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Abstract  This paper revisits the Fibonacci-series-based nearest-level modulation (F-NLM) proposed for a nine-level 

asymmetric cascaded H-bridge inverter with a 1:3 dc-source ratio. The published procedure perturbs four switching angles 

sequentially and recalculates total harmonic distortion (THD), reaching its final set after 60 reported iterations. The unresolved 

question is whether those angles remain independent at an interior stationary solution, or whether the THD objective itself 

imposes a lower-dimensional structure. Inverse mapping of the reported angles first reveals an effective scalar region near q ≈ 
0.2368. It is then proved that every interior stationary point of the analytical THD criterion used in the original search satisfies 

sin αi = (i − 0.5)q, so that the stationary multi-angle problem reduces to a scalar fixed-point condition. An unrestricted four-angle 

minimization with 400 random initializations independently recovers the low-THD stationary solution q* ≈ 0.236386, with THD 
= 8.902299%. The finite Fibonacci ratio qF = 13/55 = 0.236364 is adopted as a rational surrogate, generating {6.7872°, 20.7656°, 

36.2215°, 55.8196°} and an analytical THD of 8.902300%. Independent 50-Hz PSIM simulations yield 8.9023% for the 

deterministic formulation and 8.9033% for the published iterative angles. The near-identical distortion values are evidence of 

equivalence. The contribution is therefore not an additional THD reduction, but the characterization and dimensional reduction 

of the interior stationary set; 13/55 provides a direct Fibonacci realization for the investigated nine-level case. The result is 

restricted to the analytical THD functional and waveform assumptions considered in this study. 

 

Keywords  asymmetric cascaded H-bridge · Fibonacci sequence · nearest-level modulation · low-switching-frequency modulation · 

harmonic distortion · deterministic synthesis 

 

1 Introduction 

Multilevel voltage-source converters synthesize stepped 

output voltages from multiple dc levels and are established in 

medium- and high-power conversion because additional 

voltage levels can reduce device voltage stress, output-voltage 

distortion, and filtering requirements [1, 2]. Among the 

classical families, the cascaded H-bridge (CHB) is especially 

attractive when modularity and independently supplied cells 

are compatible with the application [3, 4]. Its asymmetric 

variants deliberately use unequal dc sources to increase the 

number of attainable voltage levels without a proportional 

increase in cell count [5]. 

Converter topology defines the voltage states that can be 

synthesized, whereas modulation determines when and how 

those states are used. This distinction is central in multilevel 

conversion because the modulation law directly affects 

harmonic distribution, switching activity, losses, and 

waveform quality [6–8]. Recent studies in Electrical 

Engineering likewise show that changes in modulation 

strategy can modify harmonic content, switching-frequency 

requirements, and frequency-dependent converter behavior 

even when the power stage is unchanged [11, 12]. 

A related converter-design example by El Kattel et al. [9] 

shows that the modulation and duty-cycle law can define 

distinct operating regions of an isolated three-phase dc-dc 

converter without changing the basic power stage. Although 

that topology differs from the CHB considered here, the 

methodological point is relevant: the switching law can alter 

converter behavior even when the hardware structure is 

retained. 

Oliveira's doctoral thesis [10] provides a broader switched-

converter perspective. Using PWM command, the converter is 

divided into operating regions that differ in duty-cycle range 

and in the time and number of switches conducting 

simultaneously. Although the topology is a three-phase 

isolated dc-dc converter rather than a CHB, the analysis is 

conceptually relevant here because it shows that a modulation 

law organizes temporal conduction states and operating 

regions, rather than being merely a list of isolated switching 

angles. 

For CHB converters, the modular voltage synthesis makes this 

topology particularly convenient for isolating modulation 

effects. CHB structures have been extensively reviewed for 

medium-voltage and renewable-energy applications [3, 4], 

and asymmetric source arrangements have been used to obtain 

more voltage levels with reduced structural complexity [5]. 

Within Electrical Engineering, Francis and Meganathan [13] 

experimentally studied an asymmetric CHB with a trinary 

source progression and compared NLM, staircase, and carrier-

based modulation. Related non-carrier formulations for 

asymmetric CHB structures have also been reported [14]. The 

present study adopts the smaller two-cell 1:3 configuration 
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because it produces nine levels while keeping the switching-

angle geometry analytically transparent. 

For low-switching-frequency operation, nearest-level 

modulation (NLM) maps a sinusoidal reference to the nearest 

admissible converter level and is attractive because of its 

simple decision logic and low switching activity [15, 16]. The 

apparent simplicity of NLM does not remove design freedom: 

modifying rounding rules, decision thresholds, or transition 

instants changes the staircase geometry and therefore the 

spectrum. This observation motivates a large body of NLM 

variants and is the starting point for the deterministic 

reformulation developed here. 

 

1.1 Related literature 

Castellain [17] treats Staircase/SHE for modular multilevel 

conversion, where p switching angles control the fundamental 

component together with up to p-1 harmonic constraints, 

producing nonlinear transcendental systems solved iteratively. 

Although SHE differs from NLM, the example shows how 

low-frequency modulation becomes an angle-search problem. 

NLM research has followed several directions. Hu and Jiang 

[18] increased the effective number of output levels in MMCs 

while preserving the low-switching-frequency character of 

NLM; Xiong et al. [19] modified switching intervals for CHB 

converters; Nguyen and Kwak [20] targeted output quality; 

and Wang et al. [21] introduced a flexible formulation trading 

switching activity against capacitor-voltage balancing. 

Variable-rounding strategies [22], variable-structure NLM 

[23], level-enhanced nearest-level control [24] and NLC 

rotation strategies [25] confirm that substantial harmonic 

changes follow from reformulating the level-selection rule 

rather than the hardware. Surveys of low-switching-frequency 

modulation reach the same conclusion: waveform quality 

depends on a small set of discrete decisions [7, 8, 16, 26], a 

burden often treated as a search over modulation variables 

[27]. 

Fibonacci structures had already appeared in power 

electronics before the F-NLM formulation considered here: as 

a search procedure reducing comparisons in matrix-converter 

modulation [28], as efficient search or recursive structures in 

signal processing and control [29, 30], through fixed-index 

quotient properties underlying finite-ratio constructions [31], 

and as switched-capacitor conversion ratios [32, 33] and 

converter-modeling procedures [34]. Because Fibonacci can 

play such distinct roles, its role in a modulation algorithm 

must be identified explicitly rather than invoked numerically. 

