
Supplementary Materials: Multicomponent Magnetic Domain Walls in Rhombohedral Graphene

This Supplementary Material is organized as follows. In Sec. A, we present the microscopic Hartree–Fock (HF) theory of
the uniform quarter-metal ground state, including the phase diagram and the transition between the two- and four-component
intervalley-coherent (IVC) phases. Sec. B describes the HF formulation for spin–valley domain walls in a one-dimensional
magnetic supercell, together with the numerical convergence and microscopic characterization of the domain-wall solutions.
Section C presents the long-wavelength 𝐶𝑃3 theory and compares its predictions with the microscopic HF results.

We first summarize the microscopic continuum model and its uniform HF solution. The domain-wall calculations presented
in the main text are performed within the spin–valley polarized quarter-metal (SVQM) phase, where two time-reversal-related
ferromagnetic ground states are exactly degenerate and serve as the boundary conditions for the domain-wall calculations.

A. HARTREE–FOCK MEAN-FIELD THEORY OF UNIFORM GROUND STATE

We consider rhombohedral bilayer graphene (rBG) in the presence of an interlayer potential𝑈𝐷 controlled by a perpendicular
displacement field, which isolates the low-energy bands near charge neutrality. The electronic structure is described within the
Slonczewski–Weiss–McClure (SWMc) continuum model obtained by expanding the tight-binding Hamiltonian around the two
graphene valleys, 𝐾 and 𝐾 ′. Throughout this work, we use the same microscopic parameters as in the main text.

The graphene lattice has lattice constant 𝑎 = 2.46 Å, nearest-neighbor carbon bond length 𝑎CC = 1.42 Å, and interlayer
spacing 𝑑layer = 3.35 Å. Together with the SWMc hopping amplitudes listed in Table I, these structural parameters determine
the non-interacting band structure and the interaction-driven phase diagram discussed below.

We consider a single 𝑝𝑧 orbital on each carbon atom. In the continuum description, the low-energy states are labeled by
valley 𝜏 = ±1, spin 𝑠 =↑, ↓, layer 𝑙 = 1, 2, and sublattice 𝜎 = 𝐴, 𝐵. In the layer–sublattice basis, we define the four-component
annihilation spinor

𝑐𝜏,𝑠 (𝒌) =
©­­­«
𝑐𝜏,𝑠,𝐴1 (𝒌)
𝑐𝜏,𝑠,𝐵1 (𝒌)
𝑐𝜏,𝑠,𝐴2 (𝒌)
𝑐𝜏,𝑠,𝐵2 (𝒌)

ª®®®¬ , (S1)

where 𝒌 is measured relative to the center of valley 𝜏.
The mean-field Hamiltonian is

𝐻̂MF (𝒌) = 𝐻̂SWMc (𝒌) + 𝐻̂SOC + Σ̂HF,C(𝒌) + Σ̂HF,Hund, (S2)

where 𝐻̂SWMc (𝒌) is the SWMc band Hamiltonian, 𝐻̂SOC is the intrinsic Kane–Mele spin–orbit coupling (SOC), Σ̂HF,C(𝒌) is the
Hartree–Fock self-energy arising from the long-range Coulomb interaction, and Σ̂HF,Hund is the Hartree–Fock self-energy arising
from the intervalley Hund’s interaction. The individual terms are defined in the following subsections.

Band Hamiltonian and Spin-orbit Interaction

The continuum band Hamiltonian is diagonal in the spin and valley degrees of freedom and can be written as

ĤSWMc =
∑︁
𝒌 ,𝜏,𝑠

𝑐†𝜏𝑠 (𝒌) ℎ𝜏 (𝒌) 𝑐𝜏𝑠 (𝒌), (S3)

where the 4 × 4 matrix ℎ𝜏 (𝒌) is the valley-resolved SWMc Hamiltonian acting on the layer–sublattice space. Explicitly, the
valley-resolved SWMc Hamiltonian is given by

ℎ𝜏 (𝒌) =
[
𝑡 (𝒌) +𝑈1 𝑡12 (𝒌)
𝑡
†
12 (𝒌) 𝑡 (𝒌) +𝑈2

]
4×4

(S4)

The Hamiltonian consists of intra-layer hopping (𝑡), nearest-layer hopping (𝑡12), and layer-dependent onsite potentials𝑈𝑖 arising
from externally applied gate voltages and/or broken symmetries. Explicitly,

𝑡 (𝒌) =
[

0 𝑣0𝜋
†

𝑣0𝜋 0

]
, 𝑡12 (𝒌) =

[
−𝑣4𝜋† 𝑣3𝜋

𝛾1 −𝑣4𝜋†
]

(S5)
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where 𝜋 = 𝜏𝑘𝑥 + 𝑖𝑘𝑦 is a linear momentum, and 𝛾𝑖 (𝑖 = 0, . . . , 4) are hopping amplitudes of the tight-binding model with
corresponding velocity parameters 𝑣𝑖 = (

√
3/2)𝑎𝛾𝑖/ℏ. The𝑈𝑖 terms are

𝑈1 =

[
Δ+𝛿+𝑈𝐷

2 0
0 Δ+𝑈𝐷

2

]
, 𝑈2 =

[
Δ−𝑈𝐷

2 0
0 Δ+𝛿−𝑈𝐷

2

]
(S6)

We use the model parameters listed in Table I, which are chosen to match quantum oscillation frequency signatures in Ref. [1].
The tunable parameter𝑈𝐷 in Eq. S6 is the interlayer potential, and is proportional to out-of-plane electric displacement field.

Table I. Tight-binding parameters (in meV) for rhombohedral graphene, see also Refs. [1].
𝛾0 𝛾1 𝛾2 𝛾3 𝛾4 Δ 𝛿 𝑈𝐷
3160 380 −15 −290 141 −23 −10.5 25

In the large-displacement-field regime considered here, the low-energy electronic states are predominantly polarized onto the
non-dimer 𝐴1 and 𝐵2 sublattices, suppressing the leading effect of Rashba SOC. The dominant SOC contribution is therefore the
momentum-independent intrinsic Kane–Mele term

𝐻̂SOC = −𝜆soc
2
𝜎̂𝑧𝜏𝑧𝑠𝑧 . (S7)

Here, 𝜎̂𝑧 , 𝜏𝑧 , and 𝑠𝑧 are Pauli matrices acting in sublattice, valley, and spin space, respectively. We take 𝜎𝑧 = +1 (−1) on the
𝐴 (𝐵) sublattice, 𝜏𝑧 = +1 (−1) in the 𝐾 (𝐾 ′) valley, and 𝑠𝑧 = +1 (−1) for spin ↑ (↓). For the sign of 𝑈𝐷 and the hole-doped
regime considered here, the relevant valence-band states are predominantly polarized onto the 𝐵2 sublattice. With the convention
𝜆soc > 0, the SOC term above therefore favors the 𝐾 ↑ and 𝐾 ′ ↓ hole flavors. We use 𝜆soc = 0.1 meV, consistent with the
experimentally estimated intrinsic SOC strength in rhombohedral graphene [2]. The opposite sign convention would simply
interchange the two SOC-favored spin–valley pairs, {𝐾 ↑, 𝐾 ′ ↓} ↔ {𝐾 ↓, 𝐾 ′ ↑}. In the absence of an external Zeeman field, this
relabeling does not affect the existence, structure, or transition between the two- and four-component domain walls studied here.

Electron–electron interactions

The electron–electron interaction consists of two contributions: a long-range screened Coulomb interaction and a lattice-scale
intervalley Hund’s interaction. The former drives exchange ferromagnetism, while the latter favors parallel spin alignment
between opposite valleys and is responsible for the transition between the two- and four-component intervalley-coherent states
discussed below. Both interactions are treated within the Hartree–Fock approximation.

The long-range Coulomb interaction is described by

ĤC =
1

2𝐴

∑︁
𝒒

𝑉𝐶 (𝒒) : 𝑛̂(𝒒)𝑛̂(−𝒒) : , 𝑛̂(𝒒) =
∑︁

𝒌 ,𝜏,𝑠,𝑙,𝜎

𝑐
†
𝜏,𝑠,𝑙,𝜎

(𝒌 + 𝒒)𝑐𝜏,𝑠,𝑙,𝜎 (𝒌). (S8)

Here :: denotes normal ordering and 𝐴 is the sample area. The screened Coulomb potential is taken to be 𝑉𝐶 (𝒒) =

2𝜋𝑘𝑒 tanh(|𝒒 |𝑑)/(𝜖𝑟 |𝒒 |), where 𝑘𝑒 = 1.44 eV nm is the Coulomb constant, 𝜖𝑟 = 15 is the effective dielectric constant, and
𝑑 = 50 nm is the gate distance.

The lattice-scale intervalley Hund’s interaction originates from short-range exchange processes between electrons in opposite
valleys and is modeled by

ĤHund =
𝑔⊥
2𝐴

∑︁
𝜏

∑︁
𝒌 ,𝒌 ′

∑︁
𝒒

∑︁
𝑙,𝜎

∑︁
𝑠,𝑠′

: 𝑐†
𝜏̄𝑠𝑙𝜎

(𝒌) 𝑐𝜏𝑠𝑙𝜎 (𝒌 + 𝒒) 𝑐†
𝜏𝑠′𝑙𝜎 (𝒌

′) 𝑐 𝜏̄𝑠′𝑙𝜎 (𝒌′ − 𝒒) :, (S9)

where 𝑔⊥ > 0 is the intervalley Hund’s coupling strength, and 𝜏 = −𝜏 denotes the opposite valley. A positive 𝑔⊥ favors
ferromagnetic alignment of spins between opposite valleys.

The above intervalley Hund’s coupling ĤHund is one of the many two-body interactions allowed by the lattice symmetries of
graphene. Because these interactions originate from processes involving momenta of order the inverse lattice spacing, they are
short-ranged on the scale of the continuum theory and can, to leading order be represented by contact interactions. Corrections
beyond the zero-range approximation were studied in Ref. [3]. The symmetry classification of these interactions was developed
in Ref. [4] for monolayer graphene and in Ref. [5] for bilayer graphene. Their bare coupling constants were calculated in Ref. [6]
by approximating the three-dimensional electronic wavefunctions as linear combinations of carbon 2𝑝𝑧 orbitals with an effective
nuclear charge, and their RG flow was studied in Ref. [7, 8].
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The above analyses were originally developed for monolayer graphene and bilayer graphene. Closely related intervalley Hund
interactions have also been incorporated into continuum models of rhombohedral multilayer graphene [9, 10]. The intrasublattice
component presents no difficulty and can be represented by a momentum-independent local interaction. For the intersublattice
component, however, Ref. [9] constructs a 𝐶3-invariant interaction using the phenomenological kernel 𝑉 (𝒒) = 𝐽𝐻𝑒2𝑖𝜏 𝜃𝒒 , where
𝜃𝒒 = arg(𝑞𝑥 + 𝑖𝑞𝑦). Since it has no direction-independent limit when 𝒒 → 0, the potential is nonanalytic at 𝒒 = 0. As a result,
its Fourier transform has a slow algebraic decay in real space 𝑒𝑖𝑚𝜃𝑟 /𝑟2, and therefore does not correspond to an ultrashort-range
potential in the continuum model. For simplicity, we therefore adopt a minimal local description in which the intervalley
Hund interaction is diagonal in the microscopic sublattice index and has the same coupling strength on every graphene layer.
This approximation is physically motivated when the carbon 2𝑝𝑧 orbitals are sufficiently compact compared with the interlayer
separation. The leading layer-dependent interaction is the intralayer and interlayer Coulomb energies difference, see Ref. [11]
and Section. VI of [12].

Within the Hartree–Fock approximation, the quartic interaction terms are factorized with respect to the single-particle density
matrix, giving the Coulomb and intervalley Hund self-energies entering Eq. (S2). The resulting Coulomb and intervalley Hund
Hartree–Fock self-energies entering Eq. S2 are given below. Applying the Hartree–Fock decoupling to Eq. S8 gives

Σ̂HF,C (𝒌) = Σ̂H,C + Σ̂F,C (𝒌),

Σ
H,C
𝛼,𝛽

=
𝑁

𝐴
𝛿𝛼,𝛽𝑉𝐶 (0) , Σ

F,C
𝛼,𝛽

(𝒌) = − 1
𝐴

∑︁
𝑞

𝑉𝐶 (𝒒)𝜌𝛼,𝛽 (𝒌 + 𝒒). (S10)

Here 𝑁 is total number of occupied electronic states, and 𝜌𝛼,𝛽 (𝒌) = ⟨𝑐†
𝛽
(𝒌)𝑐𝛼 (𝒌)⟩ is the single-particle density matrix. The

composite indices 𝛼, 𝛽 label the combined valley (𝜏), spin (𝑠), layer (𝑙), and sublattice (𝜎) degrees of freedom. The Hartree term
describes the electrostatic interaction generated by the total charge density, whereas the Fock term gives the exchange interaction
responsible for spontaneous symmetry breaking. For the dual-gated Coulomb interaction, the 𝒒 = 0 Hartree contribution is finite
and depends only on the spatially averaged carrier density. At fixed carrier density, it produces a uniform shift of the mean-field
potential and contributes equally to the competing states. We therefore omit the 𝒒 = 0 Hartree term from the self-consistent
mean-field Hamiltonian, while retaining all finite-𝒒 Hartree components associated with spatial charge redistribution.

