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Abstract

Acoustic identification of planar elastic moduli is well established under major symmetry.
Once this symmetry is relaxed, the acoustic tensor becomes nonsymmetric and the informa-
tion contained in phase speeds and polarizations changes. We determine what these two ob-
servables identify for a nine-parameter planar Cauchy-elastic law with symmetric stress. The
complete phase-speed field contains only eight independent phase-speed invariants, and the as-
sociated map has generic rank eight, leaving a local one-parameter constitutive ambiguity. The
six-parameter major-symmetric class occupies a lower-dimensional subset of the same eight-
dimensional invariant space. Phase speeds can therefore detect departure from major symmetry
for a generic anisotropic material even though they do not uniquely recover the three odd coeffi-
cients. For weak odd coupling, the phase-speed signature is quadratic whereas the polarization
response is linear; special Dy, Cy, and SO(2)-invariant families have exactly the same phase-
speed branches as certain major-symmetric materials. Polarization data, through the right
eigenvectors of the acoustic tensor, supply the missing constitutive information. Two propaga-
tion directions leave one null direction in the major-symmetric part and one in the odd part,
whereas three distinct directions give unique recovery. With the fourth-order stiffness Frobenius
norm on constitutive space and the stacked acoustic-tensor Frobenius norm on data space, equal
60° spacing attains the sharp minimum worst-case amplification of the three-direction consti-
tutive inverse. For experiments, phase speeds can reveal loss of major symmetry in generic
anisotropy, while stable recovery of the full constitutive tensor requires polarization-resolved
measurements and three suitably chosen propagation directions.

Keywords: Cauchy elasticity; elastic-wave inversion; acoustic tensor; odd elasticity; material
identification.

1 Introduction

Bulk-wave measurements are widely used to identify elastic moduli because phase speeds and
polarizations provide direct information about the acoustic tensor. In classical anisotropic elasticity
this inverse problem is usually posed with major symmetry, Cjji; = Cgiij. The acoustic tensor is
then symmetric, its modal polarizations are orthogonal, and classical recovery from phase velocities
and polarizations is well established [1, 2, 3, 4]. Related group-velocity, stability, and measurement-
angle analyses provide complementary formulations [5, 6, 7]. In two dimensions, generic uniqueness
of the major-symmetric stiffness tensor has also been established from partial slowness-surface data

[8].



Relaxing major symmetry changes the information content of the inverse problem. A planar
nonpolar Cauchy-elastic solid with symmetric stress then has nine independent constitutive coef-
ficients rather than six, and its acoustic tensor is generally nonsymmetric. The additional three
coefficients form the major-antisymmetric, or odd, part of the stiffness tensor. Such constitutive
laws have a long history in Cauchy and tensorial elasticity [9, 10, 11], and are treated in recent odd-
elastic formulations [12, 13, 14, 15]. Forward analyses show that such media may exhibit nonorthog-
onal polarizations, mode coalescence, and polarization-dependent wave transport [16, 17, 18, 19].
The corresponding inverse problem is much less developed. It remains unclear which constitutive
information is retained by phase speeds, which information requires polarization measurements,
and how much directional sampling is needed once the acoustic tensor is nonsymmetric.

Phase-speed data may reveal departure from major symmetry without determining the three
major-antisymmetric coefficients. We therefore treat detection and constitutive recovery sepa-
rately, first identifying what is fixed by the complete phase-speed field and then what is added by
polarization measurements.

The information loss is already visible in the phase-speed invariants. Each acoustic-tensor entry
contains only a constant and a second angular harmonic, while the two phase-speed branches depend
only on the trace and determinant of the acoustic tensor. Over all propagation directions, these
quantities provide eight independent phase-speed invariants. The map from the nine constitutive
coefficients to these invariants has generic rank eight, so identical phase-speed fields occur along
local one-parameter families of constitutive tensors. The major-symmetric six-parameter class
has generic rank six and therefore occupies a lower-dimensional subset of the full phase-speed
data. A generic anisotropic material with a nonzero major-antisymmetric part can consequently be
distinguished from every major-symmetric material by phase speeds alone. This distinction becomes
weak near the major-symmetric limit because the leading phase-speed signature is quadratic in the
odd coupling. Exact exceptions include a Dy family with pure R° coupling, a C, pseudoscalar
family, and the SO(2)-invariant odd solid, each with complete phase-speed fields identical to those
of certain major-symmetric materials.

Polarization supplies the information that is absent from the phase-speed field. Pairing each
phase speed with its measured polarization direction, i.e. the corresponding right eigenvector of
the acoustic tensor, determines the acoustic tensor at that propagation angle. Two such tensors
still leave two constitutive combinations unresolved: one combination of the major-symmetric co-
efficients and one combination of the odd coefficients. A third distinct direction removes both null
directions and yields unique recovery of all nine coefficients. The placement of the three directions
controls the conditioning of the constitutive interpolation, whereas the nonorthogonality of the
measured polarization vectors controls the preceding reconstruction of each acoustic tensor. Equal
60° spacing attains the sharp lower bound for the complete three-direction constitutive operator
with the fourth-order stiffness Frobenius norm on constitutive space and the stacked acoustic-tensor
Frobenius norm on data space. The directional optimum controls the interpolation stage but does
not remove the material-dependent amplification produced by nearly coalescing polarization direc-
tions.

Complete phase-speed data can test major symmetry in the generic anisotropic case, whereas
full constitutive recovery requires paired polarization measurements; three suitably separated di-
rections are then minimal. Synthetic modal-noise calculations quantify the amplification produced
by directional placement and modal nonorthogonality, while redundant directions provide residuals
for checking compatibility with the assumed local Cauchy law. The recovered skew-symmetric part
of the acoustic tensor further constrains material symmetry, and a closed-form SO(2) specializa-
tion exposes the different weak-coupling sensitivities of phase speed and polarization. The analysis
concerns the bulk-wave inverse problem itself and does not assume a particular homogenized real-



ization.

2 Constitutive model and measured acoustic quantities

2.1 Planar Cauchy elasticity without major symmetry

The model is a classical planar, nonpolar Cauchy-elastic solid in the sense of Yavari and Goriely
[10]: the stress is a constitutive function of strain but need not derive from a strain-energy potential.
The Cauchy stress and infinitesimal strain are symmetric, so, for planar indices i, j, k,l € {1,2},
the elastic tensor has the minor symmetries Cjjr; = Cjiri = Cijix. No independent microrotation or
couple stress is introduced, and the major symmetry Cjji; = Ciyy; is not imposed. The engineering
strain and stress vectors are

e = (e11,622,2612) |, s = (011,09,012) "

The mass density is ¢ > 0, and C denotes the physical fourth-order stiffness tensor. Its density-
normalized form is G = p~'C. The corresponding 3 x 3 engineering matrix is denoted by G.
To retain conventional Voigt-style stiffness labels, its nine density-normalized entries are denoted
below by C11, Caa, Cia, Cig, Cag, Ces, R°, K 2, K l?; all have dimensions of squared speed. Recovery of
dimensional stiffness coefficients therefore requires an independent measurement of p. Consistent
with established decompositions of planar tensors with only minor symmetries [11] and with recent
odd-elastic formulations with symmetric Cauchy stress [14, 15], the matrix is written as

G=FE+O0, (1)
where
Cn Ciz Cis
E=|Ci Cxn Cxp (2)
Cis Ca Ces
contains the six major-symmetric coefficients and
0 R K?
O=|(-R" 0 -K} (3)
-K? K} 0

contains the three major-antisymmetric coefficients, referred to as odd coefficients in the odd-
elasticity literature. The same three planar odd couplings appear in the constitutive formula-
tions of Wolfgram and Ostoja-Starzewski [14, 15]. Their director-tensor construction identifies two
anisotropic odd couplings between normal and shear components and one odd coupling between
normal components. In the notation of Eq. (35) of Ref. [15], the engineering-matrix convention
used here is K) = K% and K = —K9%8: RY is the normal normal odd coupling of their Eq. (36).
A separate dilation-to-torque coeflicient considered in the broader odd-elastic class produces non-
symmetric Cauchy stress and lies outside the class of nonpolar Cauchy-elastic solids with symmetric
stress considered here.

