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Comparative Analysis of Generalized Thermoelasticity Models for Heat Conduction in a 

Circular Micro-Plate Using Kirchhoff–Love Plate Theory 

 

 

Abstract 

This research introduces a comprehensive mathematical model for examining heat conduction 

and thermomechanical properties in an isotropic, homogeneous, thermoelastic circular 

microplate, grounded on the Kirchhoff–Love plate theory. The formulation integrates many 

generalized thermoelasticity models, such as Green–Lindsay, Biot, Lord–Shulman, Green–

Naghdi Type-I, Green–Naghdi Type-III, and Moore–Gibson–Thompson theories, into a 

coherent framework of governing differential equations. The examination employs scaled 

thermoelasticity for a circular micro-plate that is supported at its periphery and exposed to 

ramp-type thermal loading. The Laplace transform method is used to provide analytical 

solutions for the governing equations, while Tzou’s iterative approach is employed for the 

numerical inversion of the Laplace transform to assess the transient thermoelastic response. A 

comprehensive parametric analysis examines the influence of ramp-time heating, plate 

thickness, and material characteristics on thermomechanical wave transmission in a silicon 

microplate. We provide visual comparisons of several thermoelastic models to emphasize their 

dynamic properties and commonalities in mechanical behavior. The findings reveal that the 

Green–Naghdi Type-III and Moore–Gibson–Thompson models have the most similar 

mechanical behavior, followed by the Biot and Lord–Shulman models. Moreover, the research 

indicates that ramp-time heating and geometric factors may proficiently modulate 

thermomechanical wave transmission in micro-scale architectures. 

 

Keywords: Thermoelasticity; Silicon; Microplate resonator; Kirchhoff's Love plate; Ramp-

type heat; Refined Green-Lindsay; Biot, Lord-Sulman; Green-Naghdi T; Moore–Gibson–

Thompson. 
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Introduction 

Circular microplates are used in many forms of electromechanical microresonators. Hao 

performed an investigation on thermoelastic damping in relation to vibrations inside circular 

thin-plate resonators used in micro- and nano-electromechanical systems [1]. Sun and Tohmyoh 

conducted a survey of thermoelastic damping in circular-plate resonators, focusing specifically 

on axisymmetric vibration [2]. Sun and Saka examined the impact of thermoelastic damping on 

vertical oscillation using circular plate resonators[3]. The thermoelastic damping of vibrations 

in a circular thin plate with generalized viscothermoelastic properties was calculated by Grover 

[4-6]. Guo et al. formulated a thermoelastic theory of damping for micro- and nano-resonators 

using a dual-phase-lag model. Subsequently, they examined the circular dissipation of the 

microplate resonator [7,8]. Biot is credited with introducing the integrated theory of 

thermoelasticity. This theory combines the equations of elasticity and heat conduction, which 

have been validated by physical tests. It demonstrates that changes in temperature cause strain 

in an elastic body, and conversely, strain in an elastic body causes temperature changes. The 

notion of linked thermoelasticity is beneficial for several issues [9]. The equations of this theory 

include a hyperbolic partial differential equation representing the equation of motion, and a 

parabolic equation representing the equation of energy conservation. The inherent properties of 

the heat equation suggest that if an infinitely extended elastic material is subjected to a thermal 

or mechanical disturbance, the effect would propagate immediately to infinity, contradicting 

experimental findings. This demonstrates the need for a novel hyperbolic energy equation [9]. 

Many recent applications have been solved within this theorem [10-14]. Lord and Shulman 

introduced the notion of generalized thermoelasticity for an isotropic material by including a 

singular relaxation interval [15]. Dhaliwal and Sherief extended this theory to include the 

anisotropic case [16]. Cattaneo's theory of heat conduction supersedes Fourier's heat conduction 

equation by including both the heat flux and its temporal derivative. The heat equation 

associated with this theory is hyperbolic, therefore addressing the dilemma of infinite 

propagation velocities in both scenarios [17]. Many recent applications have been solved in the 

context of Lord-Shulman thermoelasticity [14,18-27]. The second generalization in the linked 

elasticity theory is the thermoelasticity theory characterized by two relaxation periods, 

sometimes referred to as temperature-rate-dependent thermoelasticity. In an investigation into 

the thermodynamics of thermoelastic substances, Müller proposed an inequality for entropy 

generation. This inequality was used to establish constraints on a particular collection of 

constitutive equations [28]. Green and Laws proposed a generalization of this inequality [29]. 
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Green and Lindsay obtained an explicit version of the constitutive equations [30]. These 

equations were obtained independently by Suhubi [31]. This hypothesis includes two constants 

that function as relaxation times and modify all equations inside the coupled theory, not only 

the heat equation. The traditional Fourier's law of thermal conduction holds true when the 

examined medium has a center of symmetry. Several contemporary utilizations of the Green-

