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Abstract The multi-symplectic structure and energy conservation are inherent properties of the
Gross-Pitaevskii equation. In this paper, we propose classical multi-symplectic Runge-Kutta meth-
ods and parametric multi-symplectic Runge-Kutta methods for the one-dimensional Gross-Pitaevskii
equation. The parametric methods not only inherit the multi-symplectic structure and quadratic
invariants of the classical methods, but also achieve energy conservation in a weaker sense by in-
troducing an additional parameter. Numerical experiments verify the effectiveness of the proposed
methods.

Keywords Gross-Pitaevskii equations - Multi-symplectic methods - Parametric multi-symplectic
methods - Energy conservation.
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1 Introduction

The Gross-Pitaevskii equation (GPE), independently derived by Gross and Pitaevskii [1,2] in 1961,
is a nonlinear Schrodinger-type equation tailored to describe the evolution of wave functions in
condensed matter systems, especially in Bose-Einstein condensation (BEC) [3-7]. It considers particle
interactions and effectively captures the dynamical behavior and stability of the condensate. By
solving the GPE, one can obtain the ground state and excited states of the condensate, facilitating
an analysis of its physical properties. In this paper, we consider the following GPE in dimensionless
form [8]

1
i0;u = (—2A+9(X)—|—B|u|2) u, xcRY >0, (1.1)

where u(x,t) denotes the macroscopic wave function of the condensate, with the initial condition
u(x,0) = ug. The potential 6(x) is a real-valued function, typically generated experimentally. The
parameter [ represents the strength of the interatomic interaction.
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Taking the inner product of equation (1.1) with u(x,t) and extracting the imaginary part yields
the mass conservation law

M(t) = /R Julx ) dx = M(0).

Taking the inner product of equation (1.1) with the time derivative dyu(x,t) and extracting the real
part results in the energy conservation law

H(t) = / [1 IVul® + 0(x)|ul* + é|u\4 dx = H(0).
Rd |2 2

The GPE admits several conserved quantities, including mass, energy, symplecticity, and multi-
symplecticity, corresponding to the preservation of physical properties and geometric structures, re-
spectively. For general Hamiltonian PDEs, it is generally impossible for a constant time-stepping nu-
merical method to simultaneously preserve both geometric structures and physical properties [9,10].
Classical symplectic methods preserve quadratic invariants exactly, but fail to preserve non-quadratic
Hamiltonian functionals. Inspired by the energy and quadratic invariant preserving (EQUIP) method
proposed by Brugnano et al. [11] and Chen et al. [12], this paper constructs multi-symplectic Runge-
Kutta (RK) methods and parametric multi-symplectic RK methods for the numerical simulation of
the aforementioned equation. The parametric methods not only preserve the multi-symplectic geo-
metric structure, but also satisfy the mass and energy conservation laws.

A numerical method that preserves the discrete multi-symplectic conservation law is referred
to as a multi-symplectic method for Hamiltonian systems [13,14]. Over the past two decades, such
methods have attracted considerable attention [15-18]. For example, Tian et al. [19] developed a
multi-symplectic difference scheme for the two-dimensional GPE with rotating angular momen-
tum. Kong et al. [20,21] proposed high-order compact splitting multi-symplectic schemes for the
single-component GPE without vortex and angular momentum terms. Wang et al. [22] proposed a
multi-symplectic scheme for the coupled GPE with angular momentum rotating terms. The strat-
egy of achieving energy conservation by introducing a tunable parameter at each step was first
proposed by [23] and subsequently developed by [11,24,25] into the EQUIP framework. Building
on this, Chen et al. [12] extended the framework from ODEs to PDEs, demonstrating its appli-
cation through the numerical solution of the Hamiltonian wave equation. Sim et al. [26] extended
the original EQUIP method to the GEQUIP method. By introducing additional parameters, the
scheme preserves the symplectic structure while exactly conserving multiple physical invariants of
Hamiltonian systems, not only energy. In contrast, Cai and Wang [27] introduced the scalar auxil-
iary variable (SAV) approach to construct two classes of linearly implicit energy-preserving schemes
for general multi-symplectic Hamiltonian PDEs. This paper adopts the EQUIP multi-symplectic
method, which extends the classical multi-symplectic Runge-Kutta scheme by introducing a real
parameter a. At each grid cell defined by the spatial step h and the time step 7, « is determined by
simultaneously solving the modified multi-symplectic RK discretization alongside the local energy
conservation equation. Unlike strictly conservative methods, the EQUIP approach exhibits weak
energy conservation, with the existence and value of o depending on both the step sizes and the
initial conditions.

