Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Extending Acoustic Beamformersto Unknown-
Orientation Dipoles

Armin Goudarzi

armin,goudarzi@dlr., de

German Aerospace Center (DLR)

Daniel Ernst
German Aerospace Center (DLR)

Research Article

Keywords: acoustic beamforming, dipole sources, source orientation, microphone arrays, cross-spectral
matrix, GPU computing

Posted Date: September 23rd, 2026
DOI: https://doi.org/10.21203/rs.3.rs-11105567/v1

License: € ® This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: No competing interests reported.


https://doi.org/10.21203/rs.3.rs-11105567/v1
https://doi.org/10.21203/rs.3.rs-11105567/v1
https://doi.org/10.21203/rs.3.rs-11105567/v1
https://creativecommons.org/licenses/by/4.0/

RESEARCH ARTICLE

Extending Acoustic Beamformers to
Unknown-Orientation Dipoles

Armin Goudarzi R¢PT and Daniel Ernst ORCID1

"Department of Experimental Methods, German Aerospace Center
(DLR), Bunsenstr. 10, 37073, Gottingen, Germany.

*Corresponding author(s). E-mail(s): armin.goudarzi@dlr.de;
Contributing authors: daniel.ernst@dlr.de;

Abstract

Many aeroacoustic sources radiate as dipoles, but their orientations are often un-
known. Dipole beamforming nevertheless requires these orientations to construct
the acoustic Green’s functions. We represent an arbitrarily oriented dipole as a
linear combination of three Cartesian dipoles. Substituting this representation
into the normalized conventional beamforming criterion reduces local orienta-
tion selection to a real symmetric three-by-three generalized eigenproblem at
each focus point. The resulting dipole transfer vectors can be used in estab-
lished beamforming methods without prescribed orientations or surface-normal
assumptions. A broadband extension couples orientation across frequencies while
retaining separate source powers. In a synthetic four-dipole case, broadband con-
ventional beamforming locates all four sources at every evaluated frequency, with
mean absolute errors of 0.49 dB in level and 2.30° in axis orientation, treating
opposite axes as equivalent. With 64 microphones, ten frequencies, and 10,201
focus points, the beamforming computation takes 17.4 ms on a graphics process-
ing unit. Applied to open-jet airframe-noise data, the method estimates different
effective slat-track dipole axes in the 2- and 8-kHz octaves, consistent with
previously reported frequency-scaling regimes. Orientation recovery depends on
the array’s spatial resolution, the beamforming method, and the quality of the
estimated cross-spectral matrix.
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1 Introduction

Unsteady aerodynamic loading on solid surfaces produces dipole sound, making dipole
source models relevant to airframe components, fans, and propellers [1]. Using these
models in beamforming requires the source orientation, which is generally unknown.
Thus, array imaging often relies on a monopole model or a dipole axis inferred from
the surface geometry. These choices avoid estimating the orientation, but monopole
mismatch can bias both location and level [2, 3], and a surface-derived axis need not
represent the effective acoustic dipole axis.

This paper proposes an extension of established beamformers that estimates un-
known dipole orientations directly from microphone-array data. At each focus point,
we calculate the microphone responses of three unit dipoles aligned with the =,
y, and z axes. Any real dipole axis gives a linear combination of these responses.
For conventional beamforming, the combination maximizing the normalized score is
found through a 3 x 3 generalized eigenproblem formed from the responses and the
cross-spectral matrix (CSM). Its largest eigenvalue gives the maximum score, and an
associated eigenvector gives the axis. The corresponding transfer vector supplies the
original beamforming method’s localization, subtraction, or source-power estimation.
We call this analytical orientation selection orientation profiling.

The local orientation estimates can also be combined across frequencies. When a
source can be assumed to have a common position and axis within a selected band,
we extend broadband localization [4, 5] to share the axis while retaining frequency-
dependent powers. Combining axes requires accounting for their sign ambiguity: an
axis and its negative produce the same source covariance, but would cancel under
direct vector averaging. We therefore average the sign-invariant outer products of
narrowband axes.

An alternative to analytical orientation selection is to test discrete axes, as in the
angular scan of Gao et al. [6]. Our solution removes this angular scan while retaining
the spatial scan. Other directional formulations use spatial modes [7], monopole—
multipole dictionaries [8], sparse Bayesian models [9], dedicated dipole arrays [10],
or geometry constraints [11]. Gridless cross-spectral-matrix fitting and maximum-
likelihood methods jointly optimize position, power, and orientation [5, 12], avoiding
grid error but requiring coupled nonlinear optimization.

Small eigenproblems are already used to estimate dipole orientation in source
imaging [13, 14]. We contribute a reusable orientation-selection step for established
grid-based beamformers, including broadband coupling, pair weighting, and diagonal
removal. We build on Sarradj’s normalizations [15] to distinguish the localization score
from reported source power.

Conventional beamforming provides a direct test of orientation selection without
an iterative reconstruction solver; other method extensions are verified in the ap-
pendices. Controlled-source, angular-grid, and randomized finite-snapshot tests assess
location, power, and orientation, alongside central processing unit (CPU) and graph-
ics processing unit (GPU) timings. An open-jet measurement with 512 microphones
demonstrates the approach under wind-tunnel conditions and provides additional
directional information for interpreting slat-track source mechanisms.



2 Theory

2.1 Cross-spectral matrix model

The microphone CSM contains auto-spectra on its diagonal and cross-spectra off the
diagonal. We denote the Hermitian cross-spectral matrix supplied to the estimator by
C € CM*M TIndicesr =1,...,F,m=1,....M,p=1,...,P,and s = 1,...,S de-
note frequency bin, microphone, focus point, and source. For frequency f, in hertz,
wy = 2nf, and k, = w,/c are angular frequency and wavenumber. A calibrated
pressure snapshot is pg) € CM, indexed by f. We fix one bin and suppress r un-
til section 2.6, using f, w, k, and p®. The input may be an ensemble CSM or a
finite-snapshot estimate such as

K

PN 1

CU = 2> pOe, c=ch. (1)
=1

The main cross-method comparison uses exact ensemble CSMs; the randomized
stress test in section 3.3 additionally uses finite-snapshot estimates. For S mutually
incoherent compact sources, the standard population-model assumption is

S
C:qugsgf+N7 gs > 0, (2)

s=1

Here g5 is the source auto-power, or source strength, in the chosen Green’s func-
tion normalization. We use source-coefficient power when this normalization must be
emphasized. For the chosen source model, the Green’s function vector g, € CM col-
lects the responses to a unit source at y, evaluated at the microphone positions x,,:
(gs)m = g(@m, ys). It is the source-to-array transfer vector before beamforming nor-
malization. The matrix N € CM*M contains noise and unmodeled contributions.
Coherent sources require cross terms and are discussed as a limitation in section 6.2.
An optional real symmetric pair-weight matrix W € RM*M defines

cW) =w o CecMM, (3)

Ordinary diagonal removal uses Wiy, = 0 and W,,; = 1 for m # j. Pair weighting
preserves Hermiticity but need not preserve positive semidefiniteness, even for nonneg-
ative weights. We therefore distinguish the unweighted source model from a weighted
imaging objective.

2.2 Dipole Green’s functions

For illustration, let d = || —y||, and d = (@ — y)/d. The free-field monopole, its
source gradient, and a compact dipole with real unit axis n € R3 are

exp(—ikd)

k =
dnd

g(O) (:13, y) = ) (4)
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9V (@, y,m) = xn" Vg, [nfly =1, (6)

Here x fixes the source-coefficient normalization. Changing the derivative sign conven-
tion changes the global sign of the dipole axis but not its rank-one CSM. Each source
is represented in each frequency bin by a real axis and a complex amplitude, describ-
ing a dipole oscillating along a fixed axis. Complex moments with noncollinear real
and imaginary parts describe elliptically rotating dipole moments, for example from
phase-shifted force components, and are excluded by this fixed-axis assumption. The
axes are independent between bins unless one effective broadband axis is imposed in
section 2.6. Because a rank-one CSM is invariant to m +— —mn, only the unoriented
axis in S?/{#£1} is recoverable.