Within this context, Kumar et al. [35] proposed a Fibonacci-

series-based NLM (F-NLM) for a nine-level 1:3 asymmetric 

CHB. Starting from conventional NLM, the four positive-

quarter-wave switching angles are reduced sequentially by 

0.1°, 0.2°, 0.3°, and 0.5°, respectively. After each accepted 

change, the analytical THD is recalculated. The reported 

significant states culminate at iteration 60 with {6.8°, 20.8°, 

36.3°, 56.0°} and analytical THD of 8.9028%. The authors 

then verify the modulation in MATLAB/Simulink and report, 

for a resistive load, a fundamental-voltage increase from 

157.7 V to 163.1 V and a simulated THD decrease from 

8.34% to 7.67%. 

The analytical and simulation figures in Kumar et al. [35] 

must be distinguished. The 9.3706% to 8.9028% values 

belong to the analytical THD criterion used during the angle 

search, whereas 8.34% to 7.67% are MATLAB/Simulink 

results obtained from their circuit model. The present study 

preserves that distinction: published analytical angles are 

compared analytically, while a separate PSIM model is used 

as an independent numerical verification environment. 

Luo et al. [36] later identified the implementation burden of 

the Fibonacci-based NLM algorithm as the inverter level 

count increases, citing computing power, storage and 

memory. The present paper does not address arbitrary-level 

scalability, but that observation sharpens a more basic 

question: in the published nine-level case, are repeated multi-

angle objective evaluations structurally necessary at all? 

Ghasemian et al. [39] recently established that, for a 

prescribed fundamental component, the minimum-THD 

multilevel waveform is a nearest-level waveform with active 

switching angles θk = arcsin[(2k − 1)L/(2A)]. Under q = L/A, 
this is the same angle family as Eq. (2). The design question 

here is different: Kumar's F-NLM search does not prescribe 

the fundamental component, so the present work characterizes 

the stationary set of that unconstrained THD objective and the 

scalar condition that selects its interior stationary roots. 

1.2 Motivation and contributions 

The answer obtained here can be stated at the outset. Kumar 

et al. [35] treat four switching angles as independent variables 

and reach their final set after 60 reported iterations. This paper 

proves that every interior stationary point of the THD 

criterion they adopt satisfies sin(αi) = (i − 0.5)q, so that the 
stationary problem is scalar rather than four-dimensional. The 

remainder of this section states why the question matters and 

what is not being claimed. The published procedure 

manipulates four angles independently, but the final solution 

was never examined to determine whether those values 

actually span a four-dimensional stationary set. Since 

conventional NLM already follows a common sinusoidal law, 

the final angles may contain a latent scalar relation; if such a 

relation follows from the THD objective itself, the search can 

be reduced at the level of the optimization problem rather than 

only reinterpreted after the fact. 

The significance of this question is not tied to the absolute 

runtime of a 60-step offline search, which is computationally 

modest on modern hardware. The issue is whether repeated 

objective-function evaluations are mathematically necessary 

at all. If the stationarity conditions already constrain an 

interior solution to a scalar trajectory, then the sequential 

multi-angle search is structurally redundant at the design stage 

even when its execution time is small. 

Answering this question requires separating four issues: (i) 

the structure visible in the reported angles, (ii) the stationarity 

structure of the objective function, (iii) the role of a finite 

Fibonacci ratio as a direct rational representation, and (iv) 

whether the resulting formulation preserves the electrical 

result in an independent simulation environment. 

Accordingly, this study does not seek an additional THD 

reduction beyond the reference result. Near-identical electrical 

results are the verification target because they indicate that the 
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direct formulation reaches the same stationary region without 

the sequential search. To isolate this structural property, the 

analytical and PSIM comparisons retain the idealized staircase 

assumptions and the same THD objective used in the 

reference formulation. Hardware-specific effects such as dead 

time, semiconductor voltage drops, source imbalance, driver 

delay, and measurement noise are therefore outside the 

present scope because they would introduce variables 

unrelated to the mathematical hypothesis. 

The main contributions are: 

• An inverse mapping of the published final switching angles 
showing that the reported solution is numerically consistent 

with a one-parameter sinusoidal family, while explicitly 

accounting for the 0.1° reporting granularity of the source 

data. 

• A characterization of the stationary set of the analytical 
THD criterion adopted in the reference study: every interior 

stationary point satisfies sin αi = (i − 0.5)q, reducing the 
multi-angle stationarity system to a scalar fixed-point 

condition. Unlike the prescribed-fundamental result in [39], 

the fundamental component here is an outcome of the 

unconstrained F-NLM objective. 

• An unrestricted four-angle numerical minimization that 

independently recovers the same low-THD stationary 

solution, together with the finite Fibonacci ratio qF = 13/55 

as a close rational surrogate that preserves the mathematical 

link to the original F-NLM construction. 

• An analytical and PSIM comparison demonstrating that the 
direct formulation reproduces the final iterative operating 

region while bypassing the offline sequential angle-search 

stage for the investigated nine-level converter. 

1.3 Paper organization 

Section 2 defines the nine-level CHB, conventional NLM, and 

the iterative F-NLM problem. Section 3 develops the inverse 

scalar mapping, the Fibonacci rational representation, the one-

dimensional THD landscape, the direct threshold realization, 

and the stationarity theorem that establishes the scalar 

structure of the adopted THD criterion. Section 4 describes 

the matched PSIM verification. Section 5 compares analytical 

and numerical results and discusses the structural, 

computational, and scope implications. Section 6 concludes 

the paper. 

2 Background and Problem Formulation 

2.1 Nine-level asymmetric CHB 

The investigated converter follows the same nine-level 1:3 

asymmetric CHB configuration used by Kumar et al. [35]. 

The CHB family is well established for modular multilevel 

synthesis [3, 4], while asymmetric dc-source ratios can 

increase the number of attainable levels with a small number 

of cells [5, 13, 14]. Two single-phase full-bridge cells are 

connected in series. The lower-voltage cell is supplied by Vdc 

and the higher-voltage cell by 3Vdc. Each bridge can 

contribute a positive, zero, or negative voltage; therefore, the 

series sum can realize 0, ±Vdc, ±2Vdc, ±3Vdc, and ±4Vdc. 

