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Abstract

Modeling the spread of epidemics has had two complementary paradigms: 1) a
macroscopic paradigm which divides the populace into few groups of large num-
ber of statistically identical individuals and 2) a microscopic paradigm which
considers each individual as a separate entity with his own contact network.
The macroscopic paradigm achieves fast computation through the solution of
ordinary differential equations, but cannot capture essential features of human
society such as household structures. In contrast, the microscopic paradigm can
capture arbitrary heterogeneities, but its computational cost can become pro-
hibitive as population size increases. This study develops a systematic framework
for bridging these paradigms while retaining the computational advantages of
the macroscopic and the accuracy of the microscopic paradigm. To the best of
our knowledge, this direction of research is novel. We consider a populace com-
prising adults and children organized into households of different sizes. Members
of the same household have different contact patterns and are therefore not sta-
tistically identical. Contact rates within households are much higher than those
across households, causing clustered epidemic spread. We first demonstrate that
the most natural macroscopic formulation can substantially misrepresent the
epidemic trajectory. We subsequently show that a specifically designed macro-
scopic formulation, which captures clustered household spread by calibrating



parent—child interactions through a calibration parameter, can closely approxi-
mate the microscopic model. The optimum value of this parameter is obtained
by minimizing the discrepancy between the microscopic and macroscopic epi-
demic trajectories. This discrepancy at the optimum value is small, and it can be
predicted well through standard statistical techniques applied on few exact com-
putations. The framework significantly reduces computation time while retaining
accuracy of the microscopic, and provides a foundation for obtaining the same
for arbitrary social networks.

Keywords: Household transmission dynamics, Deterministic approximation of
stochastic models, Microscopic—-macroscopic modeling, Model calibration, B-spline
regression, Interpolation and Extrapolation

Introduction

Mathematical modeling of infectious diseases is widely used to understand epidemic
dynamics and to inform public health policy and intervention strategies. There are
two distinct modeling paradigms. One is a macroscopic approach in which the stochas-
tic evolution of the disease process is modeled as a system of deterministic ordinary
differential equations (ODEs). The first such macroscopic model is the classical SIR
model introduced by Kermack and McKendrick [1] as a special case of their more
general theory. Since their inception, these deterministic frameworks have remained
central to the development of epidemiological theory and the evaluation of interven-
tion strategies [2, 3], and have been successfully applied to a wide range of infectious
diseases [4-9]. This is because ODEs are analytically tractable, easy to compute and
as the population size increases to infinity, the temporal evolution of the stochasti-
cally varying disease states can be shown to converge to the solution of the ODEs
through applications of law of the large numbers under some natural assumptions on
the stochastic process [5, 6]. The ease of computation renders them particularly useful
for time-sensitive policy decisions during outbreaks [4].

However, the analytical convergence results for the above macroscopic model
typically assume homogeneous mixing, meaning that every individual has an equal
probability of interacting with every other individual. But in reality individuals exhibit
different contact patterns depending on their geographical locations, age, profession,
marital and parental status. Consequently, metapopulation models have generalized
the classical framework by partitioning the population into multiple interacting sub-
populations based on the above characteristics [5, 6, 10, 11]. Individuals within each
subgroup are assumed to be statistically identical and there exists a contact rate
matrix specifying the contact rate between any two individuals in the given subgroups:
specifically the 7jth entry of the matrix provides contact rates between an individual
in subgroup ¢ and an individual in subgroup j. Typically, individuals in the same sub-
group interact at a higher rate than those across subgroups [12-15]. Each subgroup
is assumed to consist of a large number of individuals, then, the temporal evolution
of the stochastically varying disease states can be shown to converge to the output of
deterministic ODEs through applications of law of large numbers (specifically, as the



subpopulation sizes tend to infinity and the waiting times in each disease state are
exponentially distributed, i.e., the transitions between states are Markovian, it has
been shown using the law of large numbers that the fraction of individuals in each
state at each time in the stochastic metapopulation process converges in probability
to the solution of the corresponding deterministic ODE system [5, 6]).

The metapopulation generalization however does not fully capture the contact het-
erogeneity, specifically the heterogeneity introduced by households. For example, each
individual typically interacts far more frequently with the members of their household
than with individuals outside [14]. This suggests that households need to constitute
the subpopulations of the metapopulation model. But the members of a household
are rarely statistically identical. For example, a household may comprise two parents
and children, then the children have different contact patterns with individuals out-
side the household as compared to the parents, and the parents and children cannot
be considered statistically identical. In addition, the size of a household rarely exceeds
single digits. For example, in 2025, only about 1.1% of households in the United States
had seven or more members [16]. So, if a household is considered as a subgroup of a
metapopulation model, the stochastic variation of the disease states need not converge
to the output of the deterministic metapopulation ODEs. In summary, the limitation
of the metapopulation generalization is that it can capture the evolution of disease in
populations which can be divided into a few subgroups, each with a large number of
statistically identical individuals. Target populations for disease spread rarely satisfy
this criterion in practice.

The second paradigm is microscopic modeling in which each individual is repre-
sented explicitly as a distinct node in a graph which periodically establishes contact
with a distinct set of nodes known as its contact set. The contact sets and contact
rates of different nodes can be different, and no two nodes need to have statisti-
cally identical contact patterns. Such a contact network can easily capture households
and other contact relations. However, Monte Carlo simulations rather than analytical
computations are required to capture the spread of a disease. As the population size
increases, the computational burden associated with repeated simulation, parameter
estimation, sensitivity analysis, and policy evaluation becomes substantial. In prac-
tice, population sizes are large for typical target groups. For example, even in small
communities such as cruise ships, which constitute fertile grounds for epidemic out-
break, total onboard occupancy including crew can be 8000-9000 [17]. Similarly, U.S.
Census Bureau data show that the median American resident lives in a municipality
with a population of about 17,500 [18], and approximately 79.6% of the U.S. popu-
lation lives in urban areas, defined under the 2020 criteria as having at least 5,000
residents [19]. Consequently, simulating stochastic disease transmission in even such
small target populations requires tracking millions of potential heterogeneous inter-
actions evolving dynamically across time, households, occupational roles, and social
groups. The computations often become very time consuming.

