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Abstract

Obtaining high-precision guaranteed lower eigenvalue bounds remains difficult,
even though the standard high-order conforming finite element (FEM) easily
yields extremely sharp upper bounds. Recently developed rigorous approaches
using such as Crouzeix–Raviart or linear conforming elements do not extend
well to high-order FEM. Some non-standard FEM approaches can provide sharp
eigenvalue bounds but are technically involved. This persistent gap between
accurate upper bounds and equally sharp rigorous lower bounds via standard
high-order conforming FEMs makes the problem technically demanding and
highly competitive. In this paper, we propose a new two-stage rigorous algorithm
that closes this gap by employing high-order FEM on graded meshes and pro-
ducing rigorous lower eigenvalue bounds as sharp as the corresponding high-order
upper bounds, as demonstrated in our numerical examples. Numerical experi-
ments for the Laplacian and Steklov eigenvalue problems on square, dumbbell and
L-shaped domains in 2D, and for the Dirichlet Laplacian on a regular tetrahedron
in 3D, show the accuracy and efficiency of the method, particularly on graded or
highly nonuniform meshes. In the three-dimensional regular-tetrahedron test, a
direct application of the Crouzeix–Raviart bounds is predicted to require approxi-
mately 10

6 times more degrees of freedom than our Lehmann–Goerisch approach
to achieve bounds of comparable quality. These results confirm that the pro-
posed approach provides a practical and competitive solution to the long-standing
difficulty of obtaining sharp, reliable lower eigenvalue bounds.
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1 Introduction

Obtaining high-precision guaranteed lower eigenvalue bounds remains difficult, even
though standard high-order conforming finite element methods (FEM) easily yield
extremely sharp upper bounds. To take advantage of high-order FEMs, Carstensen
et al. have developed several non-standard FEM approaches to obtain high-precision
lower bounds [1–3].

In this paper, we instead apply the classical Lehmann–Goerisch theorem in com-
bination with standard high-order FEM to obtain lower eigenvalue bounds of quality
comparable to the well-known Rayleigh–Ritz upper bounds. Generally, the Lehmann–
Goerisch theorem by itself is not straightforward to use because it requires substantial
spectral pre-information, namely a rough lower bound for some higher eigenvalue. To
address this difficulty, a homotopy method was proposed by the second author (see
[4, 5] for the initial ideas, and further developments in [6, Chapter 10]), and applied to
many examples, but this approach may involve substantial additional processes and
numerical effort. In contrast, we introduce a much simpler approach: the projection-
based lower eigenvalue bounds obtained via, e.g., the Crouzeix–Raviart FEM are
used to provide the necessary spectral pre-information for the Lehmann–Goerisch
theorem, thereby avoiding the homotopy method; consequently, the use of standard
high-order FEM within the Lehmann–Goerisch framework produces high-precision,
fully guaranteed lower eigenvalue bounds.

Eigenvalue problems are among the most fundamental subjects in numerical anal-
ysis, with a long history of methods for upper and lower bound estimation; see [7] for
foundational theory and [8] for a survey of FEM-based eigenvalue techniques. Below,
we review the literature on rigorously validated eigenvalue bounds that do not rely on
additional assumptions and place our method in the broader context.

The homotopy method developed by the second author [5] sets up a family of
eigenvalue problems that connects the target eigenvalue problem to a base prob-
lem with known spectral bounds, and then rigorously estimates the variation of the
eigenvalues in this homotopy process. This rather general method is applicable to
self-adjoint eigenvalue problems also with essential spectrum, and hence, particularly
to partial differential equation eigenvalue problems also on unbounded domains. To
apply the homotopy method, one needs to construct a base problem, which is often
available through theoretical techniques. The homotopy method takes advantage of
the Lehmann–Goerisch theorem along with rough eigenvalue bounds obtained from
the respective previous homotopy step to produce sharp eigenvalue bounds (see early
papers [4, 5, 9–13] and a systematic introduction in [6, Chapter 10]).
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The projection-based method is another useful approach to provide explicit eigen-
value bounds when the projection error can be explicitly estimated [14–21]; see also the
survey in [22]. In [14], Birkhoff et al. obtained eigenvalue bounds for smooth Sturm–
Liouville systems by using projection to piecewise-cubic polynomials. In [23] and [17],
the idea of Birkhoff was extended to propose guaranteed two-sided bounds for the
Laplacian eigenvalue problem by using the Galerkin projection associated to conform-
ing finite element methods. The proposed eigenvalue bounds can naturally handle
problems defined over bounded polygonal domains of arbitrary shape. The projection-
error based method is further considered for general self-adjoint differential operators
with compact resolvent [18] and eigenvalue problems formulated by positive semidef-
inite bilinear forms [24, 25], where essential spectrum may appear. Meanwhile, the
nonconforming finite element method is utilized to provide easy-to-obtain estimation
of the projection error. Under efforts from different research groups, the projection-
based method proposed has been successfully applied to various eigenvalue problems,
including the Laplacian [18, 21], the Biharmonic operator [20, 26, 27], the Stokes
operator [28, 29], the Steklov operator [24, 30] and the Maxwell operator [31]. It is
worth pointing out that, since the projection-based method cannot take advantage of
high-order finite element methods or graded meshes, it is costly to apply this kind
of method with mesh refinement for the purpose of high-precision eigenvalue bounds.
Such a defect urges us to turn to the Lehmann–Goerisch theorem for sharper eigen-
value bounds. Note that the above methods, together with the Rayleigh–Ritz method
providing upper eigenvalue bounds, give two-sided eigenvalue bounds with the informa-
tion about the indices of the enclosed eigenvalues. Hence, eigenvalue-excluding ranges
are automatically obtained.

Another interesting approach is to verify existence and non-existence ranges of
eigenvalues in the case that no eigenvalue index information is available, for example,
for non-self-adjoint problems. Nakao et al. [32], Lahmann et al. [33] and Watanabe et
al. [34–36] developed methods that provide eigenvalue bounds by identifying ranges
where eigenvalues exist and cannot exist. The eigenvalue problem is transformed into
an investigation of solution existence and uniqueness for certain nonlinear differential
equations, for which techniques as described in [6, 37, 38] can be used. In Nagatou
et al. [39], a Birman–Schwinger approach is used for identifying eigenvalue exclusion
ranges. See also the general description in [6, Section 9.3].

In the field of FEMs, determining two-sided eigenvalue bounds for differential oper-
ators is also a significant and difficult task. For special domains with well-constructed
meshes, it has been proved that approximate eigenvalues obtained by the mass-
lumping method provide lower eigenvalue bounds directly [40]. Many nonconforming
finite element methods (FEMs) also yield asymptotic lower bounds for eigenvalues
when the eigenfunctions exhibit singularities. That is, as the mesh size tends to zero,
the computed eigenvalues converge to the exact values from below. See the early work
[41] and the surveys in [42, 43]. However, it is still not clear how to verify the required
precondition, i.e., the mesh size being small enough, to ensure the asymptotic lower
bounds. Recently, Carstensen et al. developed non-standard FEM approaches to pro-
vide direct eigenvalue bounds that can take advantage of non-uniform (graded) meshes
[1–3]. The utilization of such approaches leads to a significant increase in degrees of
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freedom and complexity of the finite element spaces as compared to standard finite
element methods.

Contributions of the paper

This paper proposes a new two-stage algorithm to provide high-precision guaran-
teed eigenvalue bounds for differential operators. Different from the projection-based
eigenvalue bounds, the utilization of Lehmann–Goerisch’s theorem in the proposed
algorithm takes advantage of high-order FEMs and graded meshes. The numeri-
cal results include two-dimensional Laplacian and Steklov examples and a three-
dimensional Dirichlet Laplacian computation on the regular tetrahedron. In the latter
case, a degree-8 conforming FEM combined with the Lehmann–Goerisch method gives
sharp certified intervals on a small 8-tetrahedron mesh, and the predicted direct
Crouzeix–Raviart cost for matching the same precision is up to about 2.3× 106 times
larger.

In the first stage of the proposed algorithm, in order to deal with the eigenvalue
problem formulated by positive semidefinite bilinear forms, e.g., the Steklov eigenvalue
problem, a new concise proof over more general function space settings is provided for
the lower eigenvalue bounds proposed in [24, 25] (see also [15, 17, 19, 21]):

λk ≥ λk,h
1 + C2

hλk,h
. (1.1)

Here, λk,h is the exact kth eigenvalue of the discretized matrix eigenvalue problem
obtained from the finite element method (see §3.2 for details), and Ch is a quantity that
can be evaluated explicitly. Here, the nonconforming FEM is helpful, since the quantity
Ch can then easily be determined by the error constant for the local interpolation
operator associated to the FEM space. The new proof simplifies the one of [24], which
considers a complicated space decomposition with respect to the kernel space of the
operator. Another feature of the proof is that the assumption of positive definiteness
of a(·, ·) on V (h) (see definition in §3.1) is not needed any more; see Remark 3.2.

In the second stage, based on the rough eigenvalue bound (1.1) obtained from the
first stage with low computational intensity, high-precision eigenvalue bounds are pro-
vided by utilizing the Lehmann–Goerisch theorem along with high-order conforming
FEMs. The Lehmann–Goerisch theorem is a general theoretical framework that pro-
vides sharp and optimal eigenvalue bounds, given rough a priori eigenvalue bounds
and high-quality approximate eigenfunctions. Sharp eigenvalue bounds derived from
the Lehmann–Goerisch theorem in combination with FEM have been studied in previ-
ous works [44–46]. The application of the Lehmann–Goerisch theorem to the Laplacian
and the Steklov eigenvalue problems are discussed in Sections 4 and 5.

Advantages of proposed method

We summarize the advantages of the proposed two-stage algorithm for the purpose of
high-precision eigenvalue bounds.
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(a) The utilization of high-order FEM spaces leads to high-precision eigenvalue bounds
even for coarse meshes. For example, for the unit square domain, by using the
second-order Lagrange FEM over an 8×8 mesh, we prove by our two-stage algorithm
that the first Steklov eigenvalue is bounded as follows:

0.240079083 ≤ λ1 ≤ 0.240079091 .

In our numerical examples in §5.1, we consider a problem with nearby eigenval-
ues, where the high-precision bounds based on the Lehmann–Goerisch theorem are
accurate enough to separate the enclosing intervals and thus prove strict inequal-
ity between these eigenvalues, while the rough projection based eigenvalue bounds
computed with the same domain triangulation are far too inaccurate for such a
separation.

