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Abstract

Towards to the theory of the fractional X-ray diffraction crystal optics, the
Riemann—Liouville derivative approach has been developed and analyzed for
arbitrary fractional-order-parameter o, o € (0, 1]. Using the Green function
technique, fundamentals of the fractional matrix differential theory of the X-
ray diffraction scattering by the imperfect crystals, has been formulated in the
terms of solving the Cauchy nonlocal problem. In a general case of an arbitrary
displacement imperfect-crystal-lattice function f(r), one has used the Liouville—
Neumann-type series formalism to build up the resolvent-function-solution of the
Cauchy problem rewritten in the form of the matrix integral Fredholm—Volterra
equation of the second kind. One has made of comprising the theoretical results
obtained in the frame of the Riemann—Liouville derivative operator approach
with the corresponding ones using the fractional derivatives in the Gerasimov—
Caputo’s sense. In the case when the displacement field function f(r) is the
lateral coordinate x is the 1D linear function, f(r) = ax, a = const,
one has obtained the rigorous Cauchy problem solutions expressed through the
Mittag-Leffler-type and generalized trigonometric functions. One has numeri-
cally calculated, built up and in details, analyzed the graph-patterns of the
amplitudes of the transmitted in details d and diffracted waves along the crys-
tal depth t for different values of the fractional-order-parameter « in the both
cases of the theoretical Riemann—Liouville derivative and Gerasimov—Caputo’s



one approaches. Based on Mittag-Leffler-type asymptotic expressions (for large
values of t), the decay behavior of the X-ray wave amplitude was determined for
both the Riemann—-Liouville and Gerasimov—Caputo derivative approaches.

Keywords: Diffraction optics system of fractional partial differential equations, the
Riemann—Liouville fractional derivative, the Cauchy nonlocal problem, the matrix
resolvent-function-solution, the Fredholm—Volterra integral equation, the generalized
trigonometric functions, the generalized Euller’s formula.

1 Introduction

As is known, in recent years, to model and analyze the real-world phenomena in
the terms of the mathematical physics, fractional calculus has become widespread of
allowing to go beyond the integer differential equations solutions. In particular, the
latter is important to taking into account and adequately considering such the effects
as memory and no locality of the quantum radiation-medium interactions (see [1]-[5]
and huge cited references therein).

Recently [5], [6], the theory of the fractional X-ray diffraction crystal optics has
been developed with using the system of the fractional Takagi—Taupin (TT) differential
equations in the terms of the Gerasimov—Caputo (GC) derivatives of an arbitrary
fractional order «, o € (0, 1], along the crystal depth. In [7], the integral formalism
of the 3D fractional X-ray diffraction crystal optics has been done, and the matrix
resolvent solution of the fractional GC-Cauchy problem has been constructed has been
found out as well.

Accordingly, in the case when the lattice-crystal displacement field function f(r)
vs the lateral coordinate x is the 1D linear function, f(r) = ax, a = const, the
rigorous analytical solution of the fractional in GC-Cauchy problem with an arbitrary
fractional-order-parameter (FOP) «, « € (0, 1] has been found out and analyzed.

As was pointed out in [7], various kinds of real problems-in-physics such as signal
processing, the radiation propagation, atom diffusion in material media, are cur-
rently modeled by the aid of fractional derivative by highlighting in particular the
Riemann-Liouville (RL) derivative and GC derivative approaches as the fundamen-
tal formulations in fractional calculus that generalizes the concept of derivatives to
non-integer.

Based on the fractional TT differential equations, a goal of the present study is to
push ahead the theory of the fractional X-ray diffraction crystal optics in the terms of
the RL derivative concept beyond the frame of the GC derivative constructive scheme
[5], [6].

In the paper, using the standard Green’s function technique, a key of working is to
develop the matrix Fredholm—Volterra integral equation formalism earlier proposed by
authors [5], [6], and builds up the matrix resolvent-function solution of the RL-Cauchy
nonlocal problem.

In the case of the lattice-crystal displacement field function f(r) is the 1D linear
function, namely: f(r) = ax, a = const, for an arbitrary FOP «, a € (0,1] of the



RL derivative, the exact analytical solution of the RL-Cauchy nonlocal problem has
been found out and analyzed of comparing it with the GC concept-Cauchy problem
solution.

