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Abstract

Mixed physics-informed neural networks (PINNs) offer a natural way to approximate potential and

flux together in anisotropic diffusion. Balancing individual residual components can be useful, but

leaves open how their directional coupling should enter the loss. We examine how this coupling affects

the relation between residual and mixed energy error, and use this connection to study analytical and

operator-probe weights. A weighted orthogonal decomposition yields sharp equivalence constants for

the ideal residual functional, independent of coefficient contrast in the diffusion-weighted norms. A

simple but revealing constant-flux example shows how every fixed positive componentwise weight

can select the same suboptimal approximation. The exact error ratio is determined by off-diagonal

coupling. This result holds for continuous and discrete losses with positive quadrature weights, even

with exact conservation and minimization. The classical weight K−1 recovers the best approximation

in this trial family. An operator-probe alternative combines the flux and potential-gradient response

moments through their matrix geometric mean. Its spectral bounds yield a continuous upper bound on

the energy error. Numerical comparisons show a particularly clear benefit from retaining coupling for

constant rotated coefficients. In an independent 84-run study on two manufactured problems, probe

weighting reduces geometric-mean mixed-energy errors by approximately 37% and 56% relative to the

conservation-matched and original Euclidean baselines, respectively. The observed geometric-mean

error is also slightly lower than with analytical weighting. Darcy-flow and heat-conduction examples

illustrate the resulting potential, flux and error fields.

Keywords: physics-informed neural networks; anisotropic diffusion; mixed formulation; energy error;

directional coupling; residual minimization

1 Introduction

Anisotropic diffusion describes transport with a preferred direction, as in flow through porous media

and heat conduction in composite materials. In these applications, the flux is often just as important as the

potential. Yet an accurate hydraulic head or temperature does not by itself ensure an accurate flow rate or

heat flux. Physics-informed neural networks (PINNs) approximate solutions of partial differential equations

(PDEs) by minimizing equation residuals[16, 25]. A mixed formulation predicts the potential and flux

together, so their errors can be assessed in a common energy norm. Choosing a residual norm that reflects

this error is therefore an important part of the method.

This choice becomes particularly important when the principal diffusion directions are oblique to the

coordinate axes. Separate component weights adjust the penalties along those axes, whereas the energy

norm also contains cross terms that describe how the components interact. Omitting these terms may seem

a modest simplification, but its consequence can go beyond a change in scale. Even when minimized exactly,

the resulting loss can select a different member of the same approximation class. Our central question is

how directional coupling affects both the control of energy error and the approximation selected by residual

minimization.
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This question fits naturally into the development of energy-based neural solvers. The Deep Ritz method

minimizes an energy functional, while neural least-squares methods minimize first-order system residuals[2,

8, 11]. Variational physics-informed neural operators such as VINO extend energy-based training to learning

solution operators[12]. Here we consider individual diffusion problems with known coefficients, for which

the relation between a mixed residual norm and the potential–flux error can be examined directly.

The analytical foundation is well established. Classical first-order system least-squares (FOSLS) and

mixed a posteriori analysis relate residual norms to errors in appropriate function spaces[4, 5, 7, 26, 30]. For

diffusion, the constitutive energy uses the full tensor K−1, while a Poincaré estimate supplies a computable

weight for the conservation residual. The analytical loss used here is one half of the squared functional error

majorant of Repin et al. [26] with unit balancing parameter.

These ideas have also been carried into neural solvers through coefficient-weighted least squares and

functional majorants[8, 14, 15]. ASTRAL, for example, jointly approximates the primal variable and flux

within this majorant family[15]. Robust Deep FOSLS studies energy-based Poincaré weighting for scalar-

coefficient transmission problems, using an error norm that also includes flux divergence[10]. This body

of work provides a sound starting point for examining what the full tensor contributes beyond separate

component weights, and how a related tensor can be constructed from operator responses.

A complementary line of work addresses how the training objective is balanced and minimized. Adaptive

loss weights and multi-objective updates balance training terms[3, 18, 20, 21, 29], and operator precondition-

ing uses properties of the differential operator to improve optimization[9, 19]. Deep Fourier Residual and

robust variational PINNs approximate dual residual norms through structured transforms or discrete Riesz

representations[27, 28]. For our purposes, a basic distinction remains: adjusting component magnitudes

does not supply the cross terms of a quadratic loss. The underlying geometry of inner-product changes and

diagonal scaling is classical[17, 24]. We examine its effect in an admissible mixed diffusion example where

directional coupling can be studied separately from conservation, spatial sampling and iterative optimization

errors.

Our analysis begins with a sharp comparison between the ideal residual functional and the mixed energy

error. A weighted orthogonal decomposition gives the optimal constants, independently of coefficient

contrast in the diffusion-weighted norms. Isotropic and coordinate-diagonal weights still provide an upper

error bound, although their reverse estimates can deteriorate as anisotropy increases.

A reliable error bound is valuable, but it does not by itself tell us which approximation the loss will select.

A simple constant-flux trial family makes this distinction especially clear. Every fixed positive diagonal

weight selects the same approximation; when the off-diagonal coupling is nonzero, its energy error exceeds

the best available by an explicit factor determined by that coupling. The factor applies to continuous and

sampled losses alike. Since the loss is already minimized exactly, the discrepancy in this example comes

from the chosen quadratic form rather than incomplete optimization.

The two implementations follow naturally from this analysis. The analytical weight uses K−1 directly.

For the operator-probe alternative, we probe the flux and potential-gradient terms separately and combine

their response moments through the matrix geometric mean. Spectral bounds relate the resulting tensor to

K, allowing the continuous probe-weighted loss to bound the energy error. In the constant-flux setting, these

bounds also compare the selected approximation with the best one in the prescribed class. Both constructions

have a useful consistency property: rewriting the constitutive equations leaves the objective unchanged when

the residuals and weights are transformed together.

We assess the practical consequences using matched networks and training settings. By fixing the

conservation weight and the trace of the constitutive weight matrix, we compare how penalties are distributed

across directions. The benefit of retaining the full tensor is clearest for constant rotated coefficients; when the

principal axes vary in space, the gains are more modest and less consistent across seeds. A separate 84-run

comparison on two manufactured problems supports reduced mixed-energy errors for probe weighting

relative to two Euclidean baselines. In this study, probe weighting also gives a slightly lower geometric-mean

mixed-energy error than analytical weighting. Finally, potential, flux and error fields for manufactured

solutions, Darcy flow and heat conduction show where the remaining errors occur, complementing the

aggregate measures with a direct view of the computed solutions.
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Section 2 develops the weighting methods and their error estimates. Section 3 presents the numerical

comparisons and applications, and Section 4 concludes the paper. The Supplementary Material contains

additional proofs, experimental settings and numerical results.

2 Method

2.1 Mixed formulation of anisotropic diffusion

Let Ω ⊂ R
m be a bounded Lipschitz domain, f ∈ L2(Ω), and K(x) a known measurable symmetric

tensor satisfying

α|z|2 ≤ z⊤K(x)z ≤ β|z|2, 0 < α ≤ β < ∞, (1)

for every z ∈ R
m and almost every x ∈ Ω. We consider

− div(K∇u∗) = f in Ω, u∗ = 0 on ∂Ω, q∗ = −K∇u∗. (2)

The potential belongs to H1
0 (Ω) and the flux to H(div; Ω), the space of square-integrable vector fields with

square-integrable distributional divergence. The weak equation is

∫

Ω
∇u⊤∗ K∇v dx =

∫

Ω
fv dx, v ∈ H1

0 (Ω). (3)

Uniform ellipticity and the Poincaré inequality give a unique weak solution[6, 13].

