Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Nested Multilevel Monte Carlo with Preintegration
for Efficient Risk Estimation

Yu Xu
Tsinghua University

Yifeng Yu

yyf22@mails,tsinghua, edu.cn

Tsinghua University

Xiaoqun Wang
Tsinghua University

Research Article

Keywords: Nested simulation, Multilevel Monte Carlo, Risk estimation, Preintegration
Posted Date: October 26th, 2026

DOI: https://doi.org/10.21203/rs.3.rs-11131834/v1

License: € ® This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: No competing interests reported.


https://doi.org/10.21203/rs.3.rs-11131834/v1
https://doi.org/10.21203/rs.3.rs-11131834/v1
https://doi.org/10.21203/rs.3.rs-11131834/v1
https://creativecommons.org/licenses/by/4.0/

Nested Multilevel Monte Carlo with Preintegration
for Efficient Risk Estimation

Yu Xu!, Yifeng Yu'", Xiaoqun Wang!

"Department of Mathematical Sciences, Tsinghua University, Beijing,
100084, People’s Republic of China.

*Corresponding author(s). E-mail(s): yyf22@mails.tsinghua.edu.cn;
Contributing authors: yu-xu22@mails.tsinghua.edu.cn;
wangxiaoqun@mail.tsinghua.edu.cn;

Abstract

Nested Monte Carlo is widely used for risk estimation, but its efficiency is limited
by the discontinuity of the indicator function and high computational cost. This
paper proposes a nested Multilevel Monte Carlo (MLMC) method combined with
preintegration for efficient risk estimation. We first use preintegration to inte-
grate out one outer random variable, which effectively handles the discontinuity
of the indicator function. We then construct the smoothed MLMC estimator to
reduce the computational cost. We prove that the strong convergence rate of
the MLMC combined with preintegration reaches —1, compared with —1/2 for
the standard MLMC. Consequently, a nearly optimal computational complexity
is achieved. Besides, our method can also handle the high-kurtosis phenomenon
caused by indicator functions. Numerical experiments verify that our MLMC
with preintegration outperforms the standard MLMC and the optimal compu-
tational cost can be attained. Combining our method with quasi-Monte Carlo
further improves its performance in high dimensions.

Keywords: Nested simulation, Multilevel Monte Carlo, Risk estimation, Preintegration

1 Introduction

Risk estimation is a basic and important task in financial risk management. It is used
in many real financial activities, such as portfolio investment, option pricing and bank
risk control. The goal of risk estimation is to calculate the probability of extreme



loss events for a financial portfolio accurately and quickly. In most practical cases,
this calculation can be transformed into estimating the expectation of a function of
a conditional expectation. For this kind of problem, nested Monte Carlo simulation
(Broadie et al. 2011; Gordy and Juneja 2010) is the most commonly used method,
because it is easy to implement and can adapt to complex financial models.

Nested Monte Carlo simulation works with two layers of sampling: the outer layer
generates samples of the multidimensional random variable, and the inner layer gen-
erates samples to estimate the conditional expectation for each outer sample. After
getting the conditional expectation estimate for all outer samples, we aggregate these
results to get the final estimate of the target risk measure. Gordy and Juneja (2010)
showed that to achieve a root mean squared error (RMSE) for given tolerance TOL,
allocating proper computational effort in each level results in a total cost of O(TOL_S).
Nested simulation can be made more efficient by allocating computational effort
nonuniformly across scenarios. Particularly, Broadie et al. (2011) proposed an adap-
tive procedure to allocate computational effort to inner simulations. The resulting
nonuniform nested simulation estimator enjoys a reduced complexity of O(TOL_5/ 2)
under certain conditions.

To reduce the computational cost of the nested Monte Carlo simulation, Multilevel
Monte Carlo (MLMC) (Giles 2008, 2015; Heinrich 1998) has been developed and widely
used in recent years. MLMC is a powerful variance reduction technique. It decomposes
the target expectation into a sum of differences between estimates at different accuracy
levels. For high-accuracy levels with high sampling cost, MLMC uses fewer samples,
and for low-accuracy levels with low cost, it uses more samples. This strategy of sample
allocation greatly reduces the total computational cost compared with the standard
Monte Carlo method. Recently, Giles and Haji-Ali (2019) proposed to use MLMC in
nested simulation for risk estimation. They showed that in the original MLMC, the
complexity is O(TOL_5/ 2). By incorporating the adaptive allocations procedure of
Broadie et al. (2011), Giles and Haji-Ali (2019) showed that the complexity of MLMC
can be reduced to O(TOL™?(log(TOL))?) under certain conditions. For applications
of nested MLMC, we refer to Bujok et al. (2015); Giles (2018); Giles and Goda (2019);
Goda et al. (2020, 2018).

However, the standard MLMC cannot solve the problem of the discontinuity of the
indicator function in risk estimation. This discontinuity makes the standard MLMC
having poor robustness: its variance decays very slowly at deep high-accuracy levels,
and the kurtosis increases sharply with the level. As a result, the standard MLMC still
has limited efficiency in practical risk estimation tasks. To address the discontinuity
problem of the indicator function, preintegration (Achtsis et al. 2013a,b; Bayer et al.
2018; Glasserman and Staum 2001; Griewank et al. 2018) (also called conditional MC
or conditional sampling) has become a research focus in recent years. It integrates
out one of the random variables analytically or numerically, which can eliminate the
discontinuity caused by the indicator function. Moreover, preintegration is easy to
combine with the existing MLMC framework, and it does not change the original bias
of the nested simulation estimator. This means that preintegration can improve the
convergence rate and robustness without increasing the bias, which makes it a perfect
match for MLMC in risk estimation.



In this paper, we combine the preintegration technique with nested MLMC to
develop a new efficient method for risk estimation. We start with the basic prob-
lem setting of nested simulation for risk estimation, and review the asymptotic bias
property of the standard nested Monte Carlo estimator (Gordy and Juneja 2010).
We then introduce the preintegration technique in detail: we define the preintegrated
function for the risk measure. When a closed-form explicit expression for the function
after preintegration does not exist, Bayer et al. (2023, 2024) proposed a numerical
smoothing method to approximate the preintegration via Newton iteration and one-
dimensional numerical quadrature schemes. They use the Newton iteration method
to approximate the discontinuity point, and apply the two-sided Laguerre quadrature
rule to compute the one-dimensional preintegration numerically.