For a propagation direction 7 = (cos#,sinf), with components n; = cosf and ny = siné,
the density-normalized acoustic tensor Q(n) is defined by Qx(n) = Gyjun,;n;. We write Q(6) =
Q(n(0)). Because Q(n) = Q(—n), propagation directions are parametrized by the angle § modulo
m, so i and —n represent the same measured direction. Major symmetry is the stiffness symmetry
underlying Maxwell-Betti reciprocity in the present local Cauchy setting. This constitutive notion



should not be confused with propagation reciprocity: the identity Q(n) = Q(—n) makes the bulk
phase-speed branches even under wave-vector reversal even when the major-antisymmetric part is
nonzero. With ¢y = cosf and sy = sin 6,

Q11 = Cricj + 2C16cp50 + CosS, (4)
Q22 = Cescg + 2Ca6c959 + Ca253, (5)
Q12 = (C16 + KQ)ci + (Cha + Cos + R%)cgsg + (Cz6 + K753, (6)
Qo1 = (C16 — KQ)cg 4 (Cra + Cos — R°)cosg + (Cog — K7)sa. (7)

The four component relations map the nine constitutive coefficients to the directional acoustic
response.

2.2 From modal measurements to the acoustic tensor

The measurements considered below are bulk modes of a local homogeneous planar nonpolar Cauchy
medium with symmetric stress and real density-normalized coefficients at one fixed working fre-
quency. Propagation directions are identified modulo 7. For polarization-resolved recovery, the
acoustic tensor () is taken to have two distinct positive real eigenvalues and a complete pair of
right eigenvectors, with each polarization correctly paired with its eigenvalue. These conditions de-
fine the real-modal regime treated in the inverse analysis; plate dispersion, micropolar kinematics,
odd inertia, complex effective coefficients, and unresolved branch crossings require different forward
models.

At a fixed 0, the measured bulk-mode polarization directions are the directions of the right eigen-
vectors of (), each understood modulo sign. Choosing unit representatives of the two polarization
directions and ordering the eigenvalues as 0 < A_ < A4, write V = (v_,v1) and A = diag(A_, Ay).
Then

Q) =VAV L (8)

For positive eigenvalues, Ay are squared phase speeds. The formula is unaffected by the sign of
either eigenvector, but the pairing between each eigenvalue and its polarization must be preserved.
Complex diagonalizable modal data also admit an algebraic factorization, but their experimental
interpretation lies outside the present real-modal setting.

Phase-speed data alone do not determine the full nine-parameter law. In the measurement
setting considered here, polarization measurements supply the right-eigenvector information needed
to reconstruct (). Introduce the four scalar acoustic combinations

_ Q12 — Q21‘

T = Q11 + @22, D = Q11 — Q22, P = Q2+ Qa1, A B

(9)
Here T is the trace, D the diagonal difference, P the symmetric off-diagonal sum, and A the signed
scalar coefficient of the skew-symmetric part of (). For the spectral parameter A, the characteristic
polynomial xq(A; 6) = det[A] — Q(0)], where I is the 2 x 2 identity matrix, can be written

xo(\;0) = A2 — T(O)) + + A(6)2. (10)

Because T', D, P, A contain only constant and 26 harmonics, T'(f) has three Fourier coefficients while
det Q(A) has at most five, with harmonics 0, 20 and 46. Denote the determinant coefficients by
do, doc, dos, d4c, dss. Hence the entire pair of phase-speed branches over all angles factors through



eight phase-speed invariants, collected in the polynomial map S : R? — R8. Write the coeffi-
cient vector as ¢ = (Cy1, Ca2, C1a, C1g, Cag, Cg, R®, K2, KE)T. Five distinct propagation directions
modulo 7 already determine these eight invariants exactly in the noise-free model. Indeed, five
samples determine the five coefficients of det Q(6), while the same samples overdetermine the three
coefficients of T'(f). Thus the ten phase-speed values from five directions contain eight indepen-
dent invariants and two exact redundancy relations; denser phase-speed sampling adds redundancy
rather than new constitutive information.

The Jacobian of this polynomial map has rank eight on an open dense set. Here and
below, “generic” refers to this regular open-dense part of the constitutive space. At ¢, =
(4,5,1,1/5,-1/5,2,1/5,1/10, —1/10) T, for example, the 8 x 8 minor obtained by deleting the C1;
column is 13/80000 # 0; Online Resource 1 verifies that the same point has two distinct positive
real acoustic eigenvalues. The constant-rank theorem then gives a local one-parameter family of
constitutive tensors with exactly the same phase-speed field. Figure 1(a) follows one such family
by pseudo-arclength continuation. The displayed branch remains in the simple positive-real regime
and stays away from the major-symmetric subspace. At singular parameter sets the constitutive
ambiguity may be larger.

The phase-speed map also has an exact sign-reversal symmetry. Write Q = Q. + o, where
Qe = QT is generated by the major-symmetric coefficient vector ¢, and Q, = —QL by the major-
antisymmetric coefficient vector c,. Reversing all three latter coefficients sends @ to Q7 at every
angle. Therefore

spec Q(0; ce, ¢o) = spec Q(0; ce, —¢,) for every 6. (11)

Here spec @ denotes the unordered pair of eigenvalues. Equation (11) shows directly that phase
speeds are insensitive to the overall sign of the major-antisymmetric part. This discrete symmetry
accounts for only part of the regular one-parameter ambiguity. Section 6 gives a stronger closed-form
example in which an odd material and a major-symmetric material have identical phase speeds in
every direction. Major-symmetric anisotropic media can likewise possess exceptional phase-speed-
equivalent companions with different polarizations [8, 20]. In both settings, polarization contains
information that the phase-speed field does not.

2.3 Information carried by phase speeds

Constitutive non-uniqueness does not preclude detection of major-symmetry breaking. To quantify
the difference, compare the nine-parameter class with its six-parameter major-symmetric subspace.
Let £ C R? denote ¢, = 0, and let S. be the restriction of the eight-component phase-speed
map to £. The classical two-dimensional major-symmetric problem is generically identifiable from
sufficiently rich slowness data [8]; in the angular Fourier representation used here, the same local
structure appears directly as a rank-six map. At c. = (4,5,1,1/5,—1/5,2)T, the 6 x 6 minor formed
from (To, T, Ts, do, dac, das) is 3/32, so S has generic rank six. The phase-speed data generated by
major-symmetric materials therefore form a six-dimensional subset of the eight-dimensional data
space of the full class. Where S has rank eight, constitutive tensors whose phase-speed fields can
also be produced by a major-symmetric material form locally a codimension-two subset of the nine-
parameter constitutive space. Complete phase-speed data cannot identify all nine coefficients, but
they can reveal loss of major symmetry for a generic anisotropic material. This generic statement is
global in the measure-theoretic sense: because S and S, are polynomial maps, the full set S~[S(&)]
of constitutive tensors whose phase-speed data are compatible with some major-symmetric material
is contained in a measure-zero semialgebraic subset of R?. Online Resource 1 gives the dimension
argument.