We seek a framework that combines the computational tractability of the macro-
scopic framework with the accuracy of representation of the microscopic framework.
We consider target populations like small towns or cruise ships which comprise a
diverse set of households, e.g., those with parent(s) and offsprings, and also those with
adults who do not have children.



® We consider a macroscopic metapopulation model that divides the population into
adults and children, without considering special relations within households. We
consider another microscopic model that considers connections within each house-
hold and connections across households. The ODEs for the macroscopic model
naturally yield to fast computation even for large size of the target populace, but
do not often provide an accurate evolution of diseases. In fact, we show that, for the
most natural choice of parameters, the evolution of the disease computed from these
ODEs diverges substantially from the actual evolution. In contrast, Monte Carlo
simulations for the microscopic model are computationally intensive but accurately
capture the evolution of the disease. There is therefore an innate challenge in obtain-
ing a framework that combines the computational tractability of the macroscopic
framework with the accuracy of representation of the microscopic framework.

® We provide a principled approach for obtaining an equivalent macroscopic model,
given a microscopic model, and therefore redresses the above innate challenge. The
equivalence is in the sense that the collective disease statistics closely approximate
those for the microscopic model. This retains the computational tractability of the
macroscopic model and provides the accuracy of the microscopic model. To the best
of our knowledge, this direction of research is novel for the spread of infection in
human networks.

® Once the macroscopic equivalent is obtained for a few different contact rates for the
microscopic one, macroscopic equivalents of microscopic models for other contact
rates can be obtained through interpolation and extrapolation and application of
rudimentary statistical techniques. Thus, intensive computations need to be done
for a few instances, and accurate representations can be obtained through fast
computations for a large number of instances.

We believe that this work lays the foundation for combining the best of micro-
scopic and macroscopic worlds for larger target populaces with more complex contact
patterns.

Methods

We first describe the overall setup we target, outlining the background population
structure. We then introduce the microscopic model, in which disease transmission
is simulated through individual-level stochastic interactions. Next, we develop the
corresponding macroscopic model, which replaces explicit household structure with
effective interactions between demographic groups.

Overall setup

We consider a community comprising households, ranging from those with parent(s)
and children to those with one adult each. Each household has either two parents and
their children, or single parents with children, or single adults. The contact network
is defined by explicit within-household and across-household interactions. Members of
the same household interact at a higher rate than those in different households.



Children interact only with their own parents and with other children, but not with
other adults. All adults interact with each other, though rates are higher for adults in
the same household as stated above. This setting captures interactions in close-knit
communities, such as cruise ships, housing societies, etc. In both of the above cases,
children mainly interact with other children and their parents, while adults mix more
broadly across occupational and social groups. This can approximate interactions in
small towns (except for example interactions between teachers and children).

We now describe the stochastic model for disease propagation. Each individual
is either susceptible (state S), or infected (state I), or recovered (state R). Disease
transmission is modeled as a stochastic process driven by interactions between indi-
viduals as described in the first paragraph. Thus, an infected individual (adult or
child) can infect any other susceptible member of the same household, or members
of other households he or she interacts with. Thus, an infected adult can infect
susceptible adults of the same or different households, but can infect only his or
her susceptible children but not unrelated susceptible children (i.e., children in
different households). An infected child can infect his or her susceptible siblings,
or unrelated susceptible children (i.e., in different households), but can infect only
his or her parents but not other adults. The underlying connectivity graph and
transmission pathways defining these permitted interactions are visually represented
in Figure 1. An individual remains in the infected state for an exponentially dis-
tributed duration with rate « and subsequently recovers or dies. A recovered or
dead individual cannot be infected again. Thus, recovered and dead individuals are
effectively removed from the infection network, so we do not distinguish between the
two states for the purposes of this paper. Each pair of individuals who can inter-
act (i.e., a pair of adults, or a pair of children, or an adult-child pair in the same
household) interact after exponentially distributed times. The exponential processes
however have different parameters depending on if the pair is in the same household
or is across households. Specifically, the exponential process has rate B for pairs
across households, and acB where x > 1, for pairs in the same household. Here z
denotes the household amplification factor. Consequently, transmission events occur
more frequently between members of the same household than between individuals
connected only through community interactions. As depicted in Figure 1, the net-
work structurally distinguishes these localized, high-rate intra-household contacts
(solid lines) from the lower-rate global community connections (dashed lines). Also,
contacts between any two individuals occur according to an exponential process
whose rate depends on whether the individuals are adults, children, belong to the
same household. For an individual, the time between successive contacts with other
individuals is exponentially distributed. If the individual is an adult, the rate of
this exponential process is :UB x (number of individuals in his or her household) +
B x (number of adults outside his or her household), if the individual is a
child, the rate is :I:B X (number of individuals in the same household) + B X
(number of children outside the household). These are referred to as contact rates of
individuals. Note that the contact rates of adults and children in the same household
are different, those of adults and children in different households are also different
because household sizes are different. Thus, the individuals are not statistically



identical and individual heterogeneity is captured. The resulting stochastic process
is a continuous-time Markov process. We will use different values of z and S in our
evaluation.

Legend:

P Parents

AwC Adults without Children

C Children

——— Amplified within household Interactions (x[?)

~=== Community interaction between Children (£)

———= Community interaction between Adults ([?)

Fig. 1 Stochastic infection network and household structure. The graph illustrates the heterogeneous
population composition — including couple parents, single mothers, single fathers, adults without
children, and children — and their corresponding interaction channels. Each rectangular box represents
a household. High-frequency localized transmission within a household is governed by the amplified
factor z8 (solid lines), whereas background societal transmission across households is driven by the
baseline community rate 3 (dashed lines).

Microscopic Evaluation

The number of infected individuals in the given system over time can be evaluated
through Monte Carlo simulation. This however consumes significant time, primarily
because Monte Carlo simulations need to be averaged over multiple, e.g., 200 runs.
We will describe the computational time in the next section.