(b) The Lehmann–Goerisch theorem can take advantage of graded meshes, which is not
possible in the projection-based lower eigenvalue bounds in (1.1).

(c) According to numerical evidence, the utilization of Lehmann–Goerisch’s theorem
provides lower eigenvalue bounds of the optimal convergence rate for the eigenvalues
of interest, compared with the possible sub-optimal bounds from the projection-error
based method. For example, the explicit lower eigenvalue bound (1.1) when applied
to the Steklov eigenvalue problem has a convergence rate O(h) since Ch = O(

√
h)

(h: the mesh size) even for convex domains, which is suboptimal compared with
the convergence rate of λk,h itself; see details in Remark 3.4. On the contrary, the
eigenvalue bound using the linear Lagrange FEM in the second stage of the proposed
algorithm has the convergence rate O(h2).

The rest of the paper is organized as follows. In §2, we introduce the abstractly
formulated eigenvalue problems and their basic properties. In §3, as the first stage of
the proposed algorithm, the projection-based eigenvalue bounds are introduced along
with a new and concise proof. There are details on the application of this eigenvalue
bounds to the Laplacian and the Steklov eigenvalue problems. In §4, as the second
stage, high-precision eigenvalue bounds based on the Lehmann–Goerisch theorem are
discussed. In §5, computational results are presented to demonstrate the efficiency of
our proposed algorithm for bounding eigenvalues. Finally, in §6, we summarize the
results of this paper.

2 Variational eigenvalue problem

First, let us formulate the assumptions for the target eigenvalue problem to be
discussed.

Let V and W be separable Hilbert spaces endowed with the norms ∥ · ∥a and ∥ · ∥b
induced by the inner products a(·, ·) and b(·, ·), respectively. Let γ : V → W be a
compact linear operator and consider the following eigenvalue problem.

Find u ∈ V \ {0} and λ ∈ R such that

a(u, v) = λb(γu, γv) ∀v ∈ V. (2.1)
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To study this eigenvalue problem, let us introduce the solution operatorG :W → V
such that for any f ∈W , Gf ∈ V uniquely solves the following equation:

a(Gf, v) = b(f, γv) ∀v ∈ V.

It is easy to see that G is bounded and hence K := Gγ : V → V is a compact self-
adjoint positive semidefinite operator. The eigenvalue problem for the operator K is
to find eigenfunctions uk ∈ V \ {0} and corresponding eigenvalues µk ≥ 0 such that

b(γuk, γv) = µk a(uk, v) ∀v ∈ V. (2.2)

Remark 2.1 We now illustrate the above framework with two concrete eigenvalue problems.
For the Laplacian eigenvalue problem on a bounded domain Ω ⊂ R

k, we take the following
setting. ⎧

⎪⎪⎨
⎪⎪⎩

V = H1
0 (Ω), W = L2(Ω) ;

a(u, v) =

∫

Ω
∇u · ∇v dx, b(u, v) =

∫

Ω
uv dx;

γ : embedding operator.

(2.3)

For the Steklov eigenvalue problem on a bounded Lipschitz domain Ω ⊂ R
k, we use the

following setting.
⎧
⎪⎪⎨
⎪⎪⎩

V = H1(Ω), W = L2(∂Ω) ;

a(u, v) =

∫

Ω
∇u · ∇v + uv dx, b(u, v) =

∫

∂Ω
uv ds;

γ : trace operator.

(2.4)

Spectrum of K
Let us summarize standard results based on the spectral theory of compact symmetric
operators. In the case where Ker(K) = {0}, the eigenvalues of K are given by a finite
(when dim(V ) <∞) or countable (when dim(V ) = ∞) sequence of nonzero µk’s such
that

µk ≥ µk+1(> 0) for k ≥ 1; lim
k→∞

µk = 0 if dim(V ) = ∞ .

Note that these eigenvalues are repeated according to their multiplicities. In the case
where dim(Ker(K)) > 0, b(γ ·, γ ·) is only positive semidefinite on V , and in addition
to the nonzero µk’s, 0 is also an eigenvalue of K, possibly of infinite multiplicity.

Space decomposition of V

Note that Ker(K)(⊂ V ) can be characterized by 1

Ker(K) = {u ∈ V | b(γu, γu) = 0} = {u ∈ V | γu = 0} .

1Note that for u such that b(γu, γu) = 0, we have γu = 0, since b(·, ·) is the inner product on W . Hence,
Ku = Gγu = 0. On the other side, for u such that Ku = 0, we have b(γu, γv) = a(Ku, v) = 0 ∀v ∈ V , and
hence b(γu, γu) = 0.
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Then V admits an a-orthogonal decomposition: V = Ker(K)⊕Ker(K)⊥.

We introduce the Rayleigh quotient R(·) on V : for v ∈ V , v ̸= 0,

R(v) :=
b(γv, γv)

a(v, v)
. (2.5)

The eigenvalues µk are the stationary values of R on V . The following principles play
an important role in studying eigenvalue problems (see, e.g., [32, 47, 48]).

µk = max
Hk⊂V

min
v∈Hk\{0}

R(v) = min
Sk−1⊂V

max
v⊥Sk−1,v ̸=0

R(v) . (2.6)

Here, Hk denotes a k-dimensional subspace of V , and Sk denotes a subspace of V with
dim(Sk) ≤ k.

Let {u1, u2, . . .} be an a-orthonormal system of eigenfunctions associated to the
µk’s. Define Ek := span{u1, . . . , uk}. Then the eigenvalue µk is characterized by

µk = min
v∈Ek\{0}

R(v) = max
v∈V \{0}, v⊥Ek−1

R(v), (2.7)

3 First stage: projection-based explicit eigenvalue

bounds

As the first stage of our proposed algorithm, we present the projection-based method
that produces easy-to-implement lower bounds for the target eigenvalues. Such a
method has been well studied in a series of papers by the first author [17, 18, 25]. See
also [14, 15, 19, 21].

Let us recall the target eigenvalue problem: Find u ∈ V and µ ≥ 0 such that

b(γu, γv) = µa(u, v) ∀v ∈ V . (3.1)

Eigenvalue problems for linear partial differential operators are usually formulated for
the reciprocals of the nonzero eigenvalues µk. Denote λk = 1/µk. Then

0 < λ1 ≤ λ2 ≤ · · · , and a(uk, v) = λkb(γuk, γv) ∀v ∈ V . (3.2)

3.1 Discretized eigenvalue problems and lower eigenvalue

bounds

Let Vh be a finite-dimensional space for the purpose of approximating V ; dim(Vh) =
d(< ∞). It is assumed that Vh and V inherit the same addition and scalar multipli-
cation from a certain larger vector space so that V (h) := V + Vh is properly defined.
Let â(·, ·) be a positive semidefinite bilinear form on V (h) and whose restriction to Vh
is an inner product on Vh. It is supposed that â(·, ·) is an extension of a(·, ·) to V (h)
in the sense that

â(u, v) = a(u, v) for any u, v ∈ V .
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Note that â(·, ·) is not necessarily positive definite on V (h). An example of â(·, ·)
being not positive definite on V (h) is as follows 2: V = {(x, 0)|x ∈ R}, Vh = {(0, y)|y ∈
R}, V (h) = V + Vh = R

2, â(u, v) = uT
(
1 2
2 4

)
v for u, v ∈ V (h). The seminorm or

norm induced by â is still denoted by ∥ · ∥a.
Assume that the operator γ is extended to a compact linear operator γ̂ : V (h) →

W , i.e., γ̂u = γu for u ∈ V . In the rest of the paper, we henceforth write a(·, ·) and γ
for â(·, ·) and γ̂ when no confusion can arise.

Discretized eigenvalue problem

The approximation of the eigenvalue problem (3.1) on Vh is given by: Find µh ≥ 0
and uh ∈ Vh \ {0}, such that

b(γuh, γvh) = µha(uh, vh) ∀vh ∈ Vh . (3.3)

The approximate eigenvalues are denoted as

µ1,h ≥ µ2,h ≥ · · · ≥ µd′,h > µd′+1,h = · · · = µd,h = 0 .

Here, (d − d′) is the dimension of the kernel of b(γ·, γ·) on Vh. Let {uk,h}dk=1

be a-orthonormal eigenfunctions associated to the eigenvalues µk,h. Define Ek,h :=
span{u1,h, · · · , uk,h}.

Corresponding to (3.2), we also consider its reciprocal version: Find λh > 0 and
uh ∈ Vh, γuh ̸= 0 such that

a(uh, vh) = λhb(γuh, γvh) ∀vh ∈ Vh. (3.4)

The above problem has d′ positive eigenvalues

λ1,h ≤ λ2,h ≤ · · · ≤ λd′,h; λk,h = 1/µk,h (1 ≤ k ≤ d′) . (3.5)

The max-min and min-max principles for eigenvalues tell that

µk,h = max
Hk,h⊂Vh

min
vh∈Hk,h\{0}

R(vh) = min
Sk−1,h⊂Vh

max
vh∈Vh\{0},
vh⊥Sk−1,h

R(vh) . (3.6)

Here, Hk,h denotes a k-dimensional subspace of Vh, and Sk−1,h denotes a subspace of
Vh such that dim(Sk−1,h) ≤ k − 1. With the eigen-subspace Ek,h, we also have

µk,h = min
vh∈Ek,h\{0}

R(vh) = max
vh∈Vh\{0}
vh⊥Ek−1,h

R(vh) . (3.7)

2Thanks to Ryoki Endo for the construction of this example.
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Define the projection Ph : V (h) → Vh such that for any u ∈ V (h),

â(u− Phu, vh) = 0 ∀vh ∈ Vh. (3.8)

Note that Ph is well defined because â(·, ·) is an inner product on Vh and â(u, ·) is a
bounded linear functional on Vh. Furthermore, it can easily be confirmed that P 2

h = Ph,
i.e., Ph is a projection. According to (3.8), we have a decomposition of u ∈ V (h) with
respect to the norm ∥ · ∥a:

∥Phu∥2a + ∥(I − Ph)u∥2a = ∥u∥2a . (3.9)

Unlike [18], we do not assume that Ph is an orthogonal projection on V (h); in general
it need not be, since â may fail to be an inner product on V (h).

Let us provide the theorem of explicit eigenvalue bounds using the projection Ph.