The rest of the paper is organized as follows. In Section 2, we transform the one-dimensional GPE
into a multi-symplectic Hamiltonian system, present its multi-symplectic structure and conservation
laws, and construct fully discrete multi-symplectic RK schemes. In Section 3, we formulate para-
metric multi-symplectic RK methods and analyze the existence and uniqueness of the parameter. In
Section 4, we provide numerical examples for both the multi-symplectic RK methods and the para-
metric multi-symplectic RK methods to validate the theoretical analysis and numerical performance.
Section 5 concludes the paper.

2 Multi-symplectic Runge-Kutta methods

In this section, the one-dimensional GPE is transformed into a classical multi-symplectic Hamiltonian
system, and multi-symplectic RK methods are constructed.
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2.1 Multi-symplectic structure

To simplify the computation, this paper considers the one-dimensional case with periodic boundary
conditions. Let u = p +iq, and denote its spatial derivative by d,u = 0,p +i0,q = v +iw. The GPE
(1.1) can then be rewritten as the following system of first-order differential equations:
—2q; + v, =2p [0(z) + B (p* + ¢°)],
2pe +we =2q [0(2) + B (0 + ¢%)] |
Px =0,
Gz =W,
where p = p(z,t) and ¢ = ¢(z,t) are real-valued functions, and i = v/—1 denotes the imaginary unit.
Accordingly, this system can be recast as a classical multi-symplectic Hamiltonian system

MOz + K 0y2 =V, 5(2), (x,t) e R x Ry, (2.1)

where z = (p,q,v,w)T, and the Hamiltonian functional is

1
S(2) = —5 (07 + ) F0@) B + ) + 5 (07 + ),
The skew-symmetric matrices M and K are defined as follows:
0-200 0 010
2000 0 001
M = K =
0000’ -1 000
0000 0 —-100

For the Hamiltonian system (2.1), the multi-symplectic structure and conservation laws are two
of its core properties. The multi-symplectic structure can be expressed as

Byw + y ke = 0, (2.2)

where w =d2AM dz = —4dpAdg, and kK = dzAK dz = 2(dp Adv+dg Adw). The conservation laws
include the energy conservation law (ECL) and the momentum conservation law (MCL). Specifically,
the local ECL can be expressed as:

OE(z) + 0, F(z) =0, (2.3)

where the energy density F(z) and the energy flux F'(z) are given by

B(z) = 5(2) ~ 52 Kooz = 2 (0% +0?) +0@) 0 + %) + 507 + ),

1
F(z)= izTKatz = —(vVOp + w Oq);
while the local MCL can be written as:
Ol(z) + 0,.G(z) =0, (2.4)

where the momentum density I(z) and the momentum flux G(z) are given by

1
I(z) = ngMazz = —pw + qu,

G(z)=8(z) — %ZTM&Z = S(z) + (p0eq — q Oip).

Remark 2.1 Under the periodic boundary condition u(0,t) = u(L,t), the local energy conservation
law directly implies global energy conservation. Defining the global energy as H(t) := fOL E(z)dz and
integrating the local conservation law (2.3) over [0, L] yields

dH(t)

Cdt
which establishes global energy conservation. This derivation applies equally to other locally conserved
quantities, such as momentum.

:O,
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2.2 Multi-symplectic RK schemes

Hong et al. [13] showed that applying symplectic RK schemes in both space and time preserves the
multi-symplecticity of general Hamiltonian PDEs. First, the space-time plane is uniformly parti-
tioned with spatial step size h and temporal step size 7, and the mesh function of u(z,t) is denoted
by {u;r | (z;,tr) € R x Ry}. For theoretical analysis, the discussion is restricted to a single grid
cell [1‘0,1}1] X [to,tl].