Lindsay theorem are enumerated in the references [14,18,19,25,32-39]. Green and Naghdi 

postulated a new concept in generalized thermoelasticity, called thermoelasticity without 

energy dissipation [40]. The primary feature of this theory is that, in contrast to conventional 

thermoelasticity grounded on Fourier's heat conduction equation, heat transfer does not lead to 

energy loss. Moreover, the stress tensor, obtained from the same potential function, is used to 

formulate the constitutive equation for the entropy flow vector. Furthermore, the theory permits 

the transmission of heat as thermal waves at constrained speeds. The comprehensive discourse 

centers on nonlinear theory, followed by the exposition of linear theory. Green and Naghdi 

introduce the idea via the use of the global entropy balance [40,41]. Despite the extensive basic 

progress, the practical application is confined to heat transfer in a stationary, rigid solid via 

conduction and the transmission of heat pulses as thermal waves at a finite speed. Three unique 

types of constitutive response functions are suggested. Type-I, subsequent to the linearization 

of the theory, aligns with the traditional heat conduction theory, which is based on Fourier's 

law. Conversely, types II and III permit the propagation of thermoelastic disturbances at a 

constrained speed. Both type-II and type-III theories of heat transfer in a stationary rigid solid 

permit a restricted wave speed; however, only the type-II theory excludes energy dissipation 

[14,40-44]. Youssef introduced a new theory of thermoelasticity based on the fractional order 

of strain (fraction-order Duhamel-Neumann stress-strain relation) [45]. 

The present study develops a unified mathematical framework for analyzing the 

thermoelastic vibration behaviour of a circular silicon microplate resonator within the context 

of seven different thermoelasticity theories. Unlike previous investigations that typically 

employ a single thermoelastic model or limited comparative approaches, the proposed 

formulation introduces a generalized governing equation capable of representing the coupled 

thermoelasticity theory of Biot, the Lord–Shulman model, the Green–Naghdi types I and III 

theories, the simple and refined Green–Lindsay theories, and the Moore–Gibson–Thompson 

theory within a single consistent structure. The model is established based on Kirchhoff–Love 

plate theory and applied to a supported circular microplate subjected to ramp-type thermal 
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loading. Furthermore, the study provides a systematic comparative analysis of the thermo-

mechanical responses predicted by these seven theories under identical physical and geometric 

conditions, enabling the identification of key parameters—such as ramp-time heating, plate 

thickness, and spatial location—that significantly influence the propagation of thermal and 

mechanical waves in micro-scale resonator systems. This unified formulation provides a 

comprehensive framework for evaluating the relative behaviour of multiple thermoelastic 

models and supports the design and optimization of micro- and nano-scale thermoelastic 

devices. Part of this work has been pre-reviewed in (https://www.researchsquare.com/article/rs-

6787626/private/timeline) 

 

Generalized thermoelastic based on seven theorems. 

 We consider an isotropic, homogeneous, and thermoelastic circular microplate, 

supported under the Kirchhoff-Love plate. The centre of the plate is at the origin with uniform 

thickness 
2 2

h h
z z
 −   
 

and radius ( )0r r a  , and in the system of cylindrical coordinates

( ),  ,  r z (see Figure 1). 

Thus, all the studied functions are in the following domain [46-48]: 

  ( ) 0 0 2
2 2

h h
r, ,z : r a, , z    =     −   

 
.  (1) 

 

Figure 1: The isotropic, homogeneous, and thermoelastic supported circular micro-plate 

 

 Assuming the plate is in a state of no tension and no strain, and is at an equilibrium 

temperature 
0T . The smooth, unaffected surface is kept on the plane ( ),r  , and the z-axis is 

considered normal to that surface, as in Figure 1 [29][46,49]. 
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Therefore, the displacement components are as follows [4]: 

  ( ), , , ,r z

w z w
u u u z w

r r
 

  = − −   
,  (2) 

where ( ), , ,=w w r z t  is the lateral deflection function (vibration) in the general case. 