Macroscopic ODE Model

We now seek a macroscopic deterministic approximation of the total number of infected
individuals as a function of time in the original system that is easy to compute. Toward
that end, we first consider an intermediate alternative microscopic model which, on the
one hand may provide the number of infected individuals close to that in the original
system over time, for appropriate choice of parameters; and on the other hand, the
intermediate system lends itself to an accurate computationally simple macroscopic
representation. If we can obtain such an intermediate system, then its macroscopic
representation will also provide us a good approximate macroscopic representation of
the original system.

The intermediate system we consider is as follows. The population is partitioned
into three groups: adults who are parents (say P), adults who are not parents (say X)
and children (say C). Individuals in each group are statistically identical and inter-
act with each other, say at rate /3’1. Individuals in group P interact with those in



groups C and X say at rate Bg, /3’3 respectively. However, children do not interact with
adults who are not parents, that is, individuals in group X do not interact with those
in group C'. Broadly, this system differs from the original system in that there is no
household comprising one or two individuals from P and C, such that the interaction
within each household is at a much higher rate than interactions across households.
But, still, can the number of infected individuals in the two systems be close as a func-
tion of time, for an appropriate choice of 31732,33 given 3,27 It is well known that
for any Bl, $a, Bg, the number of infected individuals in the intermediate system can
be accurately computed as a function of time by solving a system of ordinary differen-
tial equations (ODEs) (when the transmission and recovery events are exponentially
distributed). We will provide the ODEs and the well-known mathematical results we
rely on subsequently.

Legend:
— — — — Within-group interaction (f;)
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Fig. 2 Intermediate interaction structure.

The stochastic model for disease propagation in the intermediate system is similar
to that in the original system with groups replacing households. As in the original sys-
tem, each individual is either susceptible (state S), or infected (state I), or recovered
(state R). An infected individual (adult or child) can infect any other susceptible indi-
vidual he or she interacts with. Thus, an infected parent can infect susceptible adults
who are not parents and susceptible children. An infected child can infect a suscep-
tible parent, but not a susceptible adult who is not a parent. Similarly, an infected
adult who is not a parent can infect a susceptible parent but not a susceptible child.
As in the original system, an individual remains in the infected state for an exponen-
tially distributed duration with rate v and subsequently recovers or dies. A recovered
or dead individual cannot be infected again. Thus, recovered and dead individuals are
again effectively removed from the infection network. Each pair of individuals who can
interact (i.e., a pair of adults, or a pair of children, or a parent-child pair) interact
after exponentially distributed times. The exponential processes however have differ-
ent parameters depending on if the pair is in the same group or is across groups.
Specifically, the exponential process has rate Bl for pairs in the same group (i.e., if
both are parents, both are children, both are adults who are not parents), and rate



{Bg, 33} if members in the pair are in different groups, that is, 32 for parent-child pair,
Bg for parent-adult who is not parent pair.

The intermediate system differs from the original system in that groups replace
households and individuals in each group are statistically identical, though individu-
als in households were not statistically identical. In the intermediate system a child
interacts with not only his or her parent but any adult who is a parent, similarly an
adult who is a parent interacts with every child and not only with his or her own child.
Also, a parent interacts with every parent at the same rate, so spouses (i.e., parents
in the same household) do not interact at higher rates. Thus, the intermediate system
is in some sense more homogeneous than the original system, though it is not fully
homogeneous because individuals in different groups are not statistically identical.

The evolution of the disease in the intermediate system can be captured by the
following system of ordinary differential equations (ODEs), where S;(t) (I;(t), respec-
tively) denote the number of individuals who are susceptible (infected, respectively) in
group ¢ divided by the total number of individuals in all groups, N, with 8; = Bz /N.

ds
ditp = —Sp (B1lp + B3lx + B2lc) (1)
ds § ,
d—tX = —Sx (B3lp + Prilx) (2)
ds .
TtC =-Sc (ﬂg[p + /3116’) (3)
dlp , /
dat Sp (B1lp + Bslx + B2lc) —vIp (4)
dl
aT?( = Sx (Bslp + Pi1lx) —vIx (%)
dlI,
dtc = Sc (Bolp + Bilc) —vlc (6)
dR
E:’ﬂp—i—’y[x +vlc (7)

The terms in red in equations (1)-(6) are quadratic terms representing the
transmission of the disease to susceptible individuals via interaction with infectious
individuals, resulting in the subsequent transition of susceptibles into the infected
class. The terms in blue in equations (4)—(7) govern the recovery process, representing
the rate at which individuals are cured or die (and are thus effectively removed from
the active infection network). The corresponding total number of infected individu-
als at time ¢ is obtained by multiplying the sum of the infected fractions across all
demographic groups by the total population size N, i.e., Iiota(t) = N(Ip(t) +Ix(t)+
Ic(t)).

Classical results from epidemiology guarantee that S;(¢) (respectively I;(t)) eval-
uated by solving the ODE converges in probability at each time ¢ to the number of
susceptible (infected, respectively) in group 7 in the intermediate system divided by



the total number of individuals N at the corresponding time, as N grows to infin-
ity, that is, in the asymptotic limit (see [5, 6]). We therefore consider the solution of
the ODE as an accurate representation of the fraction of infected individuals in the
intermediate system.

The solution of the ODEs can be evaluated fast using modest computational
resources, regardless of the value of V. Since the ODE constitutes a deterministic
system, they do not need to be evaluated over multiple runs. In our implementation,
the time to solve the ODE system has been approximately 0.3 seconds using MAT-
LAB R2024a on a MacBook Pro with an Apple M4 processor and 16 GB of memory
regardless of the value of V.

We seek to assess if for appropriate choices of Bi7 given B,w, the number of
infected individuals as a function of time in the original system is close to that in
the intermediate system, or equivalently to the solution of the ODEs, that is to
N(Ip(t)+ Ix(t) + Ic(t)). For this we first define a measure of proximity.