For an admissible approximation (u, q) ∈ H1
0 (Ω)×H(div; Ω), define the errors e = u−u∗, p = q− q∗

and residuals

rc = div q − f, η = q +K∇u, ξ = K−1q +∇u = K−1η. (4)

The energy and dual norms are

∥v∥2K =

∫

Ω
∇v⊤K∇v dx, ∥w∥2K−1 =

∫

Ω
w⊤K−1w dx,

∥g∥−1,K = sup
0 ̸=v∈H1

0 (Ω)

| ⟨g, v⟩ |
∥v∥K

, E2
mix = ∥e∥2K + ∥p∥2K−1 . (5)

Here ⟨g, v⟩ denotes the H−1–H1
0 dual pairing. In particular, ⟨divw, v⟩ = −

∫
Ωw · ∇v for w ∈ L2(Ω)m.

The mixed error Emix measures both potential gradients and physical flux in the diffusion energy scales.

2.2 From componentwise to tensor weighting

A componentwise loss has the form
∑

j wjr
2
j . For anisotropic diffusion, the constitutive energy generally

contains an additional term. In two dimensions, writing H = K−1 gives

η⊤Hη = H11η
2
1 + 2H12η1η2 +H22η

2
2. (6)

When H12 ̸= 0, no fixed weights on η21 and η22 reproduce this energy for every residual. The cross

term accounts for the orientation of the principal diffusion axes. Section 2.5 quantifies its effect on the

approximation selected by loss minimization.

Full tensor weights also allow equivalent equations to use the same loss. Under an invertible change of

residual coordinates r′ = Ar, transport a positive-definite weight W as

W ′ = A−⊤WA−1, (Ar)⊤W ′(Ar) = r⊤Wr. (7)

For ξ = K−1η, the corresponding weights are K−1 and K, so both formulations give the same constitutive

energy. Even a diagonal weight can become a full matrix under a change of coordinates. We next connect this

tensor structure to the potential and flux errors and describe its analytical and probe-based implementations.
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2.3 Analytical residual weighting

We choose the residual norm to control the mixed error in (5). Classical mixed diffusion estimates[5, 26]

suggest measuring conservation in the energy-dual norm and the constitutive residual with the full coefficient

weight:

Jnat(u, q) = ∥rc∥2−1,K + ∥η∥2K−1 . (8)

Evaluating the dual norm requires an auxiliary variational solve. For pointwise training, we replace it by

a Poincaré upper bound. Let CP satisfy ∥v∥L2 ≤ CP ∥∇v∥L2 on H1
0 (Ω). Then

∥rc∥−1,K ≤ CP√
α
∥rc∥L2 , Jstab = λth ∥rc∥2L2 + ∥η∥2K−1 , λth =

C2
P

α
. (9)

The analytical method uses K−1 directly and retains all directional coupling in the constitutive residual.

This loss is an existing construction: in the notation of Repin et al. [26], the squared error majorant at unit

balancing parameter is M2
1 = 2Jstab. Neural implementations of coefficient-weighted least squares and

functional majorants include[8, 15]. Here the analytical weight also provides the reference for the probe

construction and for comparisons with isotropic and componentwise weights.

2.4 Residual weighting from operator probes

The analytical construction identifies the desired coefficient scale. We now recover a related scale from

the responses of the constitutive operator. Its two terms act on the flux and potential gradient in different ways,

so we probe them separately. Draw independent standard Gaussian directions ai, bi ∈ R
m, i = 1, . . . , N ,

in nondimensional physical coordinates and reuse them at every spatial point. For any fixed x0 ∈ R
m, the

fields (u, q) = (0, ai) and (b⊤i (x − x0), 0) give the responses ai and K(x)bi. These fields serve only to

evaluate the local operator; the trained potential satisfies its prescribed boundary condition.

Using the known zero population means, form the uncentered second moments

PN =
1

N

∑

i

aia
⊤
i , SN =

1

N

∑

i

bib
⊤
i , QN (x) = K(x)SNK(x). (10)

For positive-definite PN , SN , define

M#
N = PN#QN , X#Y = X1/2(X−1/2Y X−1/2)1/2X1/2. (11)

The population second moments of these responses are I and K2. Their arithmetic mean would mix two

different scales, whereas their matrix geometric mean is I#K2 = K. This identity motivates (11); the

geometric-mean operation itself is classical[1, 23].

The probe loss keeps the analytic conservation weight,

JN,probe = λth ∥rc∥2L2 +

∫

Ω
η⊤(M#

N )−1η dx. (12)

We use N = 32 directions in each set, giving 64 probe responses per realization, and keep the resulting

tensor fixed during training. The construction uses the known constitutive operator and the ellipticity lower

bound α; it does not require the exact solution or the current network parameters. As the number of probes

increases, the tensor approaches K. The bounds below quantify how a finite set of probes changes the

analytical scale and its error estimate.

2.5 Energy error and directional coupling

We first relate the ideal residual norm to the mixed energy error. We then examine what changes

when directional coupling is removed: both the loss-to-error comparison and the approximation selected

by minimization. Finally, the probe bounds connect the construction to these error estimates, and the

transformation rule ensures consistency between equivalent constitutive formulations.
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Theorem 2.1 (Sharp mixed-energy equivalence). Under (1)–(2), every admissible pair satisfies

φ−1J 1/2
nat ≤ Emix ≤ φJ 1/2

nat , φ =
1 +

√
5

2
. (13)

Both constants are independent of α, β in the stated weighted norms and are optimal uniformly over this

problem class.

Proof. The error and residual definitions give rc = div p and η = p + K∇e. We first separate p into a

weighted gradient and a divergence-free part. For every v ∈ H1
0 (Ω), weighted Cauchy–Schwarz gives

⃓⃓
⃓⃓
∫

Ω
p · ∇v dx

⃓⃓
⃓⃓ ≤ ∥p∥K−1 ∥v∥K .

The integral therefore defines a bounded linear functional of v in the energy norm. Uniform ellipticity and

the Poincaré inequality make the energy bilinear form coercive on H1
0 (Ω). The Lax–Milgram theorem

therefore gives a unique z ∈ H1
0 (Ω) satisfying

∫

Ω
∇z⊤K∇v dx =

∫

Ω
p · ∇v dx for every v ∈ H1

0 (Ω).

Set p0 = p−K∇z. Subtracting the two sides shows that

∫

Ω
p0 · ∇v dx = 0 (v ∈ H1

0 (Ω)),

so div p0 = 0 in the distributional sense. Moreover,

⟨rc, v⟩ = −
∫

Ω
p · ∇v dx = −

∫

Ω
∇z⊤K∇v dx.

Cauchy–Schwarz gives | ⟨rc, v⟩ | ≤ ∥z∥K ∥v∥K . If z ̸= 0, the choice v = z attains equality in the supremum

defining the dual norm; if z = 0, both sides vanish. Hence ∥rc∥−1,K = ∥z∥K .

We now express the error and loss in the same orthogonal components. Define

X = K1/2∇e, Y = K1/2∇z, W = K−1/2p0.

All unsubscripted norms and inner products below are those of L2(Ω)m. Taking v = e and v = z in the

identity for p0 gives

(W,X)L2 =

∫

Ω
p0 · ∇e dx = 0, (W,Y )L2 =

∫

Ω
p0 · ∇z dx = 0.