After constructing the smoothed estimator with preintegration, we combine it with
the MLMC method to construct the nested MLMC estimator with preintegration.
Then we conduct a comprehensive and detailed theoretical analysis for the proposed
method. First, we decompose the mean squared error (MSE) of the proposed estima-
tor into three parts: the bias error of the nested simulation, the statistical error of the
MLMC method, and the numerical error from preintegration. We analyze the conver-
gence rate for each part separately. Second, we establish the strong convergence of
the proposed estimator, and derive that the variance of the level differences decays
at a rate of O(mgl), where my is the inner sample size at level £. Third, we analyze
the computational complexity of the method, and show that it has a complexity of
O(TOL™?(log(TOL))?). Fourth, we prove that the kurtosis of the proposed method is
bounded, which means the method has good robustness and avoids the high-kurtosis
problem of the standard MLMC.

The numerical experiments confirm our theoretical conclusions. The smoothed
MLMC with preintegration has more stable weak convergence than the standard
MLMC, and its variance decays fast and nearly achieves our theoretical convergence
rate. The kurtosis of the proposed method remains at a low level and almost does not
change with the level, implying it has excellent robustness. In terms of computational
cost, the proposed method needs much less cost to achieve the same accuracy, and its
cost attained theoretical complexity O(TOL™?(log(TOL))?). We also extend the pro-
posed method by combining it with quasi-Monte Carlo (Caflisch 1998; Caflisch et al.
1997; Dick and Pillichshammer 2010; Niederreiter 1992; Owen 2023) (QMC) to increase
the accuracy of inner simulation in high-dimensional cases, and test the performance
of Multilevel QMC (Goda et al. 2018; Xu et al. 2024) (MLQMC) combined with prein-
tegration (called smoothed MLQMC) in high dimensions. The smoothed MLQMC
significantly improves the computational accuracy in high-dimensional settings, and its
strong convergence rate even reaches —3/2 in our experiments. Furthermore, combined
with antithetic sampling (Bujok et al. 2015; Giles and Goda 2019; Giles and Haji-
Ali 2019), the smoothed MLMC achieves further variance reduction and even higher
strong convergence rates, thereby effectively reducing the computational complexity.

This paper makes three main contributions. First, we successfully combine the
preintegration smoothing technique with nested MLMC, and construct a smoothed
MLMC estimator for risk estimation. Second, we conduct a complete theoretical anal-
ysis for the proposed method, including error decomposition, strong convergence,



complexity and robustness, and derive clear theoretical results about convergence rate,
variance decay and complexity. Third, we design detailed numerical experiments to ver-
ify the theoretical results, and show that the proposed method has obvious advantages
over the standard MLMC in practical risk estimation, especially in high-dimensional
cases.

The rest of the paper is organized as follows. Section 2 introduces the basic setting
of nested simulation for risk estimation and the preintegration technique. Section 3
combines preintegration with MLMC to construct the proposed estimator, and per-
forms the detailed theoretical analysis (error, convergence, complexity and robustness).
Section 4 presents the numerical experiments. Section 5 presents the main conclu-
sions of the paper and points out the directions for future research. The Appendix A
provides the proofs of the lemmas used in the theoretical analysis.

2 Nested simulation and preintegration

2.1 Problem setting and nested simulation

In risk estimation, nested Monte Carlo methods are widely adopted to solve the prob-
lem of estimating expectations of functions of conditional expectations. We consider
the problem of estimating

0 :=PE[X|w] > ¢) = E[{E[X|w] > ¢}] := E[g(p(w))] (1)

via simulation for a given constant ¢, where ¢p(w) := E[X|w]| and g(-) = I{- > c}.
The inner expectation of the one-dimensional random variable X, is conditional on
the value of the outer multidimensional random variable w. We aim to estimate the
expectation of a function of a conditional expectation in (1) via nested simulation. In
the nested Monte Carlo approach, we consider the estimator

. 1<~ .
0"77" = E;gm«“)l)a

where
m

i) =Hom(y) > b, mly) = - > X,(0), 2
j=1

where w; are independent and identically distributed (i.i.d.) replications of w, and
X (y) are i.i.d. replications of X given w = y. The quadrature rule ¢,,(y) is used to
estimate the conditional expectation ¢(y) = E[X|w = y] in the inner simulation.

The bias of the nested Monte Carlo estimator is a critical factor affecting estimation
accuracy, and the following theorem from Gordy and Juneja (2010) characterizes its
asymptotic bias behavior.

Theorem 1 Let f(-) be the probability density function of ¢(w). Assume the following:

e The joint density pm(z,y) of p(w) and m'/?[pn(w) — @(w)] and the partial
derivatives (0/0z)pm(z,vy) and (8%/0x2)py(z,y) exist for each m and (z,y).



e For each m > 1, there exist functions f; m(-) such that

ozt

‘ %

In addition,

sup / ly|" fi.m(y)dy < oo, fori=0,1,2 and 0 <r < 4.
m2>1

Then the bias of the nested estimator énym asymptotically satisfies

[El0nm — 0] = [Elgm(w) — 0] < 2 o372, 3)

where
0(c) = 5/ (O)Elo*(@)le(w) = d],

and o2 (y) denotes the conditional variance of X (conditioned on w = y).

This theorem provides an explicit asymptotic upper bound for the bias of the
nested Monte Carlo estimator 6, ,,,. It demonstrates that the leading term of the bias
decays at the rate of 1/m.

2.2 Preintegration

The efficiency of nested Multilevel Monte Carlo (MLMC) simulation is often signifi-
cantly degraded by the discontinuity of the indicator function g(-), which slows down
the strong convergence rate in practical risk estimation. To avoid this issue and improve
the accuracy of nested MLMC simulation, we introduce the preintegration technique,
which integrates out one of the outer random variables analytically or numerically,
and then the discontinuity can be effectively handled and the overall efficiency can be
greatly enhanced. In this paper, for simplicity, we assume that the variable w; has an
independent probability density function p; with other variables, so we always per-
form preintegration over w;. The specific procedure of inner simulation combined with
preintegration is performed by the following formula

0 = E[l{p(w) > c}] = E[g(o(w))]

| / 9((@1,w_1))p1 (@1)dwr] = Elh(w_1)]

~ E[/R Gm (w1, w_1)p1(w1)dw1] := E[hy, (w_1)],

where
h(w_1) = /}R 9(p(@1,w_1))pr (@),



and
=y :/Rgm(wlawfl)[)l(wl)dwl- (4)

From the above calculations, we can observe that the preintegration does not
change the bias of estimator of the nested simulation, and therefore preintegration can-
not change the computational complexity of the nested simulation. It is worth noting
that the preintegrated function h generally lacks a closed-form analytical expression,
thus requiring numerical approximation of the one-dimensional integral. We follow the
numerical smooth method of Bayer et al. (2023, 2024) and make the same assumption
as Bayer et al. (2024). For fixed &_1, we assume that the function ¢(z1,x_1) has a
simple root or is positive for all ;1 € R. This assumption is guaranteed by the fol-
lowing monotonicity condition 1 and the infinite growth condition 2. We present the
monotonicity condition for an increasing function without loss of generality.