Then, an s-stage symplectic RK scheme (¢, A,b) and an r-stage symplectic RK scheme (¢, A, b)
are applied to the spatial and temporal discretization of the multi-symplectic form (2.1) of the GPE
(1.1), respectively . We obtain a fully discrete scheme:

P =00 + 0> ai;00Pjn. o = ol 4 0> 0:0,Vim,

j=1 =1

Qim ="+ 1> 0:j0:Qjm, ™ =wl™ + 1Y b:0, Wi,

j=1 i=1
s r
p[lm] = p{{"] +h Z b0y Pi ., Py = p%] +7 Z amn 0t Py,
i=1 n=1
qgm] = Q([)m] + hz biazQi,m7 Qi,m = Q[Oz] + 7 Z a477171815621','n7
i:SI nT:l (25)
Vim = 06" + 1 0102 Vyms Ply =ply + 7 ) bmOePim,
j=1 m=1
Wi = wi™ + h > a0 Wi, gy =4 +7 D b0 Qim,
j=1 m=1
8$Pi,m = Vvi,ma a:le,m = Wi,m7
1
1 2 2
- atQi,m + §8m‘/z,m = [e(czh) + 6(P»L)m + Ql7m)] Pi,ma
where A = (a;;); ;—; and A= (Gmn)jne1 are coefficient matrices, b = (by,---,bs)" and b =

(by,- -+ ,b.)T are weight vectors, and the abscissae are
S T
CiZE Qg 7':17’57 dm:§ Amn m::l,"',’l’.
Jj=1 n=1

We denote P; ,,, = p(c;h,d,,7) for the numerical values at the RK stage points, and p[lm] ~ p(h,dpT),
p[li] ~ p(c;h, T) for those at the cell boundaries.

The scheme (2.5) preserves the multi-symplecticity provided that
M =BA+ ATB—w" =0, 26)
M= BA+ A"B - 0" =0, '

where B = diag(b) and B = diag(b) are diagonal matrices with diagonal entries b; and b,,, respec-
tively.

Ezxample 2.1 Let r = 1 and s = 2. The Butcher tableaux of the symplectic RK schemes in the spatial
and temporal directions are respectively given by

1 V3] 1 1_ V3
11 2 6 1 1 6
212
1, V311, V3 1
1 2T 6|16 1
1 1
2 2

In this case, the spatial direction uses a fourth-order Gauss collocation method, the temporal
direction uses the midpoint rule, and both satisfy the multi-symplectic conditions (2.6), thereby
yielding a multi-symplectic Gauss collocation method.
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The discrete energy conservation law corresponding to (2.3) is

> bi (Bl = E) b+ > by (F* = F") 7 =0, (2.7)
=1 m=1
here
1 15} 2
Bl = 5 [0f)? + (wh)?] + 6(eih) [h)? + @] + 5 [0 + (@hp)?] (28)
o [vl[m] @)™ + wl™ (atq)g’”]} C1=0.1. (2.9)

and the discrete MCL can be formulated analogously. Unfortunately, the scheme (2.5) fails to satisfy
discrete energy conservation law (2.7). To this end, we insert a parameter « into to scheme (2.5) to
enforce local energy conservation (2.7), leading to parametric multi-symplectic RK schemes.

3 Parametric multi-symplectic Runge-Kutta methods

In this section, we introduce a real parameter into the multi-symplectic Gauss collocation method
to construct a parametric discrete scheme that preserves the multi-symplectic structure. By further
incorporating the discrete ECL into the system, we prove the existence and uniqueness of both the
numerical solution and the parameter.

3.1 Parametric multi-symplectic RK schemes

Let (¢, A,b) be an s-stage Gauss RK method. The shifted normalized Legendre polynomials on [0, 1]

are defined as i
V2k+1d & &

of which the lowest-degree examples are
Py(z) =1, Pi(z)=V3(2z—1), Py(z)=5(62>—6x+1).
Define the generalized Vandermonde matrix W = (w;;)7 ;_; by
wi; =Pj_1(¢;), 4,5=1,2,---,s.

Then, under this transformation, the coefficient matrix A of the s-stage Gauss method is reduced
to the tridiagonal form [28]:

3 —&
&1 0 =&
X=WT1AW = & o ;
0 _fs—l
gs—l O

with & = Nﬁ' Following the idea of EQUIP methods introduced in [11,25,12], we define the
perturbation matrices X («) as
X(a) =X +aV, (3.1)
where « is a real parameter and V is the skew?symmetric matrix
00
0"
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Let the multi-symplectic RK scheme (2.5) employ the s-stage and r-stage Gauss RK methods
(¢, A,b) and (¢, A,b) for the spatial and temporal discretizations, respectively. We now define the
parametric multi?symplectic RK schemes (¢, A(«),b) and (¢, A(«), b).