The corresponding intervalley Hund Hartree–Fock self-energy is

Σ̂HF,Hund = Σ̂H,Hund + Σ̂F,Hund,

Σ̂H,Hund =
𝑔⊥
𝐴

∑︁
𝜏,𝑙,𝜎

∑︁
𝒌 ,𝑠

𝑐
†
𝜏̄𝑠𝑙𝜎

(𝒌) 𝑐𝜏𝑠𝑙𝜎 (𝒌)
∑︁
𝒌 ′ ,𝑠′

〈
𝑐
†
𝜏𝑠′𝑙𝜎 (𝒌

′) 𝑐 𝜏̄𝑠′𝑙𝜎 (𝒌′)
〉

(Hartree: 𝒒 = 0) (S11)

Σ̂F,Hund = −𝑔⊥
𝐴

∑︁
𝜏,𝑙,𝜎

∑︁
𝒌 ,𝑠,𝑠′

𝑐
†
𝜏̄𝑠𝑙𝜎

(𝒌) 𝑐 𝜏̄𝑠′𝑙𝜎 (𝒌)
∑︁
𝒌 ′

⟨𝑐†
𝜏𝑠′𝑙𝜎 (𝒌

′) 𝑐𝜏𝑠𝑙𝜎 (𝒌′)⟩ (Fock: 𝒒 = 𝒌′ − 𝒌) (S12)

The Hartree contribution penalizes spin-preserving intervalley coherence, whereas the Fock contribution lowers the energy
through intervalley exchange and favors parallel spin alignment between opposite valleys. The competition between these
two terms determines whether the intervalley-coherent state remains confined to two spin-valley flavors or reconstructs into a
four-component state.

The self-consistent Hartree–Fock equations are solved over the (𝑛𝑒,𝑈𝐷) phase space to determine the uniform quarter-
metal ground states. We then examine how increasing intervalley Hund’s coupling drives a continuous transition from the
two-component to the four-component intervalley-coherent phase, which provides the microscopic origin of the analogous
domain-wall transition discussed in the main text.

Uniform Quarter-Metal Ground States

We now solve the self-consistent Hartree–Fock equations for the uniform system as a function of carrier density 𝑛𝑒 and interlayer
potential𝑈𝐷 . Figure S1(a) shows the resulting phase diagram at 𝑔⊥ = 0. Depending on the carrier density and displacement field,
the system realizes several symmetry-broken metallic phases distinguished by their spin and valley polarization. The horizontal
dashed line denotes the fixed interlayer potential 𝑈𝐷 = 25 meV used throughout this work, along which the representative
band structures in Figs. S1(b)–(d) are obtained. Throughout the main text, we focus on the spin–valley polarized quarter-metal
(SVQM) phase at 𝑛𝑒 = −0.09×1012 cm−2, indicated by the blue dot in Fig. S1(a), where two time-reversal-related ferromagnetic
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Figure S1. (a) Hartree–Fock phase diagram as a function of carrier density 𝑛𝑒 and interlayer potential𝑈𝐷 at 𝑔⊥ = 0. The horizontal dashed line
marks the fixed interlayer potential𝑈𝐷 = 25 meV used throughout this work. The system realizes spin–valley polarized and intervalley-coherent
(IVC) quarter-metal phases, while the black region denotes the half-metal (1/2M) phase. The blue dot marks the parameter set used for the
domain-wall calculations in the main text, and the red square indicates the density used to study the Hund-driven transition within the IVC
quarter metal. (b) Quasiparticle band structure of the spin–valley quarter metal (SVQM) at 𝑛𝑒 = −0.09 × 1012 cm−2 along 𝑘𝑦 = 0. The
quasiparticle energies are measured relative to the chemical potential 𝜇, and the horizontal dashed line marks the Fermi level. (c) Quasiparticle
band structure of the two-component IVC quarter metal at 𝑛𝑒 = −0.11 × 1012 cm−2 and 𝑔⊥ = 0. The insets show the spin and valley order
parameters evaluated over the occupied Fermi sea. The IVC order is confined to the 𝐾 ↑ and 𝐾 ′ ↓ flavors, giving 𝑠𝑧𝜏𝑧 = 1 throughout the
occupied Fermi sea. (d) Quasiparticle band structure at the same carrier density for 𝑔⊥ |𝑛𝑒 |/𝜆soc = 5.5, corresponding to the four-component
IVC quarter metal. The left inset shows the spin and valley polarizations, while the right inset shows the intervalley coherence 𝜏𝑥 evaluated
over the occupied Fermi sea.

ground states are exactly degenerate. These degenerate states provide the boundary conditions for the domain-wall calculations
discussed in the main text.

Representative quasiparticle band structures of the metallic phases are shown in Fig. S1(b)–(d). Figure S1(b) shows the
SVQM band structure at this carrier density. The band colors indicate the spin and valley polarizations, 𝑠𝑧 and 𝜏𝑧 , and the
horizontal dashed line indicates the Fermi level. Figures S1(c) and (d) instead consider a slightly higher hole density at
𝑛𝑒 = −0.11× 1012 cm−2 indicated by the red square in Fig. S1(a), where the ground state is an intervalley-coherent (IVC) quarter
metal. In the absence of intervalley Hund’s coupling, the IVC order resides within two spin–valley flavors, 𝐾 ↑ and 𝐾 ′ ↓, giving
rise to the two-component IVC state shown in Fig. S1(c). The inset shows the momentum distribution of order parameters inside
the Fermi surface. For 2-component IVC phase, 𝑠𝑧𝜏𝑧 order parameter is 1 throughout the Fermi surface, while 𝑠𝑧 and 𝜏𝑧 oscillates
around the Fermi surface. Upon increasing the Hund’s coupling to 𝑔⊥ |𝑛𝑒 |/𝜆soc = 5.5, the quasiparticle spectrum evolves into the
four-component IVC state shown in Fig. S1(d).

To make the distinction between the two IVC states explicit, an occupied HF quarter-metal state can be written as

|𝜓𝒌⟩ =
∑︁
𝜏,𝑠

𝑐†𝜏𝑠 (𝒌)𝑢𝜏𝑠 (𝒌) |CN⟩ , (S13)

where |CN⟩ denotes the charge-neutral reference state and each 𝑢𝜏𝑠 (𝒌) is a four-component layer–sublattice spinor. Here, 𝑐†𝜏𝑠 (𝒌)
creates the relevant electron or hole carrier relative to |CN⟩. The product 𝑐†𝜏𝑠𝑢𝜏𝑠 =

∑
𝑙,𝜎 𝑐

†
𝜏𝑠𝑙𝜎

𝑧𝜏𝑠𝑙𝜎 implicitly contracts the
layer–sublattice indices. The many-body HF ground state is obtained by occupying all such states within the Fermi sea.

The transverse spin polarization and spin-preserving intervalley coherence are

𝑠𝑥 =
1
𝑁𝑒

∑︁
𝒌 ,𝜏

[
⟨𝑐†
𝜏↑ (𝒌)𝑐𝜏↓ (𝒌)⟩ + c.c.

]
, (S14)

𝜏𝑥 =
1
𝑁𝑒

∑︁
𝒌 ,𝑠

[
⟨𝑐†
𝐾𝑠

(𝒌)𝑐𝐾 ′𝑠 (𝒌)⟩ + c.c.
]
, (S15)

where 𝑁𝑒 = |𝑛𝑒 |𝐴, and the layer–sublattice contraction is implicit. In terms of the spinor components,

𝑠𝑥 (𝒌) ∝ 2 Re
[
𝑢∗
𝐾↑ (𝒌)𝑢𝐾↓ (𝒌) + 𝑢∗𝐾 ′↑ (𝒌)𝑢𝐾 ′↓ (𝒌)

]
, (S16)

𝜏𝑥 (𝒌) ∝ 2 Re
[
𝑢∗
𝐾↑ (𝒌)𝑢𝐾 ′↑ (𝒌) + 𝑢∗𝐾↓ (𝒌)𝑢𝐾 ′↓ (𝒌)

]
. (S17)

For the two-component IVC state, 𝑢𝐾 ′↑ = 𝑢𝐾↓ = 0, so that 𝑠𝑥 = 𝜏𝑥 = 0. Its coherence between 𝐾 ↑ and 𝐾 ′ ↓ instead lies in a
mixed spin–valley channel. In the self-consistent four-component state, both 𝑢𝐾 ′↑ and 𝑢𝐾↓ become nonzero, allowing finite 𝑠𝑥
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Figure S2. Evolution of the spin and valley order parameters as a function of the dimensionless intervalley Hund’s coupling 𝑔⊥ |𝑛𝑒 |/𝜆soc
at 𝑛𝑒 = −0.11 × 1012 cm−2. The in-plane spin and valley components develop continuously above the critical coupling 𝑔∗⊥ |𝑛𝑒 |/𝜆soc = 4.5,
signaling a second-order transition from the two-component to the four-component IVC quarter-metal phase.

and 𝜏𝑥 , as seen in the insets of Fig. S1(d). Thus, these transverse order parameters diagnose the reconstruction out of the original
{𝐾 ↑, 𝐾 ′ ↓} subspace. Throughout this evolution, the system remains a metallic quarter metal, while its internal spin–valley
structure changes continuously.

To characterize the continuous onset of these additional spin–valley components, Fig. S2 shows the evolution of the spin and
valley order parameters as a function of the dimensionless Hund’s coupling 𝑔⊥ |𝑛𝑒 |/𝜆soc at 𝑛𝑒 = −0.11 × 1012 cm−2. Below the
critical coupling, the in-plane spin polarization and intervalley coherence vanish, corresponding to the two-component IVC state.
At the critical coupling, 𝑔∗⊥ |𝑛𝑒 |/𝜆soc = 4.5, both order parameters develop continuously from zero, signaling a second-order
transition into the four-component IVC phase. The continuous onset of these additional order parameters demonstrates that the
competition between the long-range Coulomb interaction and the intervalley Hund’s coupling naturally drives a reconstruction
of the IVC order.

This result provides the microscopic context for the domain-wall calculations presented in the main text. Since the center of
the domain wall locally realizes an intervalley-coherent state, the continuous transition between the two- and four-component
IVC phases in the uniform system provides a natural basis for understanding the analogous reconstruction between the two- and
four-component domain walls induced by increasing intervalley Hund’s coupling.

B. HARTREE–FOCK MEAN–FIELD THEORY OF SPIN–VALLEY DOMAIN WALLS

In this section, we extend the uniform Hartree–Fock theory to describe spin–valley domain walls. We first formulate the
one-dimensional magnetic-supercell geometry, then derive the Hartree–Fock self-consistent equations in the folded momentum
basis, and finally discuss the numerical convergence and microscopic properties of the resulting domain-wall solutions.

One-dimensional Magnetic Supercell

We consider domain walls separating two time-reversal-related spin–valley polarized quarter-metal (SVQM) ground states.
The calculation is performed in a single periodic one-dimensional magnetic supercell of length 𝐿. Translational symmetry is
preserved along the 𝑦 direction, while the spin–valley order parameter varies periodically along 𝑥. Consequently, each supercell
contains two equivalent domain walls. The in-plane coordinate axes are chosen such that 𝒆𝑥 and 𝒆𝑦 are the unit vectors parallel
and perpendicular, respectively, to the graphene Dirac-point momentum 𝑲 measured from the Γ point.