Let e;, es, e3 be the Cartesian basis. At focus point p, the columns of V,, are the
source-to-array transfer vectors for unit dipoles aligned with the z, y, and z axes.
Collect them in the Cartesian dipole transfer matrix

Ve = [vp»l Up,2 vp,?)] € (CMX37 (vp,a)m = g(d)(wmy;n ea)- (7)

Linearity in orientation gives the standard Cartesian representation

gz(,d)(n) =V,neCM, n € S?/{+1}. (8)

The columns retain their physical Green’s-function normalization: separately normal-
izing the columns would generally change the axis represented by n. Beamforming
weights are formed from the combined vector V,n. The same representation applies to
any propagation model whose dipole field is linear in n, including differentiable con-
vected, refracted, and image source Green’s functions. The propagation model changes
V, not the orientation optimization developed below.

2.3 Orientation optimization

For the local derivation, fix one focus point and set V =V, € CM*3. Both frequency
and focus-point indices remain suppressed through section 2.5; every local statement
applies independently when (r, p) is restored.

Let A € CM*M denote the Hermitian sensor-space matrix used in the beamform-
ing objective. For conventional beamforming, A = C. The dependence on the dipole
axis enters through the quadratic term g Ag. Substituting g = V'n for a real axis n
gives

g7 Ag=nT(VEAV)n

=nTRe(VHF AV )n. ©)

The second equality holds because V' AV is Hermitian and its skew-symmetric imag-
inary part has zero quadratic form for real n. Thus the orientation dependence is



captured by a real symmetric 3 x 3 matrix. We abbreviate this matrix construction by

K[A] = Re(VHAV) € R?*3, (10)

The quadratic term is therefore n?K[A]n. Applying the same construction to the
CSM, the identity matrix, and the pair-weighted CSM gives

s =K[cy, G=K[I], (11
Sw =Re(VI(W & C)V) = K[C™)] € R, (12)

They are real symmetric in exact arithmetic. Their six independent entries and
numerical symmetrization are given in Appendix D.

Thus S is the CSM projected onto the three dipole transfer vectors, and G is their
Cartesian transfer-vector Gram matrix. Both are 3 x 3, independent of microphone
count.

2.4 Generalized-eigenvalue solution

At each focus point, we maximize the localization score; source power is evaluated
afterward (section 2.5). Let K4 = K[A] and let K € R3*3 be the real symmetric
positive-semidefinite normalization matrix, so that the denominator is n” Kgn.

When Kp is positive definite, whitening rescales its eigenmodes to unit nor-
malization and converts the orientation problem into an ordinary real symmetric
eigenproblem. Its largest eigenvalue gives the maximum response; transforming an
associated eigenvector back gives the maximizing axis.

If the three Cartesian transfer vectors have a real linear dependence, the array
cannot distinguish every dipole-axis component. We therefore solve only in their ob-
servable Cartesian subspace. The supported coefficient space of K and its projector
are

Up = range(Kp), Py = K};KB. (13)
The quotient is solved on Up; null-response directions are excluded, and Pgpmn is

the canonical representative of a physical axis. The orientation that maximizes the
normalized beamforming response is

nTKan T
p(n):m, nEZ/{B7 n KBn>O,
A cargmaxp(n),  p* = p(R), (14)
g=vaeCY |al,=1,

On Up, Kp is positive definite, so the Rayleigh—Ritz theorem applies to the retained
eigenmodes [16].



Stationarity on Up gives the supported generalized eigenproblem. If ker(Kpg) C
ker(K 4), it has the familiar form

Kan = p*Kph. \ (15)

Denote this possibly set-valued mapping by geig, ..(Ka, Kp) = (p*,n); geigin
denotes the analogous minimum. If the largest supported eigenvalue is repeated, sev-
eral axes share the same score and the orientation is nonunique. The eigengap tests
uniqueness and numerical conditioning, not statistical confidence.

For every compatible dipole scan, K = G and

nTGn = ||VnH§ ) ker(G) = ker(V) for real axis vectors. (16)

Consequently, ker(G) C ker(K[A]): an axis with zero array response contributes nei-
ther numerator nor denominator and is excluded from the solve. Physically, a dipole
that produces no pressure at any microphone is unobservable; its source power cannot
be inferred from these data. Excluding it prevents division by zero in the subsequent
power normalization and does not imply zero source power.

The selected axis supplies the dipole transfer vector g* = Vn for localization,
subtraction, or source-power estimation. An exact local profile means analytical ori-
entation maximization at one focus point, not exact localization, separation, or power
estimation.

2.5 Beamforming localization score and source power

Peak finding and source-power reporting use different steering vectors and maps. We
first consider an unweighted CSM. For g € C* \ {0}, define the array-coupling factor
B(g) = g g. The steering vector w contains the beamforming weights derived from g
using the selected steering formulation. Sarradj’s unit response (UR) formulation IIT
and constant-norm formulation IV give [15]

111 g 111\ H
= 57\ w g = 17
B(g) (™) an
oV =L w[ = o
Mp(g) M

The source-power estimate and normalized beamforming score, hereafter called the
localization score, are

~UR — (WM H O = QHCQ
— M(w'VE Cw!V = 9"'Cg _ ~UR
p(g) = M(w )" C 59) B(g)qd " (g)

The constant factor M scales the formulation-IV map without changing its maximiz-

ing location or axis. For the isolated model C = qgg’, g% = ¢, whereas p = ¢B3(g).



Formulation IIT therefore compensates for the array coupling to report source power;
formulation IV retains this factor for localization. Source power is expressed in the cho-
sen Green’s function normalization, not as received array power or a map normalized
by its maximum.

For pair weighting, define the rank-one calibration denominator

M M

H (W)
~ g C"g
ow(g) = g E ”m‘gm29'27 awg) = 19
( ) == J| | | j| ( ) 5 (g) ( )

For the full CSM, éw = ((g)?%; diagonal removal subtracts Y |gm|*. The matched
rank-one model remains calibrated whenever dy # 0. General pair weighting need
not preserve positive semidefiniteness, however. Beamforming scores may therefore be
signed, and a nonnegative power interpretation additionally requires dy (g) > 0.

The corresponding localization score for peak finding is

o la) = g"C™Mg _ dwlg)
v 5(g) Blg) "

The localization normalization is unchanged; the source-power estimate instead uses
dw to compensate for the selected microphone pairs.
For a dipole, g = Vn and (Vn) = n” Gn, hence

(9)- (20)

nTSyn - nTSwn

WTCn qw(n) = Sw (V) (21)

pw(n) =
The score py is a generalized Rayleigh quotient. Power gy is evaluated after axis
selection because its denominator no longer gives a generalized Rayleigh quotient.
Conventional beamforming (CBF) with py maximized over the axis independently
at each focus point and frequency bin is termed Profile-CBF. It is the generic local
dipole extension used throughout this work: it selects the axis that maximizes the
chosen localization score whenever that score is well defined. Peak finding and position
updates therefore use pyy; spectra and level metrics use gy .

For every maximized map, let Pyajq contain exactly the focus points with a valid
orientation estimate, unique extremum, and admissible denominator. Spatial selection
is

p* € argmax pp. (22)
PEPvalia
Invalid focus points are undefined and masked (or stored as —o0), not set to zero; this
distinction matters for signed pair-weighted maps.