Since K−1/2p = Y +W and K−1/2η = X + Y +W , these orthogonality relations yield

E2
mix = ∥X∥2 + ∥Y ∥2 + ∥W∥2 , Jnat = ∥Y ∥2 + ∥X + Y ∥2 + ∥W∥2 . (14)

Expanding the two terms involving X and Y in Jnat gives

∥Y ∥2 + ∥X + Y ∥2 = ∥X∥2 + 2(X,Y )L2 + 2 ∥Y ∥2 .

For each spatial point and vector component, this quadratic form has matrix

B =

(
1 1
1 2

)
, det(B − λI) = λ2 − 3λ+ 1.

Its eigenvalues are (3−
√
5)/2 = φ−2 and (3 +

√
5)/2 = φ2. Applying the corresponding bounds to each

component and integrating gives

φ−2(∥X∥2 + ∥Y ∥2) ≤ ∥Y ∥2 + ∥X + Y ∥2 ≤ φ2(∥X∥2 + ∥Y ∥2).
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Because φ−2 ≤ 1 ≤ φ2, adding the term ∥W∥2 and using (14) yields

φ−2E2
mix ≤ Jnat ≤ φ2E2

mix.

Rearranging and taking square roots proves (13). The constants come entirely from B, which contains no

coefficient parameters.

To prove optimality, take K = I and f = 0, so that u∗ = 0 and q∗ = 0. Choose any nonzero e ∈ C∞
c (Ω)

and set u = e, q = t∇e, where t ∈ R. This pair is admissible because u has zero boundary trace and q has

square-integrable divergence t∆e. Its projection is z = te, so p0 = 0, Y = tX and

E2
mix = (1 + t2) ∥∇e∥2L2 , Jnat =

[
t2 + (1 + t)2

]
∥∇e∥2L2 .

Consequently,

Jnat

E2
mix

=
1 + 2t+ 2t2

1 + t2
=

{
φ2, t = φ,

φ−2, t = −φ−1.

The first choice gives equality in the lower bound for Emix in (13), and the second gives equality in the upper

bound. Neither constant can therefore be improved uniformly over the stated problem class.

The absence of the coefficient contrast from the constants follows from the choice of energy spaces. In

these spaces, the diffusion operator satisfies

∥− div(K∇v)∥−1,K = ∥v∥K , v ∈ H1
0 (Ω). (15)

The residual and the error are therefore measured using the same coefficient field. The orthogonal decompo-

sition reduces their comparison to the fixed two-by-two matrix in the proof, rather than an estimate involving

the largest and smallest eigenvalues of K.

The coefficient independence concerns the energy norms themselves; converting to unweighted norms

reintroduces coefficient dependence. The upper constant also follows by applying a two-by-two spectral

bound to the mixed estimate of Repin et al. [26]. The decomposition above makes both sharp constants and

their equality cases explicit, and also gives ∥p∥2K−1 ≤ Jnat.

Consequently,

∥e∥K ≤
√
2J 1/2

stab, ∥p∥K−1 ≤ J 1/2
stab, Emix ≤ φJ 1/2

stab. (16)

On (0, 1)2, CP = 1/(π
√
2) and λth = 1/(2π2α). This replacement retains a continuous upper error bound.

Its frequency weighting differs from that of the dual norm: on (0, 1), K = 1, f = 0 and (un, qn) =
(0, cos(nπx)) give E2

mix = 1/2, Jnat = 1, and Jstab = (n2 + 1)/2. Thus a frequency-independent reverse

bound for Jstab is unavailable over all admissible pairs. Finite-point approximation introduces a further

quadrature error. For scalar diffusion, Robust Deep FOSLS[10] instead compares the weighted L2 loss with

a graph error containing an additional term C ∥div p∥2L2 , where C > 0. That target norm differs from Emix

in (13).

What is lost by removing directional coupling? In two dimensions, write H = K−1 and compare the

full weight with

Qiso = tr(H)I/2, Qdiag = diag(H11, H22). (17)

All three weights have the same trace. The isotropic weight treats all directions equally. The diagonal weight

retains separate penalties along the coordinate axes but omits the cross term associated with H12. If the

principal axes of K coincide with the coordinate axes, Qdiag = H; otherwise the two weights generally

differ.
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Proposition 2.2 (Energy bounds for isotropic and componentwise weights). Under the assumptions of

Theorem 2.1, in two dimensions let Q be either weight in (17) and define

JQ = ∥rc∥2−1,K +

∫

Ω
η⊤Qη dx.

Then

E2
mix ≤ (2 +

√
2)JQ, ∥p∥2K−1 ≤ 2JQ. (18)

Both bounds remain valid when the dual conservation norm is replaced by its L2 upper bound. A reverse

bound with a constant independent of the coefficient contrast does not hold uniformly for either weight.

Proof. We first compare each weight with H pointwise. Since the eigenvalues of H are positive, its largest

eigenvalue is at most their sum. Thus

H ⪯ tr(H)I = 2Qiso.

For the diagonal weight, positive definiteness gives H2
12 < H11H22. Hence, for any a, b ∈ R,

2|H12ab| ≤ 2
√

H11H22 |ab| ≤ H11a
2 +H22b

2.

Writing ζ = (a, b)⊤, we obtain

ζ⊤Hζ = H11a
2 + 2H12ab+H22b

2 ≤ 2(H11a
2 +H22b

2) = 2ζ⊤Qdiagζ.

Both weights therefore satisfy Q ⪰ H/2 almost everywhere.

Use the fields X,Y,W from the proof of Theorem 2.1. The weight comparison and orthogonality give

JQ ≥ ∥rc∥2−1,K + 1
2 ∥η∥

2
K−1

= ∥Y ∥2 + 1
2 ∥X + Y ∥2 + 1

2 ∥W∥2 .

The terms involving X and Y expand as

∥Y ∥2 + 1
2 ∥X + Y ∥2 = 1

2 ∥X∥2 + (X,Y )L2 + 3
2 ∥Y ∥2 .

The associated matrix and its eigenvalues are

B1/2 =

(
1/2 1/2
1/2 3/2

)
, λ± = 1± 1√

2
.

Let c = 1− 1/
√
2. Applying the lower spectral bound and using 0 < c < 1/2, we find

JQ ≥ c(∥X∥2 + ∥Y ∥2) + 1
2 ∥W∥2 ≥ cE2

mix.

Since c−1 = 2 +
√
2, this proves the first bound in (18). For the flux, the same estimate before the spectral

comparison gives directly

2JQ ≥ 2 ∥Y ∥2 + ∥X + Y ∥2 + ∥W∥2 ≥ ∥Y ∥2 + ∥W∥2 = ∥p∥2K−1 .

Finally, (9) implies

λth ∥rc∥2L2 +

∫

Ω
η⊤Qη dx ≥ JQ.

Replacing JQ by this larger quantity therefore preserves both upper error bounds.

To examine the reverse estimate, we construct admissible pairs for which JQ/E2
mix becomes arbitrarily

large. On Ω = (0, 1)2, take the constant tensors

H = diag(1, κ), K = H−1 = diag(1, κ−1), κ ≥ 1,
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and choose f = 0, u = 0, q = (1, 0)⊤. For each finite κ, the coefficient is uniformly elliptic and the exact

solution and flux are zero. The constant field q belongs to H(div; Ω); no flux boundary condition is imposed

in this fully Dirichlet problem. Since rc = 0 and η = q, the unit area of Ω gives

E2
mix =

∫

Ω
q⊤Hq dx = 1, JQiso

=

∫

Ω
q⊤

1 + κ

2
Iq dx =

1 + κ

2
.