The broken translational symmetry along 𝑥 couples momentum states differing by reciprocal lattice vectors of the magnetic
supercell, 𝐺 = 2𝜋𝑚

𝐿
, where 𝑚 ∈ ℤ. The momentum along the domain wall, 𝑘𝑦, remains a good quantum number, whereas the

momentum dependence along 𝑥 is represented by the discrete reciprocal-vector indices 𝐺. The single-particle basis is therefore
labeled by (𝑘𝑦, 𝐺), with the physical momentum entering the continuum band Hamiltonian given by 𝒌𝐺 = (𝐺, 𝑘𝑦).
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Mean-Field Hamiltonian in the Magnetic Supercell

In the one-dimensional magnetic-supercell geometry, the single-particle basis states are labeled by (𝐺, 𝛼), where 𝛼 =

{𝑠, 𝜏, 𝑙, 𝜎} collectively denotes the spin, valley, layer, and sublattice degrees of freedom. The momentum 𝑘𝑦 along the domain
wall remains conserved, while the momentum along 𝑥 is represented by the reciprocal supercell index 𝐺. In this basis, the
mean-field Hamiltonian takes the form given in Eq. ?? of the main text,

𝐻̂MF
𝐺𝛼,𝐺′𝛽 (𝑘𝑦) = 𝛿𝐺𝐺′

[
𝐻̂SWMc (𝐺𝒆𝑥 + 𝑘𝑦𝒆𝑦) + 𝐻̂SOC]

𝛼𝛽
+ Σ̂

HF,C
𝐺𝛼,𝐺′𝛽 (𝑘𝑦) + Σ̂

HF,Hund
𝐺𝛼,𝐺′𝛽 (𝑘𝑦). (S18)

The off-diagonal matrix elements with 𝐺 ≠ 𝐺′ arise from the spatially varying charge and spin–valley order parameters and
describe the hybridization between different reciprocal components of the magnetic supercell.

The Coulomb and intervalley Hund self-energies are obtained using the same Hartree–Fock decoupling introduced in Sec. A.
In the magnetic supercell, however, the single-particle density matrix also carries reciprocal-vector indices,

𝜌𝐺𝛼,𝐺′𝛽 (𝑘𝑦) =
〈
𝑐
†
𝐺′𝛽 (𝑘𝑦)𝑐𝐺𝛼 (𝑘𝑦)

〉
. (S19)

Because translational symmetry is preserved along 𝑦, the density matrix is diagonal in 𝑘𝑦 but may be off diagonal in 𝐺. The
Coulomb Hartree and Fock self-energies are

Σ
H,C
𝐺𝛼,𝐺′𝛽 = 𝛿𝛼𝛽

1
𝐴

∑︁
𝑘′𝑦 ,𝐺′′ ,𝛾

𝑉𝐶 [(𝐺 − 𝐺′)𝒆𝑥] 𝜌𝐺′′𝛾,𝐺′′+𝐺−𝐺′𝛾 (𝑘 ′𝑦), (S20)

Σ
F,C
𝐺𝛼,𝐺′𝛽 (𝑘𝑦) = − 1

𝐴

∑︁
𝑘′𝑦

∑︁
𝐺𝑟

𝑉𝐶
[
𝐺𝑟 𝒆𝑥 + (𝑘𝑦 − 𝑘 ′𝑦)𝒆𝑦

]
𝜌𝐺+𝐺𝑟 ,𝛼;𝐺′+𝐺𝑟 ,𝛽 (𝑘 ′𝑦). (S21)

Here 𝐺𝑟 = 2𝜋𝑚𝑟/𝐿 is the reciprocal momentum transferred along the 𝑥 direction. The Hartree self-energy is independent of
𝑘𝑦 because the charge density is uniform along 𝑦. The spatially uniform component, corresponding to 𝐺 = 𝐺′, is omitted from
the mean-field Hamiltonian. In contrast, the finite-𝐺 − 𝐺′ Hartree components describe the electrostatic energy associated with
charge redistribution across the domain wall.

Applying the same decoupling to the intervalley Hund interaction gives

Σ̂H,Hund =
𝑔⊥
𝐴

∑︁
𝜏,𝑙,𝜎

∑︁
𝑠,𝑠′

∑︁
𝐺𝑟

∑︁
𝑘𝑦 ,𝐺

𝑐
†
𝜏̄𝑠𝑙𝜎,𝐺

(𝑘𝑦) 𝑐𝜏𝑠𝑙𝜎,𝐺+𝐺𝑟
(𝑘𝑦)

×
∑︁
𝑘′𝑦 ,𝐺′

〈
𝑐
†
𝜏𝑠′𝑙𝜎,𝐺′ (𝑘 ′𝑦) 𝑐 𝜏̄𝑠′𝑙𝜎,𝐺′−𝐺𝑟

(𝑘 ′𝑦)
〉
, (S22)

Σ̂F,Hund = − 𝑔⊥
𝐴

∑︁
𝜏,𝑙,𝜎

∑︁
𝑠,𝑠′

∑︁
𝐺𝑟

∑︁
𝑘𝑦 ,𝐺

𝑐
†
𝜏̄𝑠𝑙𝜎,𝐺

(𝑘𝑦) 𝑐 𝜏̄𝑠′𝑙𝜎,𝐺+𝐺𝑟
(𝑘𝑦)

×
∑︁
𝑘′𝑦 ,𝐺′

〈
𝑐
†
𝜏𝑠′𝑙𝜎,𝐺′ (𝑘 ′𝑦) 𝑐𝜏𝑠𝑙𝜎,𝐺′−𝐺𝑟

(𝑘 ′𝑦)
〉
. (S23)

The Hund Hartree contribution couples spin-preserving intervalley-coherent components, whereas the Hund Fock contribution
couples the valley-resolved spin density matrices and favors ferromagnetic spin alignment between opposite valleys. The
reciprocal-lattice transfer 𝐺𝑟 allows both contributions to vary spatially across the magnetic supercell.

Starting from an initial spin–valley texture satisfying the prescribed domain-wall boundary conditions, we diagonalize Eq. S18,
reconstruct the density matrix in Eq. S19, and update the Hartree–Fock self-energies iteratively until self-consistency is reached.
The resulting metastable solutions determine the domain-wall profiles and their excess line energies. In the following subsection,
we examine the convergence of these quantities with the magnetic-supercell length.

Convergence with Magnetic-Supercell Length

The converged self-consistent solution determines the domain-wall energetics through the Hartree–Fock mean-field energy
density,

𝐸DW =
1

2𝐴

∑︁
𝑘𝑦

Tr
[
𝜌̂(𝑘𝑦)

(
𝐻̂MF (𝑘𝑦) + 𝐻̂SWMc (𝑘𝑦) + 𝐻̂SOC

)]
, (S24)
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ω→
DW = 6.4 µeV/nm

Figure S3. Domain-wall line energy 𝜎DW as a function of the magnetic-supercell length 𝐿. The line energy converges to 𝜎∗
DW ≃ 6.4 𝜇eV/nm

for 𝐿 ≳ 70 ℓ𝑒, indicating negligible interaction between the two domain walls contained within the supercell. Throughout this work we use
𝐿 = 160 ℓ𝑒.

where the trace is taken over the reciprocal-vector and internal spin–valley basis indices. The corresponding uniform ground-state
energy density is

𝐸0 =
1

2𝐴

BZ∑︁
𝒌

Tr
[
𝜌̂0 (𝒌)

(
𝐻̂MF

0 (𝒌) + 𝐻̂SWMc (𝒌) + 𝐻̂SOC
)]
, (S25)

where 𝜌̂0 and 𝐻̂MF
0 denote the self-consistent density matrix and mean-field Hamiltonian of the corresponding uniform SVQM

ground state. The excess domain-wall line energy is then defined as

𝜎DW =
𝐿

2
(𝐸DW − 𝐸0) , (S26)

where the factor of two accounts for the two equivalent domain walls contained within each magnetic supercell. The domain-wall
calculations are performed on a discretized one-dimensional Brillouin zone containing 𝑁𝑘𝑦 = 21 momentum points along the
translationally invariant 𝑦 direction. The reciprocal-space expansion retains 𝑁𝐺 reciprocal vectors, corresponding to a momentum
cutoff𝐺max = 3.4 ℓ−1

𝑒 . The resulting momentum discretization corresponds to an effective supercell area of 𝐴 = 104 ℓ2
𝑒 . Figure S3

shows the convergence of the domain-wall line energy with increasing magnetic-supercell length. As the separation between the
two domain walls increases, their mutual interaction becomes negligible and the line energy rapidly approaches a constant value.
Throughout this work we use 𝐿 = 160 ℓ𝑒, which lies well within the converged regime.

Quasiparticle Wavefunctions in the Domain Wall

To gain microscopic insight into the domain-wall electronic structure, we examine the quasiparticle wavefunctions obtained
from the self-consistent Hartree–Fock Hamiltonian. For a fixed momentum 𝑘𝑦, the 𝑛th quasiparticle eigenstate is expanded in
the magnetic-supercell basis as

|Ψ𝑛 (𝑘𝑦)⟩ =
∑︁
𝑘𝑥 ,𝛼

𝑧𝑛,𝑘𝑥 ,𝛼 (𝑘𝑦) |𝑘𝑥 , 𝛼; 𝑘𝑦⟩, (S27)

where 𝑘𝑥 = 2𝜋𝑚/𝐿 labels the reciprocal momentum of the magnetic supercell and 𝛼 = {𝑠, 𝜏, 𝑙, 𝜎} denotes the spin, valley, layer,
and sublattice degrees of freedom. We resolve the quasiparticle amplitudes by flavor,

|𝑧𝑛,𝜏𝑠 (𝑘𝑥 , 𝑘𝑦) |2 =
∑︁
𝑙,𝜎

|𝑧𝑛,𝑘𝑥 ,𝜏𝑠𝑙𝜎 (𝑘𝑦) |2, (S28)

which is the quantity shown in Figs. S4(a) and (b). For this discussion, we consider the 2-component domain wall at 𝑔⊥ = 0.
Figures S4(a) and (b) display the reciprocal-space probability distributions |𝑧𝑛,𝐾↑ (𝑘𝑥 , 𝑘𝑦 = 0) |2 and |𝑧𝑛,𝐾 ′↓ (𝑘𝑥 , 𝑘𝑦 = 0) |2 as

functions of 𝑘𝑥 and quasiparticle energy E𝑛 (𝑘𝑦 = 0) − 𝜇. The color scale represents the probability weight of each reciprocal
component, while the insets magnify the energy window 5.5–6.0 meV above the Fermi level. The horizontal green and black
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!q1

<latexit sha1_base64="8gZ+zeMKPhlnVET/bmM4QBtHBOI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WNQDx4jmAcmS5id9CZDZmfXmVkhhPyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqHSPJb3ZpSgH9G+5CFn1FjpoXODwlDy2C13C0W35M5AlomXkSJkqHULX51ezNIIpWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtlTSCLU/nl08IadW6ZEwVrakITP198SYRlqPosB2RtQM9KI3Ff/z2qkJL/0xl0lqULL5ojAVxMRk+j7pcYXMiJEllClubyVsQBVlxoaUtyF4iy8vk0a55FVKlbvzYvUqiyMHx3ACZ+DBBVThFmpQBwYSnuEV3hztvDjvzse8dcXJZo7gD5zPH7pBkFE=</latexit>

!q2

<latexit sha1_base64="vFLm4thNcita1bP1hyTlyYBYT5w=">AAACAXicbVDLSgMxFM34rPU16kZwEyyiCykzRarLogsFNxXsA9pxyKSZNjSTGZKMpU7rxl9x40IRt/6FO//GtJ2Fth64cDjn3uTe40WMSmVZ38bc/MLi0nJmJbu6tr6xaW5tV2UYC0wqOGShqHtIEkY5qSiqGKlHgqDAY6TmdS9Gfu2eCElDfqv6EXEC1ObUpxgpLbnm7uDBTfjlMbw+bLbCHkdChL3h4K7gmjkrb40BZ4mdkhxIUXbNL/0AjgPCFWZIyoZtRcpJkFAUMzLMNmNJIoS7qE0amnIUEOkk4wuG8EArLeiHQhdXcKz+nkhQIGU/8HRngFRHTnsj8T+vESv/zEkoj2JFOJ585McMqhCO4oAtKghWrK8JwoLqXSHuIIGw0qFldQj29MmzpFrI28V88eYkVzpP48iAPbAPjoANTkEJXIEyqAAMHsEzeAVvxpPxYrwbH5PWOSOd2QF/YHz+ABrUlrE=</latexit> |z n
G