Definition 3.1 The parametric multi-symplectic RK scheme is obtained by replacing the coefficient
matrices with
Ale) =WX(@W ™ =A+aWVIW1, (3.2)
Al@) =WX (@)W =A4+aWVW1
where W, V and W, V are the generalized Vandermonde matrices and the skew-symmetric matrices
corresponding to the spatial and temporal directions, respectively, with X (a) = X +aV and X (a) =
X +aV.
Theorem 3.1 For any real parameter «, the corresponding parametric method in (3.2)-(3.3) is

also multi-symplectic.

Proof: Since (c¢,b) are the nodes and weights of the s-point Gauss-Legendre quadrature on [0, 1]
and the degree of P;_q(z)P;_1(x) is at most 2s — 2, the quadrature formula is exact, yielding

1 s
/ Piy(@)Pya(x)de =Y bpPia(ck)Pjoa(ck) = 85, ij = 1,-++ 5,
0 k=1

where d;; is the Kronecker delta. In matrix form, this reads
WTBW = I,

with I, being the s x s identity matrix. The original method is multi-symplectic and V is skew-
symmetric, so

BA(a) + A(a)'B — bb"
=BA+ATB —bb* + aBWVW ! oW HTVIWTB
=a(WH v+ vhHw!
=0.
By the same reason, BA(a) + A(a)TB — bbT = 0. D
For o = 0, the parametric multi?symplectic Runge-Kutta schemes (¢, A(«),b) and (¢, A(«),b)
reduce to the standard multi?symplectic Gauss collocation method. Although Definition 3.1 intro-

duces a in both the spatial and temporal discretizations, in practice it suffices to perturb only one
of them. An explicit example is given below.

Ezxample 3.1 We derive the coefficient matrix of the parametric multi?symplectic RK method with
s =2, 7 = 1. The time discretization is the one?stage Gauss method, which requires no parameter.
In space, s = 2. The generalized Vandermonde matrix and its inverse are

_ Po(Cl) Pl(cl) _ 1-1 _1_1 11
W= (Po(c2) P1(02)> B (1 1 ) - W=y <_1 1)’

=I5

. Taking the skew-symmetric perturbation matrix

0—1
V= :

a direct calculation gives WV W ! = V. Hence the parametric coefficient matrix in space is A(a) =
A+ aV. The s =2, r =1 method is then by the two Butcher tableaux

1 V3 1 1 v3_
111 2 6 1 1 6
212 1, V3|1, V3 1
1 5t it ta 1
1 1
2 2

For a = 0, the space scheme reduces to the classical fourth?order Gauss method.
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3.2 Existence and uniqueness of the parameter

Combining the parametric multi-symplectic RK scheme (3.2)-(3.3) with the discrete ECL (2.7) yields
a nonlinear system of 8rs 4 1 unknowns:

s
- pg)m] + hz Q5 (a)‘/j,mv Qi,m - Q([)m] + h Z az_] ],m7

s s
Vvi,nL U([)m] + h Z 427 (04)81;‘/},7n7 Wz m w([)m] + h Z Q5 (a)awwj,’rru
jzl j:1

p[z] +7 Z amn 6t 0,1 Qi,m = ] + 7 Z amn atQ’L ny (34)
atpi,m + §8Q:Wi,m = [G(Czh) + 5(P1,2m + Qfm)] Qi,ma
1
- atQi,m + §8x‘/'i,m = [G(Czh) +0 m T Q) m)] i,ms
RS b (B = E9) 47> b (B — E) = 0.
i=1 m=1
Define

P (P17P27“'7PT)T7 6tP:(6tP17atP27"',6tPT)T,
Q - (Qb QZa e aQT‘)Tv atQ = (atha atQQv e ,ath)Tv
V= (Vl7‘/27"' 7‘/7')T7 82?V: (81‘/1782?‘/2a 782?‘/7')T7
W= (Wi, Wa, - W), 0, W = (0, W, 0, Wa, -+, 0, W),

where P,, = (Pim, Paym, -, Psm) € R® and the remaining vectors Qun, Vin, Wi, 01Pi, 0:Qm,
02V, 0, W, are defined analogously. We further set