The temperature increment ( ), , ,r z t   concerning the absolute temperatureT and the reference 

temperature 
0T  is in the form: 

  ( )0T T = −  such that 0 0T T T−   . (3) 

The stress components are [4, 29-33]: 

  
1 1

rr
rr T

E    
 

+ = − − + 
,  (4) 

  
1 1

rr
T

E 


   
 

+ = − − + 
,  (5) 

and 

  , 0
1

r
r zz rz z

E 
 

   


= = = =
+

.  (6) 

The strain components are: 

 ( )
2 2 2

2 2 2 2

1 1 1
, , , , , ,0r r z

rr zz

uu u u w w w
z z

r r r z r r r r


  

 
        

= + = − − +             
,  (7) 

and 

  ( ) 1 1
, , ,0,0 2 ,0,0r

r rz z

u uu w
z

r r r r r

 
   

 
       = + − = −            

,  (8) 

while the volumetric dilatation is given by: 

 
rr zz   = + + .  (9) 

The equation of motion is [29, 30, 34, 35]: 

  
2 2 2

2 2

2 2 1 1 1
0r rM M M h w

r r r r r r r r r
  

  
          

+ + + + − − =                
 ,  (10) 

where the following formulas give the moments of flexure and torsion [1-4,6,7,50,51]: 

  ( ) ( )
/2 3 2 2

2 22

/2

1
1

12 1

h

r rr T T

h

h E
M z dz w M

r r r r

  
−

     
= = − + + + +     −     
 ,  (11) 

  
( )

/2 3

/2

1

12 1

h

r r

h

h E w
M z dz

r r r
 

−

    = = −   +    
 ,  (12) 
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and 

  ( ) ( )
/2 3 2 2

2 2 22

/2

1 1
1

12 1

h

T T

h

h E
M z dz w M

r r r r
    

−

    
= = − + + + +    −   
 ,  (13) 

where αT gives the coefficient of thermal expansion,  is Poisson's ratio,  shows the density, 

and E expresses the well-known Young's modulus. 

Moreover, 
TM  gives the thermal moment and is defined by the following formula [1-

4,6,7,50,51]: 

  

/2

3

/2

12
h

T

h

M z dz
h


−

=  .  (14) 

 By inserting equations (11)-(13) into the equation (10) and considering the refined 

temperature function, we get the equation of motion in the following form [36-39]: 

 ( ) ( ) ( )2/2

2 2 2 1
13 2

1 /2

12 112 1
0

!

hn nN
T

n
n h

E w E z dz w
h n t h

    
= −

− +  
  +  + + =    

   .  (15) 

Therefore, the differential equation of the motion (15) has the following form: 

  ( ) ( ) ( )2/2

2 2 2 1
13 2

1 /2

12 112 1
0

!

hn nN
T

n
n h

w z dz w
h n t h E

    
= −

− +  
  +  + + =    

   ,  (16) 

and the stress components are in the forms [36-39]: 

  0 1
1

11 1 !

n nN
rr

rr T n
n

E

n t

     
  =

  + 
= − +  − +   

 ,  (17) 

and 

  0 1
1

11 1 !

n nN
rr

T n
n

E

n t




     
  =

  + 
= − +  − +   

 ,  (18) 

and the heat conduction equation will be in the following form [36-39]: 

 

( )

1
1

* 2
1

2

2 1 1

0 2
2 1

1

!
1

1 !

n nN
E

n
n

q m mM

m
m

C

K n tK

t K z t T

K m t

  

 
  

=

− −

−
=

  
+ +          +  + = +               +   −   








. (19) 

The unified equation (19) can be applied to the coupled thermoelasticity (CTE) of Biot, 

generalized thermoelasticity with one relaxation time of Lord-Shulman(L-S), Green-Naghdi 
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type-I (G-N-I), Green-Naghdi type-III (G-N-III), simple Green-Lindsy (S-G-L), refined Green-

Lindsy (R-G-L), and Moore–Gibson–Thompson (M-G-T) [52-55], as follows: 

(i) *

1 2 1 20, 0, 1qK     = = = = = = , gives Biot’s theorem (CTE) for heat conduction. 

(ii) *

1 2 1 20, 0, 0, 1qK     =  = = = = , gives the Lord-Shulman theorem (L-S) for heat 

conduction. 

(iii) *

1 2 1 20, 0, 1, 1, 0, 1, 2qK N M    = = = = = = = = , gives the Green-Naghdi (G-N-I) 

heat conduction [55,56]. 

(iv) *

1 2 1 20, 0, 1qK      = = = = = , gives the Green-Naghdi (G-N-III) heat conduction 

[55,56]. 

(v) *

1 2 1 20, 0, 0, 0, 1, 0, 1qK N M    = =   = = = = , gives the simple Green-Lindsay 

(S-G-L) heat conduction [36-39]. 

(vi) *

1 2 1 20, 0, 0, 0, 1, 0, 1, 1qK N M    = =   = =  = , gives the Refined Green-

Lindsay (R-G-L) heat conduction [36-39]. 

(vii) *

1 2 1 20, 0, 0, 1qK       = = = = , gives the Moore–Gibson–Thompson (M-G-T) 

heat conduction [57]. 