Figure 1 presents a deliberately simplified voltage-synthesis 

view of the topology so that the paper focuses on modulation 

rather than device-level drawing details. 

 
Fig. 1 Conceptual structure of the investigated nine-level asymmetric 

CHB. Two cascaded H-bridge cells are supplied by Vdc and 3Vdc, 

yielding nine output levels 

The switching-state map is reproduced in Table 1 because it is 

shared by every compared modulation strategy. Thus, changes 

in output voltage arise only from transition timing. The two 

zero states are retained separately for positive and negative 

half cycles, which keeps the switching logic symmetric while 

preserving the same zero output voltage. 

 

Table 1 Switching states of the nine-level CHB (1 = ON, 0 = 

OFF). 

Lvl. S1 S2 S3 S4 S5 S6 S7 S8 

0+ 1 0 1 0 1 0 1 0 

+1 1 1 0 0 1 0 1 0 

+2 0 0 1 1 1 1 0 0 

+3 1 0 1 0 1 1 0 0 

+4 1 1 0 0 1 1 0 0 

0− 0 1 0 1 0 1 0 1 

−1 0 0 1 1 0 1 0 1 

−2 1 1 0 0 0 0 1 1 

−3 0 1 0 1 0 0 1 1 

−4 0 0 1 1 0 0 1 1 

 

2.2 Conventional NLM 

Under quarter-wave symmetry, four transition angles in the 

interval 0°–90° define the complete nine-level staircase. 

Conventional NLM changes level at the midpoint between 

adjacent voltage states, consistent with the nearest-level 

interpretation widely used in multilevel converters [15, 16, 

18–25]. If the positive reference peak is normalized to n level 

increments, the switching angles reported by Kumar et al. [35] 

are 

 𝛼௜ = sin−1 (݅ − 0.5݊ ) ,  ݅ = 1,2,… , ݊ (1) 
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For n = 4, the four normalized decision thresholds are 0.5, 1.5, 

2.5, and 3.5 when the sinusoidal reference has peak amplitude 

4. The quarter-wave geometry is shown in Fig. 2. Defining q0 

= 1/n = 0.25 makes explicit the scalar multiplying every 

transition index without introducing any new modulation 

freedom: 𝛼௜(ݍ) = sin−1[(݅ −  (2) [ݍ(0.5

  

The exact q0 angles are {7.1808°, 22.0243°, 38.6822°, 

61.0450°}. Kumar et al. report the same conventional 

operating point rounded to one decimal degree as {7.2°, 22.0°, 

38.7°, 61.1°}. The distinction is small electrically but must be 

preserved when THD is compared at four or more decimal 

places. 

 
Fig. 2 Quarter-wave geometry of conventional NLM for the 

normalized nine-level reference. The transition thresholds are 0.5, 

1.5, 2.5, and 3.5 

2.3 Iterative Fibonacci-based NLM 

The F-NLM algorithm begins from the conventional angles 

and perturbs them sequentially. Angle α1 is decreased in 0.1° 
steps while THD improves. When further decrease is no 

longer accepted, the search advances to α2 using 0.2° steps, 
then to α3 using 0.3° steps, and finally to α4 using 0.5° steps. 
The sequence of decrements is associated with Fibonacci 

numbers by Kumar et al. [35]. The significant reported 

iterations are reproduced in Table 2. 

Table 2 Significant iterations reported for the F-NLM search [35]. 

Iter. α1 (°) α2 (°) α3 (°) α4 (°) THD 

(%) 

1 7.20 22.00 38.70 61.10 9.3706 

17 7.00 21.50 37.30 61.10 9.3059 

32 7.00 21.50 37.50 56.60 8.9717 

50 6.90 20.90 36.10 56.60 8.9157 

60 6.80 20.80 36.30 56.00 8.9028 

 

For n switching angles, the analytical distortion criterion used 

to guide the reference search is given by Kumar et al. [35]. 

Related analytical formulations of THD in multilevel inverters 

with unequal dc sources are discussed more generally by 

Farokhnia et al. [38]; here, however, the exact functional 

adopted by Kumar et al. is retained to ensure a matched 

comparison. 

 

THD = 2݊28ߨ√100 − ∑4ߨ (2݅ + 1)௡−1௜=0 𝛼௜+1[∑ cos௡௜=1 (𝛼௜)]2 − 1 

 

(3) 

Equation (3) is used in this paper for every analytical 

comparison and, in Section 3.7, as the objective whose 

stationary set is analyzed. This prevents an important category 

error: the analytical values in Table 2 must not be mixed with 

the circuit-simulation THD reported by Kumar et al. Because 

the final angle set is the output of a sequential four-variable 

procedure, the natural next question is whether those four 

coordinates remain independent at a stationary solution of this 

same criterion. 

2.4 Problem statement 

Let AK = {α1,K, α2,K, α3,K, α4,K} denote the final published 
F-NLM set. If AK is genuinely four-dimensional, inversion of 

each angle through the NLM sinusoidal relation should 

generally produce distinct effective scalars. Conversely, if all 

four inversions produce nearly the same value, then the final 

result lies close to the one-dimensional manifold defined by 

Eq. (2). The problem can therefore be tested directly from 

published data, without modifying the original optimization 

objective and without assuming a Fibonacci ratio in advance. 

This distinction is central to the logic of the paper. The first 

step is diagnostic: recover the hidden scalar, if it exists. Only 

after that step is the Fibonacci sequence reintroduced to 

determine whether a natural finite ratio family occupies the 

same numerical region. The final step is verification: 

implement conventional NLM, the final published angles, and 

the deterministic ratio in the same PSIM plant and determine 

whether their analytical relationship survives circuit-level 

simulation. 