To quantify this agreement, we define the average trajectory error as the mean
percentage difference between the infected populations predicted by the microscopic
and macroscopic models (i.e., ODE) over all time points. Since we consider percentage
difference, we ignore the times at which the infected fraction in the real system is very
low as then the denominator for the difference becomes low inflating the percentage
difference. We therefore consider time points at which the infected fraction in the
original system exceeds a threshold e. Specifically,

r -1
avg |7-‘ Z p Ob[ O)DE( ) X 100%)7 (8)
teT ODE

where Ipon(t) denotes the ensemble-average infected fraction obtained from the
original microscopic model, Iopg(t) denotes the infected fraction predicted by the
deterministic ODE model, and T = {t : Ipmb( ) > 5}

In fact, we will consider, ﬂl 53 = B 52 = ya:ﬂ That is, all adults, both parents
and those who are not parents, interact with each other at rate ﬁ , all children interact
with each other at rate (3, but the interaction between parents and children happen
at the rate yz3. Note that the parameter y in the intermediate model is intended
to compensate for the loss of explicit household structure in it as compared to the
original system. In the special case that y =1, we have a metapopulation model with
interaction rate x3 between parents and children, and all other interaction rates (in
Figure 2) as B But y will be selected to minimize the average error.

The y that minimizes the average error for a given B, x, will be denoted as Ypest
for that B , . We will determine if the average error attained at ypest is acceptable for
a wide range of B , z. If so, then the macroscopic ODEs can substitute the microscopic
Monte Carlo simulations for the original system and the computational challenge is
redressed. Note that if in addition Bl, Bg are also varied, the minimum error can only
become lower. But the additional complexity need not be warranted given the errors
we obtain considering ﬂl 53 = [3 Bg = ywﬂ

For our computation, we fine tune the intermediate system further. Parents are fur-
ther classified based on their gender and marital status, specifically into coupled fathers



(CF), coupled mothers (CM), single fathers (SF), single mothers (SM), while chil-
dren are partitioned into children of coupled parents (CC), children of single mothers
(SMC), and children of single fathers (SFC). Coupled fathers (respectively mothers)
are those fathers (respectively mothers) whose households comprise both parents and
their children, single fathers (respectively mothers) are those fathers whose households
comprise father (respectively mother) and his (respectively her) children. This sepa-
ration allows the model to limit the interaction between parents and children, to that
between 1) coupled fathers (respectively mothers) and the children of couples, rather
than all children, 2) single fathers (respectively mothers) and the children of single
fathers (respectively mothers) rather than all children. The interaction structure there-
fore approximates interactions in the original system with households better. Refer to
Figure 3 to see the connection rates we consider for this fine tuned intermediate sys-
tem and equations (9) - (11) for the ODEs that capture the evolution of the disease
in it. The mathematical result that guarantees the accuracy of the representation in
terms of the ODEs is stated in the appendix.

Legend:
CM Couple Mother
CF  Couple Father
CC Couple’s Children
SM  Single Mother
SMC  Single Mother’s Children
SF  Single Father
SFC Single Father’s Children
AwC  Adultwithout Children
Amplified interaction between
Parents and Children (yxﬁ)
——————— Community interaction
between Children (B)
——————— Community interaction
between adults (f)

Fig. 3 Macroscopic interaction network. Solid (green) lines denote calibrated parent—child inter-
actions operating at the effective transmission rate yz3. Dashed lines highlight community-level
background transmission pathways split into adult-adult channels (black) and child-child channels
(orange), each operating at the unamplified baseline rate B .
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where
P ={SF,CF,SM,CM}, A=PU{AuwC}, C={SFC,SMC,CC}, G=AUC.
SFC, i=ASF, Isp, 1=SFC,
C(Z) = SMC, i:SM, Ip(i) = ISM7 i:SMC,
CC, i=CF or CM, Icrp+ 1oy, i=CC,
and
Ispc, 1©=SF,
7. = ) Ismc, i=SM,
‘D7 YIoo, i=CFor CM,
0, i = AwC.

Equation 9 describes the depletion of susceptible individuals through infection.
Equation 10 governs the evolution of the infected populations, while equation 11
describes recovery at rate . The terms in red in equations (9) and (10) are quadratic
terms representing the transmission of the disease to susceptible individuals via inter-
action with infectious individuals while the terms in blue in equations (10) and (11)
govern the recovery process, representing the rate at which individuals are cured or
die (and are thus effectively removed from the active infection network).

For a fixed household amplification factor x, the microscopic model is simulated
repeatedly to obtain an ensemble-average epidemic trajectory. The deterministic sys-
tem is then solved for candidate values of the calibration parameter y, and the value
minimizing the discrepancy between the deterministic and ensemble-average stochastic
trajectories is selected and denoted by ¥pest-

Results

This section assesses the capability of the proposed macroscopic model to approxi-
mate the microscopic model. Recall that within the microscopic framework, individuals
are grouped in households and individuals contact other individuals within the same
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household at rate xB and with others outside the household, with whom they can
contact, at rate B . Then, in the macroscopic framework, individuals are grouped as
parents, children, adults without children, and interaction between the parent-children
group is at rate yxB , and interaction within and across all other groups in which con-
tact is allowed is at rate B . Here, y is the calibration parameter. The microscopic model
is evaluated through Monte Carlo simulation and the macroscopic model through the
solution of ODEs. To obtain any data point in the microscopic model, the Monte
Carlo simulations are repeated across several runs, and the overall infection counts in
the runs are averaged to provide the ensemble average. We average over a sufficient
number of runs that the ensemble average converges. This has required 200 or more
runs.
This section is organized as follows.

e First, we assess whether the parameter y is redundant, or more generally, if any
macroscopic framework, or metapopulation model, can closely approximate the
microscopic model. The answer is in the negative — in fact, the epidemic trajectory
of the macroscopic model when y = 1 can be considerably different from that of the
microscopic model.

® Second, we determine whether a single calibration parameter y can compensate
for the omission of explicit household structure while accurately reproducing the
epidemic trajectory of the microscopic model. That is, given z, B, is the error (as
defined in the Methods section) low at the optimal value of y, ynest? To obtain
Ybest, the macroscopic model is solved for a range of values of y. The optimal value,
UYbest, 1S selected as the y that gives the minimum error between the macroscopic
trajectory and the corresponding ensemble average microscopic trajectory.

® Third, we demonstrate that the macroscopic model can be computed much faster
than the microscopic one.