The phase-speed signature of weak odd coupling is nevertheless small. For a fixed major-
symmetric part ¢, and odd direction ¢,, write ¢(¢) = (¢e,e¢,). The quantities T, D and P are
independent of ¢, whereas A is linear in €. Equation (10) therefore gives the exact expansion

S(ce,ec,) = S(ce,0) + £2q(cy), (12)

where g contains only Fourier coefficients of the determinant. After allowing the nearest major-
symmetric material to adjust by O(¢?), the distance from the set of spectra generated by major-
symmetric materials is generically O(e?); its leading coefficient vanishes on special families that
remain phase-speed equivalent to major-symmetric materials. A dimensionless measure of distance
from the major-symmetric phase-speed set can be defined without mixing the units of trace and
determinant coefficients. For the observed state let s = T, > 0 and define

To T. Ts dy doe dos dye d
'A/’S(TO:TCvTSad07d267d287d4(:7d45> - (07 707 787 707 57 §7 §7 8425) .

The normalized residual

Rais(e) = inf [N [S(e) - S(e)] (13)

I

vanishes when the observed phase-speed data are compatible with a major-symmetric material and
is generically O(e?) for weak odd coupling. This is a deterministic distance measure; assigning
a statistical detection threshold additionally requires the covariance of the measured phase-speed
invariants. The quadratic scaling explains why weak major-symmetry breaking is less readily
detected from phase speeds than from a first-order polarization response. The residual itself does
not identify the three odd coefficients individually. Online Resource 1 gives the corresponding local
codimension argument, a numerical weak odd-coupling scaling check, and a multistart numerical
search for secondary major-symmetric solutions.

Exact phase-speed ambiguity remains on special families built on a square-symmetric major-
symmetric base. Consider

Ci1 = Cy = a, Ci2 =1, Cop = K, C16 = Cz = 0.

For a planar major-symmetric stiffness tensor these conditions give the square-symmetric Dy class.
Adding a pure RY coupling breaks the quarter-turn symmetry but retains two orthogonal mirror
axes and the half-turn, giving a Dy constitutive family; adding the pure pseudoscalar coupling
K? = Kg instead retains Cy rotational symmetry while breaking the mirrors. In both cases a
nonzero odd contribution can be absorbed into phase-speed data generated by a major-symmetric
stiffness tensor.

For the square-symmetric base, then T'= a+k, D = (a« — k) cos 20, and P = (y+ k) sin 2. For
a pure RY coupling, A = (R"/2)sin26. If |R°| < |y + k|, the major-symmetric material obtained
by replacing v by

7' =sgu(y +£)V (7 + k)2 = (R0)? — k. (14)
Here sgn denotes the sign function. This material has the same trace and determinant for every
propagation direction. For a pure pseudoscalar coupling K = K, l? =K setd=a—k,p=7+k,
and, when |d|, |p| > 2| K",

a = sgn(d)/d?> — 4(K"Y)2, b =sgn(p)\/p? — 4(K0)2.

The major-symmetric coefficients

, _at+tK+a , _ at+K—a

e (15)



again preserve the complete phase-speed spectrum. In both constructions the odd term 442 is
absorbed into D? + P? without changing 7. These constructions show explicitly where the generic
separation is lost. The SO(2)-isotropic ambiguity in Section 6.1 is the special case d = p = B of
Eq. (15).

The first three combinations in Eq. (9) describe the major-symmetric response, while A isolates
the odd contribution. Because the acoustic tensor is quadratic in the direction components, each
scalar contains only a constant term and a 20 Fourier term,

f(0) = fo+ fecos20 + fqsin 26.

Substitution of Eqs. (4)—(7) gives

C C: Ci1—C
Ty = %4_0667 T, = %, Ts = Ci6 + Cog, (16)
Cy1 —C C C:
Dy = %, D, = % — Cgg, D, = Ci — C, (17)
Py = Ci6 + Cag, P, = C16 — Co, Py = C12 + Cege, (18)
K + K K - K ’
140::44Lg442, Ao=2050, <AS::€;: (19)

The directional dependence is described by twelve Fourier coefficients. A local nine-parameter
planar constitutive law occupies only a nine-dimensional subspace of that coefficient space. The
three remaining relations are

T,=Dy, T,=PF, D,=P. (20)

These equalities express the fact that the twelve Fourier coefficients arise from a single local homo-
geneous planar Cauchy tensor.

3 Constitutive recovery from finite propagation directions

Phase speeds alone leave a constitutive ambiguity, but paired phase-speed and polarization mea-
surements reconstruct the full acoustic tensor at each sampled angle through Eq. (8). The remaining
inverse problem is then linear: how many directional acoustic tensors are needed to recover the
nine constitutive coefficients, and which combinations remain invisible when the angular sampling
is incomplete?

3.1 Two-direction null space

Every scalar acoustic quantity in Eq. (9) contains three angular coefficients. Two propagation
directions therefore leave one harmonic combination unmeasured. In the constitutive problem this
missing angular information appears as exact coefficient combinations that produce no change in
either measured acoustic tensor.

For two distinct propagation directions #; and 62, a convenient 26 Fourier form that vanishes
in both directions is

g(0) = cos(20 — 01 — 02) — cos(61 — 02) = go + gc cos 26 + g4 sin 26. (21)

The skew-symmetric acoustic coefficient A = «,,g is then invisible at both directions for every scalar
Q. One odd constitutive degree of freedom therefore remains unrecoverable from two directions.



The major-symmetric subspace has an independent invisible combination. Choosing

T = gog, D = g.y, P =g (22)

causes all three major-symmetric response scalars to vanish at both sampled directions while still
satisfying the consistency relations (20). Conversely, any major-symmetric null response is propor-
tional to this construction. With 7' = tg, D = dg, and P = pg, the three relations in (20) reduce
the coefficients to (t,d,p) = ae(go, g, gs) for an independent scalar «,. The same conclusion holds
for go = 0, which corresponds to orthogonal sampled directions.

It follows that the full two-direction measurement map has rank seven and nullity two: one
combination of the major-symmetric coefficients and one combination of the odd coefficients remain
acoustically invisible. The major-symmetric six-parameter problem also remains underdetermined
with two propagation directions: restricting the same operator to this subspace gives rank five and
nullity one. Removing major symmetry raises the two-direction nullity from one to two, while both
classes still require a third distinct propagation direction.

The null-space directions are especially transparent for orthogonal measurements. If ; = 0 and
0o = 7/2, then Eq. (21) reduces to g(f) = sin26. The major-symmetric kernel is then a pure Cia
perturbation, while the major-antisymmetric kernel is a pure R" perturbation. Equations (4)—(7)
show directly that neither coefficient appears in the acoustic tensors measured on the two coordinate
axes. For general pairs of sampled directions these two simple null-space directions rotate into the
coupled forms in Eqgs. (21)—(22).