Thus, following up the theoretical formalism earlier developed in [5], [6] the system
of the original TT differential equations in the frame of the RL concept of the fractional
X-ray diffraction crystal optics takes the form

Dg—& 0 Eo(z,t) ) _
0 Dg, + 2 Ep(z,t) ) —

- ( Y UeXpr(%ﬂ]) (Eo(x,t)) (1.1)
oexp|—if(z,t)] ¥ En(z,t) )’ .
with the Cauchy problem’s condition
}i_r}(l] Dg;l (g;g’)g) = (gig%) , —oo<x <00, (1.2)

where ¢o(z) and ¢, (z) are the given real-valued functions.
The RL fractional integro-differential operator of order o < 0 [1] is equal to

¢
sgn(t — a) / g(s)ds
Da t) = ’
atg( ) F(—V) |t—8|a+1
and for « € (0, 1] the operator DY, is determined by following relation

d .
Dgrg(t) = sgn(t — a) = Doy Yg(t), (1.3)

here I'(2) is the gamma-function.

2 Integral fundamentals of the RL Cauchy non-local
problem

Let us convert the Cauchy non-local problem in the ’differential form’ (1.1)-(1.2) to
the matrix Fredholm—Volterra-type integral equation of the second kind. The latter
takes a special sense to build up the resolvent-function solution of the Cauchy problem,
which in turn is very important to computer-aided modelling and recovering the crystal
displacement field function f(R) from the microtomography data.

The system of differential TT-type equations (1.1) may be rewritten into the form

oY —iy 0 y
( 0 09 - i’)’) E = iocKE, (2.1)
where 9 9
Oi:Dgt+%, OC_‘:D&—%7



Ey(z,t 0 ettt
E=E(zt) = (Ezgx t;) , K=K(z,t)= <eif<x,t> 0 ) '

Acting onto both sides of (2.1) by the operator diag(Of — iy,O0% — i), one obtains

0% —iy 0 0% —iy 0 B
0 0% —in 0 0Y—iv)

. (O =iy 0
=10 ( 0 O _ iw) KE (2.2)

and after some straightforward routine calculations, one finds out

0% —iy 0 w100 .
( 0 oa—w> KE = [D0t+ (o _1> ax_”} (KE) = D§,(KE)+

10 0 0 o o . B
+ <0 _1> K&EK) E+K (%E)} + K (D$E) — K (DGE) — iy KE =
e (O —iy 0 o 1 0\/ 9 ARy —
= < 0 Oi_w>E+DOt(KE)+(O _1> <(%K)E—K(DOtE)_

_ (an_ " oio_ w) E+ (Dg, +if;) (KE) — K (Dg,E). (2.3)

Taking into account that the E = E(x,t) is the solution of Eq. (2.1) and K? is equal
to unit matrix, from Eq. (2.3) it directly follows

io <O+O_ v oo 0_ iv) KE = —0°E + io (DS, + if.) (KE) — ioK (DE) .

The last allows us to rewrite down Eq. (2.2) into the form

(0% —iv) (0% —iv) + o2 0 -
( ! 0 (oa—w><01—m>+o—2)E
= io (DS +if!) (KE) — ioK (DLE) . (2.4)

Further, we denote the Fourier transform of the function f(x) by (f(x))k, the
Laplace transform of the function ¢(t) by (¢(t)),, and respectively, the double Fourier—
Laplace transform of the function h(z,t) by (h(z,t)),p-

By using the following formula

[DgtH(xﬂt)]p = pa[H(:L‘,t)]p - D(?OilHy

where
a—1 I a—1
Dgy "H = th_% D¢ H(x,t),

one can get

(O£ H (2, )]kp = (0" £ ik)[H (2, )]k — [(Dgg " H) (@)]1- (2.5)



Applying the double Fourier—Laplace transform to Eq. (2.4) and keeping in mind Eq.
(2.5), one can obtain

[(0F (02 i) Bofw, )], = (0" — i + k) [(O2 — i) (i, D]k

—{ DGy (0% —in)Eo(z,1)]}, = (p™ — iy +ik)(p* — iy — ik)[Eo (2, t)]r.p—
—{(po‘ — iy + ik)[Dg‘OflEo(x, t)] + iUDg‘Ofl [eif(”’t)Eh (z,t)] }k, (2.6)

and
[(0% —0)(0% — ) En(w,0)],., = (0% — 7 — k) (0™ — iy + iK) [En o, D]
—{(pa — iy — ik) DS By (2, t) + i DG e~ @) By (a, t)]}k. (2.7)
Here, one has used the relationships (c¢f. (2.1))
Dyt [(0% —in)Eo(a,1)] = io Dgg e/ By (a,1)],

Dgy ' [(0% = iv)Ep(z,t)] = io DGy e @Y By (x, 1))
Thus from Egs. (2.4) — (2.7) it directly follows

(B(e.1)),,, = 7-{ (Df + i£2)(KE) ~ KDGE} +
1 Wt 0 w1 ‘ ot
+W{< 0 W-) (DGo "E),, +io(Dio KE)k}, (2.8)

where
W= (p*—iy)?+k%+0% WT=p*—iy=+ik.