® Finally, once ypest is obtained for a few values of x, given a B , can values of Ypest
be predicted for other values of x through interpolation and extrapolation, and
are the errors low at the predicted values of yness? Note that interpolations and
extrapolations are computationally simple. So, if the answer is yes to both, then
the computationally tractable macroscopic model with the values of ys computed as
above can replace the computationally intensive microscopic model while preserving
the aggregate epidemic dynamics. Thus, the macroscopic framework retains the
accuracy of the microscopic model while remaining computationally tractable.

For this study we use demographic data from recent U.S. Census Bureau and
Current Population Survey (CPS), though the setup can capture data from the census
of any other country. Approximately 76.2% of adults live without coresident children
under the age of 18, while 23.8% are parents. Among parents, 82.8% live in coupled
households, and the remaining 17.2% are single parents, of whom approximately 80%
are single mothers and 20% are single fathers [20-24]. For simplicity, we consider that
a household can have at most 4 children, because the fraction of US adults with 5 or
more children is only 5% [25, 26]. As per US census, for a household with two parents,
the number of children is 1, 2, 3, or 4 and above, with probabilities 0.214,0.419, 0.244,
and 0.123, respectively. The corresponding probabilities are 0.313,0.379,0.195, and
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0.113 for single-mother households, and 0.421, 0.385,0.149, and 0.045 for single-father
households. For households with four or more children according to the original census
distribution, we assign four children. This stochastic assignment produces realistic
heterogeneity in household and contact patterns.

We have evaluated the models for a wide range of values of parameters x,B and
different spreads of initial infections. The answers we obtain for the questions above for
all the evaluations are similar. We reproduce the results at a few representative values
in the remainder of the section. We reproduce for three different values of B, separated
by orders of magnitude. For each we consider several values of & between 2 and 100,
and a really high value of z, that is, 1000. Recall that > 1 since individuals interact
more frequently within households than outside. We consider two distributions for
initial infection for each z, B : 1) infection is initially confined to the adult community,
with 2% of adults without children infected at the start of the epidemic (Scenario
A); 2) infection is seeded simultaneously in both the community and households, with
1% of children and approximately 0.1% of adults without children initially infected
(Scenario B). The initial infection scenarios have been selected so as to capture the
frequently posited social phenomena that adults without children are more prone to
initial infection as they are more socially active, and children are also prone to initial
infection because of their less than fully developed immune system and because they
interact closely with other children in their schools. In Scenario A, initial infection is
seeded only in households of size one, while in Scenario B, initial infection is seeded in
larger households. Since contact rate is higher within households, infection will spread
faster in Scenario B. Thus, the two scenarios capture different aspects.

Can any macroscopic model well approximate the microscopic
model?

We examine if a naive macroscopic model can well approximate the microscopic model.
For a naive macroscopic model, we consider y = 1. Recall from the Methods section
that this is the metapopulation model, which ignores the existence of households as
in all metapopulation models, but also does not alter the transmission rates between
the subgroups to compensate for the above simplification. We plot the evolution of the
fraction of infected individuals for the microscopic model and the macroscopic model
for Scenarios A, B, and an example value of z, 3, namely B =0.002,z =25 (Figure 4).
We notice a significant mismatch. The macroscopic model substantially overestimates
the peak infection level and advances the epidemic peak in both Scenario A (Figure 4a)
and Scenario B (Figure 4b). It also produces a steeper decline during the later stage
of the epidemic. This also establishes that, sans adaptation, metapopulation models
can not capture the evolution of infection in a network with households.

Can the macroscopic model be selected to well approximate
the microscopic model?

We now compare the epidemic trajectories of the microscopic model and the macro-

scopic model with y = ypest for different values of z, 8 = 0.002,0.005, and 0.01 and
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Fig. 4 Comparison of epidemic trajectories between the microscopic model and the macroscopic
model for y = 1.

Scenarios A and B. Table 1 shows that the average error between the two trajecto-
ries is below 3.5%. Thus, the macroscopic model closely approximates the microscopic
model under a diverse set of conditions. In fact, Scenario A achieves errors below 1%
for nearly all values of x. Scenario B exhibits slightly larger errors because seeding
in larger households produces stronger clustering effects leading to bigger divergence
between the macroscopic and microscopic models. But, even in Scenario B, all but
one entry is 1.6% or below. Also, all but three entries is below 1.5%. Note that, with
Y = Ypest, for the parameters given in Figure 5, the average error is now 0.61% and
1.43%. This is a substantial drop from the average error seen when y = 1.

Additional computations were performed for household amplification factors as
large as x = 1000 to capture scenarios where individuals interact at a significantly
higher rate within the household than outside the household. The same qualitative
behavior was observed across both outbreak scenarios and both transmission rates. At
x = 1000, the trajectory errors remained below 1.5453% and 2.0406% for B = 0.002,
below 0.51921% and 1.0464% for 3 = 0.005, and below 0.42183% and 0.48301% for
B = 0.01 under Scenarios A and B, respectively. These results demonstrate that the
proposed framework remains accurate and robust over a wide range of household
transmission intensities than that shown in Tables 1.

We also present example trajectories of the number of infected individuals as a
function of time for both the microscopic and macroscopic models to visualize the dis-
crepancies between them. For each transmission rate B and initial infection scenarios,
we present the trajectories for the x that gave the maximum percentage trajectory
error (Figure 5). The trajectory plots show that the microscopic and macroscopic
models match very well throughout the entire duration of the epidemic. Minor dis-
crepancies between the two trajectories are confined primarily to the epidemic peak
and the immediate region. For B = 0.002, the largest discrepancy occurs past the
peak, though even here the discrepancy is barely visible. Note that Figure Al in the
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Table 1 Optimal calibration parameter ypest and percentage trajectory error across different values
of the household amplification factor z for 8 € {0.002,0.005,0.01}. E (%) denotes Error (%).

