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Abstract
Local commercial advertising measurement on a U.S. digital media platform is computationally
constrained by sparse campaign-level conversions, the attribution bias of last-click rules, and privacy
restrictions that limit the availability of user-level behavioral data.A paired-area randomized experimental
framework was implemented for 1,860 local businesses across 12 U.S. states, covering 4,720 advertising
campaigns, 1.26 billion impressions, 19.4 million website visits, and 2.18 million purchase or appointment
records.The computational pipeline uses Z-score normalization, KD-tree candidate retrieval,
Mahalanobis-distance matching, and a SHA-256-derived random seed for paired-area assignment;
regional weekly records are then processed through secure aggregation and a Gaussian differential privacy
mechanism with € = 2 and 6 = 107°.0n the privacy-protected regional statistics, a hierarchical Bayesian
negative binomial inference module was constructed with business, industry, metropolitan area, and ad
placement week modeled as four random-effect levels.The likelihood explicitly incorporates the recorded
privacy-noise variance, enabling the inference of incremental conversions and incremental return on ad
spend without treating privacy-perturbed counts as noise-free observations.Experimental evaluation
showed that the proposed computational framework reduced the mean absolute error of incremental
conversions from 71.4 for the standard difference-in-differences baseline to 43.6, achieved 91.2%
coverage for the 90% interval, and reduced the absolute error of incremental return on ad spend from 0.39
to 0.17.For campaigns with fewer than 500 conversions, hierarchical information sharing reduced the
minimum detectable effect from 8.6 to 5.9 percentage points and the median posterior standard deviation
from 0.084 to 0.061; Gaussian privacy perturbation introduced an additional error of 6.3 conversions,
while 83% of enterprise-level budget decisions remained unchanged.The resulting framework integrates
regional randomized computation, secure aggregation, differential privacy, hierarchical Bayesian
inference, and posterior decision rules into a privacy-preserving advertising measurement pipeline for
incremental-effect estimation and budget optimization.
CCS CONCEPTS:
Information systems~Information systems applications~Multimedia information systems~Multimedia
content creation
Keywords
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1 Introduction

Digital advertising is now a way for local businesses to reach people in the area, expand their online
market, and spend marketing funds. Local restaurants, retailers, healthcare institutions and home-service
companies are generally characterised by low advertising investment, few conversion indicators and short
campaign cycles. The old model of last-click attribution cannot distinguish between ad-driven conversions
and organic demand, and thus often overstates the incremental effect. At the same time, user-level
behavioural tracking is increasingly subject to privacy restrictions. Although secure aggregation and



differential privacy can reduce the risk of individual data leakage, they add noise and weaken the statistical
identification capability for small-sample campaigns; thus, this paper selects the U.S. local business
advertising measurement scenario. A zip-code-level paired randomised experiment is employed as the
foundation for identification, and a Bayesian negative binomial estimation framework incorporating
secure aggregation, differential privacy noise correction and multi-layer parameter sharing is constructed.
We focus on the joint inference of incremental conversions, incremental return on ad spend (ROAS) and
budget allocation under privacy-disturbed conditions. By conducting model comparison, privacy-
sensitivity tests, and small-sample identification analysis, this paper verifies the applicability of the
framework in terms of estimation accuracy, interval calibration and decision stability, and provides a
statistical basis for evaluating the effectiveness of local business advertising and optimising limited
budgets in a privacy-preserving environment.
2 Analysis of Local Commercial Advertising Effectiveness Evaluation Under Privacy Constraints
Local advertising uses the postal area—week as the computational unit, with the advertising group
Z =1 and the control group Z =0 . The 4-dimensional matching vector includes population size,

historical sales, industry category, and ad spend[1] . The event-level purchase or reservation countY € N

exhibits a concentration of zero values, variance greater than the mean, and inter-week correlation, while
the secure aggregation interface can only return noisy statistics:
> 2
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whereiv p~ t represent the company, matched region, and ad placement week, respectively; Yipt

is the accessible count; ¥, (Z,,,) is the potential conversion volume under the processing state; and 77,,,

2 . . . . . .
and opp are the privacy noise and its variance, respectively.Thus, two measures — incremental

conversions and incremental returns on advertising — need to be determined over a four-level hierarchy
that includes companies, industries, metropolitan areas, and ad placement weeks, thus providing
constraints for subsequent paired sampling, noise correction, and stratification[2] .
3 Design of a Stratified Experimental Estimation Method for Incremental Advertising Effectiveness
Under Privacy Constraints
3.1 Advertising Effect Sampling Method Based on Paired Regional Randomized Experiments