Thus
JQiso

E2
mix

=
1 + κ

2
. (19)

For the diagonal weight, keep the same domain and rotate the coefficient and flux by 45◦. With

R =
1√
2

(
1 −1
1 1

)
, H̃ = RHR⊤ =

1

2

(
1 + κ 1− κ
1− κ 1 + κ

)
,

set K̃ = H̃−1 and q̃ = Rq = (1, 1)⊤/
√
2, retaining f = u = 0. The flux is still constant, so its conservation

residual is zero. Moreover,

q̃⊤H̃q̃ = q⊤Hq = 1, Q̃diag =
1 + κ

2
I.

The mixed energy error is again one, while J
Q̃diag

= (1 + κ)/2. Both examples have coefficient contrast

κ, and their loss-to-error ratios diverge as κ → ∞. Hence no inequality JQ ≤ CE2
mix can hold for either

weight with C independent of that contrast. The same examples also apply after the L2 replacement, because

their conservation residuals vanish.

These weights retain an upper error bound, but can penalize some directions too strongly relative to the

energy error. Comparing weights with the same trace separates this directional distribution from the overall

scale. The next example shows how the missing coupling can affect the minimizer itself.

How coupling changes the selected approximation. An upper error bound alone does not determine

which approximation a loss will select. The following example isolates this distinction. It is a mixed diffusion

instance of the classical geometry of changing an inner product[17, 24].

Proposition 2.3 (Approximation selected by componentwise weighting). Let Ω = (0, 1)2, let K be constant

and symmetric positive definite, and prescribe f = 0 and homogeneous Dirichlet data. Write

H = K−1 =

(
a b
b c

)
, ρ =

b√
ac

, a, c > 0, ac > b2.

For fixed s > 0, consider the admissible trial family

ut = 0, qt = s(1, t)⊤, t ∈ R. (20)

Let D(x) = diag(d1(x), d2(x)) be independent of t, with positive integrable entries. The loss with consti-

tutive weight D selects tD = 0. The same minimizer is obtained with any finite nonempty set of sampling

points, positive quadrature weights and positive finite values of d1, d2 at those points. The best mixed-energy

approximation has tH = −b/c, and

Emix(tD)

mint Emix(t)
=

1√
1− ρ2

. (21)

If H = R(γ) diag(1, κ)R(γ)⊤, with R(γ) a planar rotation and κ ≥ 1, then

1

1− ρ2
= 1 +

(κ− 1)2

4κ
sin2(2γ). (22)
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Proof. The exact potential and flux are zero. Every qt is constant and belongs to H(div; Ω), so rc = 0 and

η = qt. No flux boundary condition is imposed in this fully Dirichlet problem. The conservation term

therefore vanishes, and the continuous loss is

JD(t) = s2(A+Bt2), A =

∫

Ω
d1 dx > 0, B =

∫

Ω
d2 dx > 0.

Its unique minimizer is tD = 0. For the discrete loss, the coefficients become A =
∑

iwid1(xi) and

B =
∑

iwid2(xi). Both remain positive, so the minimizer is unchanged. This argument does not require

exact quadrature of the variable weights.

Since Ω has unit area, the mixed-energy error satisfies

Emix(t)
2 = s2(a+ 2bt+ ct2)

= s2

[
c

(
t+

b

c

)2

+ a− b2

c

]
.

Thus tH = −b/c, with minimum squared error s2(ac− b2)/c. At tD = 0 the squared error is s2a. Dividing

and taking square roots proves (21). Finally, rotation gives detH = κ and b2 = (κ − 1)2 sin2(2γ)/4.

Substitution into ac = detH + b2 proves (22).

At γ = π/4, the error ratio is (κ+ 1)/(2
√
κ), regardless of the positive diagonal weights. It grows with

the coefficient contrast, whereas aligned principal axes give a ratio of one. The cause is the missing term 2bt:
changing the coefficients of 1 and t2 cannot recover it. This discrepancy is present at the exact minimum of

a strictly convex scalar loss, for any sampling locations and arbitrarily small s.

The example concerns the restricted family (20), which does not contain the exact zero flux. It does not

prescribe the outcome over a larger neural network class. Its conclusion applies to fixed weights in the stated

coordinates; rotating the residual components or allowing weights to depend on t changes the problem.

The analytical weight retains the cross term and gives JH(t) = Emix(t)
2, hence selects tH . This equality

also holds for the discrete loss when the quadrature weights sum to one, since the integrand is constant. It is

a simple instance of the energy orthogonality for an exactly conserved flux[26]. The next result shows how

closely the probe construction retains this coefficient scale.

Proposition 2.4 (Finite-probe scale bounds). Let PN , SN ≻ 0, and set

mN = [λmin(PN )λmin(SN )]1/2, hN = [λmax(PN )λmax(SN )]1/2.

Then, almost everywhere,

mNK ⪯ M#
N ⪯ hNK. (23)

The constants depend only on the shared probe banks. If PN = SN = I , then M#
N = K. Transporting both

response moments by A(·)A⊤ transports M#
N by the same congruence.

Indeed, if p−I ⪯ PN ⪯ p+I and s−I ⪯ SN ⪯ s+I , then s−K
2 ⪯ QN ⪯ s+K

2. Monotonicity and

I#K2 = K yield (23). Congruence follows from the characterization of X#Y as the unique positive-

definite solution of ZX−1Z = Y . The full proof is in Supplementary Section S1.

The spectral bounds quantify how finite probe banks change the analytical loss. Inverting (23) gives

min{1, h−1
N }Jstab ≤ JN,probe ≤ max{1,m−1

N }Jstab. (24)

The constants depend on the sampled directions, not on the coefficient contrast. Combining the left inequality

with (16) gives

E2
mix ≤ φ2max{1, hN}JN,probe. (25)
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For the constant coefficient and zero-source problem in Proposition 2.3, the same bounds also control

the selected approximation. Let F be any nonempty prescribed set of constant flux candidates with u = 0,

and suppose qN minimizes JN (q) = q⊤(M#
N )−1q on F . Then

h−1
N Emix(q)

2 ≤ JN (q) ≤ m−1
N Emix(q)

2,

so, for every q ∈ F ,

Emix(qN )2 ≤ hNJN (qN ) ≤ hNJN (q) ≤ (hN/mN )Emix(q)
2.

Taking the infimum gives

Emix(qN ) ≤
√
hN/mN inf

q∈F
Emix(q). (26)

The factor depends only on the probe banks. With constant K and shared banks, M#
N and the integrand are

spatially constant, so normalized positive quadrature gives the same result. This establishes a direct link

between the probe construction and approximation quality in the conserved constant-flux setting.

Finally, the transformation rule from Section 2.2 applies to both constructions. To state it in terms of a

scale tensor, let rθ(x) ∈ R
d be a residual block evaluated at a common point and with a common integration

measure. Write the weight as M−1, where M(x) is measurable, symmetric positive definite and fixed during

training. The objective is

Q[r,M ](θ) =
1

d

∫

Ω
r⊤θ M

−1rθ dx. (27)

For any measurable invertible matrix field A(x) independent of θ, set r′ = Ar and M ′ = AMA⊤. Then

(Ar)⊤(AMA⊤)−1(Ar) = r⊤M−1r. (28)

Thus the objectives and all parameter derivatives that exist are identical. In exact arithmetic, identical initial

states, batches, random inputs, schedules and deterministic update rules also produce identical finite training

trajectories. Floating-point implementations can differ through their arithmetic and differentiation paths.