,K
→ →

|2

<latexit sha1_base64="DU4EwhIyqzdk19USBISmGgQs6Jc=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzpTpLoRirpw4aKCfUBnGDKZTBuaZIYkI5Tahb/ixoUibv0Nd/6NaTsLbT0QOJxzLvfmhCmjSjvOt7WwuLS8slpYK65vbG5t2zu7TZVkEpMGTlgi2yFShFFBGppqRtqpJIiHjLTC/tXYbz0QqWgi7vUgJT5HXUFjipE2UmDve8yEIxRULm5PvGvCNII8qAR2ySk7E8B54uakBHLUA/vLixKccSI0Zkipjuuk2h8iqSlmZFT0MkVShPuoSzqGCsSJ8oeT+0fwyCgRjBNpntBwov6eGCKu1ICHJsmR7qlZbyz+53UyHZ/7QyrSTBOBp4vijEGdwHEZMKKSYM0GhiAsqbkV4h6SCGtTWdGU4M5+eZ40K2W3Wq7enZZql3kdBXAADsExcMEZqIEbUAcNgMEjeAav4M16sl6sd+tjGl2w8pk98AfW5w9DXpT8</latexit>

ω2 = L/!m2

<latexit sha1_base64="zg+6uLdpIhvyB6KjD//Wd2pvYhQ=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXMWkrbUuhKIuXLioYB/QhDCZTNuhkwczE6HELvwVNy4UcetvuPNvnLYRVPTAwOGcc7l3jhczKqRpfmi5ufmFxaX8cmFldW19Q9/caoko4Zg0ccQi3vGQIIyGpCmpZKQTc4ICj5G2Nzyf+O1bwgWNwhs5iokToH5IexQjqSRX37GZCvvItU6vDu0LwiSCgWu5etE0zCmgaVROykelmiJmqVopW9DKrCLI0HD1d9uPcBKQUGKGhOhaZiydFHFJMSPjgp0IEiM8RH3SVTREARFOOr1/DPeV4sNexNULJZyq3ydSFAgxCjyVDJAciN/eRPzL6yayV3NSGsaJJCGeLeolDMoITsqAPuUESzZSBGFO1a0QDxBHWKrKCqqEr5/C/0mrZFhVo3pdKdbPsjryYBfsgQNggWNQB5egAZoAgzvwAJ7As3avPWov2ussmtOymW3wA9rbJ4O7lSk=</latexit>

ω1 = L/!m1

<latexit sha1_base64="Z0npWLMsQ+MzF7hWf3XnvBqLjhs=">AAACB3icbZA7SwNBFIVn4yvGV9RSkMUgxMKwKxItgzaWEcwDsssyO7lJhsw+mLkrCUtS2fhXbCwUsfUv2PlvnDwKjR4YOJxzL8P9/FhwhZb1ZWSWlldW17LruY3Nre2d/O5eXUWJZFBjkYhk06cKBA+hhhwFNGMJNPAFNPz+9aRv3INUPArvcBiDG9BuyDucUdSRlz90EAaYViPFJ8FoPDgdeNa46IAQHpx4+YJVsqYy/xp7bgpkrqqX/3TaEUsCCJEJqlTLtmJ0UyqRMwGjnJMoiCnr0y60tA1pAMpNp3eMzGOdtM1OJPUL0ZymPzdSGig1DHw9GVDsqcVuEv7XtRLsXLopD+MEIWSzjzqJMDEyJ1DMNpfAUAy1oUxqEsxkPSopQ40upyHYiyf/NfWzkl0ulW/PC5WrOY4sOSBHpEhsckEq5IZUSY0w8kCeyAt5NR6NZ+PNeJ+NZoz5zj75JePjG2h8maY=</latexit>

Position x → x0 (ωe)

<latexit sha1_base64="bkI4PStwl394z5HQUdPk+a/soX8=">AAAB/HicdVBNS0JBFJ1nX2Zflss2QxK1kvckXroIpDZBG4PUQEXuG0cdnDfzmJmXiNhfadOiiLb9kHb9m+apQUUdGDiccw/3zgkizrRx3Q8ntbS8srqWXs9sbG5t72R39+paxorQGpFcqtsANOVM0JphhtPbSFEIA04bwfAi8Rt3VGkmxY0ZR7QdQl+wHiNgrNTJ5lrAowGcXR21unIkQCk56mTzbsG18H2cEK/kepaUy6VisYy9meW6ebRAtZN9t2ESh1QYwkHrpudGpj0BZRjhdJppxZpGQIbQp01LBYRUtyez46f40Cpd3JPKPmHwTP2emECo9TgM7GQIZqB/e4n4l9eMTa/UnjARxYYKMl/Uizk2EidN4C5TlBg+tgSIYvZWTAaggBjbV8aW8PVT/D+pFwueX/CvT/KV80UdabSPDtAx8tApqqBLVEU1RNAYPaAn9OzcO4/Oi/M6H005i0wO/YDz9gnxoJUB</latexit>

ω = K → → <latexit sha1_base64="M1ADVBcq9YEHOwkNH3BbhVoxKw0=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBU9hs4iYehKAXwUsE84BsCL2TSTJk9sHMbCQs+RMvHhTx6p9482+cTSKoaEFDUdVNd5cXcSaVZX0YmZXVtfWN7GZua3tnd8/cP2jKMBaENkjIQ9H2QFLOAtpQTHHajgQF3+O05Y2vUr81oUKyMLhT04h2fRgGbMAIKC31TNMFHo3g4saNIxAivO+ZeatwXnXsMxtbBcuq2CUnJXalbJdwUSsp8miJes98d/shiX0aKMJByk7RilQ3AaEY4XSWc2NJIyBjGNKOpgH4VHaT+eUzfKKVPh6EQleg8Fz9PpGAL+XU93SnD2okf3up+JfXidWg2k1YEMWKBmSxaBBzrEKcxoD7TFCi+FQTIILpWzEZgQCidFg5HcLXp/h/0rQLRafg3JbztctlHFl0hI7RKSqiCqqha1RHDUTQBD2gJ/RsJMaj8WK8LlozxnLmEP2A8fYJAb2T8A==</latexit>

ω = K →

<latexit sha1_base64="1S8KpcA1XPeuAx7tT3yfufHzX8M=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKChN0g6lH04jGCUSEbQ++kYwZnZ5eZXjGs8Te8+CtePCjiTbz4N05iDr4Kmi6qupnpilIlLfn+hzcyOjY+MTk1XZiZnZtfKC4undgkMwJrIlGJOYvAopIaayRJ4VlqEOJI4Wl0edD3T6/QWJnoY+qm2IjhQsu2FEBOahaDkPCa8qpJIoikktTlLdTW9d7tTZha2cz1Zggq7UBv/Xrj5rzSLJb8sj8A/0uCISmxIarN4lvYSkQWoyahwNp64KfUyMGQFAp7hTCzmIK4hAusO6ohRtvIB6f1+JpTWrydGFea+ED9vpFDbG03jtxkDNSxv72++J9Xz6i928ilTjNCLb4eameKU8L7OfGWNChIuTgkCCPdX7nogAFBLs2CCyH4ffJfclIpB9vl7aOt0t7+MI4ptsJW2ToL2A7bY4esympMsDv2wJ7Ys3fvPXov3uvX6Ig33FlmP+C9fwIceKIk</latexit> P
ro

b
ab

il
it
y

d
en

si
ty

|ω
n

,ω
(x

)|2
<latexit sha1_base64="1S8KpcA1XPeuAx7tT3yfufHzX8M=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKChN0g6lH04jGCUSEbQ++kYwZnZ5eZXjGs8Te8+CtePCjiTbz4N05iDr4Kmi6qupnpilIlLfn+hzcyOjY+MTk1XZiZnZtfKC4undgkMwJrIlGJOYvAopIaayRJ4VlqEOJI4Wl0edD3T6/QWJnoY+qm2IjhQsu2FEBOahaDkPCa8qpJIoikktTlLdTW9d7tTZha2cz1Zggq7UBv/Xrj5rzSLJb8sj8A/0uCISmxIarN4lvYSkQWoyahwNp64KfUyMGQFAp7hTCzmIK4hAusO6ohRtvIB6f1+JpTWrydGFea+ED9vpFDbG03jtxkDNSxv72++J9Xz6i928ilTjNCLb4eameKU8L7OfGWNChIuTgkCCPdX7nogAFBLs2CCyH4ffJfclIpB9vl7aOt0t7+MI4ptsJW2ToL2A7bY4esympMsDv2wJ7Ys3fvPXov3uvX6Ig33FlmP+C9fwIceKIk</latexit> P

ro
b
ab

il
it
y

d
en

si
ty

|ω
n

,ω
(x

)|2

<latexit sha1_base64="NnuSxf1p/jTCwVALDqfsUakdAEU=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1Q1IXLCvYBTQiTyaQdOpnEmYlQQtZu/BU3LhRx6xe482+ctllo64GBwznncuceP2FUKsv6NkpLyyura+X1ysbm1vaOubvXkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/upr43QciJI35nRonxI3QgNOQYqS05JmHDtPhAHn1CycUCGd1J6F55lwTphC89+q5Z1atmjUFXCR2QaqgQMszv5wgxmlEuMIMSdm3rUS5GRKKYkbyipNKkiA8QgPS15SjiEg3m56Sw2OtBDCMhX5cwan6eyJDkZTjyNfJCKmhnPcm4n9eP1XhuZtRnqSKcDxbFKYMqhhOeoEBFQQrNtYEYUH1XyEeIt2I0u1VdAn2/MmLpFOv2Y1a4/a02rws6iiDA3AEToANzkAT3IAWaAMMHsEzeAVvxpPxYrwbH7NoyShm9sEfGJ8/qJGaQg==</latexit>

ω2 =
2ε

!q2

<latexit sha1_base64="0fP+FGlPL0D2UKRXQLF+XN9grTQ="></latexit>

ω1 =
2ε

!q1

<latexit sha1_base64="vj68DSQe4+lU30WJsuFCkNoGt0s=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjLVju2uqAuXFewD26Fk0kwbmsmMSUYoQ//CjQtF3Po37vwbM20FFT1w4XDOvdx7jx9zpjRCH1ZuaXlldS2/XtjY3NreKe7utVSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttjy8yv31PpWKRuNGTmHohHgoWMIK1kW57l5RrDO/6Tr9YQjZyKzVUg8iuIKc6Iwi51fIJdAzJUAILNPrF994gIklIhSYcK9V1UKy9FEvNCKfTQi9RNMZkjIe0a6jAIVVeOrt4Co+MMoBBJE0JDWfq94kUh0pNQt90hliP1G8vE//yuokOql7KRJxoKsh8UZBwqCOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k1bZdlzbvT4t1c8XceTBATgEx8ABZ6AOrkADNAEBAjyAJ/BsKevRerFe5605azGzD37AevsEH7+Qlw==</latexit>

!q1

<latexit sha1_base64="8gZ+zeMKPhlnVET/bmM4QBtHBOI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WNQDx4jmAcmS5id9CZDZmfXmVkhhPyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqHSPJb3ZpSgH9G+5CFn1FjpoXODwlDy2C13C0W35M5AlomXkSJkqHULX51ezNIIpWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtlTSCLU/nl08IadW6ZEwVrakITP198SYRlqPosB2RtQM9KI3Ff/z2qkJL/0xl0lqULL5ojAVxMRk+j7pcYXMiJEllClubyVsQBVlxoaUtyF4iy8vk0a55FVKlbvzYvUqiyMHx3ACZ+DBBVThFmpQBwYSnuEV3hztvDjvzse8dcXJZo7gD5zPH7pBkFE=</latexit>

!q2

<latexit sha1_base64="lKatvZYrgEw3xraC4vdNFqfFRf8=">AAACAHicdVA9SwNBEN3zM8avqIWFzWIQrMLlool2QS0EGwVjhFwIe5u9uGRv99idU8MRC/+KjYUitv4MO/+NexpBRR8MPN6bYWZeEAtuwHXfnLHxicmp6dxMfnZufmGxsLR8ZlSiKWtQJZQ+D4hhgkvWAA6CnceakSgQrBn09zO/ecm04UqewiBm7Yj0JA85JWClTmH1yE9iorW6uvGBXUN6oCLC5bBTKLql3Z2qt+1ht+S6Na9SzYhX2/IquGyVDEU0wnGn8Op3FU0iJoEKYkyr7MbQTokGTgUb5v3EsJjQPumxlqWSRMy0048HhnjDKl0cKm1LAv5Qv0+kJDJmEAW2MyJwYX57mfiX10og3GmnXMYJMEk/F4WJwKBwlgbucs0oiIElhGpub8X0gmhCwWaWtyF8fYr/J2deqVwtVU+2ivW9URw5tIbW0SYqoxqqo0N0jBqIoiG6Qw/o0bl17p0n5/mzdcwZzaygH3Be3gFGSJeG</latexit>