 We may take 
( )*

2

4

EC
K

 +
=  as the main character of the Green-Naghdi theory, 

where K  gives the thermal conductivity, 
EC  denotes the specific heat at constant deformation, 

and the parameter q is known as the relaxation time of the thermal wave, while

2 2
2

2 2 2

1 1

r r r r 
  

 = + +
  

.  

Now, for the axisymmetric micro-circular plate, the components of the displacement are in the 

form [4]: 

  ( ) ( ) ( ),
, , ,0, ,r z

w r t
u u u z w r t

r


 
= −  

,  (20) 

while the components of the strain are in the following form: 

  ( )
2

2
, , , ,0rr zz

w z w
z

r r r
  

  
= − −   

,  (21) 

and 

  ( ) ( ), , 0,0,0r rz z    = .  (22) 
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Hence, we obtain: 

  
2

rr zz z w   = + + = −  ,  (23) 

where the operator 2 has the following new form: 

  
2

2

2

1 
 = +

 r r r
.  (24) 

The heat flux through the two surfaces 2z h /=    of the circular plate does not exist, which 

gives:  

  
( )

/2

, ,
0

z h

r z t

z



=


=


.  (25) 

 Where the circular plate thickness is too small compared to its radius, we can assume the 

temperature varies as a function of ( )sin pz the thickness direction of the plate z  [1, 2, 3, 4, 5], 

thus, we can consider that:   

  ( ) ( ) ( ), , , sin , /r z t r t pz p h  = = .  (26) 

Hence, the equation of motion (16) changes to the following new form: 

( ) ( ) ( ) ( )2/2

2 2 21
13 2

1 /2

12 112 1
sin 0

!

hn nN
T

n
n h

w z pz dz w
h n t h E

    
= −

− +  
  + +  + =     

   .  (27) 

After executing the integration in the middle term of the above equation, we obtain: 

  ( ) ( ) ( )2

2 2 21
12 2

1

12 124 1
0

!

n nN
T

n
n

w w
h n t h E

    
 =

−+  
  + +  + =  

  .  (28) 

The equation of heat conduction (19) could be in the following form: 

( )

1
1

* 2
1

2

2 1 1
20 2

2 1
1

!
1

1 !

n nN
E

n
n

q m mM

m
m

C

K n tK

t K z t zT
w

K m t

  

 
 

=

− −

−
=

  
+          +  + = +               − +    −   








.  (29) 

Then, we have: 

 ( ) ( ) ( )2

2 2 2 1
12 2

1

12 124 1
0

!

n nN
T

n
n

w w
h n t h E

    
 =

−+  
  +  + + =  

  ,  (30) 
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( )
( ) ( )

1
1

*
1

2 2

1 1
20 2

2 1
1

!
1

sin 1 !

n nN
E

n
n

q m mM

m
m

C

K n tK
p

t K t zT
w

K pz m t

  

 
 

=

− −

−
=

  
+        +  − = +            − +    −   








,  (31) 

 ( )
2

1
12 2

1

1
1 !

n nN

rr T n
n

E w z w
z

r r r n t

    
 =

    
= − − − + +  −     

 ,  (32) 

and 

 ( )
2

1
12 2

1

1
1 !

n nN

T n
n

E w z w
z

r r r n t


     
 =

    
= − − − + +  −     

 .  (33) 

The following new dimensionless variables may be used as follows [44, 45]: 

( ) ( )1 12

1 1 1 1
, , , , , , , , , , , , , , , , ,ij ij o q q

o o

E T t t r z w h a r z w h a
c p c p

       
 

            = =        
  (34) 

where 2 , E
o

CE
c

K




= = .  

which gives that:  

  
2 2 21

1 1 2

1

0
!

n nN

n
n

w w
n t

   
=

 
  + +  + =  

  ,  (35) 

( ) ( )
1 1

2 2 21 2
3 1 4 2 1

1 1

1
! 1 !

n mn mN M

q n m
n m

p w
t t n t m t

       
− −

−
= =

         +  − = + + − +            −         
   ,  (36) 

  
2

1
5 12 2

1

1

1 !

n nN

rr n
n

w z w
z

r r r n t

   
 =

    
= − − − +  −     

 ,  (37) 

and 

  
2

1
5 12 2

1

1

1 !

n nN

n
n

w z w
z

r r r n t


    
 =

    
= − − − +  −     

 ,  (38) 

where  

( )0

1 2

24 1
,

TT

h

 



+

=
( )2

2 2

12 1
,

h




−
=

*

3 2

0

,
K

c K



=

( ) ( )4 ,
1 2 sin

T Ez

K pz


 

=
−

( )5 01T T  = + . 

and 
( ) ( ) ( ) ( ) ( )4 0 0 0

lim lim
1 2 sin 1 2 sin 1 2

T T T

z z z

Ez E Ez

K pz K pz K p

  
     = → →

   
= = =      − − −   

. 