For the diffusion residuals in (4), choose A = K−1 and M = K. The common constitutive energy is

η⊤K−1η = ξ⊤Kξ. (29)

This is the coefficient weighting used in mixed least-squares analysis. A metric selected in one residual

coordinate system is transported by (28) to any other. Recomputing an isotropic ridge term or a diagonal

approximation separately in each system generally changes the metric. Supplementary Section S1 gives the

transport proof and its assumptions.

2.6 Neural approximation and boundary conditions

The analysis specifies how the residuals are weighted. We now describe the network, boundary conditions

and sampled loss used to compute the approximations. The network predicts the flux independently of the

potential. Setting the flux equal to −K∇uθ would instead eliminate the constitutive residual and define a

different approximation method.

We use a fully connected 2–32–32–32–32–3 tanh network with 3363 trainable parameters. It takes

(2x− 1, 2y − 1) as inputs and supplies one potential channel and two independent flux channels. On the

fully Dirichlet manufactured problems, multiplying the potential channel by x(1− x)y(1− y) imposes the

homogeneous data exactly. Output scales, initialization and arithmetic precision for each study are specified

in Section 3.1.

For the Darcy and heat-conduction applications, split the boundary into the two vertical edges ΓD and

the two horizontal edges ΓN . Prescribe the hydraulic head on ΓD and the outward normal flux on ΓN . If

these data are imposed exactly by both the exact solution and the neural approximation, their errors belong to

V = {v ∈ H1(Ω) : v|ΓD
= 0}, WN = {w ∈ H(div; Ω) : w · n|ΓN

= 0}. (30)
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The energy-dual norm is then defined using test functions in V . For p ∈ WN and v ∈ V , the boundary

contribution in integration by parts vanishes: v = 0 on ΓD and p · n = 0 on ΓN . The weighted projection in

the proof of Theorem 2.1 therefore applies with H1
0 (Ω) replaced by V , giving the same sharp equivalence

and reliability constants.

On the unit square, the one-dimensional Poincaré inequality in the x direction gives ∥v∥L2 ≤
π−1 ∥∇v∥L2 on V . This constant is sharp, as seen from v(x, y) = sin(πx). Accordingly, the conservation

weight for this boundary partition is

CP,D = π−1, λth,D =
1

π2α
. (31)

The change from the full Dirichlet case follows from the error space. Applying the full-boundary constant

without this adjustment would not give the stated bound.

For unit head at x = 0, zero head at x = 1, and impermeable horizontal edges, an admissible network

representation is

uθ = 1− x+ x(1− x)ũθ, qθ,x = q̃θ,x, qθ,y = y(1− y)q̃θ,y. (32)

These constraints impose the prescribed head and normal flux exactly. The residual definitions and constitu-

tive weights remain those in Sections 2.3 and 2.4.

For the heat-conduction problem with zero temperature on both vertical edges, omit the term 1− x in

(32).

2.7 Training objective and optimization

Let {xi}ni=1 be fixed uniform interior points and let Wi denote the selected constitutive weight. The

sampled objective is

Ĵ(θ) =
1

n

n∑

i=1

[
λ
(
div qθ(xi)− f(xi)

)2
+ ηθ(xi)

⊤Wiηθ(xi)
]
. (33)

The unit-square area is one; on a general domain, the corresponding uniform Monte Carlo quadrature

includes its volume. The coefficient values and weight matrices are computed before optimization and

remain fixed during training. Differentiation is through the network outputs and the first spatial derivatives

needed for the mixed residual. No reference solution is used to construct Wi or to evaluate the training loss.

For the analytic choice, the quadratic form can be evaluated by solving K(xi)wi = ηθ(xi) and forming

ηθ(xi)
⊤wi. The probe choice uses the same operation with M#

N (xi). Equivalently, for fixed training points,

the weight matrices can be prepared once and contracted with the residual at each update; the fixed-point

probe and application comparisons use this implementation. The scale matrix remains fixed during training,

so its construction does not add trainable parameters or a feedback rule based on the current residual. In two

dimensions these are small local matrix operations; their purpose is to change the residual geometry seen by

the optimizer.

The numerical procedure is as follows.

1. Specify K, f , the essential boundary conditions and the ellipticity lower bound α. Choose a boundary-

admissible potential–flux network.

2. Fix the training points and initial network parameters. For a probe run, draw the two direction banks,

form PN , SN and the matrices M#
N (xi), and retain the banks for reproducibility.

3. Select the conservation weight λ and constitutive weight Wi. Keep the architecture, points, initialization

and optimizer budget common across the paired comparisons.

4. Evaluate the mixed residuals by automatic differentiation and minimize (33) using the specified Adam

and L-BFGS stages. Retain the final endpoint and its realized work.
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5. Evaluate potential, flux and mixed-energy errors on points excluded from optimization. Inspect the

solution and error fields using common scales across methods.

The sampled loss approximates a continuous integral. For general neural fields, applying the continuous

reliability bound to this loss requires a quadrature estimate, as in residual-stability analyses of PINN

generalization[22]. Proposition 2.3 avoids this issue only for its specific constant-flux family: positive

quadrature leaves the diagonal minimizer unchanged, and integrates the analytical and probe energies exactly

when normalized. For the trained networks, we evaluate solution errors independently of the training

objective.

Automatic differentiation evaluates ∇uθ and div qθ. Write Ê for the arithmetic mean over training points.

The six compared losses are specified in Table 1; all use the physical flux residual η. The constitutive

quadratic form is summed over components, except for the explicit factor 1/2 in the original Euclidean

baseline.

Table 1: Losses in the operator-probe comparison. Each objective is λÊ[r2c ]+ Ê[η⊤Wη]. The two Euclidean

baselines are the prespecified primary comparators.

Method λ W

Operator probe λth (M#
32)

−1

Matched Euclidean λth I
Original Euclidean 1 I/2
Trace-matched isotropic λth tr(K−1)I/2
Coordinate diagonal λth diag((K−1)11, (K

−1)22)
Analytic λth K−1

Two constitutive-energy implementations. The longer study evaluates the analytic energy through flux

and inverse-diffusivity paths, denoted F and I. Both first form η = q + K∇u. Path F solves Kw = η
and evaluates η⊤w; path I uses the same solve to form ξ = K−1η and evaluates ξ⊤Kξ. The comparison

therefore tests two energy-evaluation paths after shared residual formation. Its Euclidean development

baselines use Ê[r2c ]+
1
2 Ê[|η|2] in F and Ê[r2c ]+

1
2 Ê[|ξ|2] in I; these are distinct coordinate-specific objectives.

Same-state loss and gradient differences are measured separately from the final errors of independent training

trajectories.

3 Results

3.1 Experimental setup

The experiments examine three questions: whether retaining directional coupling changes accuracy, how

the probe construction compares with analytical and simpler weights, and whether equivalent constitutive-

energy evaluations agree numerically. All methods use the network and boundary constructions in Section 2.6.

Manufactured problems use output scales D1 = diag(16, 20, 20), Xavier-normal initialization and zero

biases; the applications use unit output scales. Parameters and residuals are evaluated in float64. The

independent 84-run comparison initializes the networks in float32 before conversion.