Theorem 3.1 Suppose that the following relation holds for the projection error estimate of
Ph:

∥γ(I − Ph)v∥b ≤ Ch∥(I − Ph)v∥a ∀v ∈ V (h) , (3.10)

with a certain computable quantity Ch. An explicit upper bound for µk is given by

µk ≤ µk,h + C2
h, k = 1, 2, · · · , d. (3.11)

For µk ̸= 0, the above estimate yields the following lower bound for λk:

λk ≥ λk,h

1 + C2
hλk,h

, k = 1, 2, · · · , d′ . (3.12)

Proof Let us start with the case that there exists a nonzero v ∈ Ek(⊂ V ) such that Phv = 0.
Then the error estimate for Ph implies that

∥γv∥b = ∥γ(I − Ph)v∥b ≤ Ch∥(I − Ph)v∥a = Ch∥v∥a, i.e., R(v) ≤ C2
h.

Thus, property (2.7) yields that µk ≤ R(v) ≤ C2
h ≤ µk,h + C2

h.

Now consider the case that for any nonzero v ∈ Ek, Phv ̸= 0, which implies
dim(Ph(Ek)) = k. With the special choice Hk,h := Ph(Ek), the characterization of µk,h in
(3.6) leads to

min
vh∈Ph(Ek)\{0}

R(vh) ≤ µk,h .

Suppose that vh = Phϕ (ϕ ∈ Ek) minimizes R in Ph(Ek). Therefore,

∥γPhϕ∥b ≤ √
µk,h∥Phϕ∥a .

By further utilizing the error estimate for Ph and the decomposition of ϕ with respect to the
∥ · ∥a norm: ∥Phϕ∥2a + ∥(I − Ph)ϕ∥2a = ∥ϕ∥2a, we have

∥γϕ∥b ≤ ∥γPhϕ∥b + ∥γ(I − Ph)ϕ∥b
≤ √

µk,h ∥Phϕ∥a + Ch∥(I − Ph)ϕ∥a

≤
√

µk,h + C2
h ∥ϕ∥a .

Since ϕ ∈ Ek, the property of µk in (2.7) gives the estimate µk ≤ R(ϕ) ≤ µk,h + C2
h.

□
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Remark 3.2 We highlight two features of Theorem 3.1 and its proof. In Theorem 4.3 of [18], it
is assumed that â(·, ·) is positive definite over V (h). The current theorem eliminates the need
for this assumption, making it applicable to more complicated eigenvalue problems, such as
the Maxwell eigenvalue problem, where the argument about the positive definiteness of â(·, ·)
on V (h) is delicate. Another feature is that, by working with µ rather than λ, the proof here
avoids the complicated discussion on the space decomposition V = Ker(K)⊕Ker(K)⊥, which
has been used in [24] to handle the lack of positive definiteness of b(γ·, γ·) appearing in the
Rayleigh quotient for λ.

3.2 Application of projection-based eigenvalue bounds

The lower eigenvalue bounds provided by Theorem 3.1 have been applied to various
differential operators. In this section, as a preparation for high-precision eigenvalue
bounds, we recall several known results for two model eigenvalue problems: the
Laplacian eigenvalue problem and the Steklov eigenvalue problem.

The analysis is undertaken within the framework of Sobolev spaces. Let Ω be a
bounded domain in R

k with Lipschitz boundary. The L2(Ω) function space is the
set of real square-integrable functions on Ω, with inner product denoted by (·, ·)Ω or
(·, ·). We shall use the standard notation for the Sobolev spaces W k,p(Ω) and their
associated norms ∥ · ∥k,p,Ω and seminorms | · |k,p,Ω (see, e.g., [49]). For p = 2, define
Hk(Ω) =W k,2(Ω), ∥ · ∥k,Ω = ∥ · ∥k,2,Ω, | · |k,Ω = | · |k,2,Ω.

For convenience of error analysis and computations, from now on we assume Ω ⊂
R

2 is bounded and polygonal. Let T h be a triangular subdivision of Ω. Given an
element K ∈ T h, hK denotes the length of the longest edge of K. Let hmax :=
maxK∈T h hK . That is, hmax is the maximal edge length of the triangulation. Let us
introduce the Crouzeix–Raviart finite element space V CR

h defined on T h:

V CR

h :={v | v is a linear function on each K ∈ T h and continuous at

the midpoints of interior edges}. (3.13)

Since V CR

h ̸⊂ H1(Ω), we introduce the discrete gradient operator ∇h, which takes the
gradient element-wise for vh ∈ V CR

h . For simplicity, ∥∇hvh∥L2(Ω) is still denoted by
∥∇vh∥L2(Ω) or |vh|1,Ω.

3.2.1 Laplacian eigenvalue problem

We consider the Laplacian eigenvalue problem associated with the homogeneous
Dirichlet boundary condition:

Find u ∈ H1
0 (Ω) \ {0} and λ ∈ R such that

(∇u,∇v)Ω = λ(u, v)Ω ∀v ∈ H1
0 (Ω) . (3.14)
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To apply Theorem 3.1, we take the following setting for (3.14) (see Remark 2.1):

{
V = H1

0 (Ω), W = L2(Ω), a(u, v) = (∇u,∇v)Ω, b(u, v) = (u, v)Ω,
γ : the compact embedding operator H1

0 (Ω) ↪→ L2(Ω).

Define Vh by

Vh = {vh ∈ V CR

h | vh = 0 at midpoints of boundary edges of T h} .

Define γh : Vh → L2(Ω) as the embedding operator, and define γ̂ : V (h) → L2(Ω) via
γ̂(v + vh) := γv + γhvh (v ∈ V, vh ∈ Vh)

3.
Since Vh is finite dimensional, γh is compact. Hence, using the compactness of γ,

we have the compactness of γ̂. Note that vh may be discontinuous across interior edges
and does not necessarily vanish on ∂Ω. The bilinear form â(·, ·) for V (h) is defined by

â(uh, vh) :=
∑

K∈T h

∫

K

∇uh · ∇vh dx ∀uh, vh ∈ V (h) . (3.15)

For any u, v ∈ V , we have â(u, v) = a(u, v).

Explicit lower bounds for Laplacian eigenvalues

Let λCR

k,h be the k-th discretized eigenvalue given by the Crouzeix–Raviart FEM. Then,
the following lower bound is given by Theorem 3.1.

λk ≥
λCR

k,h

1 + C2
hλ

CR

k,h

(1 ≤ k ≤ dim(Vh)) . (3.16)

Here, for the triangulation of a 2D domain, Ch can be chosen as Ch = 0.1893hmax

[18]. For the analogous three-dimensional setting with tetrahedral meshes, one has
Ch = 0.3804hmax [18]. If we would use conforming FEMs instead of the Crouzeix–
Raviart FEM, the computation of Ch would be more complicated; see [17]. It is worth
pointing out that to have a guaranteed lower bound of λk using (3.16), one has to
rigorously solve the eigenvalue problem of the discretized matrices from the Crouzeix–
Raviart FEM to obtain an exact lower bound of λCR

k,h. Note that matrix eigenvalue
enclosures are accessible by, for example, the algorithm proposed in [50].

3.2.2 Steklov eigenvalue problem

A specific feature here is that the bilinear form b(·, ·) induces a nonzero kernel of
K = Gγ.

3Although the decomposition v + vh is not unique, the definition is well-posed since γ̂v = γv = γhv for
v ∈ V ∩ Vh.
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The Steklov eigenvalue problem

Find λ > 0 and u ∈ H1(Ω), γu ̸= 0 such that

(∇u,∇v)Ω + (u, v)Ω = λ(γu, γv)∂Ω ∀ v ∈ H1(Ω). (3.17)

Here, γ : H1(Ω) ↦→ L2(∂Ω) is the trace operator. Since Ω is a bounded Lipschitz
domain, γ is a compact operator; see, e.g., [51].

To apply Theorem 3.1, we take the following setting (see Remark 2.1)

V := H1(Ω), W := L2(∂Ω), a(u, v) := (∇u,∇v)Ω + (u, v)Ω, b(u, v) := (u, v)∂Ω.

For the discretized eigenvalue problem, take Vh := V CR

h and V (h) := V + Vh. Let
γh : Vh → W be the piecewise trace operator defined for functions on the boundary
elements of T h. For v + vh ∈ V (h) with v ∈ V and vh ∈ Vh, γ̂(v + vh) := γv + γhvh.

4

Define â(·, ·) on V (h) by

â(uh, vh) :=
∑

K∈T h

∫

K

∇uh · ∇vh + uhvh dx ∀uh, vh ∈ V (h) . (3.18)

It holds that for u, v ∈ V , â(u, v) = a(u, v).

Let Ph : V (h) ↦→ Vh be the projection as defined in (3.8). To apply Theorem 3.1,
the following projection error estimate is required.

∥γ(u− Phu)∥L2(∂Ω) ≤ Ch∥u− Phu∥1,Ω, ∀u ∈ V .

In [24], by using the computed value of λ1,h from (3.4), an explicit value of the quantity
Ch is provided as

Ch := 0.6711 max
K∈T h

b

hK√
HK

+
0.1893√
λ1,h

max
K∈T h

hK , (3.19)

under the assumption that all elements of T h
b have exactly one edge on ∂Ω. Here, T h

b

is the set of elements of T h having an edge on ∂Ω; for K ∈ T h
b , HK denotes the height

of K with respect to its boundary edge.
It is worth pointing out that in (3.19), except for the term λ1,h determined by the

eigenvalue problem on the domain, the other terms are only related to the mesh and
are essentially independent of the shape of the domain. Note that, again, conforming
FEMs instead of the Crouzeix–Raviart FEM would complicate the computation of
Ch; see [30].

Explicit lower bounds for Steklov eigenvalues

Let λCR

k,h be the k-th discretized eigenvalues given by the Crouzeix–Raviart FEM in
Vh. With Theorem 3.1 and the explicit projection error estimate for Ph, we obtain

4See the footnote for the case of Laplacian eigenvalue problem.
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explicit lower bounds for Steklov eigenvalues of (3.17),

λk ≥
λCR

k,h

1 + C2
hλ

CR

k,h

(k = 1, 2, · · · , d′) . (3.20)

Here, d′ = dim(Vh)− dim(Ker(γh)), Ker(γh) = {vh ∈ Vh | γhvh = 0}.

Remark 3.3 Because Ch (for nonconforming but also for conforming FEMs) is governed by
the global maximal edge length of the triangulation, the projection-based bounds (3.16) and
(1.1) work well on nonuniform meshes with moderate grading, but their accuracy deteriorates
on strongly graded meshes where element sizes vary greatly (i.e., very small and very large
elements coexist). This is one motivation for us to introduce our two-stage method.