3 Deterministic Mathematical Reformulation 

3.1 Inverse mapping of the published solution 

Inverting Eq. (2) for each final published angle defines the 

scalar coordinate 

௜,௄ݍ  = sin(𝛼௜,௄)݅ − 0.5  (4) 

  

 

Table 3 Inverse-mapped scalar values from the final angles of Kumar 

et al. [35]. 

i αi,K (°) qi,K 

1 6.8 0.236808 

2 20.8 0.236738 

3 36.3 0.236805 

4 56.0 0.236868 
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The inverse mapping gives qi values clustered around qK,mean ≈ 
0.2368; the computed values are listed in Table 3 to six 

decimal places only to facilitate numerical reproduction. Their 

full range is approximately 0.055% of the mean. These digits 

should not be interpreted as measurement precision because 

Kumar et al. report the source angles only to 0.1°. If that one-

decimal reporting is interpreted as a ±0.05° granularity, q1 

alone varies by approximately ±0.73%, which is much larger 

than the observed inter-angle dispersion. The concentration is 

therefore treated as structural evidence, not as a high-

precision estimate of an underlying physical constant. 

Figure 3 quantifies the inverse-mapped dispersion at the five 

significant iterations reported by Kumar et al. [35]. The 

relative full range (qmax − qmin)/qmean evolves from 0.371% at 

iteration 1 to 3.156%, 2.394%, and 1.930% at iterations 17, 

32, and 50, then collapses to 0.055% at iteration 60. Re-

evaluating Eq. (3) at the same five angle sets gives 

9.370551%, 9.305879%, 8.971740%, 8.915702%, and 

8.902832% THD, reproducing Table 2 to four decimal places. 

The published states therefore show a temporary departure 

from the scalar relation followed by sharp reconcentration at 

the final low-THD state, consistent with the stationarity result 

of Section 3.7. 

 

 
Fig. 3 Relative full-range dispersion of the inverse-mapped scalar 

coordinates qi at the five significant iterations reported by Kumar et 

al. [35]. Only published iteration states are used; the final state 

reconcentrates to approximately 0.055% dispersion 

3.2 One-parameter reconstruction test 

A structural observation becomes stronger if removing the 

residual dispersion does not degrade the objective that 

generated the original solution. Accordingly, all four angles 

are reconstructed from the single mean qK,mean through Eq. (2). 

This yields {6.7999°, 20.8061°, 36.2999°, 55.9774°}. Using 

Eq. (3), the reconstructed set produces 8.902739% THD, 

whereas the rounded published final angles produce 

8.902832%. 

The difference is only 0.000092 percentage point and, 

notably, favors the exact one-parameter reconstruction. 

Therefore, the small residual differences among q1,K to q4,K 

do not encode a measurable THD benefit under the original 

analytical criterion. This test is important because it separates 

a numerical coincidence from a structural reduction: if the 

residual four-dimensional freedom were essential, forcing all 

angles onto one scalar would be expected to worsen the 

optimized criterion. 

3.3 Fibonacci-based direct synthesis 

After the one-dimensional region has been identified 

independently from the published switching angles, the 

Fibonacci sequence can be revisited without circular 

reasoning. The purpose is no longer to make Fibonacci itself 

prove the dimensional reduction, but to determine whether a 

compact finite ratio from the same sequence can represent the 

scalar region revealed by the published result. 

Because the original F-NLM procedure is explicitly based on 

the Fibonacci sequence, successive ratios starting from F7 = 

13 are informative: 13/21 = 0.619048, 13/34 = 0.382353, and 

13/55 = 0.236364. These values follow the familiar 

progression associated with inverse powers of the golden 

ratio. More generally, for the classical Fibonacci sequence, 

fixed-gap ratios satisfy 

This limiting behavior is consistent with the classical 

Fibonacci-golden-ratio relationship discussed by Benavoli et 

al. [29] and with the fixed-index quotient property described 

by Falcon [31]. Table 4 lists the three finite ratios used here 

and their corresponding limiting relations. 

௡+௞ܨ௡ܨ  → ߮−௞ ,  ݇ = 1,2,3,… (5) 

Table 4 Successive finite Fibonacci ratios starting from F7 = 13 and 

their limiting relations. 

Ratio Value 
Limiting relation 

8ܨ7ܨ = 1321 0.619048 φ−1 ≈ 0.618034 

9ܨ7ܨ = 1334 0.382353 φ−2 ≈ 0.381966 

10ܨ7ܨ = 1355 0.236364 φ−3 ≈ 0.236068 

 

Among these compact successive ratios, 13/55 is the first to 

enter the 0.236 numerical scale independently revealed by the 

inverse mapping. It is adopted here as a finite Fibonacci 

rational representative, not as a uniquely privileged constant 

and not as a proof of optimality. Section 3.7 subsequently 

shows that the low-THD stationary scalar of the adopted 

objective lies extremely close to this finite ratio. 

ிݍ  = 10ܨ7ܨ = 1355 = 0.23636364 (6) 

The four switching angles then follow directly from the one-

parameter NLM relation: 
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𝛼௜,ி = sin−1 [(݅ − 0.5) (1355)] ,  ݅= 1,… ,4 

(7) 

  હி = {6.7872∘,  20.7656∘,36.2215∘,  55.8196∘}  (8) 

No THD minimization is used to choose qF in this 

construction. The finite ratio is retained because it preserves 

the Fibonacci origin of the published method while providing 

a compact rational representation of the recovered scalar 

region. The stationarity theorem in Section 3.7 provides the 

underlying reduction principle; 13/55 should therefore be 

interpreted as a rational surrogate of the low-THD stationary 

scalar, not as the mathematical source of the one-

dimensionality. 

3.4 One-dimensional THD landscape 

With Eq. (2), the four-angle analytical criterion becomes 

THD(q). The exact conventional condition is q0 = 0.25, the 

recovered final iterative condition is represented by qK,mean ≈ 
0.236805, and the deterministic Fibonacci choice is qF = 

13/55. Figure 4 shows the resulting curve. The rounded 

conventional set reported by Kumar et al. gives 9.3706%, 

whereas the exact q0 family gives 9.3637%; this small 

distinction is retained throughout the paper. 