In [6] the inverse double Fourier-Laplace transform

1
((p“ —i7)* +k* +0?

) = Gon~(2,1)
x,t

has been taking out for the Green function [12]

Gaoq(z,t) = ;7ei77J0 (0‘\/ T2 — m2) %¢ (—a70; —%) dr,

||
here ¢(3, p; z) is the Wright function [11]

Sk

oBpi2) =) -, B>-1, peC.
;k!F(ﬁkH)



As a result, from (2.8) one obtains the matrix integral equation
E(z,t) = (AYE(z,t))(x,t) + (BYYE(x,0))(z,t), (2.9)

where the following notations are introduced

t o]
(AYYE(z,t))(x,t) = ia/dv K (z, t; u, v)E(u, v)du—
0 —00

o

+io / Go(z —u,t)K(u,0) D5 "E(u, t)du, (2.10)

where 5
K (v, t;u,v) = D1 [Ga’v(x —u,t— v)a—K(u, v)| +
v

—ifl(u,v) - Goy(x —u,t — v)K(u,v).
In view of the following formula for the composition of fractional integration operators
is valid as [1]
Dy, DS,g(t) = Dyg(t), v<0, §<0, (2.11)
the term (B*7E(x,0))(x,t) may be written as follows

(B*VE(x,0))(z,t) = — / [Dg; ! — iuDg,' | Gay (z — u,t) - DGy ' Edu—
L0 Dy,'G Do 'Ed
“\o =1 ot Gan(T —u,t) - Dy U. (2.12)

Taking into account Egs. (2.10), (2.12), the matrix integral equation (2.9) may be

reduce to
t

E(z,t) — io/dv K (z,t;u,v)E(u,v)du = F(z,t), (2.13)
0 —00

where the vector F(x,t) is equal to

F(z,t) = (B*"E(z,0))(z,t) — io / Go(z —u,t)K(u,0)(DSy "E)(u)du.
Note that the uniqueness of the solution to the matrix integral equation (2.13) can

be proved in the same way as in [6], namely: for the kernel K (z,t;u,v) of integral
equation (2.13) and its iterates K, (z,t; u,v), the following estimates

\Kn(x,@f»n)‘* S CCN,Bﬁ"T - §|_9(t - 77)n5_1> (214)



oglr — &|°
Ko (2,15 6,0)] < CCpp(t — )" exp [—f] , (2.15)

(t —mn)es
hold [6], where Cy, 5.9 = I"(8)C~, /T(nB).
These estimates imply the resolvent series convergence

oo

R(%t;fﬂl) = Z(*’L‘O')HK”_H(JZ,t;f,’r]) (216>

n=0
and the unique solution existance as well, i.e.,

t 4+oo

E(r,1) = F(a.t) - io / / R(z, t:€,)F(E, n)dédn

0 —oo

to equation (2.13).

3 Cauchy’s non-local problem. The case of the
FOP a=1

In the case when FOP a = 1, the basic system (2.1) reduces to the following

%_% 0 EO(xvt)
0" 210 [ Byt~

- (aexp[—3f<x,t>1 aexp[ivf(x’w]) (gﬁﬁij 2) |

Note, in limit of the FOP a = 1, the function G, ~(z,t) can be cast into the form

lim G, (z,t) = el J, (O’\/ 2 — x2) Ot — |x|).

a—1

As was shown earlier [5], one can find out that for & — 1 integral equation (2.9)
can be written down into the form

E(z,t) = (A E(2,t))(z,t) + (B"E(x,0))(z, 1),

where
t rt+t—v
(AYE(z, 1)) (2, 1) = z’a/dv / Grr (=t —v)x
0 r—t+v
0 O+ eif(u,q;)
X (O_ —if () 0 E(u,v)du,
t r+t—v
(BY7E(x,0))(x,t) = /dv / Gi(z—u,t —v)x
0 r—t+v



O; —iy ioeif (w0
8 (iaeif(“’o) O_ —iy 6(v)E(u, 0)du,

and ultimately, the Green function takes the form

Gy (2,1) = %emJo (ov/Z=22) Ol — |a

respectively.