The independent comparison uses two manufactured problems and six random seeds for network

initialization and point sampling. For each seed, the two PDEs share two independently drawn probe

realizations. Each PDE is solved with five control methods and the two probe realizations, giving 60 control

runs and 24 probe runs in total. Because the same control enters both probe-to-control ratios, uncertainty is

calculated from the six independent seed groups, rather than from 84 independent observations. Within each

seed–PDE group, all methods use the same initial parameters and 512 training points. Training consists of

2000 Adam updates at learning rate 10−3, followed by L-BFGS with strong-Wolfe line search and at least
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6000 objective and gradient evaluations. We compare the models after the final complete accepted step,

without selecting them by validation error. Supplementary Section S2 gives the seeds and stopping rules.

The primary outcome on a separate point set G is the relative mixed-energy error

Emix =

(
∥uθ − u∗∥2K,G + ∥qθ − q∗∥2K−1,G

∥u∗∥2K,G + ∥q∗∥2K−1,G

)1/2

, (34)

where the squared discrete norms replace the integrals in (5) by point averages. We also report relative

potential and flux L2 errors, Eu and Eq, and separate energy and residual diagnostics. Exact manufactured

fields are used for evaluation. The 16384 independent uniform test points are used for error evaluation only

after all 84 runs are complete.

For seed group j, PDE c and probe realization k, let EP
jck and Eb

jc denote the probe and comparator errors.

We first average the logarithms of their ratios within each seed group, then calculate the geometric-mean

ratio Gb and its one-sided upper confidence limit Ub:

dj,b =
1

4

2∑

c=1

2∑

k=1

log
EP

jck

Eb
jc

, Gb = exp(db),

Ub = exp

(
db + t0.95,5

sb√
6

)
, db =

1

6

6∑

j=1

dj,b, (35)

where sb is the sample standard deviation of the six group means. The comparison rule was fixed before the

experiments: all runs must complete successfully and, for each Euclidean baseline, both Gb and Ub must be

below one, as must the ratio within each PDE. This is an intersection–union test. The t calculation assumes

independent, approximately Gaussian group means and treats the two PDEs and evaluation points as fixed.

The analytical, isotropic and diagonal comparisons are descriptive.

Separate exploratory experiments help interpret the weights. A four-seed factorial comparison changes

the conservation and constitutive weights independently. A trace-matched comparison holds the conservation

weight and the sum of the constitutive eigenvalues fixed, so that the remaining difference is how the weight

is distributed across directions. These studies use 4000 Adam updates followed by approximately 6000

L-BFGS evaluations. Earlier probe comparisons and longer training histories are reported in Supplementary

Sections S2 and S3; their results are not pooled with the independent six-seed comparison.

The Darcy and heat-conduction cases illustrate predicted solution and error fields for prescribed nondi-

mensional boundary-value problems. Each case uses three methods: matched Euclidean weighting, analytical

weighting and the 32-direction operator-probe weighting from Table 1. A single target seed, 92101, and

probe seed, 93101, are fixed for these six runs. Within each case the methods share the initialization, 8192

fixed uniform interior points, architecture, boundary construction and training schedule. Application outputs

use unit scales and float64 arithmetic.

Each application run uses 2000 Adam updates at learning rate 10−3, followed by L-BFGS until at

least 48000 objective and gradient evaluations have been completed. Finishing the accepted step gives

48000–48002 evaluations across the six runs. The figures and tables use these final models, without selection

by reference error. The applications illustrate the fields for one seed; the statistical comparison uses the

manufactured problems.

Independent tensor-product Q2 finite-element solves on 512 × 512 elements provide the reference

potentials, using 4 × 4 Gauss integration per element. Dirichlet values are imposed strongly; insulating

conditions enter the weak formulation naturally. The raw constitutive flux qh = −K∇uh is generally not

globally in H(div; Ω), and its normal trace is not constrained to equal the prescribed flux pointwise. It serves

as a mesh-refined field reference, not an exactly equilibrated flux. Tables 4 and 5 give relative potential

L2, flux-energy (Eq,K−1) and mixed-energy errors for the displayed endpoints. No reference values enter

training. Error normalizations, evaluation quadrature and the observed reference-refinement differences are

specified in Supplementary Sections S2 and S4.
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3.2 Manufactured-solution benchmarks

The experiments use three smooth manufactured solutions with different coefficient structures. Let R(ϑ)
denote the two-dimensional rotation matrix. The constant rotated problem is

K = R(π/6) diag(12, 0.3)R(π/6)⊤, u∗ = sin(πx) sin(πy), (36)

with α = 0.3. The variable diagonal problem is

K = diag(0.5 + 4x, 0.1 + 0.9y), u∗ = sin(2πx) sin(πy), (37)

with α = 0.1. The oscillatory rotated problem is

K = R(ϑ) diag(1 + 9x2, 0.05 + 0.45y)R(ϑ)⊤, ϑ =
π

3
sin(2πx) sin(πy),

u∗ = sin(πx) sin(2πy), α = 0.05. (38)

In each case, q∗ = −K∇u∗ and f = div q∗. The confirmation uses the constant and oscillatory problems.

The diagonal problem provides an additional development case in which the analytic and coordinate-diagonal

constitutive weights coincide.

Figure 1 shows the coefficient contrast and principal diffusion direction. The constant problem isolates a

fixed rotation, the diagonal problem varies the principal values without rotating the axes, and the oscillatory

problem combines both changes. These differences matter for interpreting the diagonal control: it is identical

to the analytic metric in the diagonal case, but discards cross-direction coupling in the rotated cases.
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Figure 1: Coefficient fields of the manufactured benchmarks. Color gives log10 κ(K), where κ(K) is the

ratio of the largest to smallest eigenvalue. Arrows show a principal direction associated with the larger

eigenvalue; they represent coefficient orientation, not physical flux. The common color scale permits

comparison across problems.

Table 2 compares probe weighting with five alternatives, from Euclidean losses to the full analytical

tensor. The geometric-mean mixed-energy error is approximately 37% lower than with the conservation-

matched Euclidean loss and 56% lower than with the original Euclidean loss. Both comparisons satisfy the

prespecified rule in Section 3.1: the PDE-specific ratios and one-sided upper confidence limits are below one.

Each of the six independent seed groups also favors probe weighting over these two baselines (Figure 2).

The differences become smaller when the comparison weights contain more coefficient information. The

probe-to-isotropic ratio is 0.760, corresponding to a 24% reduction. Probe weighting also gives a slightly

lower geometric-mean mixed-energy error than analytical weighting: the ratio is 0.931, or a reduction of

approximately 6.9%. The PDE-specific ratios are 0.972 and 0.891 for the constant and oscillatory problems.

Against the coordinate-diagonal weight, the ratio is 0.917. The 95% confidence intervals for the analytical

and diagonal comparisons both include one, so these smaller observed errors do not establish statistical

superiority. The controlled comparisons below examine the effect of directional coupling more directly.

All 84 runs completed successfully. Repeating the error calculation on the two halves of the independent

test set gives results close to those on the full set. Supplementary Section S3 reports these checks and

additional comparisons.
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Table 2: Probe-to-control mixed-energy error ratios on 16384 held-out points. G and U are defined in (35);

CI95 is the two-sided 95% interval for G. The first two rows are the prespecified primary comparisons; the

other rows are descriptive. The last two columns give PDE-specific geometric means.