2.6 Common broadband dipole axis

Profile-CBF estimates an axis independently in each frequency bin. Joint-frequency
CBF (JCBF) first combines their sign-invariant outer products nn’ into a common
axis at each focus point. It then evaluates the shared localization score across the
chosen band, retaining one source power per bin.



Proposed common-axis coupling. Frequency and focus indices are now restored.
For each r = 1,..., F and focus point p, define

KrplAl =Re(VZAV,,),  G.p =K., (23)

If one effective source axis is assumed frequency independent over the processed band
while its source power may vary, solve the frequency-by-frequency orientation problems

(Pl,r,p, ﬁr,p) = geigmax(lcr’p[cr], Gr,p) . (24)

For pair-weighted imaging, C, is replaced consistently by W, ® C,.. Let pa ., denote
the second supported eigenvalue and let L}}E}q equal one only for a simple directional
extremum. With nonnegative frequency weights «, satisfying > a, > 0, define the
sign-invariant orientation-averaging matrix

Grp = apmax(py rp, 0)ey 9,

T, = Zg PPy, € RP3, (25)
7, = eigvec,,,, (Tp).

The principal eigenvector defines the common axis when the largest eigenvalue is
simple. It minimizes the weighted sum of 1 — (nTﬁnp)z, the squared sine of the angle
between unit axes, which is unchanged by sign reversal. The rank-deficient form and
matched rank-one recovery proof are in Appendix A. Axis averaging remains distinct

from spatial peak finding.
For a defined common axis, let d;l,p = (ﬁg)Tanﬁg,. The broadband beamforming

score uses the validity set
PJ

va

e =1{p: ﬁg is defined and dg’p > TGrp Vr with o, > 0} . (26)
For p € P alias the fixed-axis beamforming score is

’\J T’C =J
»P[ }ln’p. (27)

pp E aT
Zr 1Qr =1

The numerical guards in Appendix D exclude invalid focus points. For sources selected
from this broadband score, power is still estimated separately in each frequency bin.
At valid focus points, the unweighted unit-response estimate is

~ ()" Ko p[CrlR)
Q}],%BF = max( L (d;]:)z L0|. (28)




The squared denominator follows equation (18), whereas the localization score uses its
first power. Pair-weighted data use the calibrated power expression in equation (21),
evaluated at the same common axis. Appendix A.2 distinguishes this score-weighted
axis consensus from a source-covariance interpretation under additional assumptions.

2.7 Extension to other beamforming methods

The same Cartesian representation extends orientation estimation to other beam-
formers. The selected axis supplies a dipole Green’s function vector for localization,
coherent subtraction, or inverse source-power estimation.

For CLEAN based on spatial source coherence (CLEAN-SC), the local eigenprob-
lem is formed from the current residual CSM at each iteration. Its broadband extension
(B-CLEAN-SC) also couples the axis across the selected band before coherent subtrac-
tion. Minimum-variance distortionless-response (MVDR) beamforming and multiple
signal classification (MUSIC) instead minimize a quotient involving the loaded inverse
CSM or the noise-subspace projector, respectively.

These frequency-local quadratic quotients admit exact orientation optimization
by the local eigensolve. Deconvolution and covariance-fitting methods instead use an
estimated axis to construct source responses for their power solver; this axis proposal
does not generally optimize the global inverse objective. Appendix B gives the method-
specific equations and summarizes the local operators in Table 3.

3 Numerical and experimental evaluation

The four-source simulation verifies localization, source-power estimation, and axis re-
covery against known sources. Randomized simulations test sensitivity to separation,
noise, and finite-snapshot CSM estimation. Wind-tunnel data illustrate how estimated
axes aid source interpretation.

3.1 Four-source setup

Figure 1 shows four mutually incoherent dipoles at z/D = 0.5 above a 64-sensor
Fermat array with aperture D = 1m and ¢ = 343ms~'. The 101 x 101 focus grid spans
x/D,y/D € [-0.5,0.5] (P = 10,201). No beamformer receives a prescribed dipole axis
or a surface-normal constraint. The Fermat array uses azimuth increment 137.508° and
normalized radial law 9°-7. Exact noise-free ensemble CSMs are evaluated at F = 10
frequencies, Hep = fD/c € {1,2,3,4,5,6,7,8,9,10} (343-3430 Hz). This range moves
from poorly resolved sources to improved spatial resolution and increasingly coarse
array sampling relative to the wavelength. With coupling r, s = M ™! Yol Grm.s|?s
each frequency-independent source-coefficient power is ¢, = [F~1 o Krs] 7Y, giving
equal band-mean received power rather than equal intrinsic coefficients. Table 1 lists
the source positions, axes, and intrinsic source-coefficient levels.
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Fig. 1 Normalized four-dipole setup: (a) three-dimensional view and (b)—(d) zy, yz, and zz pro-
jections. Orange points and bidirectional axes denote ground truth; crosses mark axes normal to a
projection. Numbers identify sources, and all projections use equal coordinate scaling

Table 1 Ground-truth source parameters.

Ly, s = 10log;o(¢s/grer) is the intrinsic source-coefficient level
in the selected Green-function normalization (gref = 1); powers
give equal band-mean received power at the array

Source z/D y/D z/D N Lg,s (dB)
1 -0.30 -0.24 0.50 (1,0,0) -6.3
2 018 022 050 (0,1,0) 5.9
3 016 -0.17 050  (0,0,1) 12,6
4 0.30 027 0.50 %(1,171) -11.7

The complete Hermitian information is supplied through its packed upper triangle,
and diagonal entries are retained. Monopole CBF provides the source-model baseline.
Profile-CBF estimates dipole axes independently at each frequency, and JCBF couples
the Profile-CBF axes across all ten bins, with frequency weights normalized by their
initial score maxima. Appendix C lists the cross-method settings.
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3.2 Evaluation metrics

At each frequency, the evaluation extracts at most S = 4 local maxima of the method-
specific beamforming score that lie within 20 dB of its global maximum. A global linear
assignment matches those candidates one-to-one to ground-truth positions, subject to
the matching tolerance ryatcn = 0.06D. Unmatched candidates are false positives and
unmatched sources are false negatives. With frequency-indexed true positives TP,.,
false positives FP,., and false negatives FN,., define

a
2TP, — 1
P, = N R N 2 29

L7~ 9TP, + FP, + FN, ! F; 1 (29)

The top-S protocol uses the known source count only in this controlled study and is
not an operational detector. For the dense Conventional maps, assignment uses the
beamforming-score maximum, and power and axis are read from the same unsmoothed
focus point. Appendix C defines the method-specific reductions used only in the cross-
method appendix.

Let D contain the frequency-source pairs assigned within 7matcn. Misses affect F'y
but do not enter conditional errors. The conditional normalized position error is

Cyrs = M, (r,s) € D. (30)
D

Here ¢ denotes source-coefficient power in the chosen Green’s function normalization,

not radiated acoustic power in watts. The synthetic dipoles use x = 1. To com-

pare the monopole baseline with their coefficients, we remove the leading wavenumber

dependence:

o = Gmono k= 2nf _2nHep
qunO k2 ) c D M

(31)

This reference equates a dipole observed on its axis by a point receiver in the far
field with the corresponding monopole estimate. Near-field terms and the different
reception directions across an extended array remain as source-model mismatch. The
correction uses no ground-truth axis and changes neither the localization score nor
the detected positions.

Level error is conditional on successful localization and positive finite estimated
and true powers. For the corresponding set D, C D, its mean absolute error (MAE) is

~

dr,s

.S

101logy,

(32)

MAE, = Di >

Dl (. 5en,

For the monopole baseline, Gmono replaces ¢ in equation (32); tables identify this
wavenumber-corrected comparison.