B = 0.002 B = 0.005 B =0.01

Scenario A Scenario B Scenario A Scenario B Scenario A Scenario B

T Yvest B (%) Yvest B (%) Ubest E (%) Ybest E (%) Ubest B (%) Ybest E (%)

2 0.00200 2.30 0.000001 3.13 0.00215 0.30 0.00001 0.70 0.00250 0.27 0.00001 0.55

5 0.00225 0.61 0.00125 1.53 0.00225 0.42 0.00001 0.93 0.00270 0.32 0.00050 0.26
10 0.00250 0.43 0.00175 0.85 0.00265 0.31 0.00090 1.15 0.00270 0.27 0.00090 0.24
20 0.00300 0.64 0.00270 1.45 0.00265 0.35 0.00220 0.98 0.00285 0.27 0.00115 0.50
30 0.00310 0.51 0.00300 1.11 0.00285 0.22 0.00250 0.61 0.00310 0.22 0.00180 0.29
40 0.00310 0.66 0.00305 1.16 0.00300 0.25 0.00270 0.51 0.00325 0.24 0.00180 0.26
50 0.00315 0.52 0.00315 1.40 0.00325 0.37 0.00285 0.43 0.00325 0.29 0.00240 0.34
60 0.00325 0.94 0.00315 1.11 0.00330 0.53 0.002925 0.49 0.00330 0.28 0.00245 0.30
70 0.00325 0.65 0.003225 1.22 0.00330 0.44 0.00340 0.62 0.00355 0.41 0.00255 0.37
80 0.00330 0.91 0.00340 1.28 0.00340 0.45 0.003475 0.70 0.00380 0.43 0.00300 0.34
90 0.00340 0.52 0.00340 1.28 0.00355 0.28 0.00355 0.64 0.00390 0.42 0.00300 0.45
1000.003425 0.87 0.00350 1.54 0.003625 0.42 0.003575 0.49 0.00400 0.53 0.00315 0.33

Appendix show that with y = ypest, for the parameter used in Figure 4, the trajectory
for the macroscopic model closely match that of microscopic model, in contrast to the
huge discrepancies for y = 1 as in Figure 4.

Table 1 show that s increases monotonically with increase in x. This is intuitive
because higher x ensures faster transmission of the disease in households and therefore
eventually faster overall spread as members of a household also get in contact with
members outside. Increasing y increases the transmission rate between adults and
children in the microscopic model, and therefore higher overall spread of the disease.
Thus, the best match for y occurs at higher values as x increases.
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Table 2 Computation time required to generate one data point in the microscopic model across
200 runs for ﬂA = 0.002 and Scenario A.

Population (N)  Time (s) Population (N)  Time (s) Population (N)  Time (s)
5,000 16,800 12,000 55,000 19,000 138,400
6,000 23,200 13,000 60,200 20,000 156,400
7,000 24,400 14,000 69,200 22,500 170,400
8,000 28,800 15,000 76,400 25,000 205,600
9,000 35,000 16,000 83,200 30,000 253,000
10,000 40,400 17,000 97,800 40,000 756,000
11,000 53,400 18,000 104,000 50,000 933,600
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Fig. 5 Comparison of infected individual trajectories over time between the microscopic and macro-
scopic models for all transmission rates, 8 = 0.002,0.005, and 0.01, and outbreak scenarios (Scenario
A and Scenario B), evaluated at the household amplification factor x corresponding to the worst-case
trajectory error in each scenario.

Computation times of Microscopic and Macroscopic models

Recall that each data point for the microscopic model needs to be averaged over a
large number of independent realizations to ensure that the sample average is close to
the expectation. We have found that for the sample average to converge to any value,
200 or larger number of runs are required. In Table 2, we provide the time required
for 200 independent realizations for 3 = 0.002, Scenario A, and different numbers
of individuals. The computation times are similar for other values of § and other
distributions of the initial infection.
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In contrast, the macroscopic model requires only a single deterministic ODE
solution for a given parameter configuration. In our implementation, this required
approximately 0.3 seconds and remained essentially independent of population size
because the computational cost is determined primarily by the number of demographic
compartments rather than the number of individuals.

In both cases we used MATLAB R2024a on a MacBook Pro with an Apple M4 pro-
cessor and 16 GB of memory. Consequently, replacing the 200 microscopic realizations
with a single calibrated macroscopic solution results in substantial computational sav-
ings. For a population of 5,000, the corresponding speedup is approximately 56,000
times, while for a population of 50,000 it is approximately 3.1 million times. The
computational savings provide an important practical advantage of the proposed
macroscopic framework.

Using the macroscopic model to predict the outcome of the
microscopic model

Determining ynesy for every new value of z would largely negate the computational
advantages of the macroscopic approximation. We therefore investigate whether the
relationship between x and ypest can itself be represented by a smooth functional
approximation using few computations for both. We can then predict ypes; for all values
of z from the function. We obtain this function using B-spline regression (Figures 6).
The fitted curves closely match the computed data, with mean squared fitting errors
on the order of 1079, indicating that the regression accurately captures the nonlinear
relationship between x and ypes;. This smooth relationship between the two parameters
indicates that calibration does not need to be repeated for every value of x. Instead,
intermediate values of ynest can be estimated directly from the fitted spline, ensuring
good predictive capability of the fitted regression, which we verify next.

We reproduce the results in two representative cases in which ypest can be assessed
through interpolation (z = 25, 75) and two others when one needs to resort to extrap-
olation (xz = 105,110). In each case we compare the ypes; obtained from the fitted
curve, henceforth denoted as Ypredicted, and the ypest computed by evaluating both the
microscopic and macroscopic models for the given parameter values (Tables 3). We
continue to denote the latter as ypest- Across all scenarios and transmission rates, the
percentage difference between the actual ypest and the predicted Ypest, i-€., Ypredicted s
remains well below 5%, peaking at just 4.43% in the worst-case scenario (Scenario B
for B = 0.01 at & = 25). For interpolation, the predicted and actual values differ by
only 107%-1075 across all transmission rates and outbreak scenarios (with a maximum
absolute difference of 7.53 x 1075 in Scenario B for 3 = 0.005 at x = 75). Extrapola-
tion remains similarly robust, with absolute differences between predicted and actual
parameters bounded by 10~ and trajectory error differences remaining small over-
all. Consequently, ypest for previously unseen values of x can be accurately obtained
directly from the regression model, eliminating the need for repeated evaluation of the
computationally time consuming microscopic model.