The primes are removed for simplicity. 
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The Laplace transform, which is defined as follows, will be applied: 

  ( ) ( )
0

, ,s tf r s e f r t d t


−=  . (39) 

The initial conditions are given as follows: 

 ( ) ( ) ( ) ( ), 0 , 0
, 0 , 0 , 1

n n

n n

r t w r t
r t w r t n

t t




+ +
+ +

 →  →
→ = → = = 

 
.  (40) 

After using the Laplace transform, we get: 

  
2 2 2

1 2 0w w    +  + = ,  (41) 

  ( )2 2 2

3 4p w    − = −  ,  (42) 

  
2

52 2

1

1
rr

w z w
z

r r r

  


  
= − − − −   

,  (43) 

  
2

52 2

1

1

w z w
z

r r r
   


  

= − − − −   
,  (44) 

  
2

2

1
,rr

w w
z z

r r r
  

= − = −
 

,  (45) 

and 

  
2z w = −  ,  (46) 

where 1
1 1 1

1

,
!

nN
n

n

s
n

  
=

 
= + 

 
  2

2 2 ,s =  
( )
( )

2

1
3 1

13

1
,

!

nN
q n

n

s s
s

s n

  
 =

+  
= + +  



( )
( ) ( )

2 1
4 12

4 2

13

1
,

1 !

mM
q m

m

s s
s

s m

   


−
−

=

+  
= +  + − 

  1
5 5 1

1 !

nN
n

n

s
n

  
=

 
= + 

 
  . 

Equations (41) and (42) give: 

  ( )2 2 2

2 1 0w    + +  = ,  (47) 

and  

  ( )2 2

4 6 0w   +  − = .  (48) 

where 2

6 3p = +   

 By eliminating between equations (47) and (48), we get the following ordinary 

differential equations: 

  ( ) 6 4 2

1 2 3 , 0w  −  +  − = ,  (49) 
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where 1 6 1 4 2 2 3 6 2, ,     = + = = . 

The bounded solutions of the ordinary differential equations (49) take the following forms: 

  ( ) ( )
3

0

1

, i i

i

r s A I k r
=

= ,  (50) 

and  

  ( ) ( )
3

0

1

, i i

i

w r s B I k r
=

= , (51) 

where ( )0 *I is the well-known modified Bessel functions of the first kind of order zero, and 

1 2 3, ,  k k k are the roots of the characteristic equation: 

  ( )( )( ) 2 2 2 2 2 2

1 2 3 , 0k k k w  −  −  − = .  (52) 

Hence, from the equation (48), we have: 

 
( )2

6

2

4

i

i i

i

k
B A

k





−
= − .  (53) 

Then, we obtain: 

 ( ) ( ) ( )
2

3
6

02
14

1
,

i

i i

i i

k
w r s A I k r

k



 =

−
= −  .  (54) 

 A supported circular micro-plate will be considered when it is thermally loaded on the 

bounding plane r a=  [29]: 

  ( ) ( )2, , 0
r a

w a t w r t
=

= = ,  (55) 

and 

  ( ) ( ), oa t t  = .  (56) 

Applying the Laplace transform to the above conditions, we obtain: 

  ( ) ( )2, , 0
r a

w a s w r s
=

= = ,  (57) 

and 

  ( ) ( )0,a s s  = .  (58) 

where 0 gives the thermal loading intensity, which is constant. 

By applying the boundary conditions in (50) and (51), we get the following linear system of 

equations: 
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  ( ) ( )
3

0 0

1

i i

i

A I k a s 
=

= ,  (59) 

  
( ) ( )

2
3

6

02
1

0
i

i i

i i

k
A I k a

k



=

−
= ,  (60) 

and 

  ( ) ( )
3

2

6 0

1

0i i i

i

k A I k a
=

− = . (61) 

Solving the system in (59)-(61), gives the solutions of the parameters 
1 2 3A ,A ,A , hence, the 

solutions of the studied functions in the Laplace transform domain are as follows: 

( ) ( )( )
( )( ) ( )

2 2 2

0 1 2 6 3 6

1 2 2 2 2

6 1 3 1 2 0 1

s k k k
A

k k k k I k a

   



− −
=

− −
, 

( ) ( )( )
( )( ) ( )

2 2 2

0 2 1 6 3 6

2 2 2 2 2

6 2 3 2 1 0 2

s k k k
A

k k k k I k a

   



− −
=

− −
, and  

( ) ( )( )
( )( ) ( )

2 2 2

0 3 1 6 2 6

3 2 2 2 2

6 3 1 3 2 0 3

s k k k
A

k k k k I k a

   



− −
=

− −
. 