 

 
Fig. 4 Analytical THD(q) landscape obtained with Eq. (3) and the 

one-parameter family in Eq. (2). The point q* is shown only as an a 

posteriori one-dimensional minimum 

Only after qF is fixed is the one-dimensional curve minimized 

numerically as a posterior check. The low-THD minimum 

occurs at q* ≈ 0.23638609 with THD(q*) ≈ 8.90229885%. 
The relative difference |qF − q*|/q* is approximately 0.0095%. 
This proximity is noteworthy, but it is not the selection 

mechanism. At this stage q* is simply the minimum of the 

scalar curve; Section 3.7 establishes that every interior 

stationary point of the original multi-angle criterion must lie 

on the same one-parameter family and then compares this 

low-THD solution with an unrestricted four-angle numerical 

search. 

3.5 Effective reference-scaling interpretation 

The scalar q has a conventional interpretation that must be 

made explicit. If N is the number of positive switching 

transitions and m is an effective sinusoidal amplitude scaling, 

comparison of the conventional normalized-reference 

definition with Eq. (2) gives Eq. (9). 

ݍ  = 1ܰ݉
 (9) 

For N = 4, qK, mean corresponds to meff ≈ 1.05572 and qF 

corresponds to mF ≈ 1.05769. Therefore, q is not proposed as 
a new independent modulation degree of freedom. Rather, it is 

the coordinate that reveals that the final output of a four-angle 

iterative procedure is almost equivalent to a common 

reference scaling. 

This interpretation also defines the novelty boundary. The 

contribution is the stationarity-based reduction of the 

published unconstrained THD problem and the direct 

Fibonacci representation for the investigated nine-level case; 

it is not the invention of the scalar q itself, nor a claim that 

13/55 is a universal optimum for NLM. 

3.6 Direct threshold realization 

The structural simplification is particularly transparent in the 

implementation domain. With a sinusoidal reference whose 

peak is normalized to 4, the decision threshold associated with 

αi is Ti = 4sin(αi). Conventional NLM therefore uses {0.5, 
1.5, 2.5, 3.5}. The final Kumar angles correspond to 

{0.473616, 1.420428, 2.368053, 3.316150}. For the 

deterministic formulation, substitution of Eq. (7) yields 

 

௜ܶ,ி = 4(݅ − 0.5) (1355) (10) 

which gives {0.472727, 1.418182, 2.363636, 3.309091}. 

Hence, once 13/55 is specified, even the inverse trigonometric 

calculation can be bypassed in a threshold implementation: 

each decision boundary follows from a simple arithmetic 

expression. 
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Fig. 5 Decision thresholds for conventional NLM, the final iterative 

F-NLM angles of Kumar et al. [35], and the deterministic qF = 13/55 

formulation 

3.7 Stationarity of the analytical THD criterion 

Subsections 3.1 and 3.2 showed empirically that the published 

final F-NLM angles lie close to the one-parameter family of 

Eq. (2). The present subsection establishes the stronger result: 

for the analytical THD functional of Eq. (3), the one-

parameter structure is a necessary property of every interior 

stationary point. 

For n positive-quarter-wave transition angles α = [α1, …, αn]T, 

expressed in radians, define the two angle-dependent 

aggregates 

(હ)ܥ =∑cos௡
௜=1 (𝛼௜),

ܵ(હ) =∑(2݅ − 1)௡
௜=1 𝛼௜ (11) 

ܷ(હ) = 2݊28ߨ − 4ߨ ܵ(હ) −  (હ)2ܥ
 

(12) 

With these definitions, Eq. (3) can be written in the compact 

form shown below. Because the criterion is positive and C > 0 

in the admissible interior domain, minimizing THD is 

equivalent to minimizing D. ܦ(𝛼) = ܷ(𝛼)²ܥ(𝛼) ܶܦܪ(𝛼) =  (𝛼)ܦ√100
 

(13) 

Theorem 1 (One-parameter structure of interior 

stationary points). Let α ∈ (0, π/2)n be an interior stationary 

point of the analytical distortion criterion in Eq. (3), i.e., 

∂D/∂αi = 0 for i = 1, …, n. Then there exists a scalar q > 0 
such that sin(𝛼௜) = (݅ − ݅  ,ݍ(0.5 = 1,… , ݊ (14) 

and therefore α belongs to the one-parameter family of Eq. 

(2). 

Proof. From Eq. (11), the required derivatives are ∂ܵ∂𝛼௜ = 2݅ − 1,  𝛼௜∂ܥ∂ = −sin(𝛼௜),∂ܷ∂𝛼௜ = 4ߨ− (2݅ − 1) + sin(𝛼௜)ܥ2  (15) 

 

Applying the quotient rule to D = U/C² yields 

𝛼௜∂ܦ∂  =  ܥ ∂ܷ∂𝛼௜ + 2ܷsin(𝛼௜)3ܥ  
(16) 

Since C > 0, stationarity requires the numerator to vanish, 

which gives 2(2ܥ + ܷ)sin(𝛼௜) = 4ߨ (2݅ −  (17) ܥ(1

Because C and U are scalar functionals of the complete angle 

vector, they have the same value for every index i. Equation 

(14) follows immediately with ݍ = 2ܥܥ(4/ߨ) + ܷ = 2/2݊ߨܥ − ܵ (18) 

The second equality follows from C² + U = π²n²/8 − (π/4) S. 

Thus every interior stationary point of Eq. (3) is constrained 

to the sinusoidal one-parameter family. ∎ 

An independent derivation reaches the same angle geometry. 

Ghasemian et al. [39] prove that, for a prescribed fundamental 

component, the minimum-THD waveform is nearest-level and 

satisfies θk = arcsin[(2k − 1)L/(2A)], which becomes Eq. (2) 
under q = L/A. Theorem 1 addresses the complementary 

unconstrained problem: it is a necessary stationarity condition 

for Kumar's THD objective and yields the scalar fixed-point 

equation, including multiple interior roots. Unlike the 

prescribed-fundamental problem, the present formulation does 

not select q through a target fundamental component; q must 

additionally satisfy the unconstrained stationarity fixed-point 

condition. 

A physical reading of q can also be obtained. For the 

normalized staircase described by Eq. (3), the peak 

fundamental component and total mean-square output voltage 

can be expressed as V1,pk and Vrms², respectively, in Vdc-

based normalized units. Substitution into Eq. (18) gives the 

physical interpretation below. At a stationary point, q is 

therefore not a free additional degree of freedom; it is fixed by 

the waveform that it generates. 