The sampling module uses postal areas as randomization units and creates separate pools for each of
the nine ad categories, such as food and beverage. The three continuous variables — population size,
historical sales, and advertising spending — are standardized with Z-scores, and industry categories are
defined as exact-match constraints; a KD-tree retrieves the top 5 candidates, and the top 1 is selected
according to Mahalanobis distance, so that the matching process can be completed in 1: 1 without
substitution. The system extracts the 64-bit SHA-256 hash of the campaign ID as a random seed, assigning
Z,=1 as the ad zone and Z, =0 as the control zone.Only 5 fields are left in the sample table:

Enterprise ID, Campaign ID, Area ID, Week ID, and Processing Flag. To avoid duplication of locations
and cross regions, a regional hash index is used [3]. In order to visually illustrate the differences between
the different types of advertisements, Figure 1 illustrates nine typical advertising images. Subsequent
counts are aggregated by region and week in the Security Aggregation module.
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Figure 1: Examples of 9 Categories of Local Commercial Advertisements
3.2 Method for Generating Differential Privacy Statistics Based on Secure Aggregation
A three level index is set up for outgoing records according to treatment group, post area p, and
placement week t. The local nodes encode impressions, visits, conversions, and ad spend into 64, 4
dimensional fixed point vectors, and perform L2 contribution truncation at the user — week level [4]. A
256-bit key is used by each node to negotiate and produce paired masks, the sum of which is expressed as:
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where ss , is the regional weekly aggregation vector, K is the number of shards participating in
the calculation,a,, is the sum of truncated contributions within shard k ,andm,, is the random mask

shared by shards ¥ and ¢ ; positive and negative masks cancel each other out during summation,
preventing the server from reading data from individual shards. After aggregation is complete, statistics
are published using a Gaussian mechanism:

2In(1.25/6
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where Ep, is the noisy output, & ¢ 1s the Gaussian noise, C s the upper bound on user contribution

ASth =8, + §pt’§pt

sensitivity, I, is the 4x4 identity matrix, 0 is the noise multiplier, and & and o are the privacy budget

and failure probability, respectively. The system uses a Rényi differential privacy counter to accumulate
weekly queries, constraining the total budget to € =2 and & = 10 — 6, while preserving C, o, and the noise
covariance. The negative noise value is not truncated so that the full error distribution is reproduced in the
probability function [5].

3.3 Hierarchical Bayesian Estimation Model Incorporating Privacy-Preserving Noise Correction

. . v . . 2
The model reads the noisy conversion volume ¥;,, and the noise variance w,, from the output, sets

ipt



the unperturbed count Yip, as a discrete latent variable, and constructs a negative binomial count layer and

a Gaussian privacy observation layer:
Yipt ~ NB(/uipz 5 ¢)7 szt @)

wherei p+ ¢ represent the company, matched region, and campaign week, respectively; £, is

Yipt ~ N(Yipl :W;t)

the latent conversion mean; ¢ is a discrete parameter; and Var(Yw,) = ,uipﬁpc;t/ ¢ ; W;; are read from

the differential privacy metadata. The count mean adopts a 4-level hierarchical structure:

logluipt =log Eipt tat+(B+b, )Zp + X;ﬂ/ Tu v T W TS, (5)

In this model, Eipt represents the exposure bias term, & represents the population intercept,
Z » € {O,l} represents the treatment label, # represents the population advertising effect, b, represents
the firm-level random slope, and X, andy represent the standardized covariates and their coefficients,

respectively; U Vy;)» W,,;) andst’ denote the random intercepts for firm, industry, metropolitan area,

and advertising week, respectively. Let (1;,b; YT ~N. ,(0,%,) ; the remaining random effects follow a zero-
mean normal prior, with standard deviations following a half-t prior.The model uses decentralized
parameters and NUTS sampling, runs 4 chains, with 4,000 iterations per chain and a warm-up of the first
2,000 iterations; the target acceptance rate is set to 0.90. From the same posterior sample, counterfactual
conversion volumes are generated by settingZ, =1 andZ, =0 , respectively, to compute incremental

conversions and the probability of budget decisions[6] .
3.4 A Method for Evaluating Advertising Decisions Based on Posterior Inference