Because the unobserved combinations generate exactly zero acoustic response on both sampled
directions, no post-processing of those two acoustic tensors can recover them. The missing infor-
mation must come from another direction. With complete paired modal measurements in the real,
diagonalizable regime, three distinct propagation directions are sufficient; the two-direction nullity
also shows that three is minimal for the nine-parameter class. This exact planar rank count is
the non-major-symmetric counterpart of classical limited-acoustic-data questions, where the num-
ber of recoverable major-symmetric moduli depends on the measured propagation sets and modal
information [3].

3.2 Recovery from a third direction

A third distinct propagation direction supplies the remaining angular information. For any scalar
constant-plus-26 Fourier form,

f(61) fo
f(02) | = M(61,02,03) | fe |, M;. = (1, cos 26, sin 26;). (23)
f(93) Is
Its determinant is
det M = 4sin(0; — 02) sin(02 — 63) sin(f3 — 7). (24)

Any three distinct propagation directions, with angles understood modulo 7, determine the three
Fourier coefficients of each of T, D, P,A. These data then determine all twelve coefficients in
Egs. (16)—(19). If the three consistency relations (20) hold, the nine constitutive coefficients follow
uniquely:

Ty — D. Ty + D, T0+Dc_

Cos = T’ Ci = T + 7, Coo = 9 T, (25)
T,+D T,—D
Cig = %7 Cos = %, Cr2 = Ps — Cge, (26)



and
K9 = Ay + A, K) = Ay — A, RY = 24,. (27)

The third direction resolves the major-symmetric and odd angular combinations that remain acous-
tically invisible when only two propagation directions are measured.

4 Stability of the inverse and model checks

4.1 Choice of propagation directions

Uniqueness does not by itself ensure a stable inversion. The determinant in Eq. (24) approaches
zero as two sampled propagation directions coalesce, and the angular structure of M gives a simple
design rule. Its absolute value is maximized when the three propagation directions are separated

by 60°,
33
max | det M| = ‘Qf ~ 2.598.

At this configuration MTM = diag(3,3/2,3/2) up to an orthogonal rotation of the sine—cosine
coefficient pair. With || - ||2 denoting the spectral norm and ks its associated matrix condition
number,

Ko(M) = V2, 1M~y = \/g

Equal spacing is the classical optimum for this scalar trigonometric interpolation problem [21], and
measurement-angle sensitivity has long been recognized in ultrasonic modulus recovery [6, 7]. For
the full nine-parameter problem, the same geometry also attains the optimum of the constitutive-
to-acoustic operator with the fourth-order stiffness Frobenius norm on constitutive space and the
stacked acoustic-tensor Frobenius norm on data space. The exact scalar constants follow from the
interpolation matrix. The condition-number minimum follows from || M|% = 6 and the fixed norm
of the first column. For the inverse norm, the last two columns have squared Frobenius norm 3, so
their 2 x 2 Gram matrix has a smaller eigenvalue no larger than 3/2; Cauchy interlacing then gives
o2. (M) < 3/2. The 60° design attains equality.

The interpolation result can be strengthened at the level of the complete constitutive measure-
ment operator. Let Lg map the nine constitutive coefficients to the three reconstructed acous-
tic tensors for © = (61,609,63). Equip the constitutive tensor with its fourth-order Frobenius
norm and the data space with the norm whose square is Z?zl 1Q(6;)||%, where || - || denotes the
Frobenius norm. For the coefficient vector ¢ defined in Section 2, the tensor norm is ¢! We with
W = diag(1,1,2,4,4,4,2,4,4); these weights are the multiplicities of the engineering components
in the full fourth-order tensor. The corresponding Euclidean representation under these norms is
Lo = ,C@W_l/ 2,

The constitutive domain of every three-direction measurement operator contains the isotropic
major-symmetric two-parameter subspace C11 = Cog = B+ u, C19 = B — u, Cge = p and Cig =
Co = 0, where B and pu are the density-normalized two-dimensional bulk and shear moduli. On
this subspace, Q(f) = ul + BA ® 7, so ||G||% = 4B? + 8u? and the squared three-direction data
norm is 3(B? + 2By + 2u?), independently of the chosen directions. The two squared singular
values of the normalized operator restricted to this subspace are 3/4 + 3v2 /8. With opin and opax
denoting the smallest and largest singular values, every three-direction design therefore obeys

R 7o S WAV



For 60° spacing, direct block diagonalization gives the squared singular spectrum {3/4 +
3v/2/8,9/8,9/8,3/4,3/4,3/4,3/8,3/8,3/4 — 31/2/8}, so all three bounds in Eq. (28) are attained.
The isotropic major-symmetric subspace sets the lower bound for every choice of propagation
directions because its data norm does not depend on their orientation. Equal spacing reaches that
bound without adding further worst-case directional ill-conditioning.

The distinction between the forward operator and the particular inverse used in Eqs. (26)—
(27) matters away from equal spacing. Let Re denote that closed-form reconstruction after the
same invariant normalization. It is a left inverse of Z@, but it need not equal the Moore—Penrose
pseudoinverse. Define N

= L5l C8" = [Rell2. (29)

Every left inverse satisfies Cgir > C’gs. At 60° spacing the two matrices are different, but both

norms equal C, = /(8 + 44/2)/3. Thus the closed-form inverse already attains the smallest possible
worst-case amplification for the recommended design. Away from equal spacing the norms differ;
for the clustered 0°,15°,45° design used below, C’ = 12.353 whereas C'dir = 13.124. Projecting
noisy acoustlc data orthogonally onto the range of E@ before applying the closed-form inverse gives
R@E@ﬁe = Ee, this can reduce typical errors even when the two worst-case norms coincide.

The scalar interpolation optimum is unique up to a common rotation and permutation, with
propagation directions identified under 8 ~ 6 + 7. Equality in the scalar interpolation bounds

requires
3
Z i = 0.
j=1
Three unit complex numbers with zero sum form an equilateral triple, so the angles 20; differ
by 27/3 and the propagation directions differ by 7/3. This design, uniquely optimal for scalar
interpolation, also attains all bounds for the complete operator in Eq. (28).

The numerical constants in Eq. (28) depend on the chosen norms. The fourth-order Frobenius
norm is invariant under physical rotation, and an isometric Kelvin/Mandel representation gives the
same constants. A non-isometric Euclidean norm on engineering coefficients or a continuous-angle
L? data norm defines a different optimization problem and may give a value different from 1+ /2.
Under the tensor and stacked-acoustic Frobenius norms used here, the bound is sharp. It applies
to constitutive interpolation from reconstructed acoustic tensors; the preceding recovery of ) from
measured eigenpairs has its own conditioning.

4.2 When the optimal directions are not admissible

The unconstrained 60° design is admissible only when all three selected propagation directions lie
in the regime of two distinct positive real acoustic eigenvalues. From the symmetric part of the
acoustic tensor,

5,(0) = sV/D(O7 + P02, Ae(0) = —2 +/5,(0)2 — A(9)2.

Here 65(0) is half the eigenvalue splitting of the symmetric part of Q(6). Define the admissible set

F= {9 € [0,7) : |A(6)] < 64(6), T;e) > \/0,(0)2 — A(@)?}.