1ܸ,pk =  ,ܥߨ4 rܸms2 = ݊2 − ߨ2 ݍ,ܵ = 1ܸ,pk2 rܸms2 = 1ܸ,rms√2  rܸms2  (19) 

Substituting Eq. (2) into Eq. (18) reduces the n-angle 

stationarity system to a scalar fixed-point condition. For n = 4, 

this condition has more than one interior root. The low-THD 

root is q* = 0.23638609, giving THD = 8.90229885%, 

whereas another interior stationary root occurs near q = 
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0.28349655 and gives approximately 12.94% THD. 

Accordingly, no uniqueness claim is made; the relevant 

solution is the low-THD stationary root. 

As an independent four-angle numerical confirmation, Eq. (3) 

was minimized over the four ordered angles using 400 

randomly initialized Nelder-Mead searches. The best solution 

obtained was {6.78783°, 20.76765°, 36.22553°, 55.82761°} 

with THD = 8.90229885%. Inverse mapping of this solution 

gives qi values equal to q* within numerical tolerance (full 

relative dispersion below 10⁻⁵%). This numerical result 
corroborates the low-THD stationary solution but is not 

presented as an analytical proof of global optimality over all 

boundary cases. 

The theorem changes the interpretation of the published data. 

The final reconcentration of the inverse-mapped qi values near 

0.2368 is the behavior expected when a search approaches an 

interior stationary point of Eq. (3). The residual 0.055% 

dispersion in Table 3 is smaller than the variation induced by 

the one-decimal reporting granularity of the published angles 

and therefore should not be overinterpreted as a separate four-

dimensional feature. 

The Fibonacci ratio qF = 13/55 differs from the low-THD 

stationary scalar q* by approximately 0.0095%. Their 

analytical THDs differ by about 1.3 × 10⁻⁶ percentage point. 
Thus, after Theorem 1 establishes the scalar structure, 13/55 

can be interpreted cleanly as a compact rational Fibonacci 

surrogate of the low-THD stationary coordinate while 

preserving the sequence-based origin of the published F-NLM 

method. 

4 Numerical Verification 

4.1 Verification strategy 

The numerical stage provides an independent circuit-level 

path for testing the analytical conclusions. PSIM evaluates the 

switching-state circuit directly rather than reusing Eq. (3), so 

agreement between the analytical formulation and the circuit 

simulation constitutes a controlled cross-check. Because the 

research question concerns whether different angle-generation 

procedures synthesize the same ideal staircase, the 

verification intentionally retains ideal switching devices and 

matched operating conditions. Hardware-specific 

nonidealities are deferred to implementation-focused studies, 

where they become part of the research question rather than 

confounding variables. 

Three cases are therefore implemented on one common PSIM 

power stage: (i) exact conventional NLM, (ii) the final F-

NLM angle set reported by Kumar et al. [35], and (iii) the 

deterministic qF = 13/55 formulation. The topology, sources, 

switching-state map, load, reference amplitude, fundamental 

frequency, and THD measurement procedure remain 

unchanged. This is consistent with controlled-comparison 

practice in which only the mathematical formulation under 

investigation is allowed to vary [37]. 

4.2 PSIM model and common conditions 

The PSIM model uses normalized dc sources of 1 V and 3 V, 

giving the same 1:3 asymmetry as the reference converter. A 

10-Ω resistive load is connected to the output. Ideal switching 
devices are used because losses are not part of the objective. 

The sinusoidal reference has a peak magnitude of 4 and a 

fundamental frequency of 50 Hz, reproducing the operating 

frequency used in the reference simulations. The THD 

analyzer is configured with 50 Hz as the fundamental 

frequency. 

 

Table 5 Common PSIM verification conditions. 

Parameter Value 

Converter Single-phase 9-level asymmetric CHB 

DC-source ratio 1:3 

Normalized sources 1 V and 3 V 

Reference ±4 V sinusoid 

Fundamental 

frequency 
50 Hz 

Load R = 10 Ω 

Switch model Ideal 

THD measurement PSIM, 50-Hz fundamental 

Acquisition window One 20-ms fundamental period 

 

4.3 Modulation cases 

The conventional case uses thresholds {0.5, 1.5, 2.5, 3.5}. 

The iterative-reference case uses the final published angles 

{6.8°, 20.8°, 36.3°, 56.0°}, implemented through the 

equivalent thresholds {0.473616, 1.420428, 2.368053, 

3.316150}. The deterministic case uses Eq. (10) directly. No 

numerical optimization or THD feedback is executed inside 

PSIM for qF. 

Because all three implementations share the same switching-

state table, a change of threshold modifies only the instant at 

which the converter moves between adjacent voltage levels. 

This is the desired isolation: if the iterative and deterministic 

cases produce nearly the same RMS voltage and THD, the 

agreement can be attributed to their nearly coincident 

transition geometry rather than to differences in the plant. 

4.4 Evaluation metrics 

The principal metric is voltage THD because it is the 

objective used by Kumar et al. to guide the iterative search. 

Total RMS output voltage and RMS load current are retained 

as complementary quantities so that a decrease in normalized 

THD is not interpreted without considering the accompanying 

change in fundamental-voltage utilization. Waveform plots 

with the common sinusoidal reference provide a qualitative 

check of the staircase timing. 

Weighted THD and an extended table of individual harmonics 

are intentionally not introduced as additional optimization 

objectives. They are useful in broader modulation 

comparisons, but they would answer a different research 

question. The present paper is deliberately restricted to testing 

whether the published THD-guided iterative result can be 

represented and reproduced deterministically. 



9 

 
Fig. 6 Quarter-wave staircase of the three evaluated angle sets 

against the common 50-Hz sinusoidal reference, with a detail of the 

fourth transition; the iterative and deterministic waveforms are 

visually indistinguishable over the full quarter cycle 

5 Results and Discussion 

5.1 Analytical comparison 

Table 6 Analytical comparison of the evaluated angle sets. 