4 Cauchy’s problem for the displacement field
function f(R) = ax

In this Section, we will build up a solution of the fractional Cauchy problem with
the crystal displacement field function f(R) = ax. In this case, we obtain an explicit
solution of the problem under study in terms of special functions.

After trivial exponentional substitutions for the wave amplitudes Ey(x,t), Ey(x,t),
the system (1.1) can written down as (for simplicity, further, the same notations for
the wave amplitudes Fy(z,t), En(z,t), are to be saved)

<D8‘t — aa) Eo(x,t) = iyEp(x,t) + iaei”Eh(x,t),
N (4.1)

@ a - —iax .

<D0t + (’9:5) Ep(z,t) = ioe Eo(x,t) + ivEp(z,t).

According to the works [9], [10] the basic solution of the RL Cauchy problem (4.1),
(1.2) takes the form

B(ot) = [ Gla.&0ple)de (42
where the following notations are introduced

1 o0

Gle&t) = [ otmIS(.&rdr + Gola&.0) (13)
|z —¢|

—Ueiaxl/QiT;f;@ hi(1, X1) icremXQ/zho(T7 X1)
— 1
S(z,&,7) = l-geﬂ‘axz/zho(T7 X;) _ge—iaXi/2 ‘I;:‘gi(;(% hi(r, X1)|
ho(T,Xl) = Jo(O'\/7'2 - X12), hl(T,Xl) = Jl(O'\/TZ — Xlz),
ei('y+a/2)7‘
gt, 1) = ——¢ (—a,O; —Tt_o‘) ,

t



e X1e(-X;) 0 1
0 eX19(X,) g¢
Xlzl'—f, X2:1'+£
O(z) is the Heaviside function, J,,(z) is the m-order Bessel function of the argument
z, m=0,1.
In the article [6] the basic solution of the Gerasimov-Caputo (GC) Cauchy problem
been obtained in form

Go(z,§,t) = (—a,0; =X |t77), (4.4)

B, 1) = / DG, £, ) €)de, (4.5)
where
E(x.0) = (x)

is the GC Cauchy problem conditions.

5 Cauchy’s non-local problem in the case of the
displacement function f(R) = ax and constant
initial conditions

5.1 The generalized Euller’s formula
The Stankovic’s transformation for the function v(t) is defined as the integral [8]

oo

A"’Bv(t) = /v(r)t”_1¢ (—a,ﬁ; —Tt_"‘) dr.

0

The following formulas (see [8, p. 84] for details)

AP exp(At) = t* TP E, 0y s (M), (5.1)
A*P cos(Mt) =t TP By g (—A22) (5.2)
AP sin(At) = M2 TP Eop a0t p (—A22?), (5.3)

take place for any A € C, p € (0,1), v € R, where
o0 k
z
E, . (z)= E _
Pv#( ) ~ F(M-l—pk)

is the Mittag—Leffler-type function (see [13, p. 117]).
Using the Egs. (5.1) — (5.3), and the Euller’s formula, one obtains the next
generalized Euller’s formula

t TP By g (i0t™) = TP By oip (—0%t2) +



+it2a+6_1E2a’2a+ﬁ (—U2t2a) 5 (54)
which will be useful below. Denoting the parameter = a + 3, equality (5.4) can be
rewritten as follows

T Eg p (i0t™) = ' Egq py (—02t2) + it Bog aqp (—02t7%) . (5.5)

Note that for u = 1, formula (5.5) was obtained in [14].
Introducing the following notations

expaﬁ(a, t) = ta+6_1Ea,Oé+5 (Uta) ’
cosq,g(0,t) = ta+ﬁ*1E2a7a+5 (fUQtza) ,

sing g(o,t) = 0t20‘+5_1E2a72a+g (—02t20‘) ,
one rewrites formula (5.4) into the form

exPa,p(l0,t) = cosq g(0,t) + ising g(o, t),

expa,p(—io,t) = cosq g(0,t) —ising g(o,t).
From the last two equalities follow the next relations

exPa,p(io,t) + expq g(—io, t)
2 b

€08y p(0,t) =

. expa g(to,t) — expq, g(—io,t
sing g(o,t) = Pa,s(i0, 1) 5; Pas( ) (5.7)

5.2 Constant initial conditions

Let us consider the case when the initial conditions for the wavefield amplitudes are
constant, and they are equal to

}LI% DS Eo(x,t) = po(x) = Co, }51(1) DS Ep(2,t) = on(x) = Cy,. (5.8)

Accordingly, formulae (4.2)—(4.4) can be simplified and expressed in the terms of the
Mittag—Leffler-type functions.

