the source of the initial and boundary values used in the conditional reconstruction
experiments, so spatial-field comparisons are not interpreted as independent validation
against an external gridded product.

Dates were divided chronologically into 70% training, 15% validation and 15%
held-out test subsets: 1 January 2020—1 July 2023, 1 July 2023-30 March 2024, and 30
March—30 December 2024, respectively. Adjacent subsets share one boundary date only
to initialise the first transition. Heatwave thresholds were estimated exclusively from
the training-period reference series and then fixed for validation and test evaluation.
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Fig. 3 Spatial distribution of the 48 fixed input locations used in the UAE case study and the
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4.2 Forcing implementation

For numerical calibration, the conceptual forcing in Eq. (5) is implemented using
standardised predictors:

F(x,t) =co + P1RL(x,t) + B2 H* (x,t) — B3q" (%, 1), (18)
where Z* = (Z — uz)/oz and the standardisation parameters are estimated from the
data used for forcing calibration. Sensible heat flux is expressed using an upward-
positive convention,

H(x,t) = —Hgras(x,1). (19)
When direct specific humidity is unavailable, ¢ is derived from the available dew-point
temperature and surface pressure. The sign adjustment in Eq. (19) is applied before
standardisation so that the physical and numerical definitions of H are consistent.
For numerical robustness, the fitted forcing tendency is clipped to [—5,5] °C day ™!
before integration. Only R,, H and ¢ enter Eq. (18) as independent forcing predictors;
the remaining variables in Table 1 support preprocessing, reference construction or
physical interpretation.

10
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Table 1 ERAS5-derived variables used in the reduced diffusion—forcing implementation.

Meteorological variable ERA5 iden- Role in the model

tifier

2 m air temperature t2m Model initialisation and reference evaluation

Surface solar radiation SSRD Direct radiative predictor Rs

Sensible heat flux SSHF Direct predictor H; sign-adjusted to upward-
positive

Latent heat flux SLHF Supporting interpretation; not a direct forcing
predictor

Surface pressure SP Used in derivation of specific humidity

2 m dew-point tempera- d2m/q Moisture-related predictor ¢

ture / specific humidity

Skin temperature SKT Supporting land-surface interpretation

4.3 Initial and boundary conditions and computational
workflow

For each one-step reconstruction interval, the interpolated reference field provides the
initial condition,
T(X7 tn) = Tref(xa tn)a (20)

and reference temperatures are prescribed on the outer boundary,
T(x,t) = Tret (X, 1), x € 09. (21)

These values are taken from the interpolated reference-temperature field rather than
from independent boundary observations. Prescribing the outer boundary reduces arti-
ficial edge effects while allowing the interior to evolve according to the reduced PDE.
The same reference-based boundary treatment is retained in the recursive experiment.
Consequently, the primary experiment is a conditional one-step reconstruction and all
reported multi-step results are conditioned on known forcing and prescribed boundary
values. Neither experiment should be interpreted as an independent external validation
or as a fully prognostic forecast.

Spatial comparisons use the interpolated reference field and are therefore held-
out reconstruction assessments rather than independent validation against an external
gridded product. Pointwise comparisons at representative locations, including Abu
Dhabi, Dubai, Al Ain and Fujairah, likewise use reference temperatures from the
processed dataset. This distinction is maintained throughout the results.

5 Results

5.1 One-step reconstruction and incremental contribution of
diffusion

Figure 5 compares reference and one-step reconstructed temperatures at representative
evaluation locations during the held-out test period. The reconstructed trajectories

11
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1. ERAS5 Variables

Extract relevant meteorological variables
(radiation, fluxes, humidity, pressure, etc.)
at daily resolution

!

2. Construction of Forcing Field

Compute the environmental forcing term F(x, t)
from ERA5-derived variables on the computational grid

!

3. Reduced Diffusion-Forcing PDE

ar 2
o = OVIT+F(x,1)

Governing equation for regional near-surface temperature

'

4. Numerical Solution

Discretise in space and time and solve the PDE
using the finite-difference scheme

!

5. One-Step Temperature Reconstruction

Obtain the reconstructed temperature field
Tem(x, £+ 1)
for the next day

!