1. Monotonicity condition. g—fl(m) >0, Ve e R

2. Growth condition. lim+ o(x) = lim @z, 1) =400, Va_, € RI!
x1—+00 oo

T1—+

2
or ‘27?(33) >0, VxR

Under the above conditions, for any fixed w_1, we can uniquely determine the
discontinuity point y] by solving the equation

oy, w-1) =c.

We employ the Newton iteration method to determine the approximate discontinuity
location y7.

The second step of the numerical smoothing framework is to perform numerical
preintegration based on the approximate discontinuity point, which is formulated as
follows: .

Elg(¢(@))] = Elh(w-1)] ~ Elb(w_1)] ~ E[h(w_1)];
where

hm(w—l):/Rgm(wlyw—l)pl(wl)dwl

yik —+o0
=/ gm(wlaw—l)l)l(wl)dw1+/ Gm (w1, w_1)p1(w1)dwi,  (5)

— 0 o
and h is the approximation of h obtained using the Newton iteration and a two-sided
Laguerre quadrature rule, which is expressed as follows

My g

hm(w—l) = Z Mk Jm (Ck (gik) 7w—1) ’ (6)

k=0

where Mi,,g represents the number of Laguerre quadrature points ¢, € R with (o =
97 and corresponding weights 7. The quadrature points (; must be systematically
selected based on the approximate discontinuity point 47 to ensure numerical accuracy.



Equations (5) and (6) can be easily extended to the case of finitely many dis-
continuities. We refer to Remark 2.5 presented in Bayer et al. (2023) for this
extension.

3 MLMC combined with preintegration

MLMC method is a powerful variance reduction technique that decomposes the target
expectation into a telescoping sum of level differences, significantly reducing com-
putational cost. In this section, we first review the fundamental idea of MLMC,
then construct the MLMC estimator with preintegration technique proposed in the
previous section. We recall that h(w_1) = [ g(¢(w1,w_1))p1(w1)dw:. Instead of deal-
ing with h directly, we consider a sequence of random variables ., Am,,... with
increasing approximation accuracy to h but with increasing cost per sample. The
approximation accuracy improves with the increase of inner sample size, while the
computational cost per level also rises accordingly. The ¢th level approximation of A is
By (w_1) = Jg 9me (w1, w—1)p1(w1)dws, where my = 270 in our setting and £ > 0.
We simplify the subscript notation my to ¢, like h,,,, to he, and L denotes the maximum
level. Moreover, Mr,,s ¢ and TOLNewton,¢ denote the number of Laguerre quadrature
points and the tolerance of the Newton method at the level ¢, respectively.

Due to the linearity of expectation, we have the following telescoping representation

Elhr] = Elho] + > Elhy — he_].
(=1

Let Y, = iLg - izg_l for ¢ > 1 and YO = }ALO, we have

L

E[hs) =) E[Yd). (7)

=

(=)

The MLMC method uses the above equality and estimates each term on the right
hand side of (7) independently. The resulting MLMC estimator is given by

L
Q=> Q (8)
with

i=1
where Y[(l), . ,}A/K(NZ) are i.i.d. replications of Y, for ¢ = 0,...,L.



Similarly, let Y, = hy — hy_; for £ > 1 and Yy = hg, we can construct the MLMC
estimator with numerical preintegration

L
Q = ZQ@? (9)
=0
where
L Ssp
oi=—Y Y, 0<(<L
Qé NZ ; { = = )
where }72(1), .. ,Y;Z(NK) are i.i.d. replications of Y, for £ =0,..., L.

3.1 Error analysis

This subsection analyzes the different error contributions in the MLMC estimator with
the numerical preintegration to approximate § = E[g(¢(w))] with g, ¢ given by (1).
We have the following MSE decomposition

E (Elg(p(@))] — Q)" < 3 (E[g(p(w))] — E[gz(w)])’

Error I: bias or weak error
N N\ 2
+ 38 (Blhs(w 1) - Q)
Error II: MLMC statistical error

+ 3E(Q—Q)2
A

Error III: numerical integration and root-finding error

= 3(E1 + E2 + E’3)7 (10)

where hy, is given by (4), and Q and @ are given by (8) and (9), respectively. Here
FE1, Es, and E3 denote the squared bias, the statistical mean squared error, and the
numerical preintegration mean squared error, respectively, without the prefactor 3.

We first analyze Ej, which corresponds to the weak error/bias of the nested
estimator. According to Theorem 1, we have

By = O(m;?). (11)

For simplification, we assume that on all levels (0 < ¢ < L) Mg ¢ = Mg, and

TOLnewton,¢ = TOLNewton,r.,- With the convention h_; = h_; = 0, we estimate Es5 as
follows:

2

E;=E (Q - Q>2 =E (ZL: N% i ((ﬁe —hy_1) = (he — Btz—l))>
(=0

ne=1



L 2
<L) 1 S B (e her) — (e~ b))

L
< 2(L + 1) E — (E(}Alg — }_14)2 + E(iLg,1 — 5571)2)

(TOLQNewton,L)’ (12)

where s > 0 is related to the regularity of the integrand. See Bayer et al. (2023, 2024)
for details of the error bound in (12).

FE5 represents the statistical error of the MLMC estimator, which is determined
by the sample variance and the number of samples at each level. From the standard
multilevel error analysis, we obtain

L
By =Y (N)™'Va, (13)
£=0

where
%::Var [}Afo} , W::Var[?g] , 1 <0< L.

Let Cy be the cost per sample per level, given by

Newton,?

Ci o me(Miag,e + Niere) o< e (Miage +10g (TOL on ) ) 0S €S L, (14)
where Niter,e is the number of the Newton iterations at level /. Under some mild
conditions and by using Taylor expansion, we can show that Newton iteration has a

second order convergence and we conclude that Niter, o< log (TOLﬁiwton,e) (Bayer

et al. 2024). The variance sequence {‘72} is the core parameter for MLMC sample
allocation, and the next section establishes its decay rate. Theorem 2 gives estimates
of the variances {V;}}_,, and shows that V, = O(m; ).