A simple sufficient condition for every direction to be admissible is ming ds(0) > maxg|A(6)| to-
gether with ming 7'(0)/2 > maxy d5(f). These inequalities are not necessary; admissible directions

10



may also exist when either bound fails. A second sufficient condition determines when some rotated
60° triple remains admissible. Let |F¢| denote the angular measure of the inadmissible set in [0, 7).
If

7 <35, (30)

then at least one rotated 60° triple lies entirely in F. Indeed, the integer-valued count of inadmis-
sible members of {a, a + 7/3,a + 27/3} has mean 3|F°¢|/7m < 1 as a ranges over [0,7), so it must
vanish for some a. Condition (30) is sufficient rather than necessary.

If no admissible 60° triple exists, the design problem is genuinely constrained. For least-squares
constitutive recovery the relevant absolute worst-case amplification is C’(I;S in Eq. (29); if the closed-
form reconstruction Egs. (26)—(27) is retained, the corresponding objective is Ca*. These coincide
at the recommended 60° design but not for a general constrained triple. The condition number
k2(Le) remains useful when relative forward and inverse scaling are both of interest. In practice,
an initial angular scan can estimate F, after which the three-angle constrained problem is low
dimensional.

4.3 Propagation of modal measurement errors

Before the directional interpolation can be applied, the acoustic tensor must be reconstructed from
measured modal quantities. The conditioning of Eq. (8) therefore enters first. Sensitivity of a
diagonalizable eigen-decomposition to eigenvalue and eigenvector perturbations is classical [22, 23].
Here the standard differential is written in the variables measured by the acoustic experiment. For
a real diagonalizable acoustic tensor with two simple eigenvalues, let the measured eigenvalues and
unit right eigenvectors differ by small increments A and §V, and set E = V~16V. Differentiating
Q = VAV~ gives

6Q = V(A + [E,A)V 1+ 0(n?), (31)

where [, A] = ZEA — A= and 7 denotes the size of the modal perturbation. The diagonal entries
of = are the components of each eigenvector perturbation along the corresponding eigenvector and
commute with A; among eigenvector perturbations, only cross-modal mixing changes @ to first
order.

Let ¢_ and ¢4 be local angles of the two unit polarization directions, and let 5 € (0,7/2] be
their acute separation. For small signed angular errors d¢_ and d¢,, direct evaluation of V=16V
gives, up to the choice of local eigenvector representatives,

— oo+ N Lo
|Z12| = |Zo1| =

sinf3’ sinf3

Writing Ay = |A4 — A_| and using the Frobenius norm in Eq. (31) yields the first-order bound

1Qe < ra(V) 188116 + 2 BT+ 052 | +O07). (32)

Nonorthogonal right eigenmodes and their coalescence are established features of odd and non-
Hermitian elastodynamics [16, 17, 18]. More generally, non-Hermitian sensitivity associated with
eigenvector nonorthogonality is commonly described through phase rigidity, eigenvalue condition
numbers and Petermann-type factors [24]. For the present inverse problem, the same sensitivity can
be written directly in the measured phase-speed and polarization variables. For two unit real right
eigenvectors separated by the acute angle 5, the individual eigenvalue condition number is csc .
Reconstruction of the full acoustic tensor involves the related basis condition number ko(V) =
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cot(/2) derived below. To express this factor in measured acoustic variables, let Qs = (Q+ Q) /2
and retain A = (Q12 — Q21)/2 from Eq. (9). Write m = T'/2 for the mean eigenvalue of Q. If
m F J, are the two eigenvalues of ()5, with ds > 0 its half-splitting, then in an oriented eigenbasis

of Qs,

m + O

Q _ <m__A63 A > , A)\ =9 /5? _ ‘/427

for the simple regime of real acoustic eigenvalues |A| < ds. A direct dot product of the normalized
right eigenvectors gives

cos 3 = |§i|, sin f = ?52, ko (V) = ”m = cotg. (33)

The columns of V' are normalized to unit Euclidean length. For a two-column basis, this equal-norm
scaling minimizes ko over independent positive rescalings of the two eigenvectors, so the divergence
in Eq. (33) cannot be removed by a more favorable normalization of the same polarization directions.
Thus the factor Ay/sin 8 in Eq. (32) is exactly 265 and remains finite in the coalescence limit. The
singular amplification comes from rko(V): when the stiffness tensor satisfies major symmetry, @
is symmetric, A = 0, the polarization vectors are orthogonal, and ko(V) = 1, whereas |A| — J;
drives f — 0 and ka(V) — oco. The same skew-symmetric acoustic component that carries the odd
constitutive information can therefore degrade reconstruction of @) from measured eigenpairs as the
coalescence boundary is approached.

The first-order estimate is local to a fixed pair of simple eigenvalues and is not uniform at the
defective limit, where V is singular and the two polarization directions cease to provide a reg-
ular local parametrization. The perturbation formula also assumes that each eigenvalue remains
paired with the corresponding eigenvector under the small perturbation. Figure 1(d) illustrates this
acoustic-tensor reconstruction sensitivity directly by perturbing modal eigenvalues and polarization
angles while varying |A|/ds at fixed @s. The median reconstruction error rises toward coalescence
and remains below the median first-order bound from Eq. (32). Its growth is slower than k2 (V') be-
cause the condition number is a worst-case amplification and only part of each random perturbation
aligns with the most amplified direction.

For the subsequent constitutive inversion, the full constitutive-to-acoustic operator gives a
coordinate-invariant worst-case bound. The least-squares amplification C§> = HEM(gHg obeys

—1/2
3 3v2 8 +4+/2
cyd>C, = <4—8> :‘/T' (34)

Every left inverse has norm at least C(I;S, so the same C, is a universal lower bound for three-
direction constitutive recovery with the fourth-order stiffness Frobenius norm on constitutive space
and the stacked acoustic-tensor Frobenius norm on data space. At 60° spacing the closed-form
inverse used here also attains Cy, as shown in Section 4.1 and Online Resource 1.

Combining the constitutive-inversion bound with Egs. (32) and (33) gives a combined local
error bound directly in modal measurement errors. Let d¢; = (d¢— ;, 5¢+7j)T, and let Vj, 4, 5, and
0A; denote the modal basis, symmetric-part half-splitting, and eigenvalue perturbation for the jth
propagation direction, respectively. Let G denote the resulting constitutive-tensor reconstruction
error. Then

1/2

Spjllal* o+ O(P), (35)

3
16GIlF < G & D w2 (Vi) [I6AGllF + 205
j=1
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Fig. 1 Identifiability and two distinct sources of conditioning. (a) Numerical pseudo-arclength continuation
of the regular constant-phase-speed level set through c,. The ordinate is the invariant Frobenius norm of
the major-antisymmetric part; zero is the major-symmetric subspace. The displayed segment retains the
same phase-speed branches as ¢, and remains separated from that subspace. (b) Acoustic modal data on
three propagation directions reconstruct Q(6;); 60° spacing gives ro(M) = V2 for the scalar interpolation
and Ko (E@) =1+ /2 for the full constitutive-to-acoustic operator with the fourth-order stiffness Frobenius
norm and the stacked acoustic-tensor Frobenius norm. (c) The skew-symmetric acoustic component sepa-
rates into the pseudoscalar mean Ay and the anisotropic 26 coefficients (A, As). (d) With the symmetric
part held fixed, synthetic noise applied to the two eigenvalues and polarization angles produces increasing
reconstruction error as |A|/ds = cos 8 approaches one. The dashed curve is the median first-order bound
from Eq. (32); the dotted curve on the right axis is ko (V).

for the equally spaced design. The directional prefactor is sharp. The modal term retains the
triangle-inequality estimate of Eq. (32), so the composed bound can remain conservative. A rel-
ative constitutive-error estimate also depends on the scale of G and on the measurement-noise
model. Orthogonal projection onto the range of the constitutive measurement operator converts
the closed-form left inverse into the Moore—Penrose inverse. It may therefore reduce typical er-
rors, even at 60° spacing where the two inverse operators have the same worst-case norm C,. The
modal singularity in Eq. (33) remains present. Equal 60° spacing controls constitutive interpolation
from the reconstructed acoustic tensors, whereas nearly coalescing polarization directions can still
dominate the experimental sensitivity.