6. Validation and Performance Assessment

Compare reconstructed with reference temperatures
and evaluate continuous metrics (RMSE, MAE, R?)
and heatwave metrics (precision, recall, F1)

Fig. 4 Computational workflow for the UAE implementation, from ERAS5-derived variables and
gridded forcing to finite-difference solution, one-step reconstruction and performance assessment.

reproduce the dominant seasonal cycle and much of the day-to-day variability. Aggre-
gate one-step performance is RMSE = 1.18°C, MAE = 0.83°C, R? = 0.956, and mean
bias = —0.014°C. The near-zero aggregate bias does not imply uniform performance
across temperature regimes; the pointwise and residual analyses below show larger
dispersion under some extreme and transitional conditions.

Validation RMSE varies only from approximately 1.2307°C to 1.2306°C across
0<a<?2 km? dayfl, confirming weak identifiability of the effective diffusivity at the
adopted daily resolution. Figure 6 illustrates this flat sensitivity.

The incremental role of diffusion was assessed against a forcing-only formulation
fitted under the same calibration procedure. Table 2 shows almost identical one-step
performance, demonstrating that most daily reconstruction accuracy arises from the
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Algorithm 1 One-step implementation of the reduced diffusion—forcing model

Require: ERA5-derived environmental variables, reference temperature fields
Tret (%, 1), effective diffusivity «, and time step At
Ensure: Reconstructed temperature fields Ty (X, t + At)

1: for each daily reconstruction interval ¢t do

2:

® N2 oew

9:
10: end for

Extract the required meteorological variables at time ¢

Interpolate the required pointwise variables onto the computational grid
Construct F(x,t) using Eq. (18)

Initialise T'(x,t) < Trer(X,1)

Advance Eq. (4) by one finite-difference time step

Compute Tgim (x,t + At)

Evaluate € <+ Tref — Tim

Store the reconstructed field and residual

2 m temperature (°C)

—— ABU DHABI observed —— station23 observed
ABU DHABI reconstructed -~ station23 reconstructed

—— ALAIN observed station24 observed
-~ ALAIN reconstructed --- station24 reconstructed

2024-04 2024-05 2024-06 2024-07 2024-08 2024-09 2024-10 2024-11 2024-12 2025-01
Date

Fig. 5 Reference and one-step reconstructed near-surface temperatures at selected UAE evaluation
locations over the held-out test period from March to December 2024.

sn  prescribed initial state and environmental forcing, while diffusion provides only a
s marginal one-day improvement.

303

Table 2 Forcing-only and reduced diffusion—forcing one-step reconstruction
over the held-out test period.

Model RMSE (°C) MAE (°C) R?
Forcing-only formulation 1.181 0.834 0.9559
Reduced diffusion—forcing formulation 1.180 0.833 0.9559

The daily tendency calibration itself is much weaker (R? = 0.010, RMSE = 1.279°C
s0 day~!, MAE = 0.920°C day~!). This is not inconsistent with the one-step recon-
s struction result: tendency regression must explain the full day-to-day increment from
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Fig. 6 Validation RMSE across the investigated range of effective diffusivity c.

forcing and diffusion, whereas one-step temperature reconstruction is initialised from
the reference state at each interval.

5.2 Spatial and residual structure

Representative spatial fields are shown in Fig. 7. Across spring, summer, autumn
and winter dates, the reconstruction preserves the dominant regional gradients and
seasonal evolution represented by the interpolated reference fields. Reconstructed fields
are generally smoother, particularly where local gradients are sharp, which is consistent
with the uniform effective diffusivity and reduced-order formulation.

Residual maps provide a complementary view of geographically structured error.
In early spring, coherent positive and negative residual regions are evident and most
errors remain within approximately £2°C. Under peak-summer conditions, the resid-
ual field is substantially smoother and the majority of errors are within approximately
+1°C. Autumn again shows stronger organised structure, especially over parts of
the inland domain, while winter residuals are comparatively small and homogeneous.
These patterns indicate that error is not purely random and that transitional regimes
are more difficult for the reduced model than persistent summer and winter conditions.

The structured residuals are consistent with several unresolved mechanisms, includ-
ing spatially varying transport, coastal circulations, land-surface heterogeneity and
urban effects. Because these processes are not separately identified by the present
experiment, the residual patterns cannot be attributed uniquely to omitted advection.
They instead identify regimes in which the reduced diffusion—forcing representation is
least complete.