 Thus, the final solution ( ), ,r z s in the Laplace transform domain of the temperature 

increment function is given as: 

( ) ( ) ( )

( )( ) ( )
( )( ) ( )

( )( ) ( )
( )( ) ( )

( )( ) ( )
( )( ) ( )

2 2 2

1 2 6 3 6 0

2 2 2 2

1 3 1 2 0 1

2 2 2

2 3 6 1 6 0 20

2 2 2 2
6 2 1 2 3 0 2

2 2 2

3 1 6 2 6 0 3

2 2 2 2

3 1 3 2 0 3

sin
, ,

ik k k I k r

k k k k I k a

k k k I k rs p z
r z s

k k k k I k a

k k k I k r

k k k k I k a

 

  




 

 − −
 +

− − 
 

− − 
= + 

− − 
 

− − 
 − − 

  (62) 

and the final solution of the vibration function or the vibration of the micro-plate ( )w r,s  in the 

Laplace transform domain is as follows: 

  ( ) ( )

( )
( )( ) ( )

( )
( )( ) ( )

( )
( )( ) ( )

0 1

2 2 2 2

1 3 1 2 0 1

0 2

0 1 4 6 2 2 2 2

2 3 2 3 0 2

0 3

2 2 2 2

3 1 3 2 0 3

,

I k r

k k k k I k a

I k r
w r s s

k k k k I k a

I k r

k k k k I k a

    

 
 +

− − 
 
 = + − − 
 
 

− −  

  (63) 

From the equations (46) and (63), we have the final solution of the volumetric dilatation 

function: 
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  ( ) ( )

( )
( )( ) ( )

( )
( )( ) ( )

( )
( )( ) ( )

2

1 0 1

2 2 2 2

1 3 1 2 0 1

2

2 0 2

0 1 4 6 2 2 2 2

2 3 2 3 0 2

2

3 0 3

2 2 2 2

3 1 3 2 0 3

, ,

k I k r

k k k k I k a

k I k r
r z s z s

k k k k I k a

k I k r

k k k k I k a

     

 
 +

− − 
 
 =− + − − 
 
 
 − − 

  (64) 

As a function of the thermal loading on the boundary plane of the micro-plate, we 

assume that the ramp-type heat source with a parameter 
0 0t  is applied to the circular micro-

plate in the following form: 

  ( ) 0

0

0

0

1

t
t t

tt

t t


   =  
  

  (65) 

which gives, after applying the Laplace transform, the following form: 

  ( )
0

2

0

1
st

e
s

s t


−−
=   (66) 

It is available to obtain the average stress distribution as follows:  

  ( ) ( ) ( ) ( ) ( )5

2

1
, , , , , ,

2 2 1 1

rrr z s r z s r z s    
 

+
= = −

− −
  (67) 

 

Numerical results and discussion  

 A circular silicon microplate is assumed in the following numerical calculations. Here 

are the mechanical and thermal properties [4], [29][14,26,27,44,58-61]: 

( )141.04W/ mKK = , ( )61.64 10 J/ kg KEC =  , 6 -12.6 10 KT
−=  , 32330 kg /m = , 

0 300KT = ,  

0 165.0 GPaE = ,  
126.7 10 sq
−=   , 0.22 = . 

 The inverse of the Laplace transform can be calculated by applying the Riemann-sum 

approximation method [46]: 

  ( ) ( ) ( )
1

1
, , Re 1 ,

2

t J
j

j

e i j
f r t f r f r

t t

  
=

  = + − +  
  

 ,  (68) 

where “ 1= −i ” is an imaginary number unit, and “Re” is the real part, and for faster 

convergence, the value  satisfies the relation 4.7t .  
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 By inputting formula (68) into the MAPLE software, we can easily compute the inverse 

Laplace transform. For the dimensionless parameter, the findings have been classified into six 

groups to illustrate the temperature rise, vibration, volumetric expansion, and mean stress, 

respectively, across a wide range of ( )0 3r r  conditions. 

 The temperature increment distributions for the seven analyzed models, as seen in 

Figures 2-13, display analogous patterns and are quite comparable. The transmission of thermal 

waves throughout the seven analyzed models is consistent, with little deviations among them. 

This outcome is anticipated at the micro- and nano-scale inside resonators. The variations in 

vibration, volumetric expansion, and mean stress across the seven examined models exhibit 

differences in both magnitude and behavior. The transmission of mechanical waves varies 

across various models. 

 In illustrations 3, 7, and 11, depicting the vibration dispersion, the disparities across the 

seven examined models are evident. The G-N-I distribution has four peak points, in contrast to 

all other models which include three, each differing in values and positions. 