The fitted curves also indicate diminishing sensitivity of ypest- Although ypest
increases monotonically with x, the increase becomes progressively smaller for larger
values of x; a saturation phenomenon is therefore observed.
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(a) Performance for 3 = 0.002

Table 3 Interpolation and extrapolation performance comparing ynest (obtained via optimization)
and Ypredictea (derived from the fitted response curve). Percentage difference is calculated as

Ypredicted ~ Ybest

x 100. Actual Error (%) measures the trajectory percentage error obtained for ypest,

Ybest
while Predicted Error (%) denotes the corresponding trajectory error generated when substituting
Ypredicted in the ODE.

Percentage Actual  Predicted
Scenario Type x Ybest Ypredicted Difference (%) Error (%) Error (%)
A Interpolation 25 0.00310 0.0030963 0.12 0.61 0.61
75 0.00325 0.0032657 0.48 0.67 0.72
A Extrapolation 105 0.00350 0.0034375 1.79 0.63 0.66
110 0.00350 0.0034500 1.43 0.60 0.61
B Interpolation 25  0.00290 0.0029600 2.07 1.43 1.45
75 0.003325 0.0033194 0.17 1.43 1.43
B Extrapolation 105 0.003575 0.0035500 0.70 1.02 1.03
110 0.003575 0.0036000 0.70 2.68 2.77
(b) Performance for § = 0.005
Percentage Actual  Predicted
Scenario Type x Ybest Ypredicted Difference (%) Error (%) Error (%)
A Interpolation 25 0.002725 0.0027372 0.45 0.22 0.45
75 0.003300 0.0033382 1.16 0.24 0.72
A Extrapolation 105 0.003650 0.0036625 0.34 0.65 0.44
110 0.003675 0.0037000 0.68 0.37 0.80
B Interpolation 25 0.002400 0.0024090 0.38 0.53 0.73
75 0.003400 0.0034753 2.21 0.63 0.80
B Extrapolation 105 0.003625 0.0035875 1.03 0.67 0.59
110 0.003625 0.0036000 0.69 0.54 0.86
(c) Performance for § = 0.01
Percentage Actual  Predicted
Scenario Type x Ybest  Ypredicted Difference (%) Error (%) Error (%)
A Interpolation 25 0.00300 0.0029835 0.55 0.29 0.32
75 0.00365 0.0036879 1.04 0.15 0.44
A Extrapolation 105 0.00410 0.0040500 1.22 0.29 0.30
110 0.00410 0.0041000 0.00 0.69 0.69
B Interpolation 25 0.00155 0.0014814 4.43 0.43 0.43
75 0.00280 0.0027839 0.58 0.45 0.49
B Extrapolation 105 0.00315 0.0032250 2.38 0.24 0.76
110 0.00340 0.0033000 2.94 0.45 0.42
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Fig. 6 B-spline regression relating the household amplification factor = to the optimal calibration
parameter ypest for 8 = 0.002, 3 = 0.005, and g = 0.01. Each row corresponds to a value of 3, while
the columns show interpolation and extrapolation for Scenarios A and B, respectively.

We now plot the trajectories of the macroscopic model with ypredictea Obtained
from interpolation (Figure 7) and extrapolation (Figure 8), and the microscopic model
for z = 25 and 8 = 0.002. A close match is observed. Thus, the small differences
between Ypredicted (from interpolation and extrapolation) and yhest have little effect
on the epidemic dynamics.

Discussion

This study establishes a quantitative and computationally efficient correspondence
between a household-structured microscopic probabilistic SIR model and a macro-
scopic deterministic ODE model. The microscopic model explicitly represents the exact
network of connection between individuals within and across households, whereas
the macroscopic model aggregates individuals into broader demographic groups and
aggregate connections between groups rather than between individuals and therefore
can not capture the household organization. The evolution of infection in the macro-
scopic model is much more computationally tractable to compute than that in the
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Fig. 7 Comparison of epidemic trajectories between the microscopic model and the macroscopic
model using the interpolated calibration parameter ypredicted Under Scenarios A and B. The macro-
scopic trajectories are generated using ypredicted Obtained from the B-spline interpolation.

microscopic one. The central objective was therefore to determine whether the struc-
tural effects omitted by the macroscopic formulation could be incorporated through
a calibrated interaction scaling parameter, y, in the macroscopic one, while preserv-
ing the aggregate epidemic dynamics generated by the microscopic model. The results
demonstrate that this is feasible across a broad range of household amplification fac-
tors, baseline transmission rates, and initial infection scenarios, thereby establishing
an efficient bridge between detailed household-based microscopic and computationally
tractable macroscopic epidemic models.

Specifically, a major finding is that the macroscopic model closely reproduces
the epidemic trajectories of the microscopic model across a diverse set of parame-
ters involving a wide range of household amplification factors, baseline transmission
rates, and initial infection scenarios. The average error across the entire trajectory
has been small for this diverse set of parameters, and comparison of the trajecto-
ries reveal that the maximum error is also low. For each transmission rate and initial
infection scenario, the microscopic and macroscopic trajectories corresponding to the
worst observed average trajectory error were compared directly. The resulting curves
exhibit close agreement over the course of the epidemic, with the largest discrepan-
cies generally concentrated around the epidemic peak or its immediate vicinity. Even
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Fig. 8 Comparison of epidemic trajectories between the microscopic model and the macroscopic
model using the extrapolated calibration parameter yp edicted Under Scenarios A and B. The macro-
scopic trajectories are generated using ypredicted Obtained from the B-spline extrapolation.

in these worst-case comparisons, the differences remain visually small. This agree-
ment is important because the calibration does not merely match a single summary
statistic, such as the epidemic peak or final epidemic size; rather, the calibrated macro-
scopic model reproduces the temporal evolution of the aggregate infected population.
The worst case comparison also reveals that the maximum error is low. The errors
are relatively higher when the parameters induce greater household clustering (such
as in Scenario B of initial infection) but even those are small. Another major find-
ing is that the relation between the value of the calibration parameter yielding the
minimum error and the household amplification factor is continuous; thus calibration
parameters that produce low errors for different values of the household amplification
factor can be obtained through interpolation and extrapolation using some baseline
values of the optimum calibration parameters and corresponding household amplifica-
tion factors and B-spline regression. In fact, we show that with the interpolated and
extrapolated values of the calibration parameter, the macroscopic trajectory is close
to the microscopic one. This reduces the overall computational burden significantly
as determining the calibration parameter that yields the minimum error requires the
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computation of the microscopic trajectory, and now because of interpolation, extrap-
olation the above determination needs be done only for a few values of the household
amplification factor.