5.3 Pointwise and residual-distribution evaluation

Figure 12 shows a strong pointwise relationship between reference and reconstructed
temperature across the held-out evaluation locations. Most points lie close to the 1:1

14
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Fig. 7 Reference and one-step reconstructed near-surface temperature fields at representative dates
from March to December 2024.
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Fig. 8 Spatial residual field during early spring conditions (31 March 2024).
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Fig. 10 Spatial residual field during autumn transition (12 October 2024).

line over the approximate 12-41°C range, consistent with the aggregate R? value.
Dispersion increases at the upper end of the temperature range, and a small number
of outliers occurs at intermediate temperatures. At high temperatures, reconstructed
values also show a weak tendency to fall below the reference values. This temperature-
dependent behaviour is important for heatwave classification because relatively small
errors near a location-specific threshold can change the exceedance label even when
overall continuous-error metrics remain strong.

The aggregate residual distribution in Fig. 13 is centred close to zero but exhibits
non-Gaussian tails. Occasional larger positive or negative errors therefore coexist with
negligible mean bias. The distribution should be interpreted together with the spatial
and temperature-dependent diagnostics rather than as evidence of uniformly constant
error variance.
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5.4 Heatwave detection

Using the fixed training-derived 90'"-percentile thresholds without a persistence cri-
terion, instantaneous exceedance classification over the held-out test period yields
accuracy = 91.5%, precision = 0.778, recall = 0.811, and F1 = 0.794. Because non-
exceedance days are more common, accuracy is interpreted jointly with precision and
recall. Requiring at least three consecutive exceedance days improves the duration-
based metrics to accuracy = 94.2%, precision = 0.822, recall = 0.866, and F1 = 0.843.
The improvement indicates that sustained extreme-temperature conditions are recon-
structed more reliably than isolated threshold crossings and that temporal persistence
reduces sensitivity to small one-day errors around the threshold.

Figure 14 shows that the reconstructed fraction of evaluation locations in a
duration-based heatwave generally follows the timing and clustering of the refer-
ence series. Differences in peak spatial extent remain, consistent with smoothing and
threshold sensitivity near local extremes.

5.5 Recursive multi-step reconstruction

The recursive experiment removes daily reinitialisation of the interior state while
retaining prescribed ERAB-derived forcing and reference-based boundary values.
Table 3 shows that reconstruction error generally increases with horizon, although
the trajectory is not strictly monotonic because different horizons sample different
origin—-target combinations and meteorological regimes.

At 3 days, R? = 0.875 and RMSE = 1.974°C; at 10 days, R? = 0.829 and RMSE =
2.309°C; and at 30 days, R? = 0.761 and RMSE = 2.755°C. Bias becomes progressively
more negative, reaching —1.103°C at 30 days, which corresponds to an increasing
warm bias because bias is defined as Tyer — Tsim. Heatwave F1 decreases from 0.843 at
one day to 0.620 at 30 days; at 30 days recall remains high (0.878) while precision falls
to 0.479, consistent with the warm bias generating additional threshold exceedances.
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Fig. 12 Pointwise comparison between reference and PDE-reconstructed temperatures across repre-
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across evaluation locations and held-out test-period time points.
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Fig. 14 Temporal evolution of reference and one-step reconstructed duration-based heatwave occur-
rence over the held-out test period, expressed as the fraction of evaluation locations satisfying the
location-specific training-period 90tP-percentile threshold for at least three consecutive days.

Table 3 Recursive multi-step reconstruction over the held-out test period. Bias is
reference minus reconstructed temperature; heatwave F1 uses the duration-based
definition.

Horizon (days) RMSE (°C) MAE (°C) Bias (°Q) R?  Heatwave F1

=

1 1.182 0.836 -0.014  0.956 0.843
3 1.974 1.470 -0.048 0.875 0.670
5 2.172 1.632 -0.102  0.849 0.644
7 2.155 1.693 -0.162  0.851 0.637
10 2.309 1.799 -0.288  0.829 0.606
15 2.084 1.656 -0.541  0.863 0.644
30 2.755 2.236 -1.103  0.761 0.620

A companion forcing-only recursive comparison shows that the diffusion—forcing
model has lower RMSE at every evaluated horizon. The relative reduction in RMSE
increases from approximately 0.06% at one day to 0.55% at 3 days, 0.98% at 5
days, 1.41% at 7 days, 1.85% at 10 days, 2.77% at 15 days and 4.27% at 30 days;
the corresponding R? advantage also increases with horizon. Thus, environmental
forcing dominates the short-term reconstruction, whereas the incremental effect of
diffusion becomes progressively more evident when the temperature field is propa-
gated recursively. These results should still be interpreted as controlled reconstruction
under prescribed forcing and boundaries, not as long-range operational forecasting
performance.