Using 8,000 sets of posterior samples retained from four NUTS chains, and holding the firm, region,
week, and covariates constant, we set the treatment variable to Z, =1 andZ, =0 , respectively. We

then use two-stage vectorization inference to generate the latent mean conversions for the advertising and
natural states. The firm-level evaluation metric is defined as:

S, 0udl
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where s is the a posteriori sample index; ,u;ft) (1) and ,ulgft) (0) represent the two latent means for

firmi in region p and week ¢ ;5;;;) is the local increment; A% s the cumulative incremental

conversions; Uy

spend. Budget actions are determined by minimizing a posteriori risk:

is the conversion value; 4; is the ad spend; and Rl.(s) is the incremental return on ad

* —argm liL( AD RO)
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where S =8000 , A4 include four actions: increase, maintain, reduce, and stop, and L() is the

budget misallocation loss function. The decision engine outputs the 5th, 50th, and 95th percentile at the
same time; the budget is increased when the posterior probability of the return is not less than 0.90, and
the 90 per cent confidence limit is greater than 0; when the probability is between 0.60 and 0.90, it
decreases when the probability is less than 0.60, and stops when the probability is not lower than 0.90 [7].
Figure 2 illustrates the execution process of posterior reasoning, counterfactual generation, risk assessment,
and action output.
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Figure 2: Process for Evaluating Incremental Advertising Effectiveness and Budget Decision-Making
Based on Posterior Inference

4 Experimental Results and Analysis
4.1 Construction of the Experimental Dataset and Setting of Evaluation Metrics

The experimental data come from 1,860 local businesses in the 12 U.S. states, and these four
industries are: food service, retail, healthcare and home repair. A total of 4,720 advertising campaigns have
been run, with 1.26 billion impressions, 19.4 million website visits and 2.18 million purchase or
appointment records. On average, each business has about 2.54 campaigns, and each campaign has around
266,900 impressions, 4,110 visits and 462 conversions. The conversion rate of impressions to visits was
1.54%, and the conversion rate of visits to purchases or appointments was 11.24%. The data had a small
sample size at the campaign level and cross-industry imbalances. All records were grouped by company
ID to prevent leakage of activities from the same company across sets, and independent regional
experiments were used as the basis for effect calibration; weekly regional statistics were generated using
a Gaussian differential privacy mechanism with ¢=2 and 8=107¢. Evaluation metrics included the mean
absolute error (MAE) of incremental conversions, 90% posterior interval coverage, absolute error in
incremental return on ad spend, minimum detectable effect (MDE), median posterior standard deviation,
additional error from privacy noise, and budget decision consistency rate. For the small-sample analysis,
MDE was evaluated for campaigns with fewer than 500 observed conversions using the 8,000 retained
posterior draws. The detectable-effect threshold was determined from the posterior distribution under the
same positive-effect criterion used for posterior decision inference, so that MDE and posterior uncertainty
were evaluated on a common probabilistic scale [8].
4.2 Comparison of Performance Between the Stratified Bayesian Model and Baseline Methods

Using the same weekly statistics for paired regions and enterprise-level data segmentation, we tested
the standard double-difference model and the stratified Bayesian negative binomial model proposed in this
paper, with incremental conversions measured in independent regional experiments as the reference. The
results show that the mean absolute error (MAE) of incremental conversions decreased from 71.4 for the
standard difference-in-differences model to 43.6 for the hierarchical Bayesian model, an absolute
reduction of 27.8 and a relative reduction of 38.9%. The absolute error in incremental return on ad spend
decreased from 0.39 to 0.17, corresponding to a 56.4% reduction. These point-error measures were
considered jointly with posterior dispersion in the small-sample analysis rather than being interpreted
independently, allowing the reduction in estimation error to be assessed together with the change in
posterior uncertainty; and the 90% confidence interval coverage rate of the model in this paper is 91.2%,
which is 1.2 percentage points lower than the theoretical uncovered level of 10.0%. The above results
show that four-level parameter sharing across enterprises, industries, metropolitan areas and ad placement
weeks can reduce the estimation variance of sparse events, and the negative binomial likelihood effectively



handles the highly discrete nature of conversion counts [9-10]. Specific results are as follows: Table 1

Table 1: Comparison of Estimation Performance Between the Hierarchical Bayesian Model and the