The maximum values of the vibrations have the following order: 

 
Max Max Max Max Max Max Max

G-N-I S-G-L CTE L-S R-G-L M-G-T G-N-IIIw w w w w w w      . (69) 

 In Figures 4, 8, and 12, depicting the volumetric dilatation distribution, variances across 

the seven examined models are evident. The G-N-I distribution has four peak points, whereas 

all other models exhibit three, differing in both values and positions. 

The maximum values of the volumetric dilatation have the following order: 

 
Max Max Max Max Max Max Max

G-N-I S-G-L CTE G-N-III M-G-T L-S R-G-Lw w w w        .  (70) 

 In figures 5, 9, and 13, depicting the mean stress distribution, the disparities across the 

seven analyzed models are evident. The G-N-I distribution has five peaks, whereas all other 

models have two, differing in both values and positions. 

The absolute value of the average stress on the bounding plane of the plate surface r a=  has 

the following order: 

 
r =a r =a r =a r =a r =a r =a r =a

G-N-I S-G-L G-N-I CTE G-N-III M-G-T L-S            .  (71) 

It is evident that the Green-Naghdi Type-III and Moore–Gibson–Thompson models exhibit the 

most similar mechanical behavior, followed by the Biot model of linked thermoelasticity and 

the Lord-Sulman model of generalized thermoelasticity.The data shown in figures 2-13 has 
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been classified into three distinct categories. These groups illustrate the distributions of 

temperature increase, vibration, volumetric expansion, and mean stress, respectively. 

 The first group of figures contains Figures 2-5 for two different values of the ramp-time 

heat parameter when 0t t=  and 0t t  showing the effect of this parameter on the studied 

functions under the seven studied models. 

 Figures 2a and 2b illustrate that the ramp-time heat parameter substantially influences 

the distributions of temperature increases, where higher ramp-time heat parameters result in 

diminished temperature increments throughout the seven analyzed models. 

Figures 3a and 3b illustrate that the ramp-time heat parameter considerably influences 

the vibration distributions, with a rise in the ramp-time heat parameter correlating to an increase 

in the absolute value of vibration throughout the seven examined models. 

Figures 4a and 4b illustrate that the ramp-time heat parameter substantially influences 

the distributions of volumetric dilatation, with an elevation in the ramp-time heat parameter 

resulting in a greater absolute value of volumetric dilatation throughout the seven examined 

models. 

Figures 5a and 5b illustrate that the ramp-time heat parameter substantially influences 

the distributions of average stress, with an elevation in the ramp-time heat parameter resulting 

in a reduction in the absolute value of average stress throughout the seven examined models. 

 The second group of figures contains Figures 6-9 for two different values of the plate 

thickness parameter when / 6.0h a=  and / 8.0h a=  to examine the effect of this parameter on 

the studied functions under the seven studied models. 

 Figures 6a and 6b illustrate that the parameter of plate thickness substantially influences 

the temperature increment distributions, where diminished values result in reduced temperature 

increases throughout the seven models examined. 

Figures 7a and 7b illustrate that the parameter of plate thickness substantially influences 

the vibration distributions, wherein a reduction in this parameter results in an escalation of the 

absolute vibration values throughout the seven models examined. 

Figures 8a and 8b illustrate that the parameter of plate thickness considerably influences 

the volumetric dilatation distributions, with a reduction in the plate thickness parameter 

correlating to an elevation in the absolute volumetric dilatation across the seven models 

examined. 
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Figures 9a and 9b illustrate that the parameter of plate thickness considerably influences 

the average stress distribution, with reduced plate thickness resulting in elevated absolute values 

of average stress throughout the seven examined models. 

 The third group of figures contains Figures 10-13 for two different values of z  when 

/ 4z h=  and / 3z h=  to examine the impact of this parameter on the studied functions across 

the seven models. 

 Figures 10a and 10b illustrate that the parameter z substantially influences the 

temperature increment distributions, with a rise in the parameter z correlating with an increase 

in the temperature increment throughout the seven examined models.Figures 11a and 11b 

illustrate that the parameter z has no influence on the vibration distributions.Figures 12a and 

12b illustrate that the parameter z substantially influences the volumetric dilatation 

distributions, with higher values of z resulting in an increased absolute volumetric dilatation 

throughout the seven analyzed models.Figures 13a and 13b illustrate that the parameter z 

substantially influences the distributions of the mean stress, with a rise in the parameter z 

correlating with an increase in the absolute magnitude of the mean stress throughout the seven 

examined models. 