6 Discussion

The results support three main conclusions about the reduced-order formulation and
clarify how its strong reconstruction scores should be interpreted. First, conditional
one-step reconstruction is accurate at the daily scale, but the forcing-only comparison
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shows that this accuracy is dominated by the prescribed initial temperature field
and calibrated environmental forcing. The diffusion term produces only a small one-
day improvement and its selected coefficient is weakly identifiable under the current
temporal and spatial resolution. This finding is important because it prevents over-
attribution of one-step performance to the PDE diffusion operator.

Second, the recursive experiment exposes structural behaviour that is largely hid-
den by daily reinitialisation. Error grows with horizon and a systematic warm bias
develops, while the incremental advantage of diffusion over the forcing-only model
becomes larger. The reduced model therefore retains useful large-scale structure over
multi-day integration but accumulates errors that limit its interpretation as a prog-
nostic atmospheric model. Prescribed future forcing and reference-based boundaries
further distinguish this experiment from operational forecasting.

Third, residual and threshold analyses identify where the simplifications matter.
Errors become more dispersed at high temperatures and exhibit coherent spatial
patterns during some transitional periods. These features are consistent with the possi-
bility that omitted directional transport, spatially varying turbulent exchange, coastal
processes, land-surface heterogeneity and urban effects contribute to the remaining
discrepancy. The present analysis does not identify these mechanisms separately, so
the error structure should not be attributed uniquely to advection.

Several limitations follow directly from the modelling design. The implementation
is two-dimensional and depth-averaged; vertical boundary-layer structure is unre-
solved. The diffusivity is spatially uniform, while the reference and forcing fields are
created by interpolation from 48 point locations. The forcing coefficients are effective
calibration weights and do not provide a closed surface-energy budget. Finally, both
one-step and recursive experiments use prescribed reference-based boundary values,
and the recursive experiment also uses known future ERA5-derived forcing.

These limitations define a clear development path. Explicit horizontal advection
should be incorporated and tested against the present baseline; spatially vary-
ing transport parameters can be informed by land-surface and stability indicators;
irregular-domain finite-element formulations can better represent the UAE coastline;
and fully prognostic experiments should replace future forcing and boundary values
with predicted quantities. Uncertainty quantification and physics-informed machine-
learning formulations are natural subsequent extensions once the additional physical
processes are introduced and independently validated.

7 Conclusions

This study developed a reduced-order physics-based framework for regional daily
near-surface temperature reconstruction and heatwave analysis in an arid environ-
ment. The UAE implementation combines a diffusion—forcing PDE with ERA5-derived
radiation, sensible-heat and humidity predictors, chronological calibration and a
training-only location-specific heatwave definition. Over the held-out test period, one-
step reconstruction achieved RMSE = 1.18°C, MAE = 0.83°C and R? = 0.956, while
duration-based heatwave detection achieved F1 = 0.843 and accuracy = 94.2%.
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The forcing-only comparison demonstrates that diffusion provides only a marginal
incremental benefit over one day, whereas recursive integration shows that its contri-
bution becomes more evident over longer horizons. At the same time, recursive error
and warm bias increase with horizon, with R? = 0.761 and RMSE = 2.76°C at 30
days under prescribed forcing and reference-based boundary conditions. These results
quantify both the capability and the structural limitations of the reduced formulation.

The framework should therefore be interpreted as a transparent conditional recon-
struction model and methodological baseline rather than a replacement for compre-
hensive atmospheric forecasting systems. Its principal value is that it links measurable
environmental forcing to a mathematically explicit heat-transport equation while mak-
ing the consequences of model reduction directly testable. Future work will incorporate
explicit advection, spatially varying transport parameters, irregular-domain discreti-
sation, prognostic forcing and boundary conditions, uncertainty quantification and
hybrid physics-informed learning.
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