The computational savings provide an important practical advantage of the pro-
posed framework. Generating an epidemic trajectory from the microscopic model
requires repeated Monte Carlo simulations, and the computational cost increases sub-
stantially with population size. For example, generating one ensemble-averaged data
point using 200 Monte Carlo realizations required approximately 16,800 seconds for
a population of 5,000 individuals and 40,400 seconds for a population of 10,000. The
computational cost increased to approximately 156,400 seconds for 20,000 individuals
and 933,600 seconds for 50,000 individuals. In contrast, the macroscopic deterministic
ODE system required approximately 0.3 seconds to solve in our implementation and
was approximately independent of population size because the number of ODE state
variables is determined by the fixed number of demographic compartments rather than
by the number of individuals. For the 5,000-individual case, replacing the microscopic
calculation with a single macroscopic ODE solution corresponds to an approximately
56,000-fold reduction in computation time. These results demonstrate that the ben-
efit of the proposed microscopic—macroscopic bridge is not merely a reduction in
model complexity, but can translate into substantial computational savings when many
epidemic scenarios must be evaluated.

The computational advantage becomes particularly important when parameter
sweeps, uncertainty analyses, sensitivity analyses, or repeated intervention scenarios
are considered. In such settings, performing hundreds or thousands of microscopic
simulations for every parameter combination may become prohibitively expensive.
The proposed “calibrate once, analyze many” strategy instead concentrates the com-
putational burden in a limited number of microscopic simulations and subsequently
transfers the resulting structural information to the deterministic model. Once the rela-
tionship between x and ynesy has been established, effective macroscopic parameters
for previously untested values of x can be estimated without rerunning the micro-
scopic model. The resulting ODE system can then be solved rapidly for a large number
of parameter combinations while maintaining close agreement with the microscopic
epidemic dynamics.

The practical significance of this approach lies in its ability to retain important
effects of household structure without requiring household-level stochastic simulation
for every analysis. The microscopic model remains valuable as a high-fidelity represen-
tation of household-level transmission and as a reference for determining the effective
calibration parameter. The calibrated macroscopic model provides a complementary
representation: it does not explicitly reproduce every microscopic contact, but instead
incorporates their aggregate effects through an effective interaction parameter. The
resulting framework therefore provides a principled bridge between structural realism
and computational tractability.

We now acknowledge the limitations of our work. First, the network topology we
have considered has a diameter of 2, that is, the maximum distance between two
nodes (representing individuals) in the network graph is 2. This arises in closely knit
communities such as small towns, neighborhoods, apartment buildings or cruise ships,
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but can not model large cities where individuals are spread out in various communities
and as such the distance between individuals can be several hops. Thus, our findings
need not extend to networks with large diameters. Second, B-spline regression does not
provide low errors for extrapolation over large ranges. So, other regression techniques
have to be explored for those. Third, the present study considers a simple SIR disease
process without reinfection, vaccination, behavioral or opinion dynamics. Allowing
reinfection for example would introduce an additional transition from the recovered
state back to the susceptible state and could substantially alter the long-term epidemic
dynamics, potentially producing recurrent waves of infection. Consequently, results
may not extend to such evolved scenarios. But, death can be easily incorporated
by introducing a separate dead compartment and individuals transitioning to either
recovered or dead from the infected compartment. The dead individuals are removed
from the system like the recovered ones as neither infect other individuals. So the
dynamics do not fundamentally change.

Despite these limitations, the consistency of the results provide a computationally
tractable framework for evaluating the evolution of epidemic in close knit communities
with households which is of practical interest. The limitations of the current framework
provide topics of future research. Last but not the least, close knit communities may
have groups of individuals which have all the characteristics of households, but are
not deemed households in common parlance. In common parlance the term household
is used to denote families with parents and offsprings. But, broadly, the characteristic
of such households we use is that each such household is a small group of individuals
who interact among themselves at a much higher rate than with other individuals.
That characteristic extends to small groups in other settings such as in prisons where
a small group of prisoners share the same cell and they are in close proximity to each
other for long durations as also with the guards of their cell. Then such small groups
can be adult roommates sharing a dormitory room in University housings. We believe
our results would extend to these scenarios as well though the assessment constitutes
a topic of future research.

More broadly, the results provide a foundation for extending this calibration strat-
egy to increasingly complex structured epidemic systems. Future work can investigate
whether the microscopic—macroscopic calibration framework can be integrated with
additional layers of heterogeneity, evolving contact patterns, age-dependent suscepti-
bility, partial immunity, vaccination, or intervention-driven changes in behavior. Such
extensions could allow the computational efficiency of deterministic epidemic models
to be retained while systematically incorporating structural effects that are otherwise
accessible only through substantially more expensive microscopic simulations.

Data availability:

Key summary metrics are reported directly within the published article. The demo-
graphic information used in the current study is publicly available from the U.S.
Census Bureau, including data on families and living arrangements from 2020 available
at https://www.census.gov/data/tables/2020/demo/families/cps-2020.html and 2023
available at https://www.census.gov/data/tables/2023/demo/families/cps-2023.html,
as well as interactive visualizations on parents’ living arrangements available at https:
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//www.census.gov/library /visualizations/interactive /parents-living-arrangements.
html, historical reports on adults living without children available at https://www.
census.gov/newsroom/blogs/random-samplings/2016,/12 /no_kids_in_the_house.html,
and analyses of household structures available at https://www.census.gov/library/
stories/2017/08 /more-adults-living-without-children.html. All other datasets gener-
ated and analyzed, along with the computer code used to run the simulations and
generate the figures, are available from the corresponding author upon reasonable
request.
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