K → Domain
<latexit sha1_base64="C+D0v/eZvgHrkOcrvodJAZTbTO8=">AAACA3icdVDLSgMxFM3UV62vqjvdBIvoqswUqe2uqAvBTQX7gLaUTJq2wUwyJHfUMlTc+CtuXCji1p9w59+YPgQVPXDhcM69yb3HDwU34LofTmJmdm5+IbmYWlpeWV1Lr29UjYo0ZRWqhNJ1nxgmuGQV4CBYPdSMBL5gNf/yeOTXrpg2XMkLGISsFZCe5F1OCVipnd4622t21LUkWqvr2yawG4hPVEC4HLbTGTfrWuTzeES8gutZUiwWcrki9saW62bQFOV2+t0+RaOASaCCGNPw3BBaMdHAqWDDVDMyLCT0kvRYw1JJAmZa8fiGId61Sgd3lbYlAY/V7xMxCYwZBL7tDAj0zW9vJP7lNSLoFloxl2EETNLJR91IYFB4FAjucM0oiIElhGpud8W0TzShYGNL2RC+LsX/k2ou6+Wz+fODTOloGkcSbaMdtI88dIhK6BSVUQVRdIce0BN6du6dR+fFeZ20JpzpzCb6AeftEzwzmJc=</latexit>

K → → Domain

Figure S4. (a),(b) Reciprocal-space probability distributions |𝑧𝑛,𝐾↑ (𝑘𝑥 , 𝑘𝑦 = 0) |2 and |𝑧𝑛,𝐾 ′↓ (𝑘𝑥 , 𝑘𝑦 = 0) |2, respectively, as functions of the
discrete momentum 𝑘𝑥 = 2𝜋𝑚/𝐿 and quasiparticle energy E𝑛 (𝑘𝑦 = 0) − 𝜇. The color scale represents the probability weight of each reciprocal
component. Insets magnify the energy window 5.5 ≤ E𝑛 − 𝜇 ≤ 6.0 meV. The horizontal green and black dashed lines indicate the quasiparticle
states shown in (c) and (d), respectively. (c),(d) Real-space probability distributions |𝜓𝑛,𝛼 (𝑥) |2 of the corresponding quasiparticle states at
E𝑛 (𝑘𝑦 = 0) − 𝜇 = 5.6 meV and at the Fermi level. The vertical dot-dashed lines denote the domain-wall boundaries. The bulk probability
density exhibits interference oscillations with wavelength 𝜆 = 2𝜋/Δ𝑞, where Δ𝑞 is the momentum separation between the dominant reciprocal
components. The oscillation periods satisfy 𝑁 = 9 in (c) and 𝑁 = 51 in (d). While the finite-energy state is suppressed at the domain-wall
boundary, the Fermi-level state penetrates into the domain-wall region.

dashed lines indicate the two representative quasiparticle states whose real-space probability distributions are shown in Figs. S4(c)
and (d), respectively.

The corresponding real-space probability density is obtained by Fourier transforming the reciprocal components,

|𝜓𝑛,𝛼 (𝑥) |2 =

�����∑︁
𝑘𝑥

𝑧𝑛,𝑘𝑥 ,𝛼 𝑒
𝑖𝑘𝑥 𝑥

�����2 . (S29)

When two dominant reciprocal components with momenta 𝑘𝑥,1 and 𝑘𝑥,2 interfere, the probability density oscillates with
wavevector

Δ𝑞 = |𝑘𝑥,1 − 𝑘𝑥,2 |, (S30)

corresponding to a real-space wavelength

𝜆 =
2𝜋
Δ𝑞

. (S31)

Because the magnetic supercell contains two equivalent bulk regions, each extending over a distance 𝐿/2 between neighboring
domain walls, the oscillation wavelength satisfies

𝑁𝜆 =
𝐿

2
, (S32)
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where 𝑁 is the number of oscillation periods between neighboring domain walls. For the representative quasiparticle states
shown in Figs. S4(c) and (d), we obtain 𝑁 = 9 at E𝑛 (𝑘𝑦 = 0) − 𝜇 = 5.6 meV and 𝑁 = 51 at the Fermi level, corresponding to a
substantially larger momentum separation Δ𝑞 between the dominant reciprocal components of the latter state.

Figures S4(c) and (d) compare the real-space probability distributions of two representative quasiparticle states. For the state
at E𝑛 (𝑘𝑦 = 0) − 𝜇 = 5.6 meV, the probability density oscillates within the corresponding bulk region while remaining strongly
suppressed at the domain-wall boundary. In contrast, the quasiparticle state at the Fermi level exhibits appreciable penetration of
the 𝐾 ↑ and 𝐾 ′ ↓ components into the domain-wall region. This enhanced penetration demonstrates that the domain wall strongly
reconstructs the low-energy quasiparticle wavefunctions, whereas higher-energy bulk states remain largely excluded from the
domain-wall center.

Domain-Wall Width Estimation

To quantify the spatial extent of the domain wall, we fit the self-consistent order-parameter profiles to the conventional
one-dimensional domain-wall form

𝑂 (𝑥) = 𝑂0 tanh
(
𝑥 − 𝑥0
𝜉

)
, (S33)

where 𝑂 (𝑥) denotes the corresponding spin or valley polarization, 𝑥0 is the domain-wall center, and 𝜉 is the characteristic width
parameter. We define the domain-wall width as

𝑤 = 2𝜉. (S34)

For the two-component domain wall, the spin and valley polarizations remain locked throughout the wall, so fitting either
𝑠𝑧 (𝑥) or 𝜏𝑧 (𝑥) yields the same width. In contrast, the four-component domain wall exhibits a partial relaxation of spin–valley
locking within the wall due to the enhanced intervalley Hund’s interaction. Consequently, the spin and valley order parameters
acquire different characteristic widths, denoted by 𝑤𝑠 and 𝑤𝜏 , respectively. We consistently find 𝑤𝑠 > 𝑤𝜏 , indicating that the
valley polarization varies over a shorter length scale than the spin polarization. This difference reflects the stronger uniaxial
anisotropy in the valley sector.

CP3 LONG-WAVELENGTH THEORY

To complement the microscopic Hartree–Fock calculations, we develop a continuum CP3 field theory describing the long-
wavelength spin–valley textures of the quarter-metal phase. Similar effective theories have been successfully applied to domain
walls in magic-angle twisted bilayer graphene [13] and quantum Hall ferromagnets [14]. The continuum theory provides a
transparent description of the domain-wall reconstruction and enables direct comparison with the self-consistent Hartree–Fock
results. The exchange stiffness and anisotropy coefficients entering the free-energy functional are determined directly from the
microscopic Hartree–Fock calculations, while the intervalley Hund’s coupling is treated as an independent parameter.

A quarter metal is locally described by a normalized four-component spinor |𝜓(𝑥)⟩, defined only up to an overall phase.
Equivalently, its order parameter is the matrix-valued rank-one projector

𝑃̂(𝑥) = |𝜓(𝑥)⟩⟨𝜓(𝑥) |, 𝑃̂2 = 𝑃̂, Tr 𝑃̂ = 1, (S35)

whose order-parameter manifold is the complex projective space CP3.

Free-Energy Functional

The domain-wall texture is assumed to be translationally invariant along the wall direction (𝑦), so that the continuum theory
reduces to a one-dimensional problem. The corresponding excess free energy per unit length of the domain wall, measured
relative to the uniform ground state, is

F[𝑃̂] =
∫

𝑑𝑥H[𝑃̂], (S36)



10

where the local free-energy density is measured relative to the uniform ground state, so that H[𝑃̂gs] = 0:

H[𝑃̂] = |𝑛𝑒 |
( 𝜌𝑠

2
Tr

(
𝜕𝑥 𝑃̂

)2 + Vani [𝑃̂]
)
. (S37)

Here 𝜌𝑠 is the spin–valley stiffness arising from the dominant SU(4)-symmetric Coulomb exchange interaction, while Vani
contains the weaker symmetry-breaking interactions.

Term Symmetry Energy scale
(Dominant) Magnetic ordering energies

Long-range Coulomb interaction SU(4) 𝑒2/(𝜖𝑟ℓ𝑒) ∼ 5 meV
Single-particle band Hamiltonian SU(2)𝐾 × SU(2)𝐾 ′ × U(1)v 𝜖𝐹 ∼ 6 meV

(Weak) Magnetic anisotropy energies
2-body lattice-scale interaction [8] SU(2)s × U(1)v 𝑔⊥ |𝑛𝑒 | ∼ 0.25 meV
Spin–orbit coupling [2] U(1)s × U(1)v 𝜆soc ∼ 0.1 meV

Table II. Hierarchy of approximate internal symmetries of the rhombohedral graphene Hamiltonian. The leading magnetic energy scales arise
from the competition between the long-range Coulomb interaction and the single-particle band Hamiltonian. The weaker terms listed below
introduce anisotropies that lift the SU(2)𝐾 × SU(2)𝐾 ′ × U(1)v symmetry. The dominant energy scales are estimated for density–displacement
field 𝑛𝑒–𝑈𝐷 = (−0.9 × 1011cm−2, 25 meV) in bilayer graphene.

The hierarchy of interaction scales summarized in Table II is a universal feature of interacting multilayer graphene systems, both
twisted and untwisted, and provides the organizing principle for the continuum theory developed here. The dominant long-range
Coulomb interaction establishes the spin–valley ferromagnetic order and determines the exchange stiffness, whereas lattice-scale
interactions, intrinsic spin–orbit coupling (SOC), and intervalley Hund’s exchange are parametrically weaker and primarily
determine the local anisotropy of the order parameter. Guided by this hierarchy, we retain only the leading symmetry-allowed
anisotropy terms,

Vani =
K

2

{
1 −

(
Tr
[
𝑃̂𝜏𝑧

] )2
}
+ 𝜆soc

2
{
1 − Tr

[
𝑃̂𝑠𝑧𝜏𝑧

]}
− 𝑢⊥ S𝐾 · S𝐾 ′ . (S38)

Here

𝑺𝜏 = Tr
(
𝑃̂P̂𝜏 𝒔

)
(S39)

denotes the spin polarization in valley 𝜏, where P̂𝜏 = (1 + 𝜏𝜏𝑧)/2 is the valley projection operator.
The first term in Eq. (S38) is the energy cost of reducing the Ising valley polarization from its uniform-ground-state value

|𝜏𝑧 | = 1, where 𝜏𝑧 ≡ Tr
[
𝑃̂𝜏𝑧

]
. It therefore favors an Ising valley ferromagnet. The second term is the intrinsic Kane–Mele SOC,

which locks the spin and valley quantization axes through the Ising coupling 𝑠𝑧𝜏𝑧 . The last term describes the intervalley Hund’s
interaction, favoring parallel alignment of the valley-resolved spin polarizations.

The continuum coefficients (𝜌𝑠 ,K, 𝜆soc) are determined directly from constrained microscopic Hartree–Fock calculations,
providing a quantitative connection between the microscopic and continuum descriptions. The following subsection also
establishes the correspondence between the microscopic intervalley Hund coupling 𝑔⊥ and the continuum coupling 𝑢⊥, thereby
completing the parameterization of the 𝐶𝑃3 free-energy functional.

Microscopic Parameterization

Once the form of the 𝐶𝑃3 free-energy functional is established, its parameters are determined from the microscopic Hartree–
Fock (HF) theory. Throughout this subsection, 𝐸 denotes the HF mean-field energy density, in contrast to the continuum
free-energy functional F introduced in the previous subsection. All energy differences are measured relative to the corresponding
uniform ground state at the same carrier density. Dividing the energy-density difference by |𝑛𝑒 | gives the energy difference per
charge. The exchange stiffness 𝜌𝑠 and valley anisotropy coefficientK are determined independently from constrained microscopic
calculations, while the continuum intervalley Hund coupling 𝑢⊥ is related analytically to the microscopic interaction strength 𝑔⊥.
Intrinsic spin–orbit coupling strength 𝜆soc taken directly from experiment rather than extracted from the microscopic calculation.