Finally, using (10)—(13), the total MSE estimate of the estimator @ is

E(E[g(¢(w))] - Q)?

L
=0(m;?*) + 0 (Z (Ne)_lve> +O(Mpy, 1) + O(TOLRewion ). (15)
£=0

3.2 Strong convergence results for MLMC with preintegration

In this subsection, we derive the strong convergence rate of our estimator based on the
MLMC method with the preintegration technique. Before proving our main theorem,
we require the following definition and assumptions. We first introduce the following
definition for uniformly bounded random variables.



Definition 1 For sequences of random variables F, we write that Fy = O(1) if there exists
a random variable C' with finite moments of all orders, such that for all N, we have |Fy| < C
a.s.

We impose the following regularity assumptions on the conditional expectation
function and its derivatives. We use the notation 9% , with some positive integer d to
denote the d-th partial derivative with respect to w; in what follows.

Assumption 1 Suppose that the function p(w) = E[X|w] in (1) satisfies
plwn,w-1) = O(1), dup(wi,w1)=0(1) and 8w, w)=0(1).

Assume additionally that the pairs (X;(w), 0w, X;(w)) are conditionally i.i.d. given w, with
derivatives taken at fixed inner random inputs independent of w, and satisfy

E [0u, X1(w) | w] = O, p(w),
E [| X1 (w)]? + 0w, X1 (w)|1] < 00 for every q > 2.

Assumption 2 Let ¢y = ¢$m, be defined in (2). With the inner random inputs fixed,
assume that, almost surely, each function @y(-,w_1) is continuously differentiable on every
connected component of {p; > 0}, with a locally absolutely continuous first derivative.
On each component, these derivatives are nonzero and have the same sign for all £ > 0.
Furthermore, assume that

(B p0(w)) ™ = O(1)
and, for some rx« > 4,
supE [102, ¢ (w)|™* | < oc.
>0
The second derivatives are interpreted in the almost-everywhere sense.

We also assume that the density of w; satisfies the following assumption.

Assumption 3 Suppose that p; is locally absolutely continuous on R. Define s(y) :=
01 (y)/p1(y) almost everywhere on {y : p1(y) > 0} and set s(y) = 0 where p1(y) = 0. Assume
that there exists px > 1 such that

/ Is(y)|P* p1(y) dy < oo.
R

The following classical moment inequality (Giles and Goda 2019) for sample
averages is essential for our error estimation.

Lemma 1 Let X be a random variable with zero mean, and let X be an average of N i.i.d.
samples of X. If E[|X|P] is finite for p > 2, there exists a constant Cp depending only on p
such that

E[IX17]

E[|Xn1"] < Cprprr

10



Based on the above assumptions and the moment inequality in Lemma 1, we derive
the moment bounds for the error of level difference.

Lemma 2 Suppose that Assumption 1 is satisfied and we define
er(wi,w-1) == Pp(wr,w-1) — o1 (w1,w—1).
For every p > 1 and £ > 1, we have
2 —
Efle¢(w)|™] = O(m,?) (16)

and
E[|(8ur e¢) (w)[*P] = O(m, P). (17)

Proof Under Assumption 1, we have E[|¢(w)|P] < oo and E[|0w, ¢(w)[P] < oo for every p > 1.
From the definition of ey, we have

Elleq(w)|*] = E[|¢e(w) — ¢e—1(w)[*7]
= E[|(¢¢(w) — (@) = ($r-1(w) — p(w))[*7]
< 2P TIE[|@g(w) — (@) [P] + 2P TIE[|r 1 (@) — p(w)[*P).
Since ¢y (w) is conditionally unbiased given w, applying Lemma 1 conditionally with exponent
2p > 2 gives
E[| X1 (w) = p(w)|* | w]
my
E[| X1 (@) | w]

P
my

Ell¢e(w) — p(w)[*P|w] < C

< 2?PC

Taking expectations and using the moment condition in Assumption 1, we obtain

E [I¢e(w) - p(w)[**] < ifE [ X1(@)*?] = Om; 7).

Thus
Elleg(w)[*"] = O(m, P).

Similarly, we can obtain that
2 —
E[|0wr ee(w)[*F] = O(m,").
O

We now present the theorem which establishes the optimal variance decay rate for
the MLMC estimator with smoothing. To obtain the result of Theorem 2, we follow
the proof strategy of Bayer et al. (2024). By incorporating preintegration, we improve
the strong convergence rate to —1, compared with —1/2 for standard MLMC (Giles
and Haji-Ali 2019).

Theorem 2 Let the function g,¢ be defined in (1) and hy be defined in (4). Then under
Assumptions 1, 2 and 3, we have .
Ve =O(m; ).

11



N R R R R 2
Proof First we observe that V; = Var [h@ — hg,l] <E [(hg - hg,l) } Therefore, we only

PO 2
need to prove that E [(h@ — hg_l) } = O(mzl). For 6 > 0, let gs denote a C'°° mollified

version of g (i.e., obtained by convoluting g with a mollifier), then we have

- / (5(Pewn, 1)) — G5 (@1 (@1, w-1))) p1(wr)dws (18)

1
:/]R /gg oot (@ w_1) + Oegwr,w_1) | 46| eplwr,w 1) pr(wn)dws
0

=z(0;w1,w_1)

[ A1
- / / awlgaz(e;wl,w1>><awlz<a;w1,wnrlde] eo(wr,w_1) pa(w1)dun
R L 0

1
- / { / awlg(s(z(e;wl,wfl))(awlzw;wl,wfl))*lee(wl,w)m(«ul)dwl} d
0 R

where the fourth equality uses O, §s = §50w, 2, and the last equality follows from Fubini’s
theorem, then we have

-
ARY(w_1) = _/o /R%(Z(H;wl,w—ﬂ) Ousy ((awlz(a;W17W—1))_l ep(w1,w-1) p1(w1)) dw] do

- 7/01 /]R Gs(2(0;w1,w_1)) (eg(wl,w,l) Doy ((8‘012(0;‘“17(971))71pl(wl))

+ (awlz(e;w1,w,1))71 p1(w1) 8wleg(w1,w,1)) dwl] do

- _/01 /Regm,wfl)ga(z(e;wwfm

(awl ((Owlz(ﬁgwl,w_l))_l) + s(w1) (Ow, 2(6; wl,w_l))_l) pl(wl)dwl} do

1
-/ [ / awlez(wl,w_nga(z(e;wl,w_n)(awlz(e;m,w_m*lm(wl)dwl] b,
o L/r 19)

where s is defined in Assumption 3, and the boundary terms of the first equality vanish due
to Lemma 3 in Appendix A.
Taking & — 0 and applying the dominated convergence theorem to (19), we obtain