4.4 Redundant measurements as a model check

With N > 3 measured propagation directions for which the trigonometric design matrix has full
column rank, each scalar quantity 7', D, P, and A can be fitted to the three-dimensional basis
(1, cos 26,sin26). Let My € RY*3 be the corresponding design matrix, Iy = My (MEMy)ME,
let I denote the N x N identity, and let y¢ collect the measured values for f € {T, D, P, A}. The
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four Fourier-fit residuals are
Ry = U~ —Un)yslle,  fe{T.D, P A} (36)

Each contributes N — 3 residual dimensions. After fitting, the three constitutive consistency rela-
tions provide the additional residual
RQ

cons

= (T. — Do)* + (Ts — Py)*> + (Ds — P.)>. (37)

The resulting discrepancy space has dimension 4(N —3)+3 = 4N —9, exactly the difference between
the 4N reconstructed acoustic entries and the nine-parameter constitutive model.

The two residual classes probe different departures from the constitutive model. Equation (37)
uses only the major-symmetric quantities 7', D, and P. Because the mapping (Ag, Ac, As) <
(K% K l? , RY) is a bijection, three exact directions provide no additional consistency relation involv-
ing A. With N > 3, the residual R 4 instead tests the assumed angular form of the skew-symmetric
acoustic component. A discrepancy confined to this component may leave Rcons essentially zero
while producing a nonzero R 4. Since the residuals share measurement uncertainty, they are not
independent statistical tests unless an explicit covariance model is supplied.

4.5 Synthetic reconstruction under modal noise

To assess the combined effect of modal and constitutive conditioning, synthetic modal data were
generated from known constitutive tensors, perturbed, and then inverted. Sixty admissible random
nine-parameter tensors were obtained by rejection sampling around an anisotropic reference mate-
rial whose symmetric acoustic part was positive definite for all directions. A candidate was retained
only when every sampled propagation direction had two distinct positive real acoustic eigenvalues.
The forward acoustic tensors then provided exact modal eigenvalues and right polarization direc-
tions. Independent Gaussian perturbations were applied with an eigenvalue standard deviation
equal to 0.05% of the mean eigenvalue magnitude and a polarization-angle standard deviation of
0.05°. Equation (8) reconstructed the noisy acoustic tensors, after which the three-direction con-
stitutive inversion recovered the nine constitutive coefficients. Each retained material was tested
with one hundred noise realizations.

For the 0°,60°,120° design, the median relative fourth-order-tensor error was 1.22 x 10~% and
the median first-order bound from Eq. (35) was 2.84 x 1073; the median bound-to-error ratio was
2.29. With the clustered set 0°,15°,45°, the median error increased to 5.61 x 1073, For these two
designs, C%)S rises from 2.134 to 12.353, whereas the norm of the closed-form inverse actually used in
the synthetic reconstruction, C4", rises from 2.134 to 13.124. Thus equal spacing is optimal for both
inverses, while the distinction becomes visible for a constrained or clustered design. Figure 2(a,b)
shows the bound comparison and the effect of directional clustering.

A separate calculation tests whether redundant measurements reveal departure from the as-
sumed local Cauchy angular form. A pure 46 harmonic is added to the skew-symmetric acoustic
component A(6) while T, D, P are left unchanged. The perturbation lies outside the Cauchy 0+ 26
structure and therefore provides a controlled model-mismatch signal. The same modal-noise model
is used to calibrate R 4 for twelve equally spaced additional propagation directions used to evaluate
the residual. At zero added harmonic, the 95th percentile of R4 is 5.82 x 1073, or 2.59 x 1073
after normalization by the mean acoustic eigenvalue of the reference material. On the logarithmic
amplitude grid used in Fig. 2(c), the probability of exceeding this null threshold first exceeds 95%
at a normalized 40 amplitude of 2.06 x 1073. The resulting detection level depends on the stated
angular sampling and noise model.
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Fig. 2 Synthetic inversion and model diagnostics. (a) Actual relative fourth-order-tensor error versus the
first-order bound for the equally spaced three-direction design under synthetic modal noise; the diago-
nal marks equality. (b) Error distributions for the equally spaced 0°,60°,120° design and the clustered
0°,15°,45° design under the same noise model; the annotations distinguish the least-squares and closed-
form inverse norms. (c¢) Noiseless residuals produced by an additional 46 term in A(6), normalized by the
mean acoustic eigenvalue of the reference material. The dotted line is the 95th percentile of R 4 under the
null model with the stated modal noise.

5 Material symmetry from the skew-symmetric acoustic compo-
nent

Once the acoustic tensor has been reconstructed, its skew-symmetric part contains both consti-
tutive and symmetry information. Its three Fourier coefficients recover the three odd coefficients,
while their transformation under rotations and reflections constrains possible material symmetries.
Acoustic criteria for symmetry planes are classical in major-symmetric elasticity [2, 25]; the same
reasoning can be applied to the skew-symmetric part of the acoustic tensor when major symmetry
is relaxed. From Eq. (19),

0
A(9) = KV cos? 0 + K7 sin® 0 + % sin 20 = Ag + A, cos 20 4+ A, sin 26. (38)

The three Fourier coefficients of the skew-symmetric acoustic component determine the three odd
coefficients. Under rotations and reflections, they separate naturally into a reflection-odd pseu-
doscalar part and an oriented anisotropic part.

Under a proper in-plane rotation, Ag is invariant while (A., As) rotates through twice the
physical angle, as expected for a 26 Fourier coefficient pair. A reflection reverses the sign of the
planar skew tensor. If a mirror line at angle o is a symmetry, the measured skew-symmetric
component must satisfy

A(f) = —A(2a — 0)
for every 6. The constant part can obey this condition only when Ag = 0. A nonzero

K+ K}

Ao 5

rules out every mirror symmetry of the full constitutive law.
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When Ay = 0 but (4., As) # (0,0), the major-antisymmetric part can still be compatible
with a pair of orthogonal mirror axes. Writing the remaining 20 term as H cos(260 — ¢), with
H = (A2 + A2)1/2 and p = atan2(A,, A.), where atan2 denotes the two-argument arctangent, gives

o= Latan2(Ay, A) + T (mod &), (39)
2 4 2
The major-symmetric part must possess the same reflection for that axis to be a symmetry of the
full constitutive tensor.
Under cyclic fourfold rotational symmetry (Cy), A. = As = 0, so any remaining major-
antisymmetric response is purely pseudoscalar. Denote the corresponding density-normalized pseu-
doscalar odd modulus by K°. In axes adapted to the fourfold structure,

Cii Cpiz K°
Go,=| Ci2 Cu —K°[, (40)
—KY K9 Cg

and A(0) = KY is direction independent. A nonzero K" is compatible with Cy rotational symmetry
but excludes the mirror operations that would enlarge the symmetry group to the dihedral group
Dy.