The exchange stiffness originates from the dominant SU(4)-symmetric component of the long-range Coulomb exchange
interaction. It is extracted from the energy cost of a long-wavelength spin spiral imposed on the uniform HF ground state. For
sufficiently small spiral wave vector 𝑞, the increase in the HF energy density is quadratic,

𝐸 (𝑞) − 𝐸 (0)
|𝑛𝑒 |

=
𝜌𝑠

2
𝑞2 + O(𝑞4), (S40)
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0.24 meV

Figure S5. Microscopic extraction of the continuum parameters entering the𝐶𝑃3 theory. (a) Hartree–Fock energy density of a long-wavelength
spin spiral as a function of the spiral wave vector 𝑞. The quadratic fit yields the exchange stiffness 𝜌𝑠 . (b) Uniform Hartree–Fock energy density
as a function of 1 − 𝜏2

𝑧 , where 𝜏𝑧 = Tr
[
𝑃̂𝜏𝑧

]
is valley polarization. The straight line is a linear fit. According to Δ𝐸/|𝑛𝑒 | = (K/2) (1 − 𝜏2

𝑧 ), the
fitted slope equals K/2, and hence K = 2 × 0.12 meV = 0.24 meV.

from which 𝜌𝑠 is obtained by fitting the long-wavelength dispersion.
The valley-anisotropy coefficient K is determined from the energy of spatially uniform Hartree–Fock states with valley

polarization 𝜏𝑧 ≡ Tr
[
𝑃̂𝜏𝑧

]
, while keeping the carrier density fixed. We subtract the energy of the fully valley-polarized uniform

ground state, 𝜏𝑧 = 1, and plot the resulting energy difference per charge against 1 − 𝜏2
𝑧 . The anisotropy energy then gives

𝐸 (𝜏𝑧) − 𝐸 (𝜏𝑧 = 1)
|𝑛𝑒 |

=
K

2

(
1 − 𝜏2

𝑧

)
. (S41)

The microscopic calculations used to extract 𝜌𝑠 and K are summarized in Fig. S5. Panel (a) shows the quadratic dependence of
the HF energy density on the spin-spiral wave vector, yielding the exchange stiffness 𝜌𝑠 = 0.05 meV/|𝑛𝑒 | ∼ 50 meVnm2. Panel
(b) shows

[
𝐸 (𝜏𝑧) − 𝐸 (𝜏𝑧 = 1)

]
/|𝑛𝑒 | as a function of 1 − 𝜏2

𝑧 . The data are linear, with slope K/2; therefore the valley-anisotropy
energy is K = 2 × (slope). The fitted slope is 𝑚 = 0.12 meV, giving K = 0.24 meV.

The intrinsic SOC strength is taken directly from experiment rather than extracted from the microscopic calculation. Throughout
this work we use 𝜆soc = 0.1 meV, consistent with the experimentally estimated value[2] for rhombohedral graphene.

The remaining continuum parameter, the intervalley Hund coupling 𝑢⊥, is obtained by matching the microscopic intervalley
interaction energy to the corresponding term in the 𝐶𝑃3 free-energy functional. To establish this correspondence, we evaluate
the Hartree and Fock contributions to the microscopic mean-field energy for a uniform state and rewrite the result in terms of the
continuum order parameters. Using Eqs. (S11) and (S12), the Hartree and Fock contributions to the mean-field energy density
are

𝐸H,Hund =
𝑔⊥

2𝐴2

∑︁
𝜏,𝑙,𝜎

∑︁
𝒌 ,𝑠

⟨𝑐†
𝜏̄𝑠𝑙𝜎

(𝒌) 𝑐𝜏𝑠𝑙𝜎 (𝒌)⟩
∑︁
𝒌 ′ ,𝑠′

⟨𝑐†
𝜏𝑠′𝑙𝜎 (𝒌

′) 𝑐 𝜏̄𝑠′𝑙𝜎 (𝒌′)⟩ , (S42)

𝐸F,Hund = − 𝑔⊥
2𝐴2

∑︁
𝜏,𝑙,𝜎

∑︁
𝒌 ,𝑠,𝑠′

⟨𝑐†
𝜏̄𝑠𝑙𝜎

(𝒌) 𝑐 𝜏̄𝑠′𝑙𝜎 (𝒌)⟩
∑︁
𝒌 ′

⟨𝑐†
𝜏𝑠′𝑙𝜎 (𝒌

′) 𝑐𝜏𝑠𝑙𝜎 (𝒌′)⟩ . (S43)

For the displacement fields considered in this work (𝑈𝐷 ≫ 𝜖𝐹), the low-energy carriers are predominantly polarized onto a
single layer–sublattice orbital. We therefore suppress the layer and sublattice indices (𝑙, 𝜎) in the following discussion. We first
introduce the valley-coherence components,

𝜏𝑥 =
1
𝑁𝑒

∑︁
𝒌 ,𝑠,𝜏

⟨𝑐†
𝜏̄𝑠
(𝒌)𝑐𝜏𝑠 (𝒌)⟩ , (S44)

𝜏𝑦 = − 𝑖

𝑁𝑒

∑︁
𝒌 ,𝑠,𝜏

𝜏 ⟨𝑐†
𝜏̄𝑠
(𝒌)𝑐𝜏𝑠 (𝒌)⟩ , (S45)

together with the valley occupation and valley-resolved spin polarization,

𝑛𝜏 =
1
𝑁𝑒

∑︁
𝒌 ,𝑠

⟨𝑐†𝜏𝑠 (𝒌)𝑐𝜏𝑠 (𝒌)⟩ , (S46)

𝑺𝜏 =
1
𝑁𝑒

∑︁
𝒌 ,𝑠,𝑠′

⟨𝑐†𝜏𝑠 (𝒌)𝒔𝑠𝑠′𝑐𝜏𝑠′ (𝒌)⟩ , (S47)
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where 𝑁𝑒 = |𝑛𝑒 |𝐴 is the total number of charge carriers. The valley-resolved spin density matrix can then be written as

𝜌̂𝜏 =
𝑁𝑒

2

(
𝑛𝜏 𝕀̂ + 𝑺𝜏 · 𝒔

)
. (S48)

Here 𝑛𝜏 denotes the fraction of carriers occupying valley 𝜏, satisfying 𝑛𝐾 +𝑛𝐾 ′ = 1. Because the valley-resolved spin polarization
is normalized by the total carrier density, its magnitude satisfies |𝑺𝜏 | ≤ 1.

Expressed in terms of the valley coherence, the Hartree contribution becomes

𝐸H,Hund =
𝑔⊥𝑁2

𝑒

4𝐴2

(
𝜏2
𝑥 + 𝜏2

𝑦

)
. (S49)

Similarly, the Fock contribution can be written as

𝐸F,Hund = − 𝑔⊥
𝐴2 Tr𝑠 ( 𝜌̂𝐾 𝜌̂𝐾 ′ )

= −𝑔⊥𝑁
2
𝑒

2𝐴2 (𝑛𝐾𝑛𝐾 ′ + 𝑺𝐾 · 𝑺𝐾 ′ ) . (S50)

Using the definition of the valley polarization,

𝜏𝑧 = 𝑛𝐾 − 𝑛𝐾 ′ , (S51)

the valley occupations satisfy

𝑛𝐾𝑛𝐾 ′ =
1
4

(
1 − 𝜏2

𝑧

)
, (S52)

so that

𝐸F,Hund = −𝑔⊥𝑁
2
𝑒

2𝐴2

[
1
4

(
1 − 𝜏2

𝑧

)
+ 𝑺𝐾 · 𝑺𝐾 ′

]
. (S53)

Combining the Hartree and Fock contributions gives

𝐸Hund =
𝑔⊥𝑁2

𝑒

4𝐴2

[(
𝜏2
𝑥 + 𝜏2

𝑦

)
− 1

2

(
1 − 𝜏2

𝑧

)]
− 𝑔⊥𝑁2

𝑒

2𝐴2 S𝐾 · S𝐾 ′ . (S54)

We separate the microscopic Hund contribution into a valley-only part and a spin-exchange part. The valley-only contribution
is treated as a small correction to the valley-anisotropy energy obtained from the microscopic Hartree–Fock theory and is
included in the anisotropy sector of the continuum model. To determine 𝑢⊥, we match only the spin-exchange contribution to
the corresponding continuum Hund term:

𝐸
F,Hund
spin

|𝑛𝑒 |
= −𝑔⊥ |𝑛𝑒 |

2
S𝐾 · S𝐾 ′ . (S55)

Comparison with the corresponding term in Eq. (S38) then gives

𝑢⊥ =
𝑔⊥ |𝑛𝑒 |

2
. (S56)

Together with the exchange stiffness 𝜌𝑠 , the valley-anisotropy coefficient K, and the intrinsic SOC strength 𝜆soc obtained
from the microscopic Hartree–Fock theory, this coefficient matching specifies the 𝐶𝑃3 energy functional used in this work. The
resulting parameters are summarized in Table III.

In the following subsection, we employ this parameterized continuum theory to investigate the reconstruction of magnetic
domain walls as a function of the intervalley Hund coupling 𝑢⊥.

Parameter 𝜌𝑠 |𝑛𝑒 | K 𝜆soc 𝑢⊥
Value (meV) 0.05 0.24 0.10 0 – 0.3

Table III. Parameters entering the 𝐶𝑃3 continuum theory. The exchange stiffness 𝜌𝑠 and valley anisotropy coefficient K are extracted from
microscopic HF calculations at 𝑛–𝑈𝐷 = (−0.9 × 1011 cm−2, 25 meV) in rBG. The SOC strength is taken from experiment[2], while the
intervalley Hund coupling 𝑢⊥ is treated as the tuning parameter.
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Domain-Wall Reconstruction in the 𝐶𝑃3 Theory

We now minimize 𝐶𝑃3 free-energy functional (Eq. (S37)) subject to the same 𝐾 ↑ and 𝐾 ′ ↓ boundary conditions imposed in
the microscopic Hartree–Fock calculations. Since this functional is invariant under 𝑈 (1)𝑠 ×𝑈 (1)𝑣 rotations about the spin and
valley 𝑧 axes, we choose a symmetry-equivalent representative with 𝑠𝑦 (𝑥) = 𝜏𝑦 (𝑥) = 0, so that both polarizations lie in their
respective 𝑥–𝑧 planes. The normalized spinor is initialized as a smooth interpolation between the two bulk spin–valley polarized
quarter-metal states and is iteratively relaxed until the free energy converges. Figure S6 summarizes the resulting continuum
domain-wall solutions.
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<latexit sha1_base64="Ii9OTo8xig0ofeOgXW6xgd8cM00=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAh1E5K0pnVXdOOygn1IG8pkOmmHTiZhZiLW0K9w40IRt36OO//GSVtBRQ9cOJxzL/fe48eMSmVZH8bS8srq2npuI7+5tb2zW9jbb8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH19kfvuWCEkjfq0mMfFCNOQ0oBgpLd30FEr696W7k36haJlnNdc5daBlWlbVKbsZcaoVpwxtrWQoggUa/cJ7bxDhJCRcYYak7NpWrLwUCUUxI9N8L5EkRniMhqSrKUchkV46O3gKj7UygEEkdHEFZ+r3iRSFUk5CX3eGSI3kby8T//K6iQpqXkp5nCjC8XxRkDCoIph9DwdUEKzYRBOEBdW3QjxCAmGlM8rrEL4+hf+TlmParuleVYr180UcOXAIjkAJ2KAK6uASNEATYBCCB/AEng1hPBovxuu8dclYzByAHzDePgHF85Br</latexit>

ωz(x)

<latexit sha1_base64="lyggor2G0I9m0FAKGLxe2ca4kRY=">AAAB7XicdVDLTgIxFO3gC/GFunTTSExwM+mgjLAjunGJiTwSmJBOKVDpTCdtx4gT/sGNC41x6/+482/sACZq9CQ3OTnn3tx7jx9xpjRCH1ZmaXlldS27ntvY3Nreye/uNZWIJaENIriQbR8ryllIG5ppTtuRpDjwOW3544vUb91SqZgIr/Ukol6AhyEbMIK1kZqqd1+8O+7lC8hGbrmKqhDZZeRUZgQht1I6gY4hKQpggXov/97tCxIHNNSEY6U6Doq0l2CpGeF0muvGikaYjPGQdgwNcUCVl8yuncIjo/ThQEhToYYz9ftEggOlJoFvOgOsR+q3l4p/eZ1YDypewsIo1jQk80WDmEMtYPo67DNJieYTQzCRzNwKyQhLTLQJKGdC+PoU/k+aJdtxbffqtFA7X8SRBQfgEBSBA85ADVyCOmgAAm7AA3gCz5awHq0X63XemrEWM/vgB6y3T4Fnjx0=</latexit>

sz(x)