(2] [r]l\T

= oLt T = e T

p = (p[l]’p[z]v"' ,P[s ), (P (1] P[z]"" 7p[ls])Ta
:(FolvFOQa"'aFo) ) (F1aF1,"'7Ff)T>
—(E(1)7E87"'7E2)T> :(E17E27"'7E51)T7

and define Similarly 40,41, q07 qlv Vo, V1, ’Uov Ul Wo, W1, 'LU U) (8tp)0a (atp)la (atq)()a (atQ) In these
notations, the nonlinear system (3.4) takes the compact form

P=po@es+h[l,@ A()]V, Q=qo®es+h[l®A)]W,
V=v®es+h[l[, @ A(a)] 0, V, W =wy ®es+ h[l, @ A(a)] 0. W,
P=e,@p" +7[A(0) ® L]0P, Q=e,®¢ +7[A(a) ® L]0,Q,

P+ 50.W = [er @ 6(ch) + B(P? + Q)] @,

~0.Q+ 30V = [er ®0(ch) + B(P? + Q)] P
v (E' — E°) h+ 0" (Fy — Fy) 7 =0,

where ® denotes the Kronecker product, e; = (1,1,--- , )T € R®, e, = (1,1,--- ,1)T € R", A(a) =
(aij(@)); j—1» A(@) = (@mn(@));, 1> and 0(ch) = (B(c1h), B(csh), -+, B(csh)™.
By the definitions of E! and F/™ in (2.8) and (2.9), the last equation of (3.5) reduces to a form
involving only the boundary vectors vy, wo, (9:p)o, (3:q)o, P°, ¢°, v°, w® and vy, w1, (O¢p)1, (0eq)1,
1

pl, ¢', v, w', as stated in the following proposition.
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Proposition 1 The discrete ECL can be written as

%bT diag(w!)w' + diag(v')v! + 2 diag(6(ch)) ((pl)2 + (ql)g)

+8((")? +(¢")?)" | h— b" [diag(v1)(9ep)1 + diag(w1)(ig)1] T
i - (3.6)
=-b" | diag(w®)w’ + diag(v®)v° + 2diag(6(ch)) ((»°)* + (¢°)?)

+B8(()? + (¢°)%)" | h — b" [diag(vo) (Dep)o + diag(wo)(Drq)o] T,

Thus, the nonlinear system (3.5) can be rewritten as

L(h,T, a)Y — F(Y, h) =Y,
T ('Ula w1, (atp)lv (atq)lvplv C]17 'Ulv wl) =T (U07 Wo, (atp)()» (atCI)O»PO» qov UO) wO) )
where }/E) = ((pO ® es)Ta ((JO Y es)T7 (UO ® es)Ta (wO & es)Ta (er ® pO)T7 (er X q ) O;FsaOT ) Y =
(PT7 QT7 VT7 WT> atPTa atQT7 axVTy azWT)T~
T (v1,w1, (0p)1, (0:q)1, Pty ¢, vl wh) denotes the left-hand side of (3.6), and

L11 L12 O O 0
- 0] L22 O L24 o 0

L(ha T, Oé) - L31 O L33 O I F(Y’ h) - 0 9
O O L43 L44 F4

here L12 = L24 = 7}1[2 (24 [Ir X A(Oé)], L33 = TIQ (24 [/I(OL) X IS], L44 = %L117

Lll — L22 — L31 — <é’r‘§ ?7"9) O <g'r‘9 g'r‘s) — (87"8) ,
I <Irs Ors> F((er®9(ch)+B(P2+Q))Q>
BN0ps —1s )7 * (e, ®0(ch) + B(P2+Q?)P)’

with O,s € R™*" and 0,.s € R"® being the zero matrix and zero vector, respectively.