Ahg(w_1) := (hy — hy—1)(w_1)
1
:—/0 {/Ree(whw_l)g(z(g;wl’w_l))
()

(6w1 ((8w1z(0;w17w_1))71> + s(w1) (Ow, 2(0; wl,w_l))fl) pl(wl)dwl}de

)

12



1
—/ [/ Ay eo(wi, w_1)g(2(0; w1, w_1)) (Bun 2(0; w1, w_1)) " p1 (w1 )dwr | d6.
0 R

(I1)
(20)
=T + T (21)
where we denote the first term in (20) as T, and the second term in (20) as T5.
For the term (I) in (21), taking expectation and using Holder’s inequality twice
(p,q,p1,q1 € (1,400), %—F % =1 and p% + q% = 1), we have

2

L}, ([0,1]xR)

2q1 1/(11
L%([QH“@})

< (B [leetwo 22 o ]) 7 (22)

Choose the exponents above such that ¢ < p«, p > 4p1, and 4¢g; < 74; such a choice is possible
since px > 1 and 7« > 4. The first factor in the right-hand side of (22) is bounded, because

we first observe that

E[rf] <E [ng(: wwo1)) (Br (@or2(i0o1) ™) +5(0) (G2 w-1) )|
X Hez("aw—l)H%gl(R)]

< (B [atetw-10) (2 (0urw1) ™) 4 56) @un 26,02 )|

80)1@[({"}17"'"—1) >_1 , (23)

) -1 _ . -1 _
(8W1Z(97wlaw—1)) - (80-’1()0471((“)17‘*’—1)) ((1 0>+08&)1¢E71(w17w—1)

and
B (B 203001, 0-1)) )
= =05, 2(0; w1, w_1) (0, 2(05 w1, w_1))
=~ (1= 00, pr 1 (wr,w-1) + 005, @r(w1,w-1) ) (B Pe1 (w1, w-1)) >
O Bolwr . w -2
<(a-orogniets)
Then, using Assumption 2, we obtain that (6w1¢4,1(w1,w_1))71 = O(1) and

(8w1¢g_1(w1,w,1))_2 = O(1). Moreover, Assumption 2 gives uniformly bounded r«-th
moments of 9, p¢. Together with the common derivative sign, the inverse-derivative bound,
Assumption 3, and the chosen Holder exponents, this yields the following bound uniformly

2q1 })1/111
< 0.
L}, ([0,1]xR)

(24)
Choosing p and p; such that % < 1, and applying Jensen’s inequality for the second
factor in the right-hand side of (22), then using (16) in Lemma 2, we obtain

in £:

(& [Jotetsmsw-0) (01 (@565 0-0) ) 50 rnoa)) )|

2py 1/p1

1/P1 P
(E [”ef("“’*lﬂﬁL%ll(R)D =|E (/R|6e(w1,wf1)\pp1dm)
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< <E [/R|€z(w1,w—1)|p pldw1}>g

=0(m; ). (25)

Consequently, combined with (24) and (25) we conclude that E [Tf] = O(mzl).

For the term (II) in (21), taking expectation and using Holder’s inequality twice
(»,q,p1,q1 € (1,400), %Jr % =1 and p% + q% = 1), we have

E [Tzﬂ <E {Hg(z('; Hw-1)) (G205 "w_l))_l) 2LZl([o,l]xR)

% H@wleg(',w—l)H%ﬁl (R)}

2q1 1/q1 - p
L%([O,l]xR)}) X (E |:||awle€('7w*l)”Lgl(R)]) .
(26)

< (B{latctsnw-0) Qo)

Similarly to (25) and using (17) in Lemma 2, we obtain that

(IE [H@wlee(',w_ﬂ”i%ll (R)Dl/m = O(mzl).

Moreover, similar to the prove of (25), we get the first term in the right-hand side of (26) to
be bounded. This concludes that E [TQQ] = O(m[l) and consequently finishes the proof. O

Remark 1 We can reduce the variance by using antithetic sampling (Bujok et al. 2015;
Giles and Goda 2019; Giles and Haji-Ali 2019), a common technique in the MLMC method.
However, when the outer function is discontinuous, such as the indicator function in (1),
antithetic sampling usually yields little improvement. Antithetic sampling generally achieves
satisfactory variance reduction only for continuous functions, which aligns well with our pro-
posed smoothed MLMC method. We construct the following antithetic form by replacing
Yy = hy — hy_1 for coupling the consecutive levels

N . 1 4 .
Ve =he = 52 + 1) (27)
where 4 4 4 .
%MwﬂzéﬂMMMAMWMm@ZMzﬂéﬂw>d
and .
; 1 1My —1
oy =—— Y Xy, i=12

my_
1o —Dme

We can prove that the strong convergence rate of antithetic sampling remains O(mzl), which
can be shown by decomposing (18) into two parts. Although antithetic sampling does not
alter our theoretical convergence order, it exhibits favorable performance in the numerical
experiments presented in Section 4.

3.3 Complexity analysis

To achieve a root mean square error (RMSE) for certain tolerance TOL with minimal
computational cost, we formulate the following constrained optimization problem for

14



the MLMC parameters. One needs to solve (28) using (15)

min C (L7 {Né}é/:()y {MLag,E}gz()a {TOLNewton,Z}%:())
(L AN o {Mrag.e} 5o {TOLNewton, e} 2_g)

5.t E[(Q — )% = TOL?
(28)

where C (L, {N¢}t_ o, {Mrag,e}—o, {TOLNewton,¢ } i) is the total computational com-
plexity of our method. From (14), we obtain the total computational complexity of
our approach as follows

L
¢ (L7 {N€}£:Oa {MLag,Z}%zov {TOLNewton,é}ngo) X Z NyCy
£=0

L

o 3 Neme (Mg, +log (TOLR, o)) - (29)
=0

In this work, we do not solve (28); instead, we select the different parameters
heuristically. A further investigation of optimizing (28) is left for a future study.

The following corollary summarizes the computational complexity of the MLMC
with preintegration and MLMC with numerical preintegration.

Remark 2 Since we have improved the strong convergence rate from —1/2 to —1 by incor-
porating the preintegration, our MLMC with preintegration also achieves a sub-optimal
computational complexity. Using numerical preintegration introduces additional computa-
tional cost, but the constant s > 1 in the O(TOL_Q_Q/S (log(TOL))?) usually makes this
extra cost negligible (Bayer et al. 2024).