Bearing in mind Egs. (4.2), (5.8) and the work [6] calculations details, the vector
E(z,t) can be cast in the form

m%wzfcw@w(%>@:

= /t_"gb(—a, 1—a;—nt™%) [Nﬂx)e““ﬁk)t + Ng(x)ei(‘“_k)t} <go ) dn  (5.9)
h
0

10



where

1 a o iax
N12("E):7 1?7:2—16iaw :tkea 5 a1:7+g7 k:\/a’2/4+02'

Thus, from Eq. (5.9) for the wave vector E(z,t) one has obtained

E(w,t) = 1 [N (2) Ea. (a1 + B)1*) + Na(2) Ea,a (a1 = k)i | <gZ) . (5.10)

and or in the aggregate form

E(z,t) = N(z,t) <gz> (5.11)
where
_ B 1 (E+_~_E—)_2£(E+_E—) geiaac(EJ,-_E—)
N(z.t) =3 ( o c-inr (Bt _ F-) (B + E-)— 2B+ - E‘)) > (512)

ET = erpa,o(i(ar +k),t), E~ =expao(i(a —k),t).

5.3 The two particular cases of the RL Cauchy problem
solution

In the special case when
. a—1 _ : a—1 o
gl_r)% D§; "Eo(z,t) =1, %1_{% D§; " Ep(z,t) =1,

formula (5.10) takes the form

ol (11— & geiar |4 o _geiar \ (B (i(ay + k)
— 2k k . 2k k . a,a
E(x,t) 2 (1 _ i + %e—mx 14 i _ %e—zax Eoc7a (i(al _ k)ta) . (5.13)

Accordingly, for the following conditions as
lim DS Eo(x,t) =1, lim Dg 1 Ep(2,t) =0,

from Eq. (5.10), one has obtained

B, 1) = te—t (1—2‘2 1+2‘1,€> (ana(z'(al-l—k)to‘))' (5.14)

2 %efia:r _%efiaa: Ea,a (z’(al _ k)toc)

11



It is interesting that in the case of FOP a =1 from (5.12) one can see that the
matrix N(z,t) takes the form

— B _ iayt [ coskt — srisinkt 7% sin kt
N(z,t) =N(z,t) = e < Ze ""isin kt coskt — gpisinkt )

If in addition a = 0 the vector E(z,t) is equal to

_ iyt [ coskt isinkt Co\ _ iyt [ Co Ch cos kt
E(zt)=e (isink‘t cos kt Ch =€ C Cy isinkt )’ (5.15)

In the case when the FOP a — 1, the solution (5.14) has reduced to

_ iayt [ coskt — grsinkt
E(z,t)=e < o c=inr i bt . (5.16)

Finally, putting on the parameters v = 0 and a = 0, the solution (5.16) goes to 'pendu-
lum solutions’ of the canonic TT equations regarding the Bloch wave-field amplitudes
in the perfect crystal (cf. [5])

FEy =cosot, FEj =1isinot.

In the case when a = v = 0 from (5.12) taking into account formulas (5.6) and
(5.7) one obtains the following 'quasi pendulum solutions’: for the RL Cauchy nonlocal

problem
([ Cy Ch c0Sq,0(k, 1)
E(z,t) = (Ch C0> (z’sinayo(k,t) ! (5.17)
and for GC Cauchy problem
[ Cy Cy coSq,1—a(k, t)
E(z,t) = (ch co) <isina71_a(k,t) (5.18)
respectively.

Below, we present graphs of quasi-periodic solutions to the Cauchy problems for
k = o =1 and various values of the FOP a: a) for the model with Riemann—Liouville
derivatives; b) for the model with Gerasimov—Caputo derivatives.

12



— Eg=1¢084,1-qa(k,t)
08 — By =gings (k1)

Ep = cosq (k1)
0,051 e Ep = sing,o(k,t)

Fig. 1 Graphs of the quasi-periodic solutions for o = 0.46: a) for the RL approach; b) for the GC
approach.