T T
Let Yo = (v07 Wo, (atp)()? (atCI)O»PO» qO, ,UO’ ,wO) Y1 = (Ula wy, (8tp)1a (atq)lapla ql’ 'Ul, wl) ) and
define the error function of the discrete ECL as G(a) = T(y1) — T(yo). Next, we use the multi-
symplectic RK scheme (2.5) to establish the mapping between yo and y;. From (2.5), we have

Pl =+ 7 D bwdiPim, o =" Ry b0, Vim,

m=1 i=1
q[lq] = QE] + T Z BmatQi,m; wgm] - wo ml + th 8 WZ m-
m=1 i=1

We also introduce four auxiliary systems:

+ T Z amn 8t i,m» 'U[ll] = 'UB] +7 l;m(?tVi,m,
m=1
Wim = w[l] +7 Z amn ()0 Wi n, w[li] = w?i] +7 Z B’rnatWi,m,
m=1
O Pim = (Oip)§" + b Z aij ()0 Vim, (@)™ = @) + 0 bi0Vim,
J=1 i=1

ath m — 8tq + hzaw at 7,m» (atQ)[Tn] = (a q [m] + th at 7,M>
i=1
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where 0y Pi o = 0t Vim, 00t Qim = OtWi . Thus the equations for vy, w1, (0:p)1, (0¢q)1, pb gt vt

w' can be rewritten as

P =p"+7(b" ®1,)0,P ¢ = +70" @ L)0Q,

' =" + 70T ® )8 w' = w’ + 70" @ L)W, (3.7)
vy = vy + h(I, ®b1)d, wy = wo + h(I, ®bT)6W

(Oep)1 = (Oep)o + h(1r ® bT)at (D:a)1 = (8:q)o + h(I, @ bT) D W.

On an arbitrary h x 7 rectangular domain, (3.5) is equivalent to the nonlinear system in Y and a:

{L(h,T, @)Y — F(Y,h) =Y, (3.8)

The solvability of this system ensures the energy conservation of the proposed method. we make the
following assumptions:

(S1) The function G is analytic in a cube D = [—aq, ap] X [—ho, ho] X [—T0,T0] ;
(S2) G(0,h,7) = cor® + O(7HY), ¢ #0,
G(a,h,7) = c()Td™ + O(r4+1=™) c(a) #£0.

Following the proof strategies in [12,11], we obtain the following theorem.

Theorem 3.2 Let assumptions (S1)-(S2) be satisfied, suppose that either h < 7% and the RK
matriz A is nonsingular, or 7 < h% and A is nonsingular. Then the system (3.8) has a unique
solution (YT, ).

4 Numerical experiments

In this section, we compare the proposed parametric multi-symplectic RK method with the clas-
sical one through several numerical examples. The results show excellent energy conservation and
mass preservation of the proposed method. We consider the one-dimensional GPE with a periodic
potential:

1
ity = — Sty + cos’ (7{;) wt JulPu, —30 <@ <30, t >0,

u(z,0) = sin (Z;)

under periodic boundary conditions. The exact solution for this problem is
u(x,t) =exp | —it [ 1 + ~ sin (wx) (4.2)
e 450 15 '

4.1 Numerical method

We solve (4.1) using the parametric multi-symplectic RK method (Example 3.1), with the midpoint
rule (r = 1) in time and the fourth-order Gauss collocation method (s = 2) in space, taking 7 = 1/150
and h = 1. The procedure is as follows.

On each h x 1 rectangular element, with a1 = %, a0 = i — %, ag1 = i + %7 a2 = %7
by = by = , c = %— %, cy = %—!— ?, al = %, by = 1, ¢ = %, the system takes the following
explicit form.

P []+h[a11V11+(012—04)V21]
Py [ ] +h[(a21 +Ol) Via +a22‘/2,1]7

Qi1 = q([)} +hla1 Wi + (@12 — a) Wa ],
Q21 = q([]l} + h (a2 + ) Wi + aaWa],
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t A
v, Wi Lo agb, v, wi
pd, qd At Pl dfap Vi) Wi Pi21, 421 Vizp Wiz
[1] [1] [1] []
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m=1 x V1,1, Ox V1,1, xV2,1p UxVV2 1, [1] [1]
0¢Py,1,0:Q11 0tP24,0:0Q21 (0cp)1 ™, (0cP)y
P8, 48
> X
0 i=1 i=2 Ax

Pl 4l Vi Wi

0 0 0 0
Dr21» 4i21, V121, Wi2)

Fig. 4.1: A uniform grid and the unknowns (shown in red) in grid points.