Corollary 1 Under the Assumptions of Theorem 1 and Theorem 2 , for any 0 < TOL <
1, the complexity of MLMC with numerical preintegration is O(TOL7272/S (log(TOL))Q) .
Moreover, the complexity of MLMC with preintegration is O(TOL72 (log( TOL))Q).

Proof We recall the error decomposition in (10). First, to ensure Ey < TOL?/9, we choose
Ny < CTOL *(L+1)m, ' +1, (30)
where C' is a sufficiently large constant. To ensure E; < TOL2/97 we obtain
L+1=0(log(TOL™ 1)),
and due to 0 < TOL < 1, we have

L
> my = O(TOL™?).
£=0

Moreover, to ensure F3 < TOL?/9, using (12), we obtain
Myag 1, = O(TOL™?/%),

15



—1 -1
Nier, = 108 (TOLg 00 1) = Ollog (TOL™Y)).
For simplification, we assume that on all levels 0 < ¢ < L, My,5¢ = Mp,g 1 and
TOLNewton,t = TOLNewton,r,- Then, by using (29) and (30), we have the computational
complexity of our MLMC estimator with numerical smoothing is

L L

Z NyCp Z Nymy (MLag,l + log (TOL;Ielzwton,é))
=0 £=0

< CTOL (L +1)° (MLag,L + log (TOLﬁimon,L))

L
+ (MLag,L + log (TOL;Iéwton,L)) Z my
£=0

= O(TOL ™27 (3/%) (1og(TOL))?).

3.4 Robustness analysis

Due to the discontinuity of the indicator function g in (1), the standard MLMC method
exhibits a high kurtosis phenomenon, which adversely affects its numerical stability
and robustness. We define Y := g, — Gm,_,. As shown in Ben Hammouda et al.
(2020), the standard deviation of the sample variance for Yy is given by

o Var[Yg]\/ 2
oy = m (I{g 1)+Ng—17

where kg is the kurtosis at level ¢, given by

E(Y; — EYy)*

T T Var i)

High kurtosis makes it challenging to estimate V, accurately in deeper levels, since
there are less samples in deeper levels under the MLMC scheme (Ben Hammouda et al.
2020). It should be noted that the high-kurtosis phenomenon is due to the structure of
the indicator function. The smoothed MLMC method we proposed earlier can precisely
solve this problem. We define the kurtosis of the smoothed MLMC estimator as

(v 1]

where Y} is defined in (7).

Corollary 2 Let iy in (31) be the kurtosis of Yy, assume that V[l = O(my). Then under
the same assumption of Theorem 2, we have

i = O(1).
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~ ~\4
Proof Similar to the proof of Theorem 2, we can obtain E(Yg - EYZ) = O(me_Q). Then,
combined with \72_1 = O(my), we get iy = O(1). O

Remark 8 In our previous analysis, we only considered the upper bound of Vg, for which we
conducted theoretical analysis and derived the upper bound O(m;l). However, to obtain the
kurtosis of 17@, we need a lower bound of Vg, which is rather difficult in theoretical analysis.
In our numerical experiments, we observed that the convergence rate of Vg is roughly on par
with —1 and does not converge faster. Therefore, in Corollary 2, we assume that Vg has a
lower bound, i.e., V[l = O(my).

4 Numerical experiments

In this section, several numerical experiments are carried out to investigate the per-
formance of the proposed method. We focus on a portfolio composed of European
options that are written on d underlying stocks, with the price dynamics governed by
the Black-Scholes model. For simplicity, we assume that all stock returns are identical
and are denoted by p, whereas the risk-free interest rate is represented by pg. The
price dynamics of the stock S; = (S}, ..., S%) is described by the following stochastic
differential equation

ds; 2 ,
S; =pdt+) 0i;dB], i=1,....d, (32)
t j=1
where ' = p under the real-world probability measure, and p' = pg under the
risk-neutral probability measure. Here, B; = (B}, ..., BY) is a d-dimensional stan-

dard Brownian motion which represents d risk factors in the model and o;; are the
corresponding volatility. The solution of (32) is analytically available

d d
Sz:S(z)eXp{(M/_i E U’?j)t—"_ E UZng}? ’L'Zl,...,d7
Jj=1 Jj=1

where So = (S3,...,S8) are the initial prices of stocks.

We assume that the maturities of all the European options in the portfolio are
the same, and are denoted by T. We want to measure the portfolio risk at a future
time 7 (7 < T). In the simulation, we first simulate the random variable w = S, =
(S1,...,8%) under real-world probability measure, which denotes the prices of stocks
at the risk horizon 7 as the outer sample. And then simulate St = (S%, ..., S%) under
the risk-neutral probability measure which is the prices of stocks at maturity 7" given
w as the inner samples. Let V) = Zle vy denote the initial value of the portfolio,
where each v can be calculated using the Black-Scholes pricing formula (Hull and
Basu 2016). The change in the portfolio’s value is

p(w) = Vo — E[Vr(St)|w],
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where Vp(S7) is the discounted payoff of the portfolio at time 7" which is a known
function of S.

The target of our numerical experiments is to estimate the probability of loss
0 = P(e(w) > ¢) for a given threshold c¢. The number of inner samples is set as
myg = 32 x 2% in all experiments.

4.1 Multiple assets

Now we consider a portfolio consists of d European call options, which was studied
in Hong et al. (2017). Given the outer sample w = (wy,...,wq) = S, = (SL,...,59)
which denotes the prices of stocks at the risk horizon 7 under real-world measure

w =8 = Soexp{ ZJzJT+ZUZ]fZ bhi=1,...,d,

where Z = (Z1,...,Z4) ~ N(0,14) and K = (K3,...,Ky), the strike prices for call
options, the portfolio value change is

d
o(w) = Vo — E[e roT—7 Z Skt (wi, W) — K;) T |w],
i=1

the expectation is taken over the random variable W = (W', ... W) ~ N(0,1I,),
and samples of

d

i 1 2 i

Sip(wi, W) = w; exp{ (o — B E 1aij)(T —7)+ g 1 o VT —TW7}, i=1,...,d,
i= i=

are simulated under the risk-neutral measure.