<latexit sha1_base64="J0j/1Y3xgF8ajRq2n30Rixq8nCA=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6GTK1re2u6MZlBfuAdiiZNNPGZpIhyUhL6T+4caGIW//HnX9j+hBU9MCFwzn3cu89QcyZNgh9OCura+sbm6mt9PbO7t5+5uCwoWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMr2Z+854qzaS4NeOY+hHuCxYygo2VGro7yo3OupkscisVVPAqELlFhPLlkiXoPF8uFqHnojmyYIlaN/Pe6UmSRFQYwrHWbQ/Fxp9gZRjhdJruJJrGmAxxn7YtFTii2p/Mr53CU6v0YCiVLWHgXP0+McGR1uMosJ0RNgP925uJf3ntxIRlf8JEnBgqyGJRmHBoJJy9DntMUWL42BJMFLO3QjLAChNjA0rbEL4+hf+TRt71Sm7pppCtXi7jSIFjcAJywAMXoAquQQ3UAQF34AE8gWdHOo/Oi/O6aF1xljNH4Aect0+FnY8g</latexit>

sx(x)

<latexit sha1_base64="5Au9R6xRsG5Cop/Z5nFV8tFRoYo=">AAAB83icdVDLSsNAFJ34rPVVdelmsAh1EybVxnZXdOOygn1AE8JkOmmHTh7MTKQl9DfcuFDErT/jzr9x0lZQ0QMXDufcy733+AlnUiH0Yaysrq1vbBa2its7u3v7pYPDjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe364+vc795TIVkc3alpQt0QDyMWMIKVlhzpTRyFU29SmZx5pTIykV1roAZEZg1Z9TlByK5Xz6GlSY4yWKLlld6dQUzSkEaKcCxl30KJcjMsFCOczopOKmmCyRgPaV/TCIdUutn85hk81coABrHQFSk4V79PZDiUchr6ujPEaiR/e7n4l9dPVVB3MxYlqaIRWSwKUg5VDPMA4IAJShSfaoKJYPpWSEZYYKJ0TEUdwten8H/SqZqWbdq3F+Xm1TKOAjgGJ6ACLHAJmuAGtEAbEJCAB/AEno3UeDRejNdF64qxnDkCP2C8fQI3BZHU</latexit>

sxωx(x)

<latexit sha1_base64="LEsmweqx/q75YBbrK6TxwA9jov8=">AAAB83icdVDJSgNBEO1xjXGLevTSGIR4GXpiEpNb0IvHCGaBzDD0dHqSJj0LvYhDyG948aCIV3/Gm39jZxFU9EHB470qquoFKWdSIfRhrayurW9s5rby2zu7e/uFg8OOTLQgtE0SnohegCXlLKZtxRSnvVRQHAWcdoPx1czv3lEhWRLfqiylXoSHMQsZwcpIrvQzV2HtZ6X7M79QRHajgSpOAyK7ilC5XjMEnZfr1Sp0bDRHESzR8gvv7iAhOqKxIhxL2XdQqrwJFooRTqd5V0uaYjLGQ9o3NMYRld5kfvMUnhplAMNEmIoVnKvfJyY4kjKLAtMZYTWSv72Z+JfX1yqsexMWp1rRmCwWhZpDlcBZAHDABCWKZ4ZgIpi5FZIRFpgoE1PehPD1KfyfdMq2U7NrN5Vi83IZRw4cgxNQAg64AE1wDVqgDQhIwQN4As+Wth6tF+t10bpiLWeOwA9Yb59BXZHb</latexit>

syωy(x)

<latexit sha1_base64="jg0JolDvoREUqAWfhwtoR9thkp8=">AAAB83icdVDLSsNAFJ3UV62vqks3g0Wom5CkNa27ohuXFWwrNCFMppN26OTBzERsQ3/DjQtF3Poz7vwbJ20FFT1w4XDOvdx7j58wKqRhfGiFldW19Y3iZmlre2d3r7x/0BVxyjHp4JjF/NZHgjAakY6kkpHbhBMU+oz0/PFl7vfuCBc0jm7kJCFuiIYRDShGUkmO8KaORKk3rd6feuWKoZ83bevMgoZuGA2rZufEatStGjSVkqMClmh75XdnEOM0JJHEDAnRN41EuhnikmJGZiUnFSRBeIyGpK9ohEIi3Gx+8wyeKGUAg5iriiScq98nMhQKMQl91RkiORK/vVz8y+unMmi6GY2SVJIILxYFKYMyhnkAcEA5wZJNFEGYU3UrxCPEEZYqppIK4etT+D/pWrpp6/Z1vdK6WMZRBEfgGFSBCRqgBa5AG3QABgl4AE/gWUu1R+1Fe120FrTlzCH4Ae3tEzkjkdU=</latexit>

szωz(x)

<latexit sha1_base64="5Au9R6xRsG5Cop/Z5nFV8tFRoYo=">AAAB83icdVDLSsNAFJ34rPVVdelmsAh1EybVxnZXdOOygn1AE8JkOmmHTh7MTKQl9DfcuFDErT/jzr9x0lZQ0QMXDufcy733+AlnUiH0Yaysrq1vbBa2its7u3v7pYPDjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe364+vc795TIVkc3alpQt0QDyMWMIKVlhzpTRyFU29SmZx5pTIykV1roAZEZg1Z9TlByK5Xz6GlSY4yWKLlld6dQUzSkEaKcCxl30KJcjMsFCOczopOKmmCyRgPaV/TCIdUutn85hk81coABrHQFSk4V79PZDiUchr6ujPEaiR/e7n4l9dPVVB3MxYlqaIRWSwKUg5VDPMA4IAJShSfaoKJYPpWSEZYYKJ0TEUdwten8H/SqZqWbdq3F+Xm1TKOAjgGJ6ACLHAJmuAGtEAbEJCAB/AEno3UeDRejNdF64qxnDkCP2C8fQI3BZHU</latexit>

sxωx(x)

<latexit sha1_base64="LEsmweqx/q75YBbrK6TxwA9jov8=">AAAB83icdVDJSgNBEO1xjXGLevTSGIR4GXpiEpNb0IvHCGaBzDD0dHqSJj0LvYhDyG948aCIV3/Gm39jZxFU9EHB470qquoFKWdSIfRhrayurW9s5rby2zu7e/uFg8OOTLQgtE0SnohegCXlLKZtxRSnvVRQHAWcdoPx1czv3lEhWRLfqiylXoSHMQsZwcpIrvQzV2HtZ6X7M79QRHajgSpOAyK7ilC5XjMEnZfr1Sp0bDRHESzR8gvv7iAhOqKxIhxL2XdQqrwJFooRTqd5V0uaYjLGQ9o3NMYRld5kfvMUnhplAMNEmIoVnKvfJyY4kjKLAtMZYTWSv72Z+JfX1yqsexMWp1rRmCwWhZpDlcBZAHDABCWKZ4ZgIpi5FZIRFpgoE1PehPD1KfyfdMq2U7NrN5Vi83IZRw4cgxNQAg64AE1wDVqgDQhIwQN4As+Wth6tF+t10bpiLWeOwA9Yb59BXZHb</latexit>

syωy(x)

<latexit sha1_base64="jg0JolDvoREUqAWfhwtoR9thkp8=">AAAB83icdVDLSsNAFJ3UV62vqks3g0Wom5CkNa27ohuXFWwrNCFMppN26OTBzERsQ3/DjQtF3Poz7vwbJ20FFT1w4XDOvdx7j58wKqRhfGiFldW19Y3iZmlre2d3r7x/0BVxyjHp4JjF/NZHgjAakY6kkpHbhBMU+oz0/PFl7vfuCBc0jm7kJCFuiIYRDShGUkmO8KaORKk3rd6feuWKoZ83bevMgoZuGA2rZufEatStGjSVkqMClmh75XdnEOM0JJHEDAnRN41EuhnikmJGZiUnFSRBeIyGpK9ohEIi3Gx+8wyeKGUAg5iriiScq98nMhQKMQl91RkiORK/vVz8y+unMmi6GY2SVJIILxYFKYMyhnkAcEA5wZJNFEGYU3UrxCPEEZYqppIK4etT+D/pWrpp6/Z1vdK6WMZRBEfgGFSBCRqgBa5AG3QABgl4AE/gWUu1R+1Fe120FrTlzCH4Ae3tEzkjkdU=</latexit>

szωz(x)

<latexit sha1_base64="b/JK6ieksTcAhE7KTqcqDON4opM=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAIdTNkSltdFt24rGBroTMMmTRtQzMXcpHWoa/hxoUibn0Zd76NmXYEFT0Q8vP955CTP0g4kwqhD6uwsrq2vlHcLG1t7+zulfcPujLWgtAOiXksegGWlLOIdhRTnPYSQXEYcHobTC4z//aOCsni6EbNEuqFeBSxISNYGeRKf+oqrP376vTUL1eQ3UCmahDZ2V1vwJw0oLMgCFVAXm2//O4OYqJDGinCsZR9ByXKS7FQjHA6L7la0gSTCR7RvpERDqn00sXOc3hiyAAOY2FOpOCCfp9IcSjlLAxMZ4jVWP72MviX19dqeO6lLEq0ohFZPjTUHKoYZgHAAROUKD4zAhPBzK6QjLHARJmYSiaEr5/C/0W3ZjtNu3ldr7Qu8jiK4AgcgypwwBlogSvQBh1AQAIewBN4trT1aL1Yr8vWgpXPHIIfZb19AviMkak=</latexit>

sxωz(x)

<latexit sha1_base64="hZUulH8PcnwlnXhN9hCFGgeAL7o=">AAACFHicbVDJSgNBEO1xjXEb9eilMQiCGGZEosegF48RzQKZEHo6laSxp2forgmGIR/hxV/x4kERrx68+Td2loPbg4LHe1VU1QsTKQx63qczN7+wuLScW8mvrq1vbLpb2zUTp5pDlccy1o2QGZBCQRUFSmgkGlgUSqiHtxdjvz4AbUSsbnCYQCtiPSW6gjO0Uts9DBDuMLtOhDoaMClhOAqC/FSMdQc0TZhmESDoUdsteEVvAvqX+DNSIDNU2u5H0Il5GoFCLpkxTd9LsJUxjYJLGOWD1EDC+C3rQdNSZfeYVjZ5akT3rdKh3VjbUkgn6veJjEXGDKPQdkYM++a3Nxb/85opds9amVBJiqD4dFE3lRRjOk6IdoQGjnJoCeNa2Fsp79sQuM3A5G0I/u+X/5LacdEvFUtXJ4Xy+SyOHNkle+SA+OSUlMklqZAq4eSePJJn8uI8OE/Oq/M2bZ1zZjM75Aec9y9bFJ+p</latexit>
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<latexit sha1_base64="hZUulH8PcnwlnXhN9hCFGgeAL7o=">AAACFHicbVDJSgNBEO1xjXEb9eilMQiCGGZEosegF48RzQKZEHo6laSxp2forgmGIR/hxV/x4kERrx68+Td2loPbg4LHe1VU1QsTKQx63qczN7+wuLScW8mvrq1vbLpb2zUTp5pDlccy1o2QGZBCQRUFSmgkGlgUSqiHtxdjvz4AbUSsbnCYQCtiPSW6gjO0Uts9DBDuMLtOhDoaMClhOAqC/FSMdQc0TZhmESDoUdsteEVvAvqX+DNSIDNU2u5H0Il5GoFCLpkxTd9LsJUxjYJLGOWD1EDC+C3rQdNSZfeYVjZ5akT3rdKh3VjbUkgn6veJjEXGDKPQdkYM++a3Nxb/85opds9amVBJiqD4dFE3lRRjOk6IdoQGjnJoCeNa2Fsp79sQuM3A5G0I/u+X/5LacdEvFUtXJ4Xy+SyOHNkle+SA+OSUlMklqZAq4eSePJJn8uI8OE/Oq/M2bZ1zZjM75Aec9y9bFJ+p</latexit>
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<latexit sha1_base64="hZUulH8PcnwlnXhN9hCFGgeAL7o=">AAACFHicbVDJSgNBEO1xjXEb9eilMQiCGGZEosegF48RzQKZEHo6laSxp2forgmGIR/hxV/x4kERrx68+Td2loPbg4LHe1VU1QsTKQx63qczN7+wuLScW8mvrq1vbLpb2zUTp5pDlccy1o2QGZBCQRUFSmgkGlgUSqiHtxdjvz4AbUSsbnCYQCtiPSW6gjO0Uts9DBDuMLtOhDoaMClhOAqC/FSMdQc0TZhmESDoUdsteEVvAvqX+DNSIDNU2u5H0Il5GoFCLpkxTd9LsJUxjYJLGOWD1EDC+C3rQdNSZfeYVjZ5akT3rdKh3VjbUkgn6veJjEXGDKPQdkYM++a3Nxb/85opds9amVBJiqD4dFE3lRRjOk6IdoQGjnJoCeNa2Fsp79sQuM3A5G0I/u+X/5LacdEvFUtXJ4Xy+SyOHNkle+SA+OSUlMklqZAq4eSePJJn8uI8OE/Oq/M2bZ1zZjM75Aec9y9bFJ+p</latexit>
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<latexit sha1_base64="hZUulH8PcnwlnXhN9hCFGgeAL7o=">AAACFHicbVDJSgNBEO1xjXEb9eilMQiCGGZEosegF48RzQKZEHo6laSxp2forgmGIR/hxV/x4kERrx68+Td2loPbg4LHe1VU1QsTKQx63qczN7+wuLScW8mvrq1vbLpb2zUTp5pDlccy1o2QGZBCQRUFSmgkGlgUSqiHtxdjvz4AbUSsbnCYQCtiPSW6gjO0Uts9DBDuMLtOhDoaMClhOAqC/FSMdQc0TZhmESDoUdsteEVvAvqX+DNSIDNU2u5H0Il5GoFCLpkxTd9LsJUxjYJLGOWD1EDC+C3rQdNSZfeYVjZ5akT3rdKh3VjbUkgn6veJjEXGDKPQdkYM++a3Nxb/85opds9amVBJiqD4dFE3lRRjOk6IdoQGjnJoCeNa2Fsp79sQuM3A5G0I/u+X/5LacdEvFUtXJ4Xy+SyOHNkle+SA+OSUlMklqZAq4eSePJJn8uI8OE/Oq/M2bZ1zZjM75Aec9y9bFJ+p</latexit>
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<latexit sha1_base64="FMQ07mDyp4bHdDFF/HFT8o3twL0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKRI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbY2aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87JXKVfuLorV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1JOkLQ=</latexit>