11



Dipole orientation is an axis rather than a directed vector. The source-wise
orientation error in degrees therefore uses

9;’73 = 17@ arccos [clip[oyl]ﬂﬁTT’SnSD] , 0° < 9?,3 <90°, (33)

which is sign invariant and evaluated only for detected pairs with a defined axis.
Position, level, and axis errors are therefore conditional and must be read with F';.

3.3 Randomized finite-snapshot protocol

The second experiment examines how source separation, received source-power con-
trast, sensor-noise level, and snapshot count affect localization and axis recovery. Each
realization contains two continuous off-grid positions at separation ¢ and two indepen-
dent, uniformly distributed unoriented dipole axes. The array, 101 x 101 grid, focus
plane, and ten Helmholtz numbers match section 3.1.

We use frequency-by-frequency Profile-CBF with diagonal removal: Ky =
/C[C(W)]7 Kp =G, and W,,,; =1 — 0,,;. This analytically maximizes the normalized
localization score after diagonal removal. We report source recovery and sign-invariant
axis error; Appendix C.2 specifies the sampling.

Let .5 = M~1|g,s||; be source-to-array coupling. The received source-power
contrast is

2
I

dr,1Kr,1 —ALyec,r
ALreCJ‘ =10 1Oglo La drikr1 = 17 qr2kr2 = 10 Alsec, /10' (34)

qr,2Kr2
5 s

The strong received power is fixed while the weak source is reduced; noise is
recalibrated from the resulting total signal power.

For statistically independent snapshots ¢, synthetic pressure and the sample CSM
are

2
V= grsall +eld, O = KZP(‘Z) N, (35)
s=1 =1
where a') ~ CN(0,q,s) independently over r, s, and ¢, and el ~ CN(0,02,1)
1ndependently of every source coefficient. The sensor signal-to-noise ratio (SNR) is
defined by

Crsig = Z Gr.sGr.s9)s- (36)

M_lt CT si
SNR,., = 10 1og10<r=g> :

2
Ue,r

Thus 0 dB gives equal mean signal and white-noise auto-power. Every scan receives
the diagonal-removed (DR) CSM

CPR — GK) _ diag(diag(AZ’T(K)). (37)

12



White sensor noise disappears from the ensemble off-diagonal CSM but not from
finite-sample fluctuations, whose scale is Op(K ~1/2). Appendix C.2 gives the error
decomposition.

The separation sweep uses all frequencies and the dimensionless proxy

_ Y
lysll5°

§=Hep |l —ugyll,,  us (38)

where the subscript || denotes projection onto the array plane. Thus 27¢ is a first-
order aperture-scale phase-gradient separation, not a universal near-field resolution
law. Appendix C.2 lists the separation, contrast, snapshot, and SNR levels.

Each condition uses 200 common-random-number replicates. The known two-
source model selects two positive maxima and accepts assignments within
min(0.06D,0.496). A pair is recovered only if both assignments succeed; axis error is
conditional on assignment. Recovery uses Wilson intervals, and pooled or conditional
quantities use a 2000-resample replicate-cluster bootstrap.

3.4 Open-jet wind-tunnel setup

The open-jet measurement uses a high-lift half-model previously investigated with
monopole CLEAN-SC [17] (Fig. 5a), at My, = 0.2 and ¢ = 344 ms™!. A 512-
microphone subset of the approximately 6 x 3 m array was about 3 m from the model;
70,821 surface-near focus points had 20 mm spacing. The 30 s, 48 kHz record yielded
1,404 Welch blocks (2,048-sample Hann windows, 50% overlap, Af = 23.44 Hz). B-
CLEAN-SC with unknown dipole orientations (Appendix B.2) was applied separately
to each octave, sharing one axis per reconstructed source only within that band. It
used loop gain 0.25, at most 80 iterations, 20-dB dynamic range, diagonal removal,
and Amiet shear-layer correction, without an orientation or surface-normal prior.

4 Computational implementation

For efficient CPU and GPU evaluation after eliminating the angular scan, we focus
on the remaining microphone-pair contractions. The Hermitian CSM requires only

M(M +1)

Na ===

(39)
stored upper-triangular entries. The CSM-dependent contractions in equations (11)
and (12) can therefore consume a packed upper triangle directly, and diagonal removal
omits its M diagonal entries. The six independent entries of Sy, are accumulated
from packed pairs, whereas G requires an O(M) sensor reduction. Across the grid,
the dominant work is O(FPNA) plus O(FPM) dipole transfer-vector calculation; the
factorized angular-grid comparison is given in Appendix D.1.

Hardware-adaptive focus blocks avoid materializing the full F' x 3 x M x P basis.
CPU execution parallelizes frequencies and blocks; fused GPU kernels keep contrac-
tions, local solves, residuals, and outputs device resident. Appendix D gives the packed
contraction, numerical guards, precision, and transfer policy.
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Starting from a prepared CSM and focus coordinates, runtime measures the beam-
former call through completed outputs, including Green’s function evaluation, local
algebra, and any validation or device transfers within that call. Reusable pre-call
setup, CSM generation, short-time Fourier transform (STFT), final host export, and
serialization are excluded. Values are synchronized medians of nine runs after two
warm-ups. CPU thread pools use at most 16 threads; gridded inverse profiles limit
BLAS to one thread per frequency task.

5 Results

We compare spatial reconstructions, distinguish localization from power, and assess
axis estimation, frequency coupling, finite-snapshot performance, and transfer to wind-
tunnel data.

5.1 Spatial reconstruction and source power

Figure 2 compares monopole CBF and Profile-CBF. It changes both source model
and selection normalization and does not isolate the source-model effect. Increasing
frequency improves separation of overlapping responses. Across all ten frequencies, the
monopole baseline yields F'; = 0.55, 0.014D mean position error, and a wavenumber-
corrected conditional level MAE of 3.40 dB. Profile-CBF raises F; to 0.80 without a
prescribed axis (Table 6).
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Fig. 2 Conventional source-selection maps: (a)—(c) monopole CBF (formulation III); (d)—(f)
frequency-local Profile-CBF localization score. Columns show Hep = 1, 2,4, respectively. Each map
is normalized to its own maximum over 20 dB. Orange marks ground-truth positions and axes; ar-
rowless black curves show the estimated unoriented dipole-axis field and carry no polarity
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Figure 3 separates JCBEF’s shared localization score from its frequency-dependent
power. The common axis and broadband score combine information from the entire
band. Source power additionally compensates for axis-dependent array coupling, so
its maxima need not coincide with the source-selection maxima.
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Fig. 3 JCBF: (a) source power at Hep = 4; (b) shared broadband localization score. The score and
dipole-axis field are common to all ten frequency bins; power remains frequency dependent. Each
scalar map is normalized separately over 20 dB, and streamlines are shown within that range. Peaks
are selected from (b). Symbols follow Fig. 2

5.2 Axis estimation and frequency coupling

Table 2 compares the monopole baseline, frequency-local Profile-CBF, and JCBF.
Profile-CBF and JCBF use the same localization score and fixed-axis power estimate
(section 2.5); their difference is frequency coupling.