Vi = ol

+ h[a110. Vi1 + (a12 — &) 0,V 1],

Vo1 = U[ I [(a21 + @) 0. Vi1 + a220,Va 1],
Wii= w([)] + h[a110: Wi 1 + (a12 — ) 0, Waa],
Wa1 = w([)l] + h(ag1 + @) 0, Wi 1 + a200,Wa 1],

p[11] = p([)l] + h(b1 Vi +baVa),
[1] [1] + (b1 Wi 1 +baWa 1),

Up [11 + h(b10: V11 + 020, V5 1),
will = wg L n(b10, W1 1 + 020, Wa 1),

Py = p?l] +7a110: P11,
Py = plyy + 1a110: Pa1,
Qi1 = Qﬁ] + 7a110;Q1,1,
Q2,1 = QFQ] +70110:Q2.1,

Py =Pl + Th1 0Py 1,
Ploy = Ploy + 7010 Pay,

Q[11] = QFl] + 7'Blath,l;
q[lg] = QFQ] +7b101Q21,

0P+ %@Wm = [COS2 (c1h) + P1271 + Q12,1] Q11
0iPaq + %333W2,1 = [0082 (c2h) + P2271 + Q22,1] Q2,1
—0Q11 + %337‘/1,1 = [cos? (e1h) + P72 + Q12,1] Py,
—0iQ21 + lam‘/Q,l = [cos? (c2h) + Py + Q22,1] Py,
B (1 (0f)? + ba(oly)? + B ()2 + ba(wy)?]

— (b1 (0% + balofy)? + b (wfy)? + b2<w?2]>2}

B 2 27
+ b ((p[ll])er(qﬂu)Q) + by ((P[z] + ()

a)’)
.

P (0 + (a)?) + s ()2 + (el

+ by cos® (c1h) {P + (afy)* = (y)? - ((Jﬁ])z_

+ by cos? (cah) { P2 QQ] )? (p?z])2 - (QFQ])Q: }

by (@) + wl @)~ @)~ wll @) =0,
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which has 31 unknowns Py 1, Po1, Q1,1, Q2,15 Vi1, Voi, Wia, Wai, 0:Vi1, 0.Va1, 0Wia, 0.Wa 1,

11 1] [ 1 1 1
815P1,17 atPQ,la 6tQ1,1a atQQ,la pg ]7 qé ]7 U([) ]7 w([) } ) p[ll]a p[12]7 Q[ll]a Q[lg]a U[ll]a U[lg]a w[ll]v w[lz]? (atp)g ]7 (atQ)([)]
and «. The system (4.3) comprises only 25 equations and requires six supplementary conditions. With
P9 = p(0,0) and ¢§ = ¢(0,0), we augment (4.3) by the following equations (see [14, Section 3]):

p[11] = p(l) +h CL11U[11] + (a12 — @) U[lz]} )
p[12] =po+h|(ax +a) 0[11] + azzv[lz]} )

q[ll] =q+h allw[ll} + (a12 — @) w[lg]] )

q[12] = qé +h (a1 + ) w[ll] + aggw[g]} ,

P =P+ b (@), b =Pl + (@),

6! =@} + 0 @ra)g), a6 = + (@)}
where p} ~ p(0,7), ¢} ~ q(0,7) are unknowns. The resulting nonlinear system (4.3)—(4.4) contains
33 unknowns (see Fig. 4.1).

At each time step, the individual systems are assembled along the spatial direction with M = 60
grid points under periodic boundary conditions, yielding a nonlinear system with 1980 unknowns.
This system is solved by Newton’s method with a convergence tolerance of ¢ = 107!

Table 4.1: Temporal convergence rate of the MSRK method with h = %.

1 1 T T
T 1 B 16 32
IS(e™)|lL2 | 5.02x 1072 128 x 1072 3.22x 1073 817 x 104
order - 1.97 1.99 2.00
IS(e™)|loo | 1.07 x 1072 273 x 1073  6.86 x 1074 1.74 x 10~*
order - 1.97 1.99 1.98
Table 4.2: Spatial convergence rate of the MSRK method with 7 = ﬁ.
h 60 60 60 B0
130 150 170 190
IS(e™)]l2 | 1.35x 1073 7.04 x 107%  3.88x 10=*% 2.41x 1074
order - 4.54 4.76 4.27
IS(e™)loo | 249 x 107 1.31 x107* 7.35x 107>  4.67 x 107°
order - 4.47 4.63 4.08

4.2 Numerical results

To verify the convergence order, we employ the following formula

o (o) /() )
o W(si/ss)

where €7 (s;) = u(zj,t,) —uj for [ = 1,2 is the error under step size s;, and the expression |le(s;)||,
represents the p norm of the error ef(s;). Here u} and u(z;,t,) denote the numerical and exact
solutions, respectively.