—— Eg = c054,0(k, 1) —— Ey=cosq1-alk,t)

Gl By = sinag(k,t) 08 — Ep=sinai-alkt)

0.4 06

02F
2 4 é
s M 8
b) —02f

Fig. 2 Graphs of the quasi-periodic solutions for a = 0.7: a) for the RL approach; b) for the GC
approach.

a)

O8s 10
o —— Ey = cosaplk,?) ——  Ej=c0sa,1-a(k,t)
°r —— Ej = sinao(k, ) o2k ——  Ej =sing1_o(k,t)
04 06F
02 04r
‘ W R oo P 02
E 4 5 L ’ . e e
02f 2 g M
-02f
04r 04
a) b) '

Fig. 3 Graphs of the quasi-periodic solutions for a = 0.8: a) for the RL approach; b) for the GC
approach.
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101 —— Eg = c08q,0(k,%) i — By=C08aa—alkt)
Ej, = sing o(k, 1) Ej, = sing 1-a(k.t)

L L L L L L '\7 L L 1 L T
2 7 [ \s\y 17 14 2 4/ [ 10, 12 14

051 05)

Fig. 4 Graphs of the quasi-periodic solutions for & = 0.9: a) for the RL approach; b) for the GC
approach.

sl _— EB= cs)s&’o(lc.t) 10 — By =c0Sa1-alkt)
- Ej = sinao(k,t)  Ej = sinai—al(kit)

1 !
DO 0 x \ [\ /x
AV/AVZEIPRN AV

a) 0" b)

Fig. 5 Graphs of the quasi-periodic solutions for a = 0.96: a) for the RL approach; b) for the GC
approach.

It is known [13, p. 134] that, for large values of z, the following asymptotic
expansion of the Mittag-Leffler-type function holds

1 i 2k 1
Baau(2) = %Z(l W2 exp 120 — Z I(p — 2ak) o <IZ"“>  lergzl <o,
k=1

n
- 1
Eoau( Z Tl = o) +0 (|z|”+1> , ogm < |argz| <,
k=1

where o € (0,1), and a3 € (o, 200) .
From the last relations, one can conclude that for 0 < a < 0.5, the quasi-periodic
solutions decay according to a power law

t_a_l t—2a—l

F(_Q), sma,o(k,t) ~ m, t— +OO,

c0Sq,0(k, t) ~
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For 0.5 < a < 1 and t — +o00, the solutions exponentially decay with oscillating
modulation

COSq,1—a(k,t) ~ t — +oo.

2

1. 1-a- 1—a—
c0Sq,a(k,t) ~ akl = exp (k%tcos (%)) cos (kétsin (1) + W) ,

sing,g(k, t) ~ —éklﬂkﬂ exp (két oS (%)) coS <k‘flwtsin (%) + 77(12;5)> ’

where the case = 0 corresponds to the RL approach, and the case § = 1 — « to the
GC approach.

6 Conclusion

In the framework of the RL derivative concept, based on the resolvent-solution of
the integral Fredholm—Volterra matrix equation, a new theoretical approach of the
processing the fractional X-ray diffraction crystal optics data has been elaborated.
Noteworthy is the fact that the worldwide X-ray diffraction crystal optics related to
the fractional order parameter (FOP) a equal to unity, has been reformulated using the
fractional derivatives concept in the Riemann-Liouville sense D@, Y with an arbitrary
FOP «, a € (0,1].

On the example of the X-ray diffraction by perfect crystal, the function f(r) = ax,
one has found the exact analytical matrix solution of the RL-approach-Cauchy problem
for an arbitrary value of the FOP «, a € (0,1]. In the case of constant initial data,
these solutions are expressed in terms of Mittag-Leffler-type functions. The latter have
been analyzed in comparing with the corresponding productive solutions obtained in
the Gerasimov — Caputo fractional calculus, respectively.

In concluding, as a viewpoint of fundamental physics as well an endeavor of reveal-
ing the non-locality of the X-ray quanta-medium atoms interaction feature, authors
could suggest a new fractional integral-differential derivative of kind

0<a<l, 0<A<I.

t
1 d g(s)ds
DSPg(t) = -
ai 9(t) F(—a+1)dt/(t—s+)\)a’

a

In the case when A = 0, the derivative D% g(t) goes to the RL one D%g(t)
exactly. Clearly, using of the above fractional integral-differential derivative Dg‘t’)‘g(t)
is of a definite interest for solving the non-local X-ray diffraction Cauchy problem
being nothing else a good topic for future job.
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