Table 2 Source-model and frequency-coupling comparison. Er, is conditional level MAE (dB;
wavenumber-corrected for the monopole), Ey is conditional projective-axis MAE (degrees), and E,
is mean position error normalized by D. CPU/GPU columns report median production runtimes
excluding final export. A dash denotes an inapplicable quantity

Method Coupling  CPU (ms)  GPU (ms) Fq Er, Ey Ey
Monopole CBF Local 215.1 2.4 0.55 3.40 - 0.014
Profile-CBF Local 1137.5 14.8  0.80 0.09 1.23 < 0.001
JCBF Joint 2429.6 17.4 1.00 0.49 2.30 < 0.001

Coupling Profile-CBF into JCBF raises F; from 0.80 to 1.00; on the common
detected subset of 32 frequency—source pairs, their conditional sign-invariant dipole-
axis MAEs are 1.23° and 2.30°. Thus the broadband gain comes from recovering more
sources, not from reducing conditional axis error for sources already detected locally.
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5.3 Randomized off-grid and finite-snapshot stress test

Figure 4 reports pair-recovery probability and conditional sign-invariant axis error for
the complete Profile-CBF localization and axis-estimation pipeline.
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Fig. 4 Randomized two-source performance of pair-weighted frequency-by-frequency Profile-CBF
with diagonal removal. The upper row reports pair-recovery probability; the lower row reports con-
ditional median sign-invariant axis error on a shared logarithmic scale. Panels (a, d) pool physical
separations and frequencies in £ bins; (b, e) vary received source-power contrast; and (c, f) vary
snapshot count with no sensor noise and at SNRs of 0, —6, —12, and —18 dB. Panels (b,c,e,f) use
Hep = 8 and §/D = 0.20; the final snapshot marker is the exact ensemble CSM. Bars are 95% Wil-
son or replicate-cluster-bootstrap intervals as defined in section 3.3.

Pair-recovery probability rises from 0.625 at £ = 1.25 to 0.987 at £ = 2.25 and
exceeds 0.997 from & = 2.75. At £ = 2.25, conditional median axis and position
errors are 1.66° and 0.00444D, the latter near the 0.00399D nearest-grid-point quan-
tization reference. Received source-power contrast exposes the expected Conventional
dynamic-range limit: pair-recovery probability decreases from 0.985 for equal powers
to 0 at 20 dB, where only the strong source survives. The lower conditional axis error
in panel (e) therefore reflects the increasing dominance of the strong source among
detections, not improved pair recovery.

At 0-dB sensor SNR, pair-recovery probability increases from 0.175 at K = 1
to 0.960 at K = 64 and 0.985 at K = 128. With noise 18 dB above the signal,
K = 64 gives a pair-recovery probability of 0.170 and 19.40° conditional axis error;
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K = 512 reaches 0.925 and 7.04°. At K = oo, all SNR cases converge to a pair-
recovery probability of 0.995 and a conditional axis error of 1.00°, because diagonal
removal removes spatially white noise exactly at the ensemble level. The nonzero limit
reflects off-grid localization and the two-source, diagonal-removed imaging criterion,
which remain even with an exact CSM. At low K or SNR, the conditional axis errors
describe the subset of easier scenes that were successfully assigned.

5.4 Open-jet wind-tunnel demonstration

For the measured case in section 3.4, Fig. 5 extends the previously published monopole
CLEAN-SC analysis [17] with effective dipole-axis estimates. At 2 kHz, the estimated
slat-track axes are predominantly transverse to the freestream; at 8 kHz, they align
with the slat leading-edge direction. The observed change in orientation complements
the distinct low-frequency Helmholtz and high-frequency Strouhal scaling regimes of
the slat-track contribution reported previously [18].

LY

(@) (b) 2-kHz octave /Slattracks (c) 8-kHz octave /Slattracks

-20 =15 -5 0

-10
Relative octave level [dB]

Fig. 5 Open-jet demonstration. (a) Full-resolution model (gray), 20-mm focus shell (green), 512
microphones (orange), and modeled shear layer for the Amiet correction (blue). Blue arrows indicate
freestream direction. (b, ¢) Dipole B-CLEAN-SC in the 2- and 8-kHz octaves, each normalized to its
maximum over 20 dB. Colored surfaces show Gaussian-smoothed levels; red arrows show estimated
dipole axes, for which opposite directions are equivalent. Arrow length is fixed.

6 Discussion

6.1 Implications for dipole imaging

The results demonstrate that established beamformers can be extended to estimate
dipole orientation together with source location and level. The dipole extension deter-
mines the axis from microphone measurements without prescribing a surface-normal
orientation, adding directional information to the reconstructed sources.

In practice, dense Conventional maps should be read at positions selected by the
localization score: the power and axis at those same points characterize the detected
sources. Selecting power maxima instead can associate these quantities with a different
location (Fig. 3).

The usefulness of the recovered axis depends on spatial resolution and CSM quality.
Figure 4 shows that both affect localization and orientation. Where a beamformer
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cannot separate overlapping sources, its estimated axis may describe their combined
response rather than either source individually.

Frequency coupling is useful when a physical source retains its position and axis
across a band: better-resolved frequencies can support localization in less-resolved
bins. The ablation in Table 2 also shows why detection gains and axis accuracy must
be assessed separately.

The wind-tunnel example illustrates why band selection matters: the estimated
slat-track axes change with frequency (Fig. 5). For slender structures with nearby
edges and interacting surfaces, these axes provide evidence for distinguishing source
contributions without selecting a surface normal in advance. No independent orien-
tation reference is available for this experiment, so the axes support interpretation
rather than quantify orientation accuracy.

6.2 Scope and limitations

Validation across beamformer families is restricted to the controlled case
(Appendix E). The randomized study tests only Profile-CBF and retains uncorrelated
sources, matched propagation, and known source count. It therefore does not establish
a cross-method robustness ranking.

The robustness curves evaluate the combined localization and orientation-
estimation pipeline. Without a known-axis reference, losses cannot be attributed solely
to orientation estimation. Conditional errors describe only assigned sources and can
decrease when difficult sources cease to be detected.

The extension estimates a real, sign-invariant axis; more general complex-valued
moments require a richer model. Poorly conditioned Gram matrices limit observable
orientation components. Source coherence, calibration errors, and propagation mis-
match can still bias the reconstruction; estimating orientation does not correct these
model errors.

7 Conclusion

The proposed dipole extension enables established beamformers to reconstruct source
location, power, and orientation without prescribed dipole axes or surface-normal as-
sumptions. Expressing the dipole Green’s function in a three-component Cartesian
basis replaces the angular scan with small local 3 x 3 eigenproblems. For sources with
a common position and axis within a selected band, optional broadband coupling
combines information across frequencies while retaining frequency-dependent source
powers. The synthetic tests show how orientation recovery depends on spatial resolu-
tion and cross-spectral matrix quality, while the runtime measurements demonstrate
efficient CPU and GPU implementations. In the open-jet experiment, estimated slat-
track axes provide directional information beyond source location and level, supporting
the interpretation of distinct aeroacoustic source mechanisms.
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A Additional Cartesian results

A.1 Rank-deficient common-axis estimation

Some frequencies constrain only part of the dipole axis. Their observable projections
can nevertheless determine a common axis. We extend the full-rank construction in
equation (25) to this case. Let ps ., be the second supported generalized eigenvalue
and define

: 1 >
Lgfyq — » Plrp = P2,rp (40)
Oa Pl,rp = P2,r,p>

with value one for a valid one-dimensional supported space. A repeated extremum
therefore contributes no directional evidence; in particular, spatially white sensor noise
has a constant quotient over the observable space. Each local solution is represented
in range(G, ) with projector

P, = Gl’pG’r}p = proj[range(G )] (41)
The construction combines complementary supported components from different fre-

quency bins; it does not require the physical axis to lie in the intersection of all local
ranges. Using the evidence weights (., from equation (25), define

F
J = =T
A, = Z CrpPrp(I — R pniy ) Prp,
r=1

F
B) =) GoP, A} B) eR¥S
r=1

A unique common-axis estimate exists when Bg has a supported mode and the
minimum supported generalized eigenvalue is simple. It is given by