Remark 3.4 Note that since Ch = O(
√
h) as h → 0, the lower eigenvalue bound obtained in

(3.20) only converges at rate O(h). This is not optimal when compared with the approximate
eigenvalues themselves, which converges at rate O(h2) for H2-regular solutions; see, e.g., [42].

4 Second stage: high-precision eigenvalue bounds

using Lehmann–Goerisch’s theorem

So far, in the first stage of studying eigenvalue bounds, we have successfully con-
structed projection-based lower eigenvalue bounds by utilizing for example the
nonconforming Crouzeix–Raviart element space. To provide sharp eigenvalue bounds,
a natural idea is to refine the mesh or increase the degree of the polynomials used in the
finite element spaces. For nonconforming FEMs, one can refine the mesh to improve
the precision, but a high-order Crouzeix–Raviart-like FEM is generally not available.

Instead, in the second stage of our proposed algorithm to obtain high-precision
eigenvalue bounds, let us introduce Lehmann–Goerisch’s theorem using high-order
conforming FEMs and the rough eigenvalue bounds obtained in the first stage.

The idea of adopting Lehmann–Goerisch’s theorem and conforming FEMs has
also been successfully used to bound the Poincaré constants, where the high-order
conforming FEM produces quite efficient eigenvalue bounds (see [44]), and to give
computer-assisted existence and multiplicity proofs for various non-linear boundary
value problems (see, e.g., [6, 38, 52, 53]);

4.1 Lehmann–Goerisch’s theorem

Let us introduce the formulation of the eigenvalue problem to be investigated by
applying the Lehmann–Goerisch theorem.

Find u ∈ D and λ ∈ R such that,

M(u, v) = λN(u, v) ∀v ∈ D . (4.1)

13



The notation follows the original one used by F. Goerisch. Compared with the
eigenvalue problem defined in (2.1), we have

D = V, M(·, ·) = a(·, ·), N(·, ·) = b(γ·, γ·) .

Lehmann–Goerisch’s theorem first declares the existence of eigenvalues in a certain
range. By further utilizing rough eigenvalue bounds, which can be obtained from the
first stage of our algorithm, one can obtain high-precision bounds for eigenvalues of
(4.1).

Now, let us display the assumptions made for Lehmann–Goerisch’s theorem 5.

Assumption:

A1 Let D be a real vector space, M(·, ·) and N(·, ·) be symmetric bilinear forms on D.
M(·, ·) is positive definite on D.

A2 There exists a sequence {(λi, φi)}i∈N in R×D of eigenpairs satisfying

M(φi, v) = λiN(φi, v) ∀v ∈ D; M(φi, φj) = δij for i, j ∈ N .

Here, δij is the Kronecker delta. Moreover,

N(v, v) =
∞∑

i=1

λi |N(v, φi)|2 ∀v ∈ D . (4.2)

A3 Let X be a real vector space and bG be a symmetric positive semidefinite bilinear
form on X. Let T : D → X be a linear operator such that

bG(Tu, Tv) =M(u, v) ∀u, v ∈ D .

A4 Given v1, v2, · · · , vn ∈ D, let w1, w2, · · · , wn ∈ X satisfy

bG(wi, T v) = N(vi, v) ∀v ∈ D (i = 1, . . . , n) . (4.3)

A5 Given ρ ∈ R, ρ > 0, define n× n matrices A0, A1, A2, A,B by

A0 :=
(
M(vi, vj)

)n
i,j=1

, A1 :=
(
N(vi, vj)

)n
i,j=1

, A2 :=
(
bG(wi, wj)

)n
i,j=1

,

A := A0 − ρA1, B := A0 − 2ρA1 + ρ2A2. (4.4)

Suppose B is positive definite. Let ν1 ≤ ν2 ≤ · · · ≤ νn be the eigenvalues of
Az = νBz. Let q be the number of negative eigenvalues among them.

Now, we recall the Lehmann–Goerisch theorem; see, for example, [6, Chapter10]
and [22, Chapter5] for its proof.

5The assumptions here are the same as in [54, 55]. Note that the assumptions in [54] are formulated with
operators, while in a later paper of Goerisch and Albrecht [55], the eigenvalue problem and the assumptions
are formulated with bilinear forms.
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Theorem 4.1 (Lehmann–Goerisch’s theorem) Under assumptions A1-A5, for each k (1 ≤
k ≤ q), the interval [ρ− ρ/(1− νk), ρ) contains at least k eigenvalues of {λi}i∈N, counting
by multiplicity.

Lemma 4.2 Given v ∈ D, let ũ ∈ D be the solution to the equation:

M(ũ, ϕ) = N(v, ϕ) ∀ϕ ∈ D . (4.5)

For any w ∈ X satisfying
bG(w, Tϕ) = N(v, ϕ) ∀ϕ ∈ D ,

we have bG(w,w) ≥ bG(T ũ, T ũ) = M(ũ, ũ).

Proof Let ŵ := w − T ũ ∈ X. Since

bG(ŵ, Tϕ) = bG(w, Tϕ)−M(ũ, ϕ) = N(v, ϕ)−N(v, ϕ) = 0 ∀ϕ ∈ D ,

we have

bG(w,w) = bG(T ũ+ ŵ, T ũ+ ŵ) = bG(T ũ, T ũ) + bG(ŵ, ŵ) ≥ bG(T ũ, T ũ).

□

Remark 4.3 (Selection of the wi term) Generally, there is freedom to select wi under the
condition (4.3). A selection of wi’s with “small” values of bG(wi, wi) will produce “good”
lower eigenvalue bounds. In fact, bG(wi, wi) under the constraint condition (4.3) is minimized
by wi = T ũi, where ũi is obtained from the standard setting of Lehmann’s method by solving
(4.5). However, this original Lehmann’s equation is generally difficult (or impossible) to solve
explicitly. The introduction of the wi term by Goerisch (called “Goerisch’s XbT-concept”;
see, e.g., [6, Lemma 10.25]) makes it flexible to construct wi to obtain eigenvalue bounds
for the target eigenvalue problem. In practical computing, we construct a finite dimensional
space Xh(⊂ X) and compute the wi term by solving the minimization problem (see [44,
Remark 5] and [6, Remark 10.26 (c)]):

min
wi∈Xh

bG(wi, wi) subject to condition (4.3) . (4.6)

To have a rigorous eigenvalue bound, the minimization problem (4.6) does nevertheless not
need to be solved exactly, while the condition (4.3) has to be satisfied strictly.

From now on, suppose A1 is positive definite. Let Λn be the maximal eigenvalue
of A0x = ΛA1x.

Effort has been paid to validate the positive definiteness of matrix B in assumption
A5, see, e.g., [6, Theorem 10.10, 10.21, 10.29]. The following Lemma provides a direct
condition ρ > Λn (see also [6, (10.28) and (10.92)])) for this aim.

Lemma 4.4 In the case where ρ > Λn, the matrix B in equation (4.4) is indeed positive
definite, as required in assumption A5.
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Proof Let v ( ̸= 0) be a linear combination of v1, v2, . . . , vn ∈ D. Let ũ be the solution of
equation (4.5) with vi replaced by v. That is,

M(ũ, ϕ) = N(v, ϕ), ∀ϕ ∈ D. (4.7)

Let ŵ := T ũ. We have bG(ŵ, Tv) = bG(T ũ, Tv) = M(ũ, v) = N(v, v), and

0 ≤ bG(Tv − ρŵ, Tv − ρŵ) = M(v, v)− 2ρN(v, v) + ρ2bG(ŵ, ŵ).

Moreover, bG(Tv − ρŵ, Tv) ̸= 0, because otherwise,

M(v, v) = bG(Tv, Tv) = bG(ρŵ, Tv) = ρN(v, v).

However, M(v, v)− ρN(v, v) = 0 contradicts the assumption that ρ > Λn.
From the confirmed fact that bG(Tv − ρŵ, Tv) ̸= 0, we have 6

bG(Tv − ρŵ, Tv − ρŵ) > 0. (4.8)

Given any w ∈ X such that

bG(w, Tϕ) = N(v, ϕ) ∀ϕ ∈ D,

we have bG(w,w) ≥ bG(ŵ, ŵ) by Lemma 4.2. By further using the inequality (4.8),

M(v, v)− 2ρN(v, v) + ρ2bG(w,w) ≥ M(v, v)− 2ρN(v, v) + ρ2bG(ŵ, ŵ)

= bG(Tv − ρŵ, Tv − ρŵ) > 0.

This implies that the matrix B is positive definite. □

The following theorem gives an application of Theorem 4.1 to obtaining lower
bounds for n eigenvalues: λm−n+1, · · · , λm, by using a lower bound (denoted by ρ) of
λm+1; see Figure 1 for an illustration of the involved eigenvalues.

· · ·
λm−n+1 λm−n+2 · · · λm

︸ ︷︷ ︸

n eigenvalues to have lower bounds

ρ

λm+1 · · ·

Fig. 1 Bounding eigenvalues by using Lehmann–Goerisch’s theorem.

Theorem 4.5 Suppose ρ is a lower bound to the (m+1)th eigenvalue λm+1 for some m ≥ n
(m ∈ N), i.e.,

ρ ≤ λm+1 . (4.9)

If assumptions A1-A5 are satisfied, then the following lower eigenvalue bound holds.

λm+1−k ≥ ρ− ρ

1− νk
(1 ≤ k ≤ q) . (4.10)

In particular, if ρ > Λn, then νn < 0, i.e., q = n, and

λm+1−k ≥ ρ− ρ

1− νk
(1 ≤ k ≤ n) . (4.11)

6Note that, for any symmetric and positive semidefinite bilinear form bG(·, ·), bG(f, f) = 0 implies
bG(f, g) = 0 for all g ∈ X due to the Cauchy–Schwarz inequality.
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We remark that in the case that m = n, under the essential condition (see also [6,
Theorem 10.31])

Λn < ρ ≤ λn+1 , (4.12)

the right-hand side of (4.11) provides lower bounds for λ1, · · · , λn.

Remark 4.6 It is crucial to point out that in our proposed two-stage algorithm, the projection-
based lower eigenvalue bounds in the first stage serve to compute ρ satisfying (4.9) or (4.12).

Remark 4.7 The lower bound given by Lehmann–Goerisch’s theorem is monotonically
increasing with respect to the a priori lower bound ρ (≤ λm+1) (Theorem 4.1 of [56]). In
practice, even with a rough ρ, the eigenvalue bounds in (4.10) are still sharp if vi is a good
approximation to the exact eigenfunction.