Comparator G U CI95 Constant Oscillatory

Matched Euclidean 0.628 0.806 [0.457, 0.864] 0.639 0.617

Original Euclidean 0.435 0.501 [0.364, 0.521] 0.391 0.485

Trace-matched isotropic 0.760 0.893 [0.618, 0.934] 0.735 0.785

Coordinate diagonal 0.917 1.065 [0.757, 1.110] 0.880 0.955

Analytic K−1 0.931 1.072 [0.777, 1.115] 0.972 0.891

0.4 0.6 0.8 1.0 1.2
Geometric-mean ratio G (probe / control)

Original raw

Matched raw

Trace-scaled

Diagonal

Analytic K−1

✓

✓

✓

(a) Full 16384-point quadrature

0.435

0.628

0.760

0.917

0.931

64
10

1
64

20
2

64
30

3
64

40
4

64
50

5
64

60
6

Target seed

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

Cl
us

te
r l

og
 e

ffe
ct

 d
j,b

(b) Independent clusters, both raw baselines

Matched raw
Original raw

Figure 2: Held-out comparison at the fixed training budget. Left: geometric-mean probe-to-control ratios with

two-sided 95% intervals. Right: the six independent target-cluster log effects for each primary comparator.

The check marks in the left panel indicate ratios and one-sided upper limits below one; only the two Euclidean

comparisons are prespecified primary outcomes.

Aggregate error measures do not show the spatial distribution of errors. Figures 3 and 4 compare

predictions at the end of training for the oscillatory problem. We use target seed 64101 and its first probe

bank, 75101, selected before viewing the fields. The figures compare the two Euclidean baselines, analytical

weighting and probe weighting. The quantitative tables include all six methods.

The potential maps recover the two principal lobes of the reference solution, while their error maps reveal

spatial differences that are difficult to identify from the predictions alone. On the boundary-inclusive plotting

grid, the relative potential L2 errors are 6.470× 10−3, 7.068× 10−3, 2.893× 10−3 and 3.446× 10−3 for

the original Euclidean, matched Euclidean, analytic and probe methods, respectively. Thus the analytic

metric gives the smallest potential error among these four training results. The probe gives the smallest

vector-flux L2 error, 8.581× 10−3, compared with 1.500× 10−2, 1.046× 10−2 and 1.844× 10−2 for the

other three methods. The potential and flux rankings consequently differ.

The flux-error maps show errors near the boundary that are less apparent in the potential field. These

local errors are not apparent from Emix alone. The constant rotated example in Supplementary Section S3

shows another tradeoff: for the displayed target, the probe has a slightly larger vector-flux L2 error than the

original Euclidean method, despite a smaller mixed-energy error. These plots describe individual training

runs; the six-group estimates in Table 2 remain the basis for the prespecified comparison.
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Figure 3: Potential predictions and absolute errors for the oscillatory rotated problem. The reference is the

manufactured exact solution; predictions use the final models for target seed 64101 and probe bank 75101.

Predictions share a linear color scale, and their absolute errors share a second scale. Panel values Eu,g are

relative L2 errors on a 129× 129 plotting grid including boundary nodes. The source field is shown at lower

left. These descriptive grid values are distinct from the prespecified quadrature on independent uniform

interior points.
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Figure 4: Physical fluxes and vector errors for the same endpoints as Figure 3. Colors in the prediction

panels show |q|2 and arrows show flux direction and magnitude, using common scales. The displayed flux is

the network’s independent flux output. Error panels show |q − q∗|2 with a shared logarithmic color scale.

The lower-left panel shows coefficient anisotropy and principal orientation. Panel values Eq,g are relative

vector L2 errors on the plotting grid.
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3.3 Effects of residual weighting and representation

The analytical loss changes two things at once: the conservation scale and the constitutive weight. To

distinguish their effects, a four-seed factorial comparison uses

J00 = Ê[r2c ] +
1
2 Ê[|η|

2], J10 = λthÊ[r
2
c ] +

1
2 Ê[|η|

2],

J01 = Ê[r2c ] + Ê[η⊤K−1η], J11 = λthÊ[r
2
c ] + Ê[η⊤K−1η]. (39)

For each seed, let ℓab = log10Emix(Jab). The conservation and tensor effects are ∆c = [(ℓ10 − ℓ00) +
(ℓ11 − ℓ01)]/2 and ∆t = [(ℓ01 − ℓ00) + (ℓ11 − ℓ10)]/2. Table 3 reports medians over seeds. Both changes

help on the two easier problems. On the oscillatory problem, the tensor change remains beneficial, whereas

conservation rescaling has a slightly adverse median effect. The full loss beats both single-change controls

in only one of its four oscillatory runs. Across the three problems, this occurs in nine of twelve runs.

Table 3: Four-seed factorial ablation at the common development budget. Negative ∆c or ∆t indicates a

reduction in log error. The tensor change includes both directional weighting and its specified normalization.

Problem med∆c med∆t med(E11/E00) E11 < min(E10, E01)

Constant rotated −0.2170 −0.2434 0.3454 4/4

Variable diagonal −0.1884 −0.2353 0.4118 4/4

Oscillatory rotated +0.0080 −0.3507 0.4566 1/4

Propositions 2.2 and 2.3 motivate a comparison that removes coupling while keeping the overall penalty

scale fixed. We hold the conservation weight and the trace of the constitutive weight fixed, and compare

K−1 with Qiso and Qdiag. This requires 20 additional control runs and reuses the 12 analytical runs at the

same training settings. The analytical-to-isotropic median error ratios are 0.634, 0.808 and 0.956 for the

constant, diagonal and oscillatory problems; all twelve paired ratios are below one.

Against the componentwise weight, the median ratios are 0.688 for the constant rotated problem and

0.935 for the oscillatory problem. The full tensor gives smaller errors in all four runs of the former and three

of four runs of the latter, whose ratios range from 0.743 to 1.106. For the variable diagonal problem the

two weights coincide, so duplicate runs are unnecessary. Retaining cross-direction coupling is therefore

beneficial in these comparisons, most consistently for the fixed rotation. Its effect is smaller and varies more

across seeds when the principal axes also vary in space. Supplementary Section S3 gives the paired medians

and ranges.

The representation identity concerns the loss evaluated at the same network parameters. We check it

by computing the two analytical energy expressions and their parameter gradients from the same residuals.

The maximum relative loss difference is 2.993× 10−16 and the maximum normalized gradient difference is

4.055× 10−14, consistent with (29) to near machine precision.

Training the two implementations separately can still produce different final models because floating-

point differences accumulate during optimization. For the analytic objective, the mixed-error sensitivities

| log10(EF /EI)| are 0.00060, 0.01499 and 0.01419 in the constant, diagonal and oscillatory problems.

Across potential, flux and mixed errors, only three of the nine sensitivities are at most 0.01, a threshold

corresponding to an error ratio of about 1.0233. Thus agreement of the loss and gradient at fixed parameters

does not ensure identical predictions after separate training runs. The complete sensitivity table is in

Supplementary Section S3.

An earlier operator-probe development study also gives a mixed result: the probe beats the matched

Euclidean control in three of four target–PDE pairs, while the constant problem with target seed 62222 has

an error ratio of 1.089. That study does not meet its four-of-four criterion. It motivates, but is not pooled

with, the independent confirmation above; its full 24-run record is retained with the code.
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3.4 Darcy flow in anisotropic porous media

The unit-square domain has hydraulic head u = 1 at x = 0 and u = 0 at x = 1, with impermeable

horizontal edges and no interior source, f = 0. Let

KD = R(ϑD) diag(k∥, k⊥)R(ϑD)
⊤,

k∥ = 1 + 4 exp

[
−
(
y − 0.5− 0.15 sin(2πx)

0.18

)2
]
,

k⊥ = 0.05 + 0.15 sin2(πx) sin2(πy), ϑD =
π

4
sin(2πx) sin(πy). (40)

The higher principal permeability has a meandering spatial feature, while the principal axes rotate smoothly.