Next, we provide the analytical expression for the preintegration of the loss function
with respect to wy. For simplicity, we suppose that o1; = 057 =0 for 1 < 4,5 < d. We
rewrite the function p(w) as

p(w) = ~E[e™ T (St (w1, W) — K1) T |wi]

d
+ Vo — E[e Ho(T=7 Z Si(wi, W) — Ki)Flw_]

— (1) + pr(wr).

where 1
=5} = Sy exp{(p — 50%1)7’ + o1V Z1},

and

w; = S = S{exp{(u ZU”T—i—ZUU\fZ} 2,...,d.
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According to the Black-Scholes model European call option formula
<p1(w1) = w1(I>(d1) — I(le_p‘o(T_T)‘b(dg)7

where

2
log % + (o + 4)(T ~ 7)
- dy =dy — oy VT — 1.
1 Ullm 2 1 11

1 is the function monotonically increasing, because

awlgol(wl) = @(dl) > 0,

where 0, ¢1 is the Delta of ¢1. Due to monotonicity, there exists a function ¢4 such
that {p(w) > ¢} = {e(Wa(w_1),w_1) > ¢} = {w1 < ¢q}. Then we have

E[{p(w) > ctlw_1] = /R]I{SOI(WI) < p_1(w-1) = c}p1(wr)dwr
= /R]I{M < Ya}tpr(wr)dws

log %4 — _on
Ogsé (/’L 2)7—

0'11\/7'

In our numerical experiments, we use inner simulation to approximate ¢_;, with the
level-¢ approximation denoted by $‘ ;. Then

E[[{¢e(w) > ctw-1] = /R]I{%(M) < @' (wo1) — chpr(wr)dw,

- / T{wn < 4} pa (e )dwy

2
911

7L
log 5t — (1 — )7

0'11\/’7'

where 1§ satisfies {¢¢(w) > ¢} = {@e(f(w_1),w_1) > c} = {w1 <5}

The parameters in our experiments are set as follows: the initial prices of the assets
S} = =8¢ =100, u = 8%, o = 5%, the strikes K; = --- = K4 = 95, the maturity
T = 0.1, and the risk horizon 7 = 0.02. Without loss of generality, we let ¥ = (0;;)
be a sub-triangular matrix satisfying C = Y37 which corresponds with Cholesky
decomposition of C, where Cj; = 0.3 - 0.98"=31 for 1 < 1,j < dand Cy; =0.3.

We use the following Algorithm 1 (Giles 2015; Goda et al. 2020) to compute the
number of outer simulation samples Ny,. Here D, denotes the level correction of the
estimator under consideration: Yy, Yg, or Y, for standard MLMC, MLMC with exact
preintegration, or MLMC with numerical preintegration, respectively.
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Algorithm 1 Let w € (0,1) be a user-specified parameter. For a target root-mean-
square accuracy &, start with L = Ly and give an initial number of samples NV, for all
the levels £ =0, ..., L. Until extra samples need to be evaluated, repeat the following:

1: Evaluate extra samples on each level.
2: Compute (or update) the empirical variances V/ for £ =0,..., L.
3: Define optimal Ny for £ =0, ..., L according to

v &
Ne= [(1—w)te? ézw/v,gck .
k=0

4: Test for the bias convergence |[E[D]|/(2% — 1) < \/we, where we use the empirical
estimates for E[D,] and a.

5: if the bias is not converged then

Let L = L 4+ 1 and give an initial number of samples N.

7. end if

@

In this algorithm, the optimal allocation of N, is derived by minimizing the total
cost Ef:o NyCy for a fixed variance ZeL:o Vi/Ny = (1 — w)e?. The bias convergence
rate « is 1, due to the theoretical bias in Theorem 1.

All numerical experiments are based on the Black-Scholes model for a portfolio of
European call options. For all levels £, the inner sample size is set as my; = 32 x 2¢. The
outer sample size Ny is chosen adaptively by Algorithm 1 with parameters w = 0.16,
Lo = 2 and N, = 200,000. We compare the standard Multilevel Monte Carlo (MLMC)
and the proposed MLMC with preintegration (smoothed MLMC) in terms of the
absolute value of expectation, variance, kurtosis and total computational cost, with
the dimension covering d = 4, 8,16. As we know, using an antithetic estimator in (27)
does not change the variance convergence rate in the crude MLMC because of the
indicator function. It is of interest to test whether antithetic sampling can get more
benefit in the smoothed method. Therefore, we also test the strong convergence rate
and computational cost of smoothed MLMC with antithetic sampling (denoted by
smoothed AMLMC) in the following experiments.

Figure 1 shows the weak convergence behavior of MLMC and smoothed MLMC for
dimensions d = 4, 8, 16. For both methods, log, |mean| decreases as the level increases,
which means the estimation bias becomes smaller when we use more inner samples. The
convergence rate of the smoothed method is almost the same as the standard MLMC
method. This matches our theoretical expectation: preintegration does not change the
convergence rate or the bias of the estimator. However, the curve of the smoothed
MLMC is much smoother and more stable than standard MLMC. The preintegration
method greatly improves the stability of the expectation estimation, even though it
does not change the convergence speed.

Figure 2 shows the strong convergence of the three methods for d = 4,8,16. The
variance decay of the standard MLMC is slow and its rate is near —1/2, while the
variance of the smoothed MLMC decays fast with the increase of the level and its rate is
near —1, which verifies the conclusion of Theorem 2 that V; = O(m; '). The AMLMC
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Fig. 1 Expectation for dimensions d = 4, 8,16
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Fig. 2 Variance for dimensions d = 4, 8,16

method achieves a convergence rate even close to —3/2. Its variance is reduced by
a factor of 10,000 at the finest level compared with the standard MLMC method.
This demonstrates the superiority of our smoothed MLMC method combined with
antithetic sampling.

Figure 3 reflects the kurtosis of the two methods. The kurtosis of the standard
MLMC increases significantly with the level, which is the high-kurtosis phenomenon
caused by the discontinuity of the indicator function. In contrast, the kurtosis of the
smoothed MLMC remains at a low level and gradually approaches a certain upper
bound, which verifies Corollary 2 that the kurtosis of the proposed method is bounded
(k¢ = O(1)). The preintegration technique effectively eliminates the discontinuity of
the indicator function and improves the robustness of the estimation.

Figure 4 compares the total computational cost of the three methods for d =
4,8,16. Smooth MLMC achieves a near optimal computational complexity O(TOL™?),
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compared with the complexity O(TOL75/2) of standard MLMC. Smoothed AMLMC
also attains the optimal complexity O(TOL™?), while reducing the computational
burden more effectively, its complexity is 100 times lower than that of the standard
MLMC method.