Baseline Method
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4.3 Analysis of the Impact of Differential Privacy Mechanisms on Estimation Performance

We compared the results of the regional weekly statistics for 4,720 advertising campaigns under
conditions without privacy perturbation and those with Gaussian differential privacy (e=2, 6=107¢). Given
the privacy constraints, the model's incremental conversion MAE was 43.6 times, and an additional error
of 6.3 times was added due to privacy noise; without noise, the MAE was 37.3 times. After adding the
privacy mechanism, the error increased by 16.9% compared with the no-noise case, but it was still lower
than the 71.4 times obtained by a standard double-difference model. In terms of budget output, 83% of the
companies kept their original budget retention or adjustment decisions, and only 17% changed their actions;
thus, the noise variance correction in the likelihood function did not directly alter the advertising effect
parameters. Both the increase in error and the stability of the decision can be shown in Figure 3: the left
side shows the change in error from 37.3 to 43.6, and the right side shows that 83% of the companies
maintained their conclusion while only 17% changed it. Therefore, we will now investigate the problem
of privacy noise amplification in low-conversion campaigns.
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Figure 3: Impact of the differential privacy mechanism on incremental estimation error and budget
decision stability
4.4 Analysis of Small-Sample Ad Campaign Performance Identification and Budget Optimization
For advertising campaigns with fewer than 500 conversions in the observation period, the non-
hierarchical and hierarchical estimators were evaluated on the same campaign subset, paired regional
weekly statistics, covariates, differential-privacy setting of €=2 and 6=10°, and posterior evaluation



procedure. The comparison therefore changed the hierarchical information-sharing component while
holding the underlying observations and privacy conditions fixed, avoiding differences in sample
composition from affecting the MDE comparison.Under this matched evaluation setting, the MDE
decreased from 8.6 percentage points without hierarchical information sharing to 5.9 percentage points
with hierarchical sharing, corresponding to an absolute reduction of 2.7 percentage points and a relative
reduction of 31.4%. Because both estimators were evaluated on the same low-conversion campaigns and
privacy-protected regional statistics, the reduction reflects the change in the information-sharing structure
rather than a change in campaign composition or privacy budget.The median posterior standard deviation
decreased from 0.084 to 0.061, an absolute reduction of 0.023 and a relative reduction of 27.4%. In
variance terms, the corresponding squared posterior dispersion decreased from 0.00706 to 0.00372, a
reduction of approximately 47.3%. Together with the reduction in MDE from 8.6 to 5.9 percentage points,
this result indicates that hierarchical information sharing reduced posterior dispersion without obtaining
the lower uncertainty by imposing a higher detectable-effect threshold. The result therefore characterizes
the error—variance trade-off as a simultaneous improvement in small-sample detection sensitivity and
posterior concentration. Budget optimisation no longer relies on a single-point estimate; instead, the
posterior median, Sth and 95th percentiles, and the probability of achieving return targets are fed into four
action classifiers—increase, maintain, reduce, and stop—to reduce budget misallocation in small-sample
campaigns caused by short-term conversion spikes.Figure 4 jointly presents the change in MDE and
posterior uncertainty: hierarchical information sharing reduced the MDE from 8.6 to 5.9 percentage points
while reducing the median posterior standard deviation from 0.084 to 0.061, providing a joint view of
detection sensitivity and posterior dispersion under the same small-sample setting.
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Figure 4: Comparison of Performance Identification Capabilities and Posterior Uncertainty in Small-
Sample Advertising Campaigns

5. Conclusions

Evaluating the effectiveness of local commercial advertising under privacy constraints requires
striking a balance among data availability, statistical reliability, and individual privacy protection. Based
on a hierarchical Bayesian estimation framework that incorporates regional randomized experiments,
secure aggregation mechanisms, and fusion noise correction, this method achieves stable identification of
incremental effects in scenarios with small sample sizes and highly discrete conversions, and further
supports budget adjustment decisions through posterior inference.This method overcomes the reliance of
traditional attribution models on user-level behavioral data, providing an interpretable statistical approach
to ad measurement in privacy-protected environments. However, the regional randomized design remains
limited by external market changes, cross-regional spillover effects, and scalability across industry



heterogeneity. Future research could incorporate dynamic experimental data over longer time periods,
introduce time-varying causal structures, and employ multi-source privacy-preserving computation
mechanisms to further enhance the adaptability and decision accuracy of incremental ad effect
identification in complex market environments.
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