4.2 Application of Lehmann–Goerisch’s theorem to concrete

eigenvalue problems

In this section, we show the application of the Lehmann–Goerisch theorem to two
concrete eigenvalue problems: the Dirichlet Laplacian eigenvalue problem and the
Steklov eigenvalue problem. Here, to simplify the argument, we consider lower bounds
for the first n eigenvalues. Generally, the application of Lehmann–Goerisch’s theorem
does not need to start from the first eigenvalue.

As a feature of Lehmann–Goerisch’s method, it takes advantage of graded meshes
(i.e., meshes with refinement around possible singular parts) to recover the conver-
gence rate of the approximate solution, when the objective solution has singularities.
Different from the lower eigenvalue bound of Theorem 3.1 based on interpolation
or projection-based error estimation, the lower eigenvalue bound from Lehmann–
Goerisch’s theorem is not affected by the size of rough elements when graded meshes
are used. In the last section on numerical computations, an example using a graded
mesh for the L-shaped domain is provided to demonstrate this feature.

As a preparation for the implementation of Lehmann–Goerisch’s theorem, let us
introduce several FEM spaces for the currently considered second-order eigenvalue
problems. Note that here the degree of a polynomial is defined by the summation of
exponents for each variable. For example, xy has the degree 2. The order p of the
following FEM spaces will be taken as p ≥ 1.

• Let CGp
h be the Lagrange FEM space consisting of continuous piecewise polynomials

of degree up to p.
• Let RTp

h(⊂ H(div ; Ω)) be the Raviart–Thomas FEM space of degree p:

RTp
h :=

{
v : v =

(
c1
c2

)
+ c3

(
x
y

)
on each element K, where the ci’s

are polynomials on K of degree up to p;
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v · n⃗ is continuous across each interior edge e.
}
.

• Let DGp
h be the space of piecewise polynomials with degree up to p. The property

of the Raviart–Thomas space implies that div (RTp
h) = DGp

h.

4.3 The Laplacian eigenvalue problem

We consider the eigenvalue problem defined in (3.14), and aim to obtain high-precision
eigenvalue bounds for λ1, · · · , λn. It is assumed that λn and λn+1 are well separated
from each other. It is worth pointing out that to apply Theorem 4.5 for obtaining
the lower bounds for the first n eigenvalues, the projection-error based lower bound
from the first stage is important and will be used in the selection of ρ such that
Λn < ρ ≤ λn+1 (see Remark 4.6).

Introduce the following setting for Lehmann–Goerisch’s theorem.

D := H1
0 (Ω); M(u, v) := (∇u,∇v)Ω, N(u, v) := (u, v)Ω ∀u, v ∈ D .

Goerisch’s XbT setting is taken as

X :=
(
L2(Ω)

)2
; bG(u, v) := (u, v)Ω ∀u, v ∈ X ; T := ∇ .

Take the eigenpairs {λi, ui}∞i=1 of (3.14) for the ones in Assumption A2. It is easy to
confirm Assumption A3, i.e., bG(∇u,∇v) =M(u, v) for all u, v ∈ D.

Now, let us describe the selection of functions required by Lehmann–Goerisch’s
theorem.

Selection of vi

Let us consider the discretized eigenvalue problem: Find uh( ̸= 0) in CGp
h and λh ∈ R

s.t.
M(uh, vh) = λhN(uh, vh) ∀vh ∈ CGp

h . (4.13)

Denote the exact eigenpairs for the first n eigenvalues by {λi,h, ui,h}ni=1. The approx-
imate eigenfunctions v1, · · · , vn required in A4 of Lehmann–Goerisch’s theorem are
selected as vi ≈ ui,h. Note that vi does not need to be exactly equal to ui,h, since any
conforming approximation is allowed in the setting of Lehmann–Goerisch’s theorem.

Calculation of wi

For each vi (≈ ui,h), the constraint condition (4.3) for wi ∈ X = (L2(Ω))2 becomes

(wi,∇v) = (vi, v) ∀v ∈ H1
0 (Ω) . (4.14)
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By the distributional definition of div , the condition (4.14) means that wi belongs to
H(div ; Ω) and has to satisfy 7

divwi + vi = 0 in Ω . (4.15)

Since vi ∈ CGp
h(⊂ DGp

h = div (RTp
h)), one can find a wi ∈ RTp

h that solves (4.15)
exactly. That is, divwi + vi = 0 holds pointwise. In numerical computation, equation
(4.15) is asserted by using test functions from DGp

h, i.e., by requiring

(divwi + vi, ψh) = 0 ∀ψh ∈ DGp
h .

The solution wi to (4.15) is not unique. To have a “good” selection of wi to obtain a
tight eigenvalue bound, let us follow Remark 4.3 to consider the minimization problem:

min
wi∈RTp

h

∥wi∥ subject to divwi + vi = 0 . (4.16)

The saddle point formulation of (4.16) is to find (wi, ϕi,h) ∈ RTp
h ×DGp

h s.t.

{
(wi, qh) + (ϕi,h, div qh) = 0 ∀qh ∈ RTp

h ,
(divwi, ψh) + (vi, ψh) = 0 ∀ψh ∈ DGp

h .
(4.17)

The system (4.17) admits a unique solution (wi, ϕi,h) (c.f., e.g., [57], §IV.1 Prop. 1.1
of [58]). As noted in Remark 4.3, to have rigorous eigenvalue bounds, wi does not
necessarily have to be the exact minimizer of (4.16), while the constraint condition
(4.15) must hold exactly. Such a wi can be obtained as an interval function by solving
(4.17) with interval arithmetic, which however requires extra computing cost compared
to an approximate solver for (4.17). For an efficient way of computation of wi, see
Remark 4.8 for the technique to introduce a shift to the eigenvalue problem.

Selection of ρ

In the first stage, we have applied the projection-based method in §3 to obtain an
exact lower bound ρ for eigenvalue λn+1, i.e., ρ ≤ λn+1. In the case that the CR FEM
is used in the eigenvalue lower bound (3.16), ρ is taken as

ρ :=
λCR

n+1,h

1 + C2
hλ

CR

n+1,h

.

The matrices A1, A1, A2, A and B in A5 of Lehmann–Goerisch’s theorem are con-
structed by using the above vi’s and wi’s (i = 1, · · · , n). Let Λn be the maximal
eigenvalue of the eigenvalue problem with the matrices A0 and A1:

A0x = ΛA1x . (4.18)

7By taking test functions v from C∞

0 (Ω) in (4.14), we can see that the distributional divwi is actually

in L2(Ω), and divwi + vi = 0 holds.
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With a proper selection of n such that λn and λn+1 are separated from each other, one
can calculate vi using refined meshes and ρ to make sure the following condition holds

(λn ≤) Λn < ρ ≤ λn+1 .

Note that the above selection of ρ implies that B is positive definite; see Lemma 4.4.

To have an easy-to-follow description of Lehmann–Goerisch’s theorem, let us
summarize the computation procedure in Algorithm 1.

Algorithm 1 Guaranteed eigenvalue bounds by Lehmann–Goerisch’s theorem

Objective: Lower bounds for the first n eigenvalues. It is assumed that λn and λn+1

are well separated from each other so that the condition (4.19) can be satisfied.

Procedure:

Step 1: Solve the eigenvalue problem (4.13) approximately to obtain vi(≈ ui,h) ∈ CGp
h.

Solve the eigenvalue problem (4.18) rigorously to obtain Λn, which provides an
upper bound of λn,h.

Step 2: Solve the eigenvalue problem (3.14) in V CR

h in a verified way by using interval
arithmetic to calculate λCR

n+1,h. With refined meshes for V CR

h and CGp
h, obtain a ρ

such that

λn,h ≤ Λn < ρ :=
λCR

n+1,h

1 + C2
hλ

CR

n+1,h

≤ λn+1 . (4.19)

Step 3: For each vi (1 ≤ i ≤ n), let wi be the solution of (4.17) that satisfies (4.15) exactly.
Step 4: Define A0, A1, A2, A and B with the functions vi, wi (1 ≤ i ≤ n). Let the eigenvalues

of Ax = νBx be ν1 ≤ · · · ≤ νn. The relation λn,h < ρ makes sure that B and −A
are positive definite and hence νn < 0. The lower bound of λk in (3.14) is given by

λk ≥ ρ− ρ/(1− νn+1−k) (1 ≤ k ≤ n) .

Remark 4.8 Let us introduce a well-used technique that avoids heavy computation in rig-
orously solving the linear system (4.17) when seeking the wi terms. We did not use this
technique for the examples in Section 5, but refer to the technique here for future purposes.
Let us consider the eigenvalue problem with a shift λ̂(> 0), the setting of which is given by

D := H1
0 (Ω); M(u, v) := (∇u,∇v)Ω + λ̂(u, v)Ω, N(u, v) := (u, v)Ω ∀u, v ∈ D .

Goerisch’s XbT setting is taken as X :=
(
L2(Ω)

)3
, Tu := {∇u, u}(∈ X) for u ∈ D. Rewrite

each u ∈ X by u = {u(1), u(2)}, u(1) ∈
(
L2(Ω)

)2
, u(2) ∈ L2(Ω). For u, v ∈ X,

bG(u, v) := (u(1), v(1))Ω + λ̂(u(2), v(2))Ω .

For each approximate eigenfunction vi, the condition (4.3) for wi = {w(1)
i , w

(2)
i } ∈ X becomes

divw
(1)
i + λ̂w

(2)
i + vi = 0 in Ω. (4.20)
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For given vi ≈ ui,h, calculate w
(1)
i ∈ RT p

h by solving (4.17) with an approximate solver.

Then, calculate w
(2)
i as w

(2)
i = (−div (w

(1)
i ) − vi)/ λ̂ in a rigorous way. The resulting wi =

{w(1)
i , w

(2)
i } satisfies the condition (4.20) exactly. By applying Lehmann–Goerisch’s theorem

to the current setting, one can directly obtain lower bounds for the shifted eigenvalues, and
thus bounds for the original eigenvalues after re-subtracting the shift λ̂.

4.4 The Steklov eigenvalue problem

In this subsection, we consider high-precision bounds for the first n eigenvalues for
the Steklov eigenvalue problem. Let us take the following setting for the Lehmann–
Goerisch theorem.

(a) Let D = H1(Ω) and define the bilinear forms M(·, ·) and N(·, ·) by

M(u, v) :=

∫

Ω

∇u · ∇v + uv dx, N(u, v) :=

∫

∂Ω

γuγv ds ∀u, v ∈ D .