Method Angles (deg) V1/Vdc THD (%) 

Conv. 

rounded 
7.20, 22.00, 38.70, 61.10 4.0527 9.3706 

Exact q0 7.1808, 22.0243, 38.6822, 61.0450 4.0539 9.3637 

Kumar final 6.80, 20.80, 36.30, 56.00 4.1927 8.902832 

1-D qK,mean 6.7999, 20.8061, 36.2999, 55.9774 4.1930 8.902739 

Proposed 

13/55 
6.7872, 20.7656, 36.2215, 55.8196 4.1973 8.902300 

 

Table 6 first confirms that the conventional NLM result depends 

slightly on whether the one-decimal angles printed by Kumar et al. 

or the exact q0 = 0.25 values are used. The resulting THDs, 9.3706% 

and 9.3637%, differ by 0.0069 percentage point. This difference is 

not a physical change in NLM and is therefore treated only as a 

rounding effect. 

The more consequential comparison is between the final 

iterative solution and the exact one-dimensional 

reconstruction. Their normalized fundamental components are 

4.1927Vdc and 4.1930Vdc, respectively, while their THDs 

are 8.902832% and 8.902739%. Thus, collapsing the final 

angle set onto a single q coordinate preserves both the 

fundamental component and the distortion criterion. This 

result is the analytical evidence that the original four-angle 

procedure converged to an effectively one-dimensional 

operating region. 

The proposed qF = 13/55 set gives 8.902300% analytical THD 

and V1/Vdc = 4.1973. Relative to the final Kumar set, the 

THD difference is 0.000532 percentage point. This near-

identity is the expected result rather than a marginal 

performance gain: it verifies that the direct Fibonacci 

representation reaches the same low-THD stationary region 

that the iterative procedure searched for. 

5.2 Fundamental-voltage utilization 

THD is a ratio normalized by the fundamental component, so 

the increase in V1 must be reported rather than hidden. 

Relative to exact conventional NLM, the final Kumar set 

increases the normalized fundamental component by 

approximately 3.42%, while the deterministic set increases it 

by approximately 3.54%. Kumar et al. observed the same 

qualitative behavior in their MATLAB/Simulink resistive-

load case, where the fundamental voltage increased from 

157.7 V to 163.1 V as THD decreased. 

The physical reason is geometric. The optimized/deterministic 

transitions occur slightly earlier than the conventional 

midpoint transitions, so the waveform spends more time at 

higher staircase levels during the positive quarter cycle and, 

by symmetry, at more negative levels during the negative 

quarter cycle. The area projected onto the fundamental 

sinusoid therefore increases. This should be described as 

greater utilization of the available dc-source voltage, not as 

voltage boost, because neither source magnitude nor converter 

topology is changed. 

5.3 PSIM results 

Table 7 PSIM results under identical 50-Hz conditions. 

Method Vrms (V) Irms (A) THD (%) ΔTHD 

Conventional  2.8789 0.2879 9.3602 — 

Kumar final 2.9759 0.2976 8.9033 −4.88% 

Deterministic  2.9782 0.2978 8.9023 −4.89% 

 

 
Fig. 7 PSIM comparison of voltage THD and total RMS output 

voltage under identical 50-Hz, 10-Ω conditions 

Conventional NLM produces 9.3602% THD. Substituting the 

final published Kumar angles reduces the PSIM result to 

8.9033%, while the deterministic qF formulation gives 

8.9023%. Relative to conventional NLM, these correspond to 

reductions of approximately 4.881% and 4.892%, 

respectively. The iterative and deterministic cases differ by 
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only about 0.001 percentage point; this difference is not 

claimed as an electrical improvement, but as circuit-level 

evidence that the deterministic construction reproduces the 

searched operating region. 

The RMS quantities show the same equivalence. The final 

Kumar set gives approximately 2.9759 V and 0.29759 A, 

whereas qF gives 2.9782 V and 0.29782 A. The voltage 

difference is approximately 0.079%. Because the load is 

purely resistive and fixed at 10 Ω, the current follows the 
same relative change. These data independently reproduce the 

analytical conclusion that the two switching laws occupy 

essentially the same region. 

Table 8 Agreement between analytical and PSIM voltage THD. 

Case Analytical (%) PSIM (%) Difference (pp) 

Exact conventional q0 9.3637 9.3602 −0.0035 

Kumar final 8.9028 8.9033 +0.0005 

Deterministic 13/55 8.9023 8.9023 <0.0001 

 

The cross-check in Table 8 is useful because the analytical 

expression and PSIM are independent calculation paths. At 

the precision shown, the deterministic case gives the same 

THD to four decimal places, while the final Kumar angles 

differ by about 0.0005 percentage point; the conventional case 

differs by approximately 0.0035 percentage point. No 

interpretation is attached to differences below the reported 

numerical resolution. The qualitative trend also agrees with 

the MATLAB/Simulink results of Kumar et al. [35], where 

moving from conventional NLM to the final F-NLM angles 

likewise increases voltage utilization while reducing THD; 

absolute values are not compared because the source scale and 

the reported voltage metric differ. 

5.4 Meaning of the one-parameter structure 

The published trajectory provides empirical evidence for the 

structure established by Theorem 1. Its relative qi dispersion 

increases from 0.371% at the rounded conventional state to 

3.156% at iteration 17, then contracts to 2.394%, 1.930%, and 

finally 0.055% at iterations 32, 50, and 60. This final 

reconcentration is consistent with the necessary stationary 

condition: an interior stationary point of Eq. (3) must satisfy 

one common scalar relation, although intermediate 

coordinate-search states need not do so. 

The scalar q is inherent in NLM geometry and is not 

introduced here as a new degree of freedom. A prescribed-

fundamental minimum-THD formulation independently 

reaches the same angle family [39]. The distinct result here is 

that the stationary set of the unconstrained THD functional 

used by Kumar et al. is confined to that family and that its 

fixed-point condition selects the interior stationary roots. 

Thus, the published four-coordinate search is structurally 

redundant for locating an interior stationary solution of that 

criterion, even though its intermediate states are not scalar. 

This distinction parallels the type of contribution emphasized 

by Menzinger et al. [37]: two formulations may synthesize 

practically equivalent electrical outputs while differing 

materially in mathematical representation and computational 

path. Here, the stronger result is that the reduction is not only 

empirical. Theorem 1 provides the mechanism: the gradient 

equations share the same global aggregates C and U, forcing 

every stationary angle to satisfy the same proportional sine 

law. 