The tensor has the uniform lower bound αD = 0.05. The head difference drives the flow, and the predicted

flux provides both the local flow direction and the total throughflow.
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Figure 5: Material anisotropy, prescribed sources and boundary conditions for the two application bench-

marks. Left panels show log10 κ(K) and the principal axis, with a common coefficient scale. Right panels

show the source and the prescribed head/temperature and normal-flux data. All quantities are nondimen-

sional.

Figure 5 summarizes the two physical settings. Their boundary values and sources are specified before

solving; neither problem is constructed by choosing a target solution.

The Q2 reference uses 512 elements per direction. From 256 to 512 elements, the potential L2 and

flux-energy differences are 2.701× 10−8 and 5.664× 10−5. These observed differences assess reference

resolution; Supplementary Section S4 gives the verification details.

Figures 6 and 7 compare the reference head and flux with the three neural approximations and their

pointwise errors. Flux concentrates along the meandering high-permeability band. The plots use common
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Table 4: Darcy flow: relative errors (percent) on 9216 Gauss points for the three displayed runs at target

seed 92101 and the final common 48000-evaluation stage.

Method Eu Eq,K−1 Emix

Matched Euclidean 0.0405 0.3114 0.2974

Analytical 0.0121 0.1586 0.1476

Operator probe 0.0124 0.1502 0.1442

field and error scales across methods. Table 4 gives the corresponding errors for these three runs.
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Figure 6: Darcy flow: reference potential, matched Euclidean, analytical and operator-probe predictions,

and absolute errors. Field and error panels respectively share linear color scales. Relative L2 annotations

use the equally weighted 129× 129 plotting grid, including its boundary; Table 4 uses 9216 Gauss points.
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Figure 7: Darcy flow: reference and independent neural fluxes, with vector-error magnitude against qh =
−K∇uh. Flux magnitudes share a linear scale, errors a logarithmic scale, and arrows a common length scale.

Annotations are unweighted relative L2 errors on the 129× 129 plotting grid; the table reports flux-energy

errors on 9216 Gauss points.

3.5 Anisotropic heat conduction with internal sources

The vertical edges are held at zero temperature and the horizontal edges are insulated. The conductivity

tensor and heat source are

KT = R(ϑT ) diag(1 + 2x, 0.15 + 0.35y)R(ϑT )
⊤, ϑT =

π

4
sin(πy),

fT = 10 exp

[
−(x− 0.3)2 + (y − 0.35)2

0.12

]
+ 6 exp

[
−(x− 0.7)2 + (y − 0.65)2

0.142

]
. (41)

Here αT = 0.15. The prescribed sources supply heat at two separated locations, and the cold edges remove

it. In contrast to the Darcy case, the potential is generated by an interior source and both vertical boundary

values are equal. The flux balance now requires the net outward heat flow to equal the integrated source.

The reference mesh and evaluation rules match the Darcy example. From 256 to 512 elements per

direction, the potential L2 and flux-energy differences are 7.846× 10−9 and 1.288× 10−5. The prescribed

source and boundary configuration is shown in Figure 5; Supplementary Section S4 gives the reference

checks.

Table 5: Heat conduction: relative errors (percent) on 9216 Gauss points for the three displayed runs at

target seed 92101 and the final common 48000-evaluation stage.

Method Eu Eq,K−1 Emix

Matched Euclidean 0.0389 0.4454 0.3645

Analytical 0.0221 0.3442 0.2750

Operator probe 0.0182 0.2552 0.2036

Figures 8 and 9 show the reference temperature and heat flux, three neural predictions and their pointwise
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errors. The two sources create overlapping warm regions, with heat leaving through the cooled boundaries.

Table 5 gives the corresponding single-run errors.
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Figure 8: Heat conduction: reference potential, matched Euclidean, analytical and operator-probe predictions,

and absolute errors. Field and error panels respectively share linear color scales. Relative L2 annotations

use the equally weighted 129× 129 plotting grid, including its boundary; Table 5 uses 9216 Gauss points.
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Figure 9: Heat conduction: reference and independent neural fluxes, with vector-error magnitude against

qh = −K∇uh. Flux magnitudes share a linear scale, errors a logarithmic scale, and arrows a common

length scale. Annotations are unweighted relative L2 errors on the 129× 129 plotting grid; the table reports

flux-energy errors on 9216 Gauss points.

3.6 Discussion and limitations

The analysis distinguishes two roles of the residual norm: controlling the energy error and selecting an

approximation from the available class. Theorem 2.1 addresses the first role. Proposition 2.3 makes the

second explicit: missing cross terms can move the minimizer away from the best energy approximation even

when conservation and optimization are exact. The trace-matched experiments examine this choice in neural

approximations. Their gains are most consistent for constant rotation and smaller when the principal axes

vary in space. The probe bounds explain how operator responses retain the analytical energy scale; they do

not predict superiority to direct analytical weighting.

The constant-flux example isolates directional coupling in a restricted affine family; its exact error ratio

is not a prediction for the full neural network class. For general neural fields, the contrast-independent

two-sided estimate applies to the ideal continuous functional, while training uses an L2 conservation term

and finite-point quadrature. The frequency example in Section 2.5 rules out a general reverse bound after the

L2 replacement, and spatial quadrature requires its own error control[22]. The longer runs in Supplementary

Section S3 include component errors that increase as the training loss decreases. In the Darcy example,

mixed-energy errors are still decreasing between 24000 and 48000 L-BFGS evaluations, so the final models

are not claimed to have reached optimization convergence.

The numerical results concern known, smooth, uniformly elliptic diffusion tensors. The independent

statistical comparison uses two manufactured problems, six seed groups and one network family. It supports

improvement over the two Euclidean baselines and records a slightly lower geometric-mean error than

analytical weighting. The smaller observed errors relative to analytical and coordinate-diagonal weighting

remain subject to the uncertainty quantified by their confidence intervals. The earlier comparisons use

separate exploratory data. The Darcy and heat-conduction examples show one seed per method and case, so

they describe spatial errors without estimating variation across seeds. Their mesh-refinement differences

assess reference resolution rather than bound the remaining reference error. The finite-element solutions

serve as references, and no equal-cost comparison with a finite-element solver is made. Discontinuous
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coefficients and more complex geometries remain to be studied.

4 Conclusion

For mixed PINNs in anisotropic diffusion, directional coupling affects both the relation between residual

and energy error and the approximation selected by minimizing the loss. The weighted orthogonal decom-

position gives sharp equivalence constants for the ideal residual functional. The constant-flux example

shows why an upper error bound alone is insufficient: every fixed positive diagonal weight selects the same

approximation, and its error relative to the best member of the trial family grows with the off-diagonal

coupling. This remains true for positive quadrature and exact optimization.

The analytical weight K−1 preserves the full constitutive energy. The operator-probe construction

recovers a related tensor from the geometric mean of two response moments, with spectral bounds that

connect it to the analytical weight. In the constant-flux setting, these bounds also control the selected

approximation relative to the best available. Both implementations preserve the objective under consistent

changes of residual coordinates.

The controlled experiments find the clearest benefit from retaining coupling for constant rotated coef-

ficients. In the independent two-problem study, probe weighting reduces geometric-mean mixed-energy

errors by approximately 37% and 56% relative to the conservation-matched and original Euclidean baselines.

Its observed geometric-mean error is also slightly lower than with analytical weighting. Darcy flow and

heat conduction illustrate the corresponding potential, flux and error fields. Together, the results support

designing mixed residual norms around the energy error and the directional information needed to represent

it.
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