Here, γ is the trace operator.
(b) Let {λi, ui}i∈N be the eigenpairs of the eigenvalue problem (3.2). Note that {ui}i∈N

is a complete orthonormal system of Ker(K)⊥(⊂ H1(Ω)), where the orthogonal
complement is taken with respect to M(·, ·). Given v ∈ D, decompose v by v =
v0 + v′, v0 ∈ H1

0 (Ω), v
′ ∈ Ker(K)⊥ and

v′ =
∞∑

i=1

M(v′, ui)ui. (4.21)

Since v0 ∈ H1
0 (Ω) = Ker(K), we have M(ui, v0) = λiN(ui, v0) = 0. Hence,

M(ui, v) =M(ui, v
′) = λiN(ui, v

′) = λiN(ui, v).

It is clear that M(ui, uj) = δij and N(ui, uj) = δij/λi (δij : Kronecker delta).
Therefore, using (4.21) and the continuity of N(·, ·) with respect to M(·, ·),

N(v, v) = N(v′, v′) =
∞∑

i=1

N(ui, ui) · |M(v′, ui)|2

=

∞∑

i=1

1

λi
· λ2i |N(v′, ui)|2 =

∞∑

i=1

λi|N(v′, ui)|2 =

∞∑

i=1

λi|N(v, ui)|2 .

With the above argument, we have confirmed that {φi}i∈N in Assumption A2 can
be taken as {ui}i∈N.

(c) Let X =
(
L2(Ω)

)3
and define bG(·, ·) for ϕ, ψ ∈ X by bG(ϕ, ψ) :=

∫
Ω
ϕ · ψ dx . Let

Tv := {∇v, v} for v ∈ D. Hence, bG(Tu, Tv) =M(u, v) for all u, v ∈ D.

Now, let us describe the function required by Lehmann–Goerisch’s theorem.
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Selection of vi

Let us consider the discretized eigenvalue problem:

M(uh, vh) = λhN(uh, vh) ∀vh ∈ CGp
h . (4.22)

Or, conversely,
N(uh, vh) = µhM(uh, vh) ∀vh ∈ CGp

h . (4.23)

Take µi,h (i = 1, · · · , n) as the n largest positive eigenvalues of (4.23) and ui,h ∈
Ker(K)⊥ (i = 1, · · · , n) as the corresponding eigenfunctions. Then, define λi,h :=
1/µi,h (i = 1, · · · , n). The functions v1, · · · , vn required by A4 of Lehmann–Goerisch’s
theorem are selected in CGp

h as approximations to u1,h, · · · , un,h.

Calculation of wi

For each vi ≈ ui,h, the equation (4.3) to determine wi = {w(1)
i , w

(2)
i } ∈ X, w

(1)
i ∈

(L2(Ω))2, w
(2)
i ∈ L2(Ω) becomes

(w
(1)
i ,∇v)Ω + (w

(2)
i , v)Ω = (γvi, γv)∂Ω ∀v ∈ D. (4.24)

It is easy to see that w
(1)
i must belong to H(div ; Ω) and satisfy

−divw
(1)
i + w

(2)
i = 0 in Ω, w

(1)
i · n⃗ = γvi on ∂Ω. (4.25)

Therefore, w
(2)
i := divw

(1)
i has to be chosen, whence

bG(wi, wi) = ∥w(1)
i ∥2Ω + ∥divw(1)

i ∥2Ω .

Since {(wh · n⃗)|∂Ω : wh ∈ RT p
h} contains all piecewise polynomials of degree p on

boundary edges of T h, w
(1)
i can be selected from RT p

h such that the second equation of
(4.25) holds. As suggested in Remark 4.3, the wi term is determined by approximately
solving the following minimization problem:

min
w

(1)
i

∈RTp

h
, (w

(1)
i

·n⃗)|∂Ω=γvi

∥w(1)
i ∥2Ω + ∥divw(1)

i ∥2Ω . (4.26)

The minimization problem (4.26) is equivalent to the following variational problem:

Find w
(1)
i ∈ RT p

h such that w
(1)
i · n⃗ = γvi on ∂Ω, and

(w
(1)
i , wh)Ω + (div w

(1)
i , div wh)Ω = 0 ∀wh ∈ RTp

0,h. (4.27)

Here, RTp
0,h := {wh ∈ RTp

h | wh · n⃗ = 0 on ∂Ω}.
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Selection of ρ

Take ρ as the lower eigenvalue bound of λn+1 obtained by the Crouzeix–Raviart
finite element method. That is,

ρ :=
λCR

n+1,h

1 + C2
hλ

CR

n+1,h

.

Define matrices A0, A1 by

A0 :=
(
M(vi, vj)

)n
i,j=1

, A1 :=
(
N(vi, vj)

)n
i,j=1

. (4.28)

Note that A1 is positive definite according to the choice of v1, · · · , vn. Let Λn be the
maximal eigenvalue of the eigenvalue problem: A0x = ΛA1x. With a proper selection
of the eigenvalue index n and a refined mesh, we can ensure Λn < ρ.

Matrices for the Lehmann–Goerisch theorem

Let νk (k = 1, · · · , n) be the negative eigenvalues of Ax = νBx, where

A2 =
(
bG(wi, wj)

)n
i,j=1

, A = A0 − ρA1, B = A0 − 2ρA1 + ρ2A2. (4.29)

Then we obtain the following lower bounds.

λk ≥ ρ− ρ

1− νn+1−k
(1 ≤ k ≤ n). (4.30)

Remark 4.9 Instead of taking D = H1(Ω) as discussed in this section, we can also obtain
the same eigenvalue bounds by taking D = Ker(K)⊥(⊂ H1(Ω)) while keeping the setting
of M,N, T,X the same as the one in (a) (b), and (c) in this section. Since the approximate
eigenvector vi ∈ CGp

h may not belong to D = Ker(K)⊥, more efforts are needed to handle

this issue. Introduce the orthogonal projection P : H1(Ω) ↦→ Ker(K)⊥ with respect to M(·, ·)
and decompose vi by

vi = Pvi + (I − P )vi; Pvi ∈ Ker(K)⊥, (I − P )vi ∈ Ker(K) .

Let ṽi := Pvi. Actually, we apply the Lehmann–Goerisch theorem with vi replaced by ṽi
(i = 1, · · · , n). Note that ṽi is just for theoretical analysis and does not need to be computed
explicitly. Since vi− ṽi ∈ Ker(K), we have γ(vi− ṽi) = 0 on ∂Ω. Hence, γvi = γṽi. Thus, the
wi term resulting from ṽi is the same as the one for vi. In the construction of the matrices
A0, A1, A2, rather than A0 using vi in (4.28), we have Ã0 :=

(
M(ũi, ũj)

)n
i,j=1

. From the

orthogonality of the projection P with respect to M(·, ·), we have M(u, u) ≥ M(Pu, Pu) for

all u ∈ H1(Ω). Therefore, A0 − Ã0 is positive semidefinite.
Lehmann–Goerisch’s theorem utilizes the following eigenvalue problem:

Ãx = ν̃B̃x (Ã := Ã0 − ρA1, B̃ := Ã0 − 2ρA1 + ρ2A2) .

Let Λ̃n be the maximal eigenvalue of Ã0x = Λ̃A1x. Then Λ̃n ≤ Λn. By taking (Λ̃n ≤) Λn <

ρ ≤ λn+1, we have that −Ã is positive definite. From the positive definiteness of B̃ given by
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Lemma 4.4, we have that B̃ − Ã = ρ(ρA2 − A1) is positive definite as well. With a proper
transformation, the eigenvalue problems to determine ν̃ and ν (all of which are negative) are
given by

(Ã0 − ρA1)x =
ν̃

1− ν̃
(ρA2 −A1)x, (A0 − ρA1)x =

ν

1− ν
(ρA2 −A1)x .

From the min-max principle for eigenvalues, we have ν̃k ≤ νk (k = 1, · · · , n). Thus, we obtain
the same lower bound as (4.30) via the theoretical term ν̃i. That is,

λk ≥ ρ− ρ

1− ν̃n+1−k
≥ ρ− ρ

1− νn+1−k
(1 ≤ k ≤ n) . (4.31)

5 Computation Results

In this section, the Laplacian and the Steklov eigenvalue problems are considered. For
each problem, high-precision eigenvalue bounds are obtained in two steps by apply-
ing the projection-based eigenvalue bounds in Theorem 3.1 and Lehmann–Goerisch’s
Theorem 4.1. The features of the proposed algorithm are illustrated by the numerical
results: the adaptivity to non-uniform meshes or graded meshes is shown in §5.1; high-
precision eigenvalue bounds and the recovery of the convergence rate for the bounds
to Steklov eigenvalues are demonstrated in §5.2. §5.3 and §5.4 show high-precision
bounds for Dirichlet eigenvalues on 3D tetrahedra.

To obtain rigorous bounds for eigenvalues, we use interval arithmetic and the
method based on Sylvester’s law of inertia [50] to exactly solve eigenvalue problems
for matrices.

Remark 5.1 (Reproducibility of the computation results) The source code for the com-
putations in this section is available at https://github.com/xfliu/LG-Method: the MAT-
LAB/INTLAB implementation used to produce the reported results, and a Julia implemen-
tation of the three-dimensional computations in §5.3 and §5.4 based on the verified finite
element library VFEM.jl [59] and the verified matrix eigenvalue solver Veigs [60]. The com-
putations can also be repeated online on the Ganjin platform at https://ganjin.online/xfliu/
LG-Method.

5.1 Dirichlet Laplacian eigenvalues

Let us consider the Dirichlet Laplacian eigenvalue problem on a dumbbell domain Ω,
which consists of two unit squares connected by a bar with a width of 0.40625 (see
Figure 3). The approximate values of the eigenvalues are as follows:

λ1 ≈ 19.515307, λ2 ≈ 19.515448, λ3 ≈ 47.510661, λ4 ≈ 47.519450,

λ5 ≈ 49.342953, λ6 ≈ 49.342955 .

The approximate eigenfunctions corresponding to these six eigenvalues are plotted
in Fig. 2 in row-wise order.
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Fig. 2 Approximate eigenfunctions for λi’s (1 ≤ i ≤ 6) (dumbbell domain)

Fig. 3 Graded mesh for the dumbbell domain

A graded mesh is employed for the finite element computations. In accordance
with the regularity of the solution, the size of triangular elements is chosen such that

h(r) ≈
{
hmax r

1/3, for r < 1,

hmax, for r ≥ 1,

where r denotes the distance from an element to the two re-entrant corners of the
domain, and hmax is the maximum edge length of the mesh.