5.5 Computational interpretation 

The phrase 'search elimination' must still be interpreted 

carefully. The 60 reported iterations in Kumar et al. occur 

during design-stage selection of the angles; they do not imply 

that a converter using the final stored angles executes 60 THD 

calculations every fundamental cycle. Consequently, no 60× 

online speedup is claimed. 

At the design stage, Theorem 1 reduces the stationary 

problem from n angle coordinates to the scalar fixed-point 

condition of Eqs. (2) and (18). For n = 4, this is a 75% 

reduction in design-variable dimensionality. The published 

THD values also show diminishing returns: 85.3% of the total 

reported reduction is obtained by iteration 32 and 97.2% by 

iteration 50; the last ten reported iterations contribute only 

2.8%. The final rounded-angle value, 8.902832%, is only 

0.000533 percentage point above the low-THD stationary 

value 8.902299%. Once qF = 13/55 is selected as the rational 

surrogate, Eq. (10) gives the thresholds directly without an 

iterative THD-guided angle-search stage. The computational 

contribution is therefore reduced design dimensionality and 

search structure, not online runtime speed. 

5.6 Scope and limitations 

Four limitations define the conclusions. First, Theorem 1 

applies only to interior stationary points of the THD 

functional in Eq. (3) under the waveform assumptions adopted 

in this study; no claim is made beyond this analytical setting. 

Second, it addresses an objective in which the fundamental 

component is not prescribed; prescribed-fundamental 

minimum-THD formulations [39] answer a different design 

question despite sharing the same angle family. Third, qF = 

13/55 is a close surrogate for the investigated nine-level case, 

not a universal ratio, and the unrestricted numerical search is 

corroborative rather than a proof of global optimality over all 

boundary cases. Fourth, the PSIM verification intentionally 

uses an ideal power stage and excludes semiconductor drops, 

dead time, source variation, controller latency, and 

measurement effects. 

6 Conclusion 

This paper has shown that the near one-dimensional structure 

observed in the final Fibonacci-based NLM angles of Kumar 

et al. is not merely an empirical feature of one reported 

solution. Inverse mapping first reveals qi values clustered near 

0.2368, but the central result is Theorem 1: every interior 

stationary point of the analytical THD criterion used in the 

reference search necessarily satisfies sin αi = (i − 0.5)q. The 
stationary multi-angle problem is therefore constrained to a 

scalar sinusoidal family for any n within the class described 

by that functional. 



11 

For the investigated nine-level case, the low-THD scalar 

stationary solution is q* ≈ 0.236386 with THD ≈ 8.902299%. 
An independent unrestricted four-angle numerical 

minimization recovers the same solution within numerical 

tolerance. The finite Fibonacci ratio 13/55 = 0.236364 is then 

interpreted as a compact rational surrogate that preserves the 

sequence-based origin of the published method; it produces 

8.902300% analytical THD. Independent 50-Hz PSIM results 

give 8.9023% for the deterministic formulation and 8.9033% 

for the final published iterative angles. 

The near-identical analytical and PSIM distortion values are 

therefore the intended verification result rather than a claim of 

further THD improvement. The contribution is the analytical 

identification of the stationary-set dimensionality, its 

application to the reinterpretation of the published four-angle 

search, and a direct Fibonacci-based realization for the 

considered converter. The theorem is specific to the THD 

functional analyzed here, 13/55 is not a universal optimum, 

and the numerical four-angle search is corroborative rather 

than a proof of global optimality over all boundary cases. 
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    𝛼  i =  sin  − 1 ​  (   i − 0 . 5  n ) ,     i = 1 , 2 , … , n


    𝛼  i , F =  sin  − 1 ​  [  ( i − 0 . 5 )  (  13 55 ) ] ,     i = 1 , … , 4


       𝛂  F = {   6 . 7872 ∘ ,     20 . 7656 ∘ ,     36 . 2215 ∘ ,     55 . 8196 ∘ }


  q =  1  N m


    T  i , F = 4  ( i − 0 . 5 )  (  13 55 )


     C  ( 𝛂 ) =   ∑  i = 1  n cos  (   𝛼  i ) ,   S  ( 𝛂 ) =   ∑  i = 1  n   ( 2 i − 1 )   𝛼  i


  U  ( 𝛂 ) =     𝜋 2   n 2 8 −   𝜋 4 S  ( 𝛂 ) −   C 2  ( 𝛂 )


  D ( 𝛼 ) =   U ( 𝛼 )  C ² ( 𝛼 )


  T H D ( 𝛼 ) = 100  D ( 𝛼 )


  T H D ( 𝛼 ) = 100  D ( 𝛼 )


  sin  (   𝛼  i ) =  ( i − 0 . 5 ) q ,     i = 1 , … , n


    𝛼  i  ( q ) =  sin  − 1 ​  [  ( i − 0 . 5 ) q ]


       ∂ S  ∂   𝛼  i = 2 i − 1 ,     ∂ C  ∂   𝛼  i = − sin  (   𝛼  i ) ,     ∂ U  ∂   𝛼  i = −   𝜋 4  ( 2 i − 1 ) + 2 C sin  (   𝛼  i )


    ∂ D  ∂   𝛼  i =   C     ∂ U  ∂   𝛼  i + 2 U sin  (   𝛼  i )    C 3


  2  (   C 2 + U ) sin  (   𝛼  i ) =   𝜋 4  ( 2 i − 1 ) C


  q =    ( 𝜋 / 4 ) C    C 2 + U =   C  𝜋   n 2 / 2 − S


       V  1 , pk =  4  𝜋 C ,     V rms 2 =   n 2 −  2  𝜋 S ,   q =     V  1 , pk  2   V rms 2 =     V  1 , rms   2     V rms 2


  THD = 100        𝜋 2   n 2 8 −   𝜋 4   ∑  i = 0  n − 1   ( 2 i + 1 )   𝛼  i + 1     [   ∑  i = 1  n cos  (   𝛼  i ) ] 2 − 1


    q  i , K =   sin  (   𝛼  i , K )  i − 0 . 5


      F  n    F  n + k →   𝜑  − k ,     k = 1 , 2 , 3 , …


      F 7    F 8 =  13 21


      F 7    F 9 =  13 34


      F 7    F 10 =  13 55


    q  F =     F 7    F 10 =  13 55 = 0 . 23636364