When a = 0, the nonlinear system (4.3)—(4.4) reduces to the classical multi-symplectic RK
method, denoted by MSRK. We first examine the spatial and temporal convergence of the MSRK
method at the terminal time 7' = 1. To compute the temporal convergence order, a relatively small
spatial step h = 60/200 is adopted together with various time steps 7 listed in Table 4.1. Similarly,
in Table 4.2, the time step is fixed at 7 = 1/100 to evaluate the spatial convergence. The results
in Tables 4.1 and 4.2 indicate that the MSRK method achieves fourth-order accuracy in space and
second-order accuracy in time.

Next, we compare the errors in total energy and total mass between the MSRK method and
the parametric multi-symplectic RK method (denoted by a-MSRK). The computational domain is
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Fig. 4.2: Global and local energy errors of the MSRK and a-MSRK methods on [0, 5].
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Fig. 4.3: Total mass comparison of the MSRK and a-MSRK methods on [0, 5].

[—30,30] x [0,5] in the (x,t)-plane, with step sizes h = 1 and 7 = 1/150. The results are shown in
Figures 4.2 and 4.3, respectively. For the numerical scheme (4.3)—(4.4), the discrete local mass on
each h x 7 element is defined as

g [(pf’u)Q + (pf’ﬂ)g + (qﬁ1)2 + (qfﬁﬂ :
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Fig. 4.4: Parameter « distribution of the a-MSRK method on [—30, 30] x [0,5] (h =1, 7 = 1/150).
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Fig. 4.5: Parameter « of the a-MSRK method on [—30,30] x [0,5] (h =1, 7 = 1/150).

That is, we use Gauss quadrature to represent the local mass on each element, rather than directly
using A ((p})?+(¢})?). The numerical results show that the a-MSRK method can effectively preserve
energy conservation, whereas the MSRK method fails to do so. Furthermore, since the total mass is
a quadratic invariant, both the MSRK and a-MSRK methods preserve it exactly.

Figure 4.4 illustrates the values of the parameter « selected by the a-MSRK method for energy
conservation on the (z,t)-plane [—30, 30] x [0, 5]. Figure 4.5 provides a detailed profile of the param-
eter at selected times ¢t = 1, t = 3, and ¢ = 5. The numerical results indicate that such a sequence
of parameters exists at every computational grid point.

Figures 4.6-4.8 compare the numerical and exact solutions on [—30,30] x [0,5]. The pointwise
error distributions at selected times are shown in Figures 4.6 (MSRK) and 4.7 (a-MSRK). The
evolution of the exact solution for ¢ € [0, 5] is displayed in Figure 4.8 for reference. Furthermore,
Figure 4.9 compares the phases of the exact and numerical solutions.

5 Conclusions and remarks

The Gross-Pitaevskii equation is a canonical example of Hamiltonian PDEs of the form (2.1), char-
acterized by multiple conservation laws for mass, energy, momentum, and the multi-symplectic
structure. We first examine the classical multi-symplectic RK method, which preserves the multi-
symplectic structure and quadratic invariants but fails to conserve energy. Motivated by Chen et
al. [12], we introduce a parameter « to construct a multi-symplectic perturbation of the classical
scheme, termed the EQUIP or parametric multi-symplectic RK method. This perturbed method
inherits all conservation properties of the original scheme and additionally achieves energy conser-
vation in a weaker sense, with a depending on the discrete step sizes and initial data. Numerical
experiments confirm the expected convergence orders of the classical method and demonstrate the
effectiveness of the parametric method in preserving energy and quadratic invariants. Although the
higher-dimensional case admits a natural extension, the resulting increase in equations and un-
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Fig. 4.6: Time evolution of the MSRK error on [—30,30] x [0, 5]. Left: real part; right: imaginary
part.

knowns would substantially degrade computational efficiency. Hence, we restrict our analysis to the
one-dimensional setting.
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Fig. 4.7: Time evolution of the a-MSRK error on
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