()‘;;]7’ ﬁ}])) = geigmin(A;z]v B;)’ (43)
which minimizes

ZT' Cﬁp || (I - ﬁr,pﬁZ:p)PTaPnHz

J
5 over n € range(B;). (44)
> Grp ”Pr,anz g
If all G, are positive definite, P, , = I and
AgJa = (Z Crp) I =T, B;{ = (Z G, (45)

so the minimum generalized eigenvector is exactly the principal eigenvector of T}, used
in the main text.
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Proposition 1 (exact joint recovery). At the true focus point, let the matched,
unweighted, noise-free CSMs be

— Ty H
Cr - QT‘/;",pnpnp ‘/;n,pa

qT’ Z 07 (46)

with a,q¢, > 0 in at least one coupled bin, aggregate observability n, € range(Bj‘g)7
and projective identifiability: the combined observable projections determine a unique
axis up to sign. Cauchy—Schwarz gives

qr] (V;“,p”)HV;apon

2
Ve pnll;

2
< @ I[Vipmplly (47)

and, for every contributing bin ({,, > 0), the local representative satisfies

SN (P, ,n)(Prpny) T
nr,an:p = PP PP (48)
[P pmpll

Every summand of Ag consequently annihilates n,,. The objective is nonnegative, and
projective identifiability makes its zero minimum unique, proving ’?Lg = £n,,. Without

aggregate observability, only the representative modulo the common null space is
identifiable.

A.2 Conditional Cartesian covariance interpretation

The Cartesian matrices also admit a source-covariance interpretation under more re-
strictive assumptions than Profile-CBF. Suppose an isolated dipole produces C' =
qVnnTVH ¢ >0, without pair weighting, and V'V is real. Then G = VZV and
S = ¢Gnn™ G. Supported pseudoinversion gives

Qecart = G1SGT = ¢(Pen)(Pen)”, P =GiG. (49)

If n € range(G), this is the covariance gnn” of the three Cartesian dipole coefficients;
otherwise only the projected axis is recovered. For an observable axis and ¢ > 0, its
principal eigenvector gives the dipole axis and its trace gives the source-coefficient
power. Summing such covariances across frequencies preserves a common axis and adds
source powers. This differs from JCBF’s sum of unit-axis outer products weighted by
localization scores, which is not a source-power covariance. The real-Gram condition
holds for the homogeneous free-field derivative basis, whose sensor rows are complex
scalars times real direction vectors. A general complex basis, overlapping sources,
noise, or diagonal removal need not satisfy the identity. It is an interpretation of the
isolated-source model, not the estimator used in the Profile-CBF comparisons.
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B Orientation selection for other methods

Table 3 summarizes the local operators and how each method uses the selected axis.
The following derivations specify the normalizations, residual updates, and inverse
solvers.

Inverse methods estimate source powers by combining modeled responses from pos-
sible sources on the focus grid. These responses form a dictionary, and each response is
an atom. In CSM fitting, an atom is the unit-power source contribution gg*’; in map
deconvolution, it is the corresponding point-spread function. The orientation estimate
supplies g; , = V. pNyp to construct these responses. Examples include the deconvo-
lution approach for mapping of acoustic sources (DAMAS) and multifrequency sparse
Bayesian learning (MF-SBL). An axis estimated for an unresolved mixture represents
an effective direction.

Table 3 Orientation selection across beamforming methods

Construction Local operator or result Local Use after the local step
extremum

Profile- Krp[Cr] or Krp[Wr ® Cr] Maximum Beamforming score;

CBF/JCBF then fixed-axis source
power

CLEAN-SC/B- K, p[Cr® Maximum Standard coherent

CLEAN-SC residual subtraction

MVDR ’CTvP[Cr_./U Minimum Pseudospectrum only

MUSIC Power ’Cr,p[Er,noiseEﬁnoise] Minimum  Oriented peaks, then

Fit ’ nonnegative covariance
fitting

DAMAS/CSM Dictionary-axis estimate - Oriented atom for the

Fit/MF-SBL inverse solver

B.1 Adaptive and subspace scans

MVDR and MUSIC select the axis with the smallest inverse-CSM response or noise-
subspace projection, respectively. Normalize each observable dipole response to unit
norm:

D,, = {n € range(G,,) : n* G, ,n > 0},

_ Vipn _ _
gm,(n) = \/#W’ ng,p(n)HQ =1

For MVDR, choose the loading in C, y» = C, + \.I so that C, ) >~ 0; a positive A,
alone does not ensure this for an indefinite input. The orientation-adaptive profiles are

p

(50)

. nT’Cr,p [Cr_;\}"
min ————2—

neD,, nTG,n

MVDR _

iy PYVPR = 1/p)t VPR, (51)

’ P
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T H
n ’Cr,p [Er,noiseE

r,noise] n

?

MUSIC __
777‘,1) -

PTl}j[pUSIC — 1 nMUSIC. (52)

min r.p

neD, , ’I’lTGr,pTL

Here E, ,oise contains the noise-subspace eigenvectors. Both quantities are normalized
localization pseudospectra, not source-coefficient power; in particular, the MVDR ex-
pression is not a calibrated Capon source-power estimate. MUSIC applies a relative
quotient floor of 1077, selects peaks from the oriented pseudospectrum, and obtains
power from a nonnegative covariance fit.

To express the covariance fit as a real least-squares problem without changing its
Frobenius norm, vectorize a Hermitian matrix X € CM*M ag

2
vecr(X) = col ((Xmm)%[:u (\f2 Reij)lleém<j§M? (\@ Imej)lfémng) e RM,
[vecr(X)[l; = 1 XI5 -
(53)
For oriented support S, MUSIC Power Fit reports

(/1\7",5 € argmin VeCR(Cr) - Z qr,p VECR (g:,p(g:,p)H) : (54)
qr,s >0 pES 5

B.2 CLEAN-SC and B-CLEAN-SC

CLEAN-SC estimates an axis at each focus point from the current residual, selects
the score maximum, and subtracts its coherent contribution. At each iteration, axis
estimation and peak selection are

(07 ps Torp) = geigax (i p[Cr], Grp)

p* € argmax pj . (55)
PEPyalid,r

The unweighted source-coefficient increment uses loop gain p and the selected axis’s
array coupling:

_ _ e . P e
Brp = nZ:pGr,pnnp = |Vepnrplly s Agype = =t (56)

Pair weighting replaces the increment by ppy .. B+ /0w, (gr p+)-

B-CLEAN-SC solves the same narrowband orientation problems and combines
them into one common axis per focus point and iteration. It then selects the broadband
score maximum using equation (27):

(pl,r,]n ’ﬁ’rap) = geigmax (K:’ﬁp [C:‘QSL G”‘ap) ?

p* € argmaxp,,. (57)
PEP1ia
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Per-frequency peak normalization limits domination by one energetic bin; powers and
coherent subtractions remain frequency specific.
Let gy ,. be the selected source transfer vector, u, = g; ./ || gr

T =
27 T
quﬁesur > 0, and d, = C'*®u,./m,. For a binary retained-pair mask M, = MTT S
{0, 1}MxM  CLEAN-SC computes the coherent vector by a fixed-point inner iteration,

followed by residual subtraction:

H.(h) = (1 — M,)® hh'!
dr + Hr(hr)ur

h, = , 58
" T+ ulH (h)u, 58)
C'* « C™* — ur, (M, © h,ht). (59)
For the full mask, h, = d, and the local refresh reduces to
Ko plCr®] = KrpC] — pimy Re[VT{éhThf Vnp] : (60)

Arbitrary binary masks or continuous pair weights require the packed-pair contraction
rather than this O(M) projection.