(a)
<latexit sha1_base64="8dgaeLR4X2FyPbpmDy1pwKzqOhI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKRI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJaCs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52WvUq7cXRSr11kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1PUkLU=</latexit>

(b)
<latexit sha1_base64="u2TwwKMVTyridKtO0sT6Dd/dTzA=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKRI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJb42aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87JXKVfuLorV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1VakLY=</latexit>

(c)

<latexit sha1_base64="IUOYbY/vMmvCz0r+kBqv5b5ADcY=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSQi1WPRi8cK9gPbUDabSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDPPTwTX6Djf1srq2vrGZmGruL2zu7dfOjhs6ThVDJosFrHq+FSD4BKayFFAJ1FAI19A2x/dTP32IyjNY3mP4wS8iA4kDzmjaKSHHsITZpXgbNIvlZ2qM4O9TNyclEmORr/01QtilkYgkQmqddd1EvQyqpAzAZNiL9WQUDaiA+gaKmkE2stmF0/sU6MEdhgrUxLtmfp7IqOR1uPIN50RxaFe9Kbif143xfDKy7hMUgTJ5ovCVNgY29P37YArYCjGhlCmuLnVZkOqKEMTUtGE4C6+vExa51W3Vq3dXZTr13kcBXJMTkiFuOSS1MktaZAmYUSSZ/JK3ixtvVjv1se8dcXKZ47IH1ifP1bgkLc=</latexit>

(d)
<latexit sha1_base64="Fs56sW4XXeu2fZDxJjqKDLOb1Hg=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKRI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbgbNItFN2yOwNdJl5GiiRDrVv46vQinoSgkEtmTNtzY/RTplFwCZN8JzEQMz5iA2hbqlgIxk9nF0/oqVV6tB9pWwrpTP09kbLQmHEY2M6Q4dAselPxP6+dYP/KT4WKEwTF54v6iaQY0en7tCc0cJRjSxjXwt5K+ZBpxtGGlLcheIsvL5PGedmrlCt3F8XqdRZHjhyTE1IiHrkkVXJLaqROOFHkmbySN8c4L8678zFvXXGymSPyB87nD1hmkLg=</latexit>

(e)
<latexit sha1_base64="wRKSQjhFiyN/3ZdGQnZOSZ/wdcU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAcmIcxOZpMhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+85FrIyJ1j+OYd0M6UCIQjKKVHjrInzAtBWeTXqHolt0ZyDLxMlKEDLVe4avTj1gScoVMUmPanhtjN6UaBZN8ku8khseUjeiAty1VNOSmm84unpBTq/RJEGlbCslM/T2R0tCYcejbzpDi0Cx6U/E/r51gcNVNhYoT5IrNFwWJJBiR6fukLzRnKMeWUKaFvZWwIdWUoQ0pb0PwFl9eJo3zslcpV+4uitXrLI4cHMMJlMCDS6jCLdSgDgwUPMMrvDnGeXHenY9564qTzRzBHzifP1nskLk=</latexit>

(f)
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Figure S6. 𝐶𝑃3 continuum domain-wall solutions obtained by minimizing the parameterized free-energy functional. (a) Spatial profiles of the
spin and valley order parameters for the two-component domain wall at 𝑢⊥ = 0. The spin and valley remain locked, satisfying 𝑠𝑧 (𝑥) = 𝜏𝑧 (𝑥)
and 𝑠𝑥 (𝑥) = 𝜏𝑥 (𝑥) = 0, resulting in a single domain-wall width 𝑤. (b) Corresponding composite spin–valley order parameters. The Ising
order parameter 𝑠𝑧𝜏𝑧 (𝑥) remains 1 throughout the texture, while the transverse components vanish identically. (c) Normalization of the
𝐶𝑃3 spin–valley projector, Tr[𝑃̂(𝑥)]. The continuum theory retains only the normalized internal spin–valley state and assumes a spatially
uniform carrier density; charge redistribution such as that found microscopically in ??(c) is therefore excluded. (d) Spatial profiles of the
four-component domain wall for 𝑢⊥/𝜆soc = 2.1. Finite transverse spin polarization and intervalley coherence develop inside the wall, leading
to distinct spin and valley domain-wall widths, 𝑤𝑠 > 𝑤𝜏 . (e) Corresponding composite spin–valley order parameters for the four-component
domain wall. (f) Evolution of the domain-wall-center order parameters 𝑠𝑥 (𝑥0) and 𝜏𝑥 (𝑥0) as functions of the dimensionless Hund coupling
𝑢⊥/𝜆soc. Above the critical coupling 𝑢∗⊥/𝜆soc ≈ 1.2, the transverse order parameters develop continuously from zero, signaling a second-order
transition from the two-component to the four-component domain wall. Using the relation 𝑢⊥ = 𝑔⊥ |𝑛𝑒 |/2, the critical coupling corresponds to
𝑔∗⊥,CP3 |𝑛𝑒 |/𝜆soc = 2.4.

For weak intervalley Hund coupling, the minimizing spinor remains confined to the {𝐾 ↑, 𝐾 ′ ↓} subspace, giving rise to
the two-component domain wall shown in Figs. S6(a)–(c). The spin and valley order parameters remain locked throughout
the texture, satisfying 𝑠𝑧 (𝑥) = 𝜏𝑧 (𝑥) and 𝑠𝑥 (𝑥) = 𝜏𝑥 (𝑥) = 0. Consequently, the Ising order parameter 𝑠𝑧𝜏𝑧 (𝑥) remains unity
across the entire domain wall, while the intervalley coherence vanishes identically. As expected within the continuum theory, the
local charge density remains uniform throughout the texture, as shown in Fig. S6(c). The spin and valley profiles are therefore
characterized by the same domain-wall width.

Upon increasing the intervalley Hund coupling, the energy gained by aligning the valley-resolved spin polarizations competes
with the spin–valley locking induced by intrinsic SOC. Above the critical coupling 𝑢∗⊥/𝜆soc ≈ 1.2, the energy minimum
continuously expands into the full 𝐶𝑃3 manifold, producing the four-component domain wall shown in Figs. S6(d) and (e). In
this regime, finite transverse spin polarization 𝑠𝑥 (𝑥) and intervalley coherence 𝜏𝑥 (𝑥) develop within the domain wall, accompanied
by the composite order parameters 𝑠𝑥𝜏𝑥 (𝑥), 𝑠𝑦𝜏𝑦 (𝑥), and 𝑠𝑥𝜏𝑧 (𝑥). The spin and valley order parameters are no longer locked,
resulting in distinct domain-wall widths, with 𝑤𝑠 > 𝑤𝜏 .
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The continuous nature of this reconstruction is illustrated in Fig. S6(f), which shows the evolution of the domain-wall-center
order parameter 𝑠𝑥 (𝑥0) and 𝜏𝑥 (𝑥0) as a function of the dimensionless Hund coupling 𝑢⊥/𝜆soc. Below the critical coupling,
the transverse order parameter vanishes and the stable solution is the two-component domain wall. Above 𝑢∗⊥/𝜆soc, 𝑠𝑥 (𝑥0)
and 𝜏𝑥 (𝑥0) develop continuously from zero, signaling a second-order transition into the four-component domain wall. Overall,
the parameterized 𝐶𝑃3 theory successfully reproduces the microscopic Hartree–Fock results, including the two distinct classes
of domain walls, the spin–valley unlocking inside the four-component domain wall (𝑤𝑠 > 𝑤𝜏), and the continuous Hund-
driven transition between them. These results demonstrate that the domain-wall reconstruction is a generic consequence of the
competition between spin–orbit coupling and intervalley Hund exchange, rather than a feature specific to the microscopic details
of rhombohedral graphene.

Although the parameterized 𝐶𝑃3 theory successfully captures the qualitative domain-wall reconstruction obtained in the
microscopic Hartree–Fock calculations, it is not expected to reproduce every quantitative feature of the microscopic solution.
The continuum theory retains only the local spin–valley order parameter through a rank-one projector satisfying 𝑃̂2 = 𝑃̂, while
assuming a uniform local carrier density. By contrast, the microscopic Hartree–Fock theory explicitly incorporates the layer,
sublattice, and momentum degrees of freedom. After tracing over the layer–sublattice sector, the resulting local spin–valley
density matrix becomes mixed near the domain-wall center, as quantified by the finite value of Tr(𝑃̂HF − 𝑃̂2

HF) shown in Fig. ?? of
the main text. The self-consistent Hartree–Fock solution also exhibits a weak redistribution of the local charge density [Fig. ??(c)
of the main text], which contributes a finite Hartree energy to the domain-wall line energy. The 𝐶𝑃3 theory instead assumes a
frozen local carrier density and therefore contains no corresponding Hartree contribution. These additional microscopic degrees
of freedom lead to quantitative differences between the two descriptions. In particular, the domain-wall widths predicted by the
continuum theory differ from the microscopic Hartree–Fock results by approximately a factor of two. Furthermore, using the
microscopic relation 𝑢⊥ = 𝑔⊥ |𝑛𝑒 |/2, the continuum critical coupling 𝑢∗⊥/𝜆soc ≈ 1.2 corresponds to

𝑔∗⊥,CP3 |𝑛𝑒 |
𝜆soc

≈ 2.4, (S57)

whereas the microscopic Hartree–Fock calculation gives 𝑔∗⊥,HF |𝑛𝑒 |/𝜆soc ≈ 11. Thus, the continuum estimate of the critical
microscopic coupling is smaller by a factor of approximately 11/2.4 ≈ 4.6. Moreover, the rank-one 𝐶𝑃3 pure-state constraint,
together with the symmetries of the wall-center solution, yields equal transverse spin polarization and intervalley coherence,
|𝑠𝑥 (𝑥0) | = |𝜏𝑥 (𝑥0) |. The microscopic Hartree–Fock solution generally yields different magnitudes for these order parameters
because its local reduced spin–valley density matrix is no longer pure.

Nevertheless, the two approaches are in remarkable qualitative agreement. Both predict two distinct classes of spin–valley
domain walls connected by a continuous Hund-driven transition, together with the characteristic spin–valley unlocking inside
the four-component domain wall. This agreement demonstrates that the reconstruction is governed primarily by the competition
between the exchange stiffness, spin–orbit-induced spin–valley locking, and intervalley Hund exchange, rather than by microscopic
details of the electronic band structure. The resulting 𝐶𝑃3 theory therefore identifies the minimal collective ingredients required
to describe interaction-driven spin–valley domain-wall reconstruction in graphene ferromagnets.
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