For a mesh with hmax = 0.0298, we employ the Crouzeix–Raviart FEM to compute
a rigorous lower bound for λ7 via the projection error constant Ch = 0.1893hmax and
Theorem 3.1:

Ch ≤ 0.00565, λCR

7,h ∈ [74.37604, 74.37605], λ7 ≥ 74.19986.

Thus, for the Lehmann–Goerisch method, the lower bound ρ of λ7 is set as

ρ = 74.0 < λ7.
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Table 1 Lower and upper bounds for Laplacian eigenvalues
(dumbbell domain, hmax = 0.290, number of elements=177).

Lower bound: λi Upper bound: λi

λi CR LG(p=1) LG(p=2) CG(p=1) CG(p=2)

λ1 18.5595 19.2865 19.5080 20.1365 19.5265

λ2 18.5596 19.2867 19.5082 20.1366 19.5266

λ3 41.9488 41.1170 47.2888 51.0975 47.6105

λ4 41.9554 41.1189 47.2978 51.1087 47.6192

λ5 43.7222 41.5923 49.2050 53.3572 49.4143

λ6 43.7222 41.5926 49.2050 53.3572 49.4143

Here we deliberately take ρ well below the lower bound for λ7 based on λCR

7,h to show
that even a coarse estimate of λ7 still yields very sharp bounds for λ1, · · · , λ6.

The rigorous lower and upper bounds with different algorithms are displayed in
Table 1. In this computation, we employ the Crouzeix–Raviart finite element method
(abbreviated as CR), the Lagrange finite element method (CG), and the Lehmann–
Goerisch method (LG) to compute these lower and upper eigenvalue bounds shown in
the table. A sample mesh with maximum edge length (i.e., mesh size) hmax = 0.194
is shown in Fig. 3. By using the numerical evaluation of eigenvalues obtained on a
highly refined mesh as reference eigenvalues (denoted by λ̃i), we compute the errors
of the lower and upper bounds, as shown in Table 2.

It is important to point out that the projection-based lower bounds λCR

i obtained
in the first stage are far too inaccurate to separate λ3 and λ4. While λ1 and λ2
are known to be distinct, it is not a priori known whether λ3 and λ4 are different.
Here, we utilize a quite refined mesh with 1654 elements, for which the conforming
space CG3

h has DOF=30044, to rigorously confirm their separation by computing
validated eigenvalue bounds. By applying Lehmann–Goerisch’s theorem to the cluster
of eigenvalues λ3, · · · , λ6 and the lower bound ρ = 74 ≤ λ7, we obtain

λ3 ≤ 47.51181 < 47.51504 ≤ λ4 . (5.1)

Note that, even with a configuration that successfully separates λ3 and λ4, the
results are still too coarse to confirm the separation of λ5 and λ6. Additional effort
is needed to distinguish these eigenvalues (if they are different, which is not known).
The shifting technique in Remark 4.8 may offer a more efficient approach, as it avoids
the need to rigorously solve the large linear system in (4.17).

For recursively refined meshes, the error convergence of various bounds for the
eigenvalues is shown in Fig. 4. From the numerical results, the following features of
the proposed algorithm are observed.

1. For the eigenfunctions corresponding to λ1, . . . , λ4, which may lack full H2-
regularity, the use of a graded mesh enables the associated eigenvalue bounds
computed with linear finite elements to achieve the optimal convergence rate of
O(h2).
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Table 2 Errors of eigenvalue bounds shown in Table 1 (dumbbell domain,

w.r.t. λ̃i)

Error of lower bound: λ̃i − λi Error of upper bound: λi − λ̃i

CR LG(p=1) LG(p=2) CG(p=1) CG(p=2)

λ1, λ2 4.9e-02 1.2e-02 3.7e-04 3.2e-02 5.7e-04

λ3, λ4 1.2e-01 1.3e-01 4.7e-03 7.5e-02 2.1e-03

λ5, λ6 1.1e-01 1.6e-01 2.8e-03 8.1e-02 1.4e-03

Fig. 4 Convergence of Laplacian eigenvalue bounds for dumbbell domain (x-axis: mesh size hmax;
y-axis: magnitude of the error).

2. When the eigenfunctions possess higher regularity (as one might guess for the
eigenfunctions corresponding to λ5 and λ6 based on the numerical plots in Fig.
2), the lower bounds obtained via the Lehmann–Goerisch method and the upper
bounds from the Lagrange finite element method exhibit optimal convergence rates
of O(h2) for p = 1 and O(h4) for p = 2.
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3. The Lehmann–Goerisch method using the conforming finite element method with
polynomial degree p = 2 (i.e., CG2

h) yields significantly sharper lower bounds for the
eigenvalues compared to those obtained using the Crouzeix–Raviart finite element
method.

5.2 Steklov eigenvalues

In this section we consider two model Steklov eigenvalue problems: one on the unit
square

Ω = (0, 1)× (0, 1),

and one on the L-shaped domain

Ω = (0, 2)× (0, 2) \ [1, 2)× [1, 2).

For each example we obtain a rough lower bound from Theorem 3.1 and a high-
precision lower bound via Lehmann–Goerisch’s theorem.

Fig. 5 Uniform mesh for the square domain and graded mesh for the L-shaped domain

Square domain

By separation of variables, this eigenvalue problem can be solved in a closed form, up
to the solution of a system of two transcendental equations with two unknowns. These
closed-form solutions show that λ2 = λ3.

Fig. 6 Approximate eigenfunctions for Steklov eigenvalues λi(1 ≤ i ≤ 4) (square domain).
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We triangulate Ω uniformly with an N × N grid; see Figure 5 for N = 8. The
mesh size hmax as the maximum edge length is hmax =

√
2/8 when N = 8. Using

conforming FEM with CG2
h and N = 32, we obtain numerical values for the first four

Steklov eigenvalues (see also, e.g., [61]) :

λ1 ≈ 0.24007909, λ2 = λ3 ≈ 1.49230326, λ4 ≈ 2.08264706 .

The eigenfunctions for these 4 eigenvalues are plotted in Figure 6.
For a mesh with N = 64, we employ the Crouzeix–Raviart FEM to compute a

lower bound for λ4 via the projection error constant in (3.19) and Theorem 3.1:

Ch ≤ 0.12717, λCR

4,h ∈ [2.08216, 2.08217], λ4 ≥ 2.01433.

Hence, in applying Lehmann–Goerisch’s theorem we take n = 3 and

λ3 < 1.49246 ≤ ρ = 2.0 < λ4. (5.2)

Figure 7 shows the convergence of the computed eigenvalue bounds with respect
to high-precision reference values. Note that the results for λ2 and λ3 are almost the
same. We observe that, compared with the convergence rate O(h) of the Crouzeix–
Raviart method (see also the theoretical discussion in Remark 3.4), the lower bounds
from the P1 conforming FEM combined with Lehmann–Goerisch’s theorem recover
the O(h2) rate, matching the O(h2) rate of the upper (Rayleigh–Ritz) bounds from
the Lagrange FEM.

Fig. 7 Error convergence of Steklov eigenvalue bounds on unit square domain (x-axis: mesh size;
y-axis: magnitude of the error).
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Fig. 8 Approximate eigenfunctions for Steklov eigenvalue λi’s (1 ≤ i ≤ 4)(L-shaped domain)

L-shaped domain

Figure 8 displays the computed eigenfunctions for the first four eigenvalues on the L-
shaped domain. The first, third, and fourth approximate eigenfunctions are symmetric
with respect to reflection across the axis x1 = x2, whereas the second is antisymmetric.

We use a geometrically graded mesh with hK = O(r1/3), where r is the distance
from element K to the re-entrant corner (see Figure 5).

For a graded mesh with hmax = 0.031, we employ the Crouzeix–Raviart FEM to
obtain the following quantities:

Ch ≤ 0.14902, λ4,h ∈ [1.69171, 1.69172], ρ = 1.6 < 1.63045 ≤ λ4.

Figure 9 shows the convergence of the eigenvalue bounds with respect to high-
precision reference values. Note that the lower eigenvalue bounds obtained by the
Crouzeix–Raviart method exhibit only O(h) convergence, which is due to the projec-
tion error term Ch = O(

√
h), as explained in Remark 3.4. The observed convergence

rate of O(h2) for the eigenvalue bounds of λ2 with p = 2 indicates that the eigenfunc-
tion associated with λ2 lacks the higher regularity possessed by those corresponding to
λ1 and λ3. On the graded mesh, the P1 conforming FEM achieves the expected O(h2)
rate for both lower and upper bounds. In contrast, the P2 conforming FEM exhibits
a reduced convergence rate of O(h2) for the second eigenvalue, while retaining O(h4)
convergence for the first and third eigenvalues. Based on this observation, one might
guess that the eigenfunctions corresponding to the first and third eigenvalues have H3

regularity.

Discussion on rigorous eigenvalue bounds

To control floating-point and rounding errors, we employ interval arithmetic via INT-
LAB [62] together with Behnke’s method [50], as mentioned at the beginning of this
section. This provides fully verified eigenvalue bounds for the resulting generalized
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Fig. 9 Error convergence of Steklov eigenvalue bounds on the L-shaped domain (x-axis: mesh size
hmax; y-axis: magnitude of the error).

matrix eigenproblems. The verified Steklov eigenvalue bounds based on the setting
(5.2) are listed in Tables 3 and 4.

Note that the selection of an eigenvalue cluster when applying the Lehmann–
Goerisch method affects the accuracy of the lower bounds. For example, in the case
of Steklov eigenvalues, by choosing

λ1 < ρ = 1.45 ≤ λ2,

on an 8× 8 triangulation of the square domain, and using the second-order Lagrange
finite element space CG2

h, we obtain the following rigorous bounds:

0.240079083 ≤ λ1 ≤ 0.240079091; λ1 − λ1 = 8.00E−09.

This result is significantly sharper than the one presented in Table 3, which was
computed using a finer 32× 32 triangulation.
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Table 3 Rigorous bounds for the Steklov eigenvalues with
p = 2 and N = 32 (square domain)

Rigorous bound Bound gap: λi − λi

0.23993698 ≤ λ1 ≤ 0.24007908546 1.42E-04

1.49204771 ≤ λ2 ≤ 1.492303245657 2.56E-04

1.49204789 ≤ λ3 ≤ 1.492303278880 2.56E-04

Table 4 Rigorous bounds for the Steklov eigenvalues with
p = 2 and h = 0.118 (L-shaped domain)

Rigorous bound Bound gap: λi − λi

0.341414120 ≤ λ1 ≤ 0.34141605885 1.93E-06

0.616711190 ≤ λ2 ≤ 0.61698333496 2.72E-04

0.984274379 ≤ λ3 ≤ 0.98427919894 4.83E-06

5.3 A special tetrahedron with analytic eigenfunctions

We also test the method on a special tetrahedron

TF = conv

{
(0, 0, 0), (0, 0, 1),

(
1

2
,
1

2
,
1

2

)
,

(
−1

2
,
1

2
,
1

2

)}
.