Figure 1 summarizes the inverse map, the directional design result, and the symmetry informa-
tion carried by the skew-symmetric acoustic component.

6 Isotropy under proper rotations

The SO(2)-invariant solid provides a closed-form illustration of the different information carried
by phase speed and polarization. For a planar Cauchy elastic solid with symmetric stress, proper-
rotation invariance leaves two conventional moduli and one odd pseudoscalar modulus [14, 26]. A
nonzero K° changes sign under reflection; the resulting material is therefore invariant under SO(2)
but not under the full orthogonal group O(2). In density-normalized notation, B and p denote the
density-normalized two-dimensional bulk and shear moduli, and K is the density-normalized odd
modulus. In density-normalized engineering notation, the constitutive matrix is

B+pu B—p K°
Giso = | B — 2 B+ K -K°|. (41)
—K° K° 7

It corresponds to Cyj; = Coo = B+, C1g = B —p, Ceg = p, Cr1g = Cog = RY = 0, and
K? = Kl? = K9, so the scalar coefficient of the skew-symmetric part of the acoustic tensor is
constant: A(f) = K.

Contracting this law with the propagation direction gives, in the ordered basis (f, n) with

f: (ng,—nl), Ko
o= (o ) (42)

The mean and splitting of the two eigenvalues are A = (AL + A_)/2 and Ay = Ay — A_ > 0.
Distinct real acoustic eigenvalues require |B| > 2|K°|, which also implies B # 0. The associated
nonorthogonal modes and their coalescence are part of the forward odd-elastodynamic structure
already studied in the literature [16, 18, 19]; in particular, the same square-root discriminant

B? — 4(K"Y)? appears explicitly in the modal spectrum of Ref. [19], whose supplementary analysis
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identifies the corresponding flat-space limit. For inversion, the same relations are expressed in
measured variables. The right eigenvector associated with A_ defines the slower-mode polarization
direction. Its signed inclination relative to  is denoted by v and taken in (—m/2,7/2]. Direct
diagonalization gives the forward measurement relations

Ay 2K°

cos 21 = 5 sin 2¢) = 5 (43)

Solving these relations for the constitutive variables gives

A _
B = A, sec 2y, K‘):?Atanw, L=X\— (44)

6.1 Exact phase-speed ambiguity

The phase-speed ambiguity becomes explicit in this subclass. In the transverse—longitudinal basis,
the acoustic tensor is a real 2 x 2 matrix whose two phase speeds depend only on its trace and
determinant. Matching these two invariants therefore suffices to construct an isotropic major-
symmetric representative with the same phase-speed branches. The two phase-speed invariants,
trQ = 2u + B and det Q = p(pu + B) + (K%)2, are independent of propagation direction. In the
region with real acoustic eigenvalues |B| > 2|KY|, define

B-DB
B =squ(B)VB?—A(KOR,  f=pt e, KV =0, (45)

where sgn denotes the sign function. Then 2/ + B’ = 2u+ B and ¢/ (i + B') = pu(p+ B) + (K°)2.
The major-symmetric medium (u’, B’,0) therefore has exactly the same acoustic eigenvalues as the
odd medium (u, B, K°) for every propagation direction. When the standing positivity condition
A_ > 0 also holds, the two materials have identical phase speeds. For B > 0, B’ = Ay > 0 and
i = A_ > 0. The counterpart is then an ordinary positive-definite classical isotropic elastic solid.
Equality | B| = 2| K°| gives the coalescence boundary, whereas strict inequality gives two distinct real
acoustic eigenvalues. Thus, for |B| > 2|K°| with A_ > 0, phase-speed data alone cannot determine
whether the SO(2)-isotropic odd modulus is nonzero. The signed inclination of the polarization
direction relative to the handed transverse-longitudinal frame in Eq. (43) distinguishes the odd
medium from the major-symmetric material with identical phase-speed branches.
Here 0, = |B|/2 and |A| = |K"|, so the general modal geometry in Eq. (33) reduces to
p=|T o, 22 =B

sinfg

The polarization-direction angle is defined modulo 7; a handed laboratory frame fixes the pseu-
doscalar sign convention. The limit |¢)| — /4 is therefore the same modal coalescence as 5 — 0 in
Section 4.3. The eigenvalue splitting vanishes while A/ sin 3 stays finite; the singular amplification
is carried by the nonorthogonality factor ra(V).

6.2 Wave propagation beyond strong ellipticity

The polarization angle also encodes the sign of the density-normalized bulk modulus B:
B<0 < \¢\>%. (46)

For a nonsymmetric acoustic tensor, positive real eigenvalues and strong ellipticity are distinct
conditions. Strong ellipticity requires the quadratic form 27 @Q(7)z to be positive for every nonzero
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vector z and every propagation direction n; only the symmetric part of ) contributes to this form.
A nonsymmetric acoustic tensor can retain two positive real eigenvalues after its symmetric part
has become indefinite. This distinction is classical in nonassociated elastoplasticity [27, 28]; the
SO(2)-isotropic odd model expresses this boundary directly in measured wave variables.

The symmetric part of (42) has eigenvalues p and p + B. Using (44), their product is

p(p+ B) = <5\—§> (5\+§) :_Z—T.

It is negative precisely when A < |B|/2 = A)/(2[cos2¢[). At the same time, positivity of the
smaller acoustic eigenvalue requires A\ = A — A, /2 > 0. Together, the two conditions define the
following interval in measured variables:

Ay < A

<A

— —_— 4
2 < 2| cos 29| (47)

The interval has nonzero width exactly when K # 0. The lower inequality is simply the positivity
condition A_ > 0, while Eq. (46) independently determines the sign of B.

Figure 3 displays this interval together with the small-|K"|/B scaling of the two measured
signals. For a B > 0 reference within the strongly elliptic regime and |K°|/B < 1,

o oI AL o)

For weak odd response, the change in acoustic-eigenvalue splitting is quadratic in the odd coefficient,
while the polarization rotation is linear. The exact inverse also shows that the relative sensitivity
to polarization-angle error alone is nonmonotone. For a small polarization-angle perturbation v
at fixed Ay, the induced odd-modulus perturbation § K° obeys

0K 4|09
|KO| — |sinde|

This contribution is minimized at || = 7/8 = 22.5°, equivalently |K°/B| = v/2/4, where its
minimum value is 4|d1|. Very weak odd response is difficult because the rotation vanishes, whereas
approaching [¢| = 45° is difficult because the two polarization directions coalesce. The polarization-
angle contribution to the relative sensitivity is therefore minimized at this intermediate angle when
A is treated as fixed.

If oa denotes a resolution scale for the eigenvalue splitting Ay (and therefore has units of
squared speed) and o, denotes an angular resolution in radians, the corresponding leading-order

odd-modulus scales are
Bo
KOs~ /222, Ky ~ Boy, (49)

These estimates describe resolution scaling. A statistical detection threshold would require an
explicit noise model.
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Fig. 3 Isotropy under proper rotations. (a) In measured variables, Ay/2 < A < Ay /(2| cos2¢|) marks the
region in which the acoustic eigenvalues remain positive and real after loss of strong ellipticity; the two sides
of 45° correspond to the two signs of B. (b) For a B > 0 reference with weak odd response, the acoustic-
eigenvalue-splitting deficit is quadratic while the polarization-rotation magnitude is linear in |K°|/B. The
upper boundary in panel (a) is truncated at 2\/Ay = 6 for display and diverges as [t)| — 45°.