 

 Conclusion 

 This study developed a unified mathematical formulation to investigate the 

thermoelastic vibration behavior of a supported circular silicon microplate within the 

framework of seven different thermoelasticity theories based on the Kirchhoff–Love plate 

model. The proposed formulation enabled a systematic comparative analysis of the 

thermomechanical responses predicted by the refined Green–Lindsay, Biot, Lord–Shulman, 

Green–Naghdi Type-I, Green–Naghdi Type-III, simple Green–Lindsay, and Moore–Gibson–

Thompson models under identical physical and geometric conditions. The analytical solutions 

were successfully obtained using the Laplace transform technique, and the transient responses 

were evaluated numerically through an efficient inversion procedure. 

The results demonstrate that the distributions of temperature increments predicted by 

the seven thermoelastic models exhibit very similar behaviour, indicating that the propagation 

of thermal waves in silicon microplate resonators is nearly identical across the considered 

theories.  
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In contrast, noticeable differences were observed in the mechanical responses, including 

vibration, volumetric dilatation, and stress distributions, confirming the sensitivity of 

mechanical wave propagation to the adopted thermoelastic model.  

In particular, the Green–Naghdi Type-III and Moore–Gibson–Thompson models were 

found to exhibit the closest mechanical behavior, followed by the Biot and Lord–Shulman 

models, highlighting their relative consistency in predicting dynamic responses. These 

observations are consistent with the numerical comparisons presented in the study.  

Furthermore, the parametric analysis revealed that the ramp-time heating parameter, 

plate thickness, and spatial position along the thickness direction significantly influence the 

microplate's thermomechanical characteristics. Increasing the ramp-time parameter was shown 

to modify the amplitude of vibration, deformation, and stress, while variations in plate thickness 

strongly affected the magnitude of the mechanical responses. These findings confirm that 

geometric and thermal parameters play a critical role in controlling the dynamic behavior of 

micro-scale thermoelastic structures.  

Overall, the proposed unified framework provides a comprehensive, flexible tool for 

evaluating the relative performance of multiple thermoelastic models within a single, consistent 

formulation.  

The results of this study contribute to a deeper understanding of thermomechanical wave 

propagation in micro- and nanoscale resonators and offer practical guidance for the design, 

optimization, and thermal management of advanced microelectromechanical systems (MEMS) 

and nanoelectromechanical systems (NEMS). 
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Figure 2a: The temperature increments when 0t t=  

 

 

Figure 2b: The temperature increments when 0t t  

Figure 2: The temperature increments under the studied theorems and different values of 

ramp-time heat parameter 0t   
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Figure 3a: The vibration when 0t t=  

 

 

Figure 3b: The vibration when 0t t  

Figure 3: The  vibration under the studied theorems and different values of ramp-time heat 

parameter 0t  
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Figure 4a: The volumetric dilatation when 0t t=  

 

 

Figure 4b: The volumetric dilatation when 0t t  

Figure 4: The volumetric dilatation under the studied theorems and different values of 

ramp-time heat parameter 0t  
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Figure 5a: The average stress when 0t t=  

 

 

Figure 5b: The average stress when 0t t  

Figure 5: The  average stress under the studied theorems and different values of ramp-time 

heat parameter 0t  
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Figure 6a: The temperature increments when / 6.0h a=  

 

 

 

Figure 6b: The temperature increments when / 8.0h a=  

Figure 6: The temperature increments under the studied theorems and different values of 

plate thickness parameter h   
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Figure 7a: The vibration when / 6.0h a=  

 

 

Figure 7b: The vibration when / 8.0h a=  

Figure 7: The vibration under the studied theorems and different values of plate thickness 

parameter h  
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Figure 8a: The volumetric dilatation when / 6.0h a=  

 

  

Figure 8b: The volumetric dilatation when / 8.0h a=  

Figure 8: The volumetric dilatation under the studied theorems and different values of plate 

thickness parameter h  
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Figure 9a: The average stress when / 6.0h a=  

 

 

Figure 9b: The average stress when / 8.0h a=  

Figure 9: The  average stress under the studied theorems and different values of plate 

thickness parameter h  
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Figure 10a: The temperature increments when / 4z h=  

 

 

Figure 10b: The temperature increments when / 3z h=  

Figure 10: The  temperature increments under the studied theorems and different values of 

z   
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Figure 11a: The vibration when / 4z h=  

 

 

Figure 11b: The vibration when / 3z h=  

Figure 11: The vibration under the studied theorems and different values of z  
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Figure 12a: The volumetric dilatation when / 4z h=  

 

 

Figure 12b: The volumetric dilatation when / 3z h=  

Figure 12: The volumetric dilatation under the studied theorems and different values of z  
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Figure 13a: The average stress when / 4z h=  

 

 

Figure 13b: The average stress when / 3z h=  

Figure 13: The average stress under the studied theorems and different values of z  
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