B.3 DAMAS and covariance-fitting methods

The evaluated inverse methods first estimate a shared axis for each candidate source
by maximizing a ratio of sums (RoS):

T i K.0c. o '
ﬁ}l}os = argmax n (ZTZITO[L T,P[ 7])71’ Gp _ Z O[T,Grvp, (61)
néerange(Gp) n Gpn r=1
nT'Gpyn>0

Frequency-dependent power and nonproportional Gram matrices can rotate the re-
sulting axis. This step supplies oriented source responses to the inverse solver; it does
not exactly optimize that solver’s objective over orientation.

For oriented atoms, the formulation-III DAMAS system is

gficrgr,i |gfi9r,j |2
bri = —H—7> Hrij = —f—3> (62)
(gr,igr,i) (gr,igr,i)
G, = argmin ||b, — H,q,|3. (63)
q,->0

The reported reduced-support variant first accepts S separated atoms by residual
orthogonal matching pursuit (OMP). Its nonnegative least-squares (NNLS) runtime
is not a full-grid DAMAS runtime.

Define the oriented covariance atom and residual vector

arp(n) = vecg [V, ,nn" V] % = vecg(Cr®). (64)
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For a proposed shared axis, the exact nonnegative one-atom coefficient and bandwise
residual decrease are

T _,res
a- c
s T
qff;al = max 7Tp 00,
al a,,

TP

a 2
Z[\ &3 e — atitan, 3] (65)

CSM Fit NNLS accepts the largest positive decrease and solves on support &

2
F

gs € argmin Z C, — Z Tr.p9r.p(9r p) . (66)

as>0 s B

Projected MF-SBL applies automatic relevance determination (ARD) to N, se-

lected atoms collected in ®, € RM**Na and uses T' = diag(vy) with v € R;Vg shared
over frequency. One projected reweighted-ridge step is

z, =, [(®]®, + 02T ") '®] vecr(C,)] (67)

F
2, =c2(®7®, + o207 )L, Z @2, + (Z)pp) - (68)

Here II; projects coefficients onto the nonnegative orthant, and the fixed model-error
variance sets the regularization scale:

c)ls
0% = max (10—8"%@;‘\22 Mz, 10—12> . (69)

Rows at the pruning threshold are removed, so I' remains positive definite on the
active set. The source-selection quantity and reported coefficient are

s 1/2
Vp = (Z 553’@) ) Irp = Trp- (70)
r=1

The projection and fixed model-error variance are computational approximations
rather than an exact complex-Wishart likelihood.
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B.4 Gridless comparator

Gridless CSM Fit jointly optimizes position and axis and does not use the local
orientation-selection step:

F 2

min E
Ys, Ins|l,=1 =
@ >0 "1

S
C, — Z QT,s‘/;‘(ys)nanW(ys)H (71)
s=1

F

It requires a source count and initialization policy and provides the continuous-position
reference in the controlled comparison.

C Numerical and robustness details

Table 4 lists the result-defining settings for the controlled comparison.

Table 4 Numerical settings used in the controlled cross-method comparison

Method Settings

Conventional Monopole: formulation III. Profile-CBF: formulation IV score
maximized locally, then formulation IIT power. JCBF: the same
score and power at a common axis; all ten bins coupled with
weights normalized by initial score maxima

CLEAN-SC Loop gain p = 1; at most 10 extracted components and 10 inner
source-component iterations; 20 dB stopping range

B-CLEAN-SC Loop gain p = 0.5; at most 20 extracted components and 10 inner
source-component iterations; 20 dB stopping range; all ten bins
coupled

MUSIC Power Fit Signal-subspace rank and retained support 4; relative floor 10_7;
—18 dB support threshold; at most 300 NNLS iterations, toler-

ance 1078

Reduced-support Residual OMP with Konp = S = 4; reduced NNLS cap 300 and

DAMAS-NNLS and  ¢glerance 108

CSM Fit NNLS

Projected MF-SBL Komp = 25 = 8 seeds in a 2048-point dirty-score pool; 32-
atom candidate set; 4 retained rows; at most 80 ARD iterations;
tolerance and relative noise floor 1078; damping 0.35

Gridless CSM Fit Four sources; one optimizer start within 0.035D in the focus
plane; analytic derivatives; at most 120 optimizer iterations; L-
BFGS-B on the CPU and Adam on the GPU

C.1 Cross-method output reductions

Ground-truth-centered regions of interest (ROIs) of radius 0.06D are used only to
summarize successfully detected cross-method outputs. Let Z, contain the focus points
in the ROI associated with assigned source s. Dense maps use the beamforming-
score-selected focus point; sparse maps sum raw coefficients and form a sign-invariant
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effective axis:

~ROI _ 2 -~ ~ROI _ . § ~ =T
qr,s - QT,P’ nr,s - elgvecmax qﬂpnhpnr,p . (72)
pEL, pEL,

These reductions define the cross-method level and axis errors, not the wind-tunnel
display smoothing. MUSIC uses fitted source power, CLEAN methods sum accepted
coefficient increments, and gridless results are matched at their native positions.

C.2 Random-scene construction and uncertainty

For a requested separation d, draw ¢ ~ U(0,27) and set h = (6/2)(cos ¢, sin¢). The
pair center is uniform over the rectangle that keeps ¢ = h at least 0.025D inside the
[—-0.5D,0.5D)? focus domain, and

Y12 = (C:F h, 05D) (73)

For each source, z, ~ N (0, I3) and ng = z,/ || 255, with sign canonicalized only for
storage. This samples the projective axis uniformly because all reported quantities are
invariant under n, — —ng. Deterministic substreams from master seed 20260815 reuse
the same positions, axes, and standard-normal draws across levels of each one-factor
sweep.

The separation sweep uses 6/D € {0.025,0.05,0.075,0.10,0.15,0.20,0.30,0.40},
pooled in ¢ bins of width 0.5, at equal received powers, K = 128, and 0-dB sensor
SNR. Both remaining sweeps fix Hep = 8 and §/D = 0.20. The contrast sweep uses
{0,3,6,10,20} dB at K = 128 and 0-dB sensor SNR. The snapshot sweep uses equal
received source powers and K € {1,2,4, 8,16, 32,64, 128,256,512, co}, with no sensor
noise or sensor SNRs of 0, —6, —12, and —18 dB.

Let G = [g.1,9:,2] € CM*2 collect the two source responses, let Q, =
diag(gr.1,¢r2), and denote snapshot covariances by hats. The finite-sample perturba-
tion before diagonal removal can be decomposed as

ér —C, = Gf«rc(ér _ Q7)(G?~rc)H
+ Gircﬁae,r + ﬁH (Girc)H + ﬁee,’r - 02 I7

ae,r e,r

(74)

where ﬁae,T =K'y, al’ (eg))H and I-Alee,r =K'y, eg)(eg))H. Every centered
term is O,(K~'/?). Diagonal removal cancels the ensemble term o?,I but retains
random off-diagonal fluctuations. A —6-dB SNR step multiplies Oir by approximately
four; when the noise—noise term dominates, approximately 16 times as many snapshots
are therefore required for the same stochastic scale.

Each condition begins with 200 independent base replicates. The pair-recovery
indicator is Bernoulli and receives a Wilson interval. For pooled separation bins,
the resampling unit is the complete base replicate across its contributing frequencies
and separations; conditional axis and position statistics resample only replicate clus-
ters with defined values. Reported percentile intervals use 2000 resamples. Artifact
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manifests retain contributing row counts, surviving replicate counts, and the common-
random-number identities, so conditional uncertainty is not computed by treating
frequency—source rows as independent.