For this domain, the homogeneous Dirichlet Laplacian has explicit analytic eigenfunc-
tions given by generalized sine functions on the tetrahedral reflection lattice [63]. The
first 4 eigenvalues are

λ1 = 20π2, λ2 = λ3 = 35π2, λ4 = 40π2.

This subsection demonstrates the efficiency of the Lehmann–Goerisch method for
3D problems. Since our focus is on the second stage of the method, we skip the first
stage and use the exact eigenvalues directly as the Lehmann–Goerisch separation
values:

ρ2 = λ2 = 35π2, ρ4 = λ4 = 40π2.

To study convergence on this analytic benchmark, we computed the bounds on
two coarse uniform meshes for both CG2 + RT2 and CG3 + RT3, using the exact
separation values above. The level-2 mesh has 64 tetrahedra and the level-3 mesh
has 512 tetrahedra. The numerical results are reported in Table 6. The convergence
orders of the upper bounds (UBs) and lower bounds (LBs) at level k are computed
as log2(Errk−1/Errk) where Errk denotes the error of the corresponding bound on the
level-k mesh.
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Table 5 Coarse-mesh convergence on TF . The interval entries are LG lower bound (LB) /
CG upper bound (UB). The level-2 and level-3 meshes have 64 and 512 tetrahedra,
respectively. The observed order triples (1, 2, 3) are computed from the CG upper-bound
errors and LG lower-bound errors after one uniform refinement from level 2 to level 3.

p level λ1 interval λ2 interval λ3 interval UB order LB order

2 2 [171.35, 209.37] [–, 372.50] [65.22, 433.87] – –

2 3 [193.96, 198.76] [238.85, 350.12] [297.07, 355.78] (3.1, 2.5, 3.1) (2.9, –, 2.5)

3 2 [194.72, 198.56] [264.79, 351.38] [289.12, 353.84] – –

3 3 [197.33, 197.42] [342.23, 345.59] [343.85, 345.74] (5.5, 5.3, 4.8) (5.3, 4.7, 5.1)

The observed orders clearly show the faster convergence of the cubic conform-
ing space in both the Rayleigh–Ritz upper bounds and the Lehmann–Goerisch lower
bounds, even on these coarse meshes. The missing CG2, level-2 entry for λ2 means that
the corresponding 2 × 2 Lehmann–Goerisch pencil has only one negative generalized
eigenvalue; applying the lower-bound formula to the positive generalized eigenvalue
would produce a spurious negative number and is not a certified lower bound. This
failure is also predicted by Lemma 4.4: for the CG2, level-2 computation, the required
separation condition Λ3 < ρ4 does not hold, since the computed third Rayleigh–Ritz
value is about 433.87 while ρ4 = 40π2 ≈ 394.78.

We then repeat the same test with a higher local polynomial degree, using CG6 +
RT6 on the original tetrahedron and on its first two regular uniform refinements.

Table 6 High-order CG6 +RT6 bounds on TF using the exact separation values ρ2 = λ2 and
ρ4 = λ4 (λ̂ = 200). The interior CG DOF / RT DOF values for the three mesh rows are 10/280,
165/2016, and 1771/15232, respectively. The order triples (1, 2, 3) are computed from the CG
upper-bound errors and LG lower-bound errors between consecutive refinements.

Refinement level λ1 interval λ2 interval λ3 interval UB order LB order

0 (#elt=1) [195.255, 198.586] [−762.741, 413.561] [−762.741, 413.561] – –

1 (#elt=8) [197.310, 197.432] [310.499, 345.975] [340.704, 349.825] (4.9, 7.0, 4.0) (4.7, 5.0, 7.9)

2 (#elt=64) [197.392, 197.392] [345.383, 345.437] [345.424, 345.441] (10.3, 8.9, 9.7) (9.5, 9.4, 8.6)

The one-element CG6 space is too small to give useful lower bounds for the double
eigenvalue; in fact the computed LG lower bounds for λ2, λ3 are negative. A plausible
reason is that this coarse space does not resolve the double eigenspace and its separa-
tion from λ4 well enough. After one and two regular uniform refinements the certified
intervals tighten substantially.

5.4 Dirichlet Laplacian on the regular tetrahedron

We next give a compact three-dimensional test on the unit regular tetrahedron (all six
edges have length one). Unlike the special tetrahedron TF , this domain has no known
closed-form eigenvalues. Moreover, although it is convex, solutions of elliptic bound-
ary value problems on polyhedra generally possess only limited Sobolev regularity
because of edge and vertex singularities. Thus high-order finite element and spectral
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approximations on the regular tetrahedron may display algebraic convergence rather
than exponential convergence, as observed numerically by Jia, Li, and Zhang [63].

The rough separation values used by the Lehmann–Goerisch method were first
computed by the Crouzeix–Raviart lower-bound method on a level-6 mesh with 127661
tetrahedra and 247130 interior-facet degrees of freedom. If λCR

k,h denotes the CR
eigenvalue and Ch = 0.3804hmax [18], the lower bound from Theorem 3.1 is

λk ≥
λCR
k,h

1 + C2
hλ

CR
k,h

.

This gives
ρ2 = 264.522 < λ2, ρ5 = 386.441 < λ5

and these two values are used below. The reported Lehmann–Goerisch lower bounds
in this subsection are certified by INTLAB interval arithmetic [62].

We solve the Dirichlet Rayleigh–Ritz problem on a mesh of 8 tetrahedra, obtained
by one regular uniform refinement of the regular tetrahedron, using a degree-8 con-
forming space. The eigenvalue λ1 is bounded by a scalar LG matrix eigenvalue problem
with ρ2, while λ2, λ3, λ4 are bounded by a 3 × 3 LG problem with ρ5. The auxiliary
space is the scalar RT8 space; the conforming CG8 Dirichlet space has 455 interior
degrees of freedom, the scalar DG space has dimension 1320, the RT8 space has dimen-
sion 3960, and the shifted mixed linear system has dimension 3960 + 1320 = 5280.
The Lehmann–Goerisch small matrices A0, A1, A2 are assembled in interval arithmetic
directly on the physical tetrahedra by closed-form Bernstein integrals; in particular
the auxiliary RT8 mass contribution to A2 is enclosed via a verified solve on each
element rather than by enclosing a floating-point matrix.

Table 7 Degree-8 Rayleigh–Ritz and
Lehmann–Goerisch bounds from Theorem 4.1 for the
Dirichlet Laplacian on the unit regular tetrahedron (8

tetrahedra, CG8 +RT8, λ̂ = 200). All four bounds are
certified by INTLAB interval arithmetic.

k Lower bound Upper bound Rel. gap

1 150.9700841736 150.9727752307 0.0018%

2 278.2131313380 278.6994250425 0.17%

3 278.3047808848 278.6994250425 0.14%

4 278.3047808848 278.7253072428 0.15%

Table 7 shows that a very small number of high-order tetrahedra is already effective
for this symmetric polyhedron: a degree-8 conforming space on only 8 tetrahedra
certifies the isolated eigenvalue λ1 to a relative gap below 0.002% and the triply-
degenerate cluster λ2, λ3, λ4 to relative gaps below 0.17%. The CR calculation is used
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only to obtain the rough spectral separation values ρ2 and ρ5; the sharp lower bounds
are produced from the degree-8 conforming trial space via the LG method.

Efficiency of the LG lower-bound stage

To estimate what a direct CR computation would require to reach the same accuracy,
we used the observed CR convergence from the two finest available regular-tetrahedron
CR computations. The CR meshes have N = 33496 and N = 247130 interior-facet
degrees of freedom, respectively. Let LBCR

k (N) denote the CR lower bounds. By fitting

UBk − LBCR
k (N) ≈ CkN

−αk ,

where UBk are the upper bounds in Table 7, we obtain the equivalent mesh-size orders
qk = 3αk shown below. The target accuracy is taken as the certified interval width
εLGk = λUB

k − λLBk , reported in Table 7.
We define the efficiency factor by

ηeffk :=
Npred

CR,k

NLG
, NLG := dimRT8 + dimDG8 = 5280,

where Npred
CR,k is the predicted number of CR degrees of freedom needed to reduce the

fitted CR lower-bound error to εLGk .

Table 8 Predicted direct-CR cost for matching the degree-8,
8-tetrahedron CG8 +RT8 LG interval widths on the unit regular
tetrahedron.

k Observed CR order qk εLG
k Npred

CR,k ηeff
k

1 2.047 2.691×10−3 1.21×1010 2.29×106

2 1.949 4.863×10−1 4.44×107 8.40×103

3 1.948 3.946×10−1 6.14×107 1.16×104

4 1.948 4.205×10−1 5.57×107 1.05×104

Thus, even under the observed approximately second-order CR convergence, a
direct CR lower-bound computation would require tens of millions to tens of billions of
degrees of freedom to match the certified widths obtained here from a 5280-dimensional
RT–DG mixed system. For all first four eigenvalues simultaneously, the first eigenvalue
is the limiting case and gives

max
1≤k≤4

ηeffk ≈ 2.29× 106.

This comparison highlights the role of the CR method in the two-stage algorithm:
it is efficient for producing the rough separation parameters ρ2 and ρ5, while the
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Lehmann–Goerisch stage converts a small high-order conforming computation into
sharp certified lower bounds.

Summary

In this paper, a two-stage algorithm is proposed to provide high-precision guaranteed
eigenvalue bounds for differential operators. The application of this algorithm to the
Dirichlet Laplacian eigenvalue problem and the Steklov eigenvalue problem demon-
strates its adaptivity to graded meshes, high-order FEMs and provides high-precision
eigenvalue bounds. The algorithm extends naturally to three dimensions, as illustrated
by the first rigorous two-sided eigenvalue bounds for the regular tetrahedron in §5.4. It
is worth pointing out that in addition to second-order differential operators, the pro-
posed algorithm can also be applied to higher order differential operators, for example,
the biharmonic operator. Early approaches for biharmonic operators can be found in
[54, 64] and more detailed discussions will be provided in our subsequent work.
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