7 Mechanical interpretation and measurement strategy

7.1 What the measurements determine

Phase speeds retain only the eigenvalues of the acoustic tensor. At each propagation angle they
therefore determine its trace and determinant, but not the full nonsymmetric tensor. Over all
angles, these data reduce to eight independent phase-speed invariants for nine constitutive coef-
ficients. In the noise-free model, five distinct propagation directions already determine all eight
invariants; additional phase-speed measurements add redundancy rather than new constitutive in-
formation. The remaining one-parameter ambiguity is therefore structural. At the same time,
the six-dimensional major-symmetric class occupies only a lower-dimensional subset of the eight-
dimensional phase-speed data. Loss of major symmetry is thus detectable for a generic anisotropic
material even though the complete nine-parameter tensor cannot be recovered from speeds alone.

The contrast is sharper near the major-symmetric limit. Equation (12) shows that the phase-
speed departure begins at second order in the odd coefficients, whereas the skew-symmetric part
of the acoustic tensor and the associated polarization rotation change at first order. Polarization
is therefore the more direct observable for weak major-antisymmetric coupling, while phase speeds
remain useful for testing whether the measured response is compatible with major symmetry.

There are exact exceptions. The Dy pure-R° construction in Eq. (14), the C, pseudoscalar
construction in Eq. (15), and the SO(2) relation in Eq. (45) all hide an odd constitutive response
completely from the phase-speed field. In the SO(2) case with B > 0, the material with identical
phase-speed branches is an ordinary positive-definite isotropic elastic solid. The signed polarization
inclination then provides the distinguishing information, with a linear response to weak K° where
the eigenvalue-splitting change is only quadratic.

7.2 Measurement strategy and error sources

Once each phase speed is paired with its polarization direction, the acoustic tensor can be recon-
structed for that propagation direction. Two such tensors are still insufficient: one combination of
the major-symmetric coefficients and one combination of the odd coefficients remain in the exact
null space. A third distinct direction removes both combinations and is therefore the minimum
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required for the nine-parameter planar class. With the fourth-order stiffness Frobenius norm on
constitutive space and the stacked acoustic-tensor Frobenius norm on data space, equal 60° spacing
also gives the sharp optimum for the three-direction constitutive inversion. If some propagation
directions fail to support two distinct positive real modes, this unconstrained design may be un-
available; the admissible set must then be identified first and the three angles chosen within it.
This directional design addresses only one source of error. Reconstruction of each individual
acoustic tensor depends on the geometry of its two polarization vectors through Q = VAV L.
When the stiffness tensor satisfies major symmetry, the vectors are orthogonal and ko(V) = 1.
As |A| — 05, they coalesce and k2(V') = cot(f/2) diverges. No choice of propagation angles can
regularize that material-dependent modal sensitivity, so an experimental uncertainty estimate must
treat the modal reconstruction and the subsequent constitutive interpolation as separate stages.
The synthetic calculations in Fig. 2 follow the same sequence. The equally spaced design
produces the smaller constitutive error under the stated noise model, while the first-order estimate
remains conservative. With more than three directions, the extra data serve a different purpose:
the Fourier-fit residuals test the assumed 0+ 26 angular form, whereas the relations in Eq. (20) test
whether the fitted major-symmetric components can come from one local planar Cauchy tensor.
These two residuals diagnose different departures from the model and should not be conflated.

7.3 Material symmetry, implementation, and scope

The recovered skew-symmetric acoustic component carries additional mechanical information. A
nonzero mean Ay rules out every mirror symmetry, while (4., A;) selects candidate mirror axes
when Ap = 0; a candidate axis is a symmetry of the full constitutive tensor only if the major-
symmetric part admits the same reflection. In the SO(2) limit, the same measured variables also
identify a regime in which the acoustic eigenvalues remain positive and real after the symmetric
part of the acoustic tensor has lost positive definiteness. This is the familiar separation between
wave-speed positivity and strong ellipticity for a nonsymmetric acoustic tensor, expressed here
directly in measured quantities [27, 28].

An experiment must therefore resolve more than scalar travel times. The two bulk modes have
to be separated, their phase speeds measured, and their polarization directions recovered. Two- or
three-component scanning laser Doppler vibrometry, full-field modal imaging, and related vector
displacement or velocity measurements can in principle provide these observables. Laser-based
imaging has already been used for multidirectional elastic-constant reconstruction in conventional
major-symmetric composites [29], while vector laser vibrometry has resolved coupled polarizations
in active elastic metamaterials [30]. The present inverse formulas nevertheless require an additional
modelling step: over the frequency band used for identification, the measured bulk response must
be represented adequately by a local, nonpolar Cauchy elastic model with symmetric stress and
approximately real effective coefficients.

Several important realizations of odd mechanics fall outside that setting. Odd-micropolar beams
introduce independent rotational kinematics and frequency-dependent feedback [31]; media with
odd mass density alter inertia [30]; odd plates are dispersive reduced-dimensional systems [32].
Those systems require their own forward models before the present measurement logic can be
transferred. The same caution applies to complex frequency-dependent constitutive coefficients,
which require complex polarization ellipses and a different modal-conditioning analysis, and to
three-dimensional identification, where both the constitutive space and the acoustic eigenspaces
are larger.
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8 Conclusions

Removing major symmetry changes the acoustic inverse problem in a specific way. The nine-
parameter planar Cauchy-elastic law with symmetric stress generates only eight independent phase-
speed invariants, so even complete noise-free phase-speed data leave a one-parameter constitutive
ambiguity. This does not make major-symmetry breaking invisible: the major-symmetric class
occupies a lower-dimensional subset of the phase-speed data, and a generic anisotropic material
outside that class can therefore be distinguished from it. The distinction becomes weak close to the
major-symmetric limit because the phase-speed signature is quadratic in the odd coupling, and it
disappears altogether on the exact Dy, Cy, and SO(2) ambiguity families identified above. Polariza-
tion restores the missing information. Once eigenvalues and polarization vectors are paired, three
distinct propagation directions are sufficient to recover all nine constitutive coefficients, whereas
two directions retain one major-symmetric and one odd null direction. Equal 60° spacing gives the
sharp three-direction optimum under the stated Frobenius norms, but the resulting interpolation
conditioning remains separate from the singular sensitivity caused by nearly coalescing polarization
vectors.

For measurement, the practical consequence is simple. Phase speeds alone can test major sym-
metry in generic anisotropy but cannot identify the full constitutive tensor; polarization-resolved
measurements are needed for complete recovery and are also more sensitive to weak odd response.
Three well-separated directions provide the minimum constitutive data, while additional directions
are best used for noise reduction and model checking. These conclusions apply only over frequency
ranges for which a local planar Cauchy description is an adequate representation of the measured
medium.

Supplementary Information

Online Resource Supplementary derivations and numerical-validation details, including the
generic rank-eight phase-speed map, the rank-six image of the major-symmetric class and weak
odd-coupling scaling, explicit families with exact phase-speed ambiguity, two-direction null-space
directions, conditioning of the full constitutive-to-acoustic operator, acoustic-tensor sensitivity to
modal data, noise-calibrated residuals, and synthetic recovery of all constitutive coefficients.
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