D Angular-grid and computational details

The local matrices can be assembled directly from packed Hermitian CSMs, without
expanding the full sensor matrix. For 1 < a < b < 3, the weighted contraction is

M
(SW)ab = Re Z VntanmCmmeb + Z ng [V»;:Lacmj‘/jb + ijzc;;wvmb]
m=1 m<j

(75)
Only the stored upper triangle is traversed; diagonal removal sets W,,,, = 0. Numerical
tolerances distinguish observable directions from round-off and nearly tied orientation
scores. We use €33 = 272 ~ 1.19 x 1077, the relative spacing near unity in single
precision, and a safety factor of 32. This factor is a numerical margin, not a bit count.
Both backends symmetrize the local matrices and retain a metric mode only when

Ai(KB) > 718, T = 32e3o max \;(Kp). (76)
J

The threshold 75 scales with the largest metric eigenvalue; its dipole counterpart 7q,,p,
rejects axes with negligible array coupling:

TG,rpp = 32632)\maX(GT7p)7 (77)

and the exact uniqueness test is replaced in finite precision by

Aprp = prop — P2rp > Tows + oo max(|prrpls |p2,rpl),  Toms =0, Tioh = 326(32~)
78
Focus points without a supported mode, finite quotient, unique extremum, or valid
denominator are excluded from Py.q and represented by a mask or —oo during
maximization. Signed valid scores remain distinct from invalid focus points.

All 10 x 10,201 = 102,010 controlled-case Gram matrices are positive definite
under this rule; the minimum observed ratio Amin(Gr.p)/Amax(Grp) is 3.40 X 1072
The production implementation nevertheless forms the general projectors. Its GPU
kernel fuses projector construction, frequency reduction, and the supported 3 x 3
solve without a frequency—focus tensor of projectors, so the measurements exercise the
rank-deficient-capable path.

D.1 Factorized orientation-grid comparator

The Gao-style baseline evaluates the same normalized beamforming score py (n) as
Profile-CBF. For integer L > 1, its complete projective grid contains the north pole,
rings 0; = jmn/(2L), j = 1,...,L — 1, with 4L azimuths, and one equator with 2L
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azimuths. Antipodal duplicates are omitted, giving
Nao,=1+2L(2L - 1), Teov,L < Teov,I = ArCCOS {cos2 (ﬁ)} . (79)
The actual projective covering radius is

; T
= n' d;|. 80
Tcov,L slelgz dl;rélélL arccos | il (80)

The displayed bound is a conservative half-cell bound, not necessarily the attained
radius. The evaluated L € {4,8,16} yields 57, 241, and 993 axes. Because the Carte-
sian contraction is shared, factorization changes the grid cost from O(FPNoNa) to
O(FPNp)+O(FPNgq); the analytic solution removes the second term and its covering
error.

The timing comparison also fixes the unit-response power calculation; only the
axis-selection step differs.

Table 5 Continuous 3 X 3 orientation optimization and projective angular grids. Nq is the
number of axes, Tcov an upper bound on the projective covering radius, Apmax the maximum
relative score deficit from the analytic optimum within its 20-dB range, and Fg cig the mean
projective-axis difference. Times show median & median absolute deviation in milliseconds from
five runs after two warm-ups; quality values use GPU results after CPU-GPU parity verification

Estimator Ng Teov (°) CPU (ms) GPU (ms) Apmax (%) Egeig (°) F1
Profile-CBF — - 1121.5 +£ 0.7 13.4 £ 0.0 — - 0.80
Gao-style angular grid 57 15.86 1083.0 £ 29.1 16.8 £ 0.4 30.55 9.33 0.80
Gao-style angular grid 241 7.95 1229.6 + 11.3 14.8 £ 0.0 12.43 4.75 0.80
Gao-style angular grid 993 3.98 1998.3 + 27.9 36.2 £+ 0.0 3.64 2.38 0.80

Table 5 shows decreasing score deficits and axis differences as the angular grid is
refined. Profile-CBF reaches the continuous optimum without a covering-resolution
parameter or the additional O(FPNgq) term. This diagnostic path materializes the
local matrices and three outputs; these diagnostic runtimes are kept separate from the
production timings in Table 6.

D.2 Precision and benchmark setup

The controlled NVIDIA CUDA scans store CSMs and dipole transfer matrices as
complex64, accumulate in float32, and promote the 3 x 3 eigensolve and stored axes
to float64. No float16 or tensor-core arithmetic is used.

The one-factor campaign contains 13 unique cases around the baseline P = 512,
F =10, and M = 64: P € {11%2,512,1012,5012,1001%}, F € {1,5,10,50,100}, and
M e {16,32,64,128,256}. Each point is a median of five synchronized runs after
one warm-up. The compact comparison uses monopole CBF, Profile-CBF, and JCBF.

Their dominant packed-Hermitian contraction is represented by the work coordinate
FPM(M +1)/2.
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D.3 One-factor computational scaling

Figure 6 reports focus-grid scaling and all one-factor sweeps against the packed-work
coordinate. The asymptotic trend follows the dominant contraction; GPU launch and
synchronization overhead has its greatest relative effect at the smallest workloads.
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Fig. 6 Runtime scaling of the measured conventional profiles on the CPU (a, b) and GPU (c, d).
Panels (a, c) vary focus count P; panels (b, d) combine the one-factor P, F, and M sweeps against
packed work FPM (M +1)/2. Error bars show one median absolute deviation, and black dashed lines
indicate linear scaling. The legend identifies the included profiles; every point is measured rather than
extrapolated

E Cross-method verification

The broad controlled comparison verifies the Cartesian interface across estimators
with different source-selection rules and power estimates; it is not a universal ranking
of those estimators.

Table 6 reports runtime excluding final export with 4096-point focus blocks. CPU-
GPU parity is checked for the gridded profiles. Gridless fitting uses different CPU and
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GPU optimizers; its reported quality is the GPU result. F'; uses each method’s source-
selection quantity; conditional errors include only correctly assigned sources. Timings
were measured on AMD Ryzen 9 5950X 16-Core Processor and NVIDIA GeForce
RTX 2070 SUPER (125.7 GiB system memory, 7.6 GiB device memory). The software
environment used Python 3.13.12, NumPy 2.4.6, CuPy 14.1.1, CUDA runtime 13.2.
The processor provides 32 logical threads.

Table 6 Runtime and GPU quality over ten frequencies and four sources. Median synchronized
runtimes are in milliseconds from nine runs after two warm-ups and exclude final export. E, is
conditional level MAE in decibels (wavenumber-corrected for the monopole baseline,

equation (31)), Fy is conditional sign-invariant dipole-axis MAE in degrees, and E, is mean
position error normalized by D. A dash denotes an inapplicable quantity

Method Source Coupling CPU (ms) GPU (ms) F; FE; FEy Ey
Conventional Monopole Local 215.1 2.4 0.55 3.40 - 0.014
Profile-CBF Dipole Local 1137.5 14.8 0.80 0.09 1.23 < 0.001
JCBF Dipole Joint 2429.6 17.4 1.00 0.49 2.30 < 0.001
CLEAN-SC Dipole Local 1628.0 106.2 0.82 0.14 1.31 < 0.001
B-CLEAN-SC Dipole Joint 18782.1 338.4 1.00 0.32 0.51 < 0.001
MUSIC Power Fit Dipole Local 450.6 61.6 1.00 0.00 0.00 < 0.001
Reduced-support

DAMAS-NNLS Dipole Joint 1733.6 63.6 0.85 0.03 1.18 0.003
CSM Fit NNLS Dipole Joint 2591.2 397.5 1.00 0.01 1.05 < 0.001
Projected

MF-SBL Dipole Joint 2252.3 418.6 1.00 0.01 1.05 < 0.001
Gridless CSM Fit Dipole Joint 11199.6 405.2 1.00 0.07 3.34 0.008
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