From the variance results above, we observe that the reduction factor of the vari-
ance of the smoothed MLMC decreases as the dimension increases. This is not a flaw of
the smoothed method itself. When we derive the preintegration formula, we use inner
simulation to approximate the function ¢. As the dimension increases, the accuracy
of the inner simulation decreases, which reduces the accuracy of our preintegration
approximation. To fix this accuracy issue of inner simulation in high-dimensional
problems, we introduce the quasi-Monte Carlo (QMC) method and combine it with
smoothed MLMC.
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We incorporate QMC method within the inner simulation. To fit QMC framework,
we assume that given w = y, X can be generated via the mapping

X(y) = ¥(u;y),

for some function ¥ and w ~ U[0,1)° with dimension s. As a result, the inner
estimator (2) is replaced by

Pm(y) = % > v(usy), (33)
j=1

and o(y) = f[o,l)s Y(u;y)du. Ifuq, . .., u,y, are QMC points (known as low discrepancy
points), which are deterministic points chosen from [0,1)® and are more uniformly
distributed than random points, the approximation (33) refers to the QMC method.

The error of the QMC method can be bounded by the Koksma-Hlawka inequality
(Niederreiter 1992)

o(y) = @m(Y)] < Vax (V(59)) D (ur, ., wm), (34)
where Vi (¢(+;y)) is the variation of the integrand ¢(-;y) for given y in the sense
of Hardy and Krause which measures the smoothness of ¥ (-;y), and D*(uy, ..., Unm)
is the star discrepancy which measures the uniformity of the points set {wuy,..., um}.

The Koksma-Hlawka inequality (34) implies that for functions of finite variation,
the convergence rate of QMC approximation is determined by the star discrepancy
D*(uq, ..., uy,), which is of order O(m~!(logm)?) for low discrepancy points.

There are various constructions of QMC point sets in the literature (Dick et al.
2017), such as digital nets and lattice rule point sets. For our numerical experiments,
we use Sobol’” sequences as QMC points and also use randomized QMC (RQMC)
points. RQMC retains the essential equi-distribution structure, while allowing a statis-
tical error estimation based on independent replications. Moreover, RQMC is able to
improve the rate of convergence for smooth integrands, such as the Owen’s scrambling
technique (Owen 1995). For a survey on RQMC, we refer to L’Ecuyer and Lemieux
(2002).

Figure 5 tests the strong convergence performance in high-dimensional cases
d = 32,50. Smoothed MLMC maintains a convergence rate of —1 even for high-
dimensional problems. Besides, both smoothed MLQMC and smoothed AMLMC
exhibit a faster convergence rate approaching —3/2, with smoothed MLQMC yield-
ing a smaller variance. The smoothed MLQMC method also demonstrates superior
numerical stability, as its kurtosis growth is bounded from above in Figure 6. Finally,
by combining smoothed MLQMC with antithetic sampling (smoothed AMLQMC), its
convergence rate even exceeds —2, and its variance is reduced by a factor of 1,000, 000
compared to MLMC at the finest level. However, owing to its high strong convergence
rate, smoothed AMLQMC exhibits higher kurtosis and reduced numerical stability.
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5 Conclusion

This paper develops a nested MLMC method with preintegration to solve the effi-
ciency and robustness problems of standard nested simulation in risk estimation. The
preintegration technique effectively handles the discontinuity of the indicator func-
tion in risk measures by integrating out one outer random variable. The theoretical
analysis proves that the proposed method has fast variance decay O(m[l), bounded
kurtosis and lower computational complexity compared with the standard MLMC,

4
level £

5 6 7

which means better convergence and robustness.
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Numerical experiments on European option portfolios under the Black-Scholes
model validate the superiority of the smoothed MLMC with preintegration. It shows
more stable weak convergence, faster decaying level variance and bounded kurtosis,
which overcomes the high-kurtosis and slow variance decay problems of the standard
MLMC. In terms of computational cost, the proposed method requires much less
cost to achieve the same accuracy. For high-dimensional problems, combining the
proposed method with QMC further improves the convergence performance, solving
the accuracy decline of inner simulation in high dimensions.

The proposed method provides a new efficient approach for financial risk estima-
tion, especially for high-dimensional portfolio risk measurement. Future research can
focus on optimizing the parameter selection of the MLMC with preintegration, such
as the optimal allocation of quadrature points and Newton iteration tolerance across
different levels, and extending the method to more complex financial models (e.g.,
stochastic volatility models) and other risk measures (e.g., expected shortfall). Further-
more, the theory combining MLQMC and preintegration has not yet been established,
which can also serve as an important direction for future research.
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Appendix A Auxiliary Technical Result

Lemma 3 Under Assumptions 1, 2, and 3, we have

1 2
lim E (eg(wl,wl) pl(wl)/ g(z(0; w1, w_1)) (awlz(e;wl,w1))1d9> =0.
0

|wi|—o0

The conclusion also holds at finite endpoints of the connected components of {p1 > 0}, with
one-sided limits taken from within the corresponding component. It remains valid for any
measurable function g satisfying |g| < 1.

Proof We have g(-) is bounded and we have also (9w, 2(0;w1,w_1)) " is bounded in moments
(similar to what we showed for (23) in the proof of Theorem 2).
Fix £ > 1 and write Z = {y : p1(y) > 0}. For wy € Z, define

Fo(;w1,w 1) := p1(w1)eg(wr,w_1) (Bun 2(0;w1,w_1)) ",

i 1/2
be(wy) = (IE /0 F@(e;wl,ul)meD ,

where the expectation is over w_j; and the inner random inputs. The common derivative sign
bounds the inverse derivative of z by the maximum of the two endpoint inverse derivatives.
Differentiating Fy and applying Holder’s inequality, the assumptions and Lemma 2 therefore
imply that by is locally absolutely continuous on each connected component of Z and satisfies

/ (be(wr) + by (w1)]) duwn < oo,
v

bz(m))u
w dwi < oo for every u > 2.
foen () yuz

At a finite endpoint a of a component of Z, local absolute continuity of p; and Assumption 3
give p1(w1) < Clw; — alP*~! near a from within that component. Since by has a finite
endpoint limit, the second integrability bound, with u > max{2, p«/(p«—1)}, forces this limit
to be zero. Extending by by zero outside Z thus gives an integrable absolutely continuous
function with integrable derivative on R, so by(w1) — 0 as |wi| — oco. Finally, since |g| < 1,
Cauchy—Schwarz gives

2

1
E p1(w1)6z(W17w—1)/0 9(2(0;w1,w-1)) (Bun 2(0;w1,w_1)) " O] | < bp(wr)?.

The claimed limits follow. The same estimate applies to any measurable replacement of g
bounded in absolute value by 1.
O
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