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Abstract The multi-symplectic structure and energy conservation are inherent properties of the

Gross-Pitaevskii equation. In this paper, we propose classical multi-symplectic Runge-Kutta meth-

ods and parametric multi-symplectic Runge-Kutta methods for the one-dimensional Gross-Pitaevskii

equation. The parametric methods not only inherit the multi-symplectic structure and quadratic

invariants of the classical methods, but also achieve energy conservation in a weaker sense by in-

troducing an additional parameter. Numerical experiments verify the effectiveness of the proposed

methods.

Keywords Gross-Pitaevskii equations · Multi-symplectic methods · Parametric multi-symplectic

methods · Energy conservation.

Mathematics Subject Classification (2020) 65M06 · 65M12 · 65Z05 · 70H15

1 Introduction

The Gross-Pitaevskii equation (GPE), independently derived by Gross and Pitaevskii [1,2] in 1961,

is a nonlinear Schrödinger-type equation tailored to describe the evolution of wave functions in

condensed matter systems, especially in Bose-Einstein condensation (BEC) [3–7]. It considers particle

interactions and effectively captures the dynamical behavior and stability of the condensate. By

solving the GPE, one can obtain the ground state and excited states of the condensate, facilitating

an analysis of its physical properties. In this paper, we consider the following GPE in dimensionless

form [8]

i∂tu =

(

−1

2
∆+ θ(x) + β|u|2

)

u, x ∈ R
d, t > 0, (1.1)

where u(x, t) denotes the macroscopic wave function of the condensate, with the initial condition

u(x, 0) = u0. The potential θ(x) is a real-valued function, typically generated experimentally. The

parameter β represents the strength of the interatomic interaction.
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Taking the inner product of equation (1.1) with u(x, t) and extracting the imaginary part yields

the mass conservation law

M(t) =

∫

Rd

|u(x, t)|2 dx ≡ M(0).

Taking the inner product of equation (1.1) with the time derivative ∂tu(x, t) and extracting the real

part results in the energy conservation law

H(t) =

∫

Rd

[

1

2
|∇u|2 + θ(x)|u|2 + β

2
|u|4
]

dx ≡ H(0).

The GPE admits several conserved quantities, including mass, energy, symplecticity, and multi-

symplecticity, corresponding to the preservation of physical properties and geometric structures, re-

spectively. For general Hamiltonian PDEs, it is generally impossible for a constant time-stepping nu-

merical method to simultaneously preserve both geometric structures and physical properties [9,10].

Classical symplectic methods preserve quadratic invariants exactly, but fail to preserve non-quadratic

Hamiltonian functionals. Inspired by the energy and quadratic invariant preserving (EQUIP) method

proposed by Brugnano et al. [11] and Chen et al. [12], this paper constructs multi-symplectic Runge-

Kutta (RK) methods and parametric multi-symplectic RK methods for the numerical simulation of

the aforementioned equation. The parametric methods not only preserve the multi-symplectic geo-

metric structure, but also satisfy the mass and energy conservation laws.

A numerical method that preserves the discrete multi-symplectic conservation law is referred

to as a multi-symplectic method for Hamiltonian systems [13,14]. Over the past two decades, such

methods have attracted considerable attention [15–18]. For example, Tian et al. [19] developed a

multi-symplectic difference scheme for the two-dimensional GPE with rotating angular momen-

tum. Kong et al. [20,21] proposed high-order compact splitting multi-symplectic schemes for the

single-component GPE without vortex and angular momentum terms. Wang et al. [22] proposed a

multi-symplectic scheme for the coupled GPE with angular momentum rotating terms. The strat-

egy of achieving energy conservation by introducing a tunable parameter at each step was first

proposed by [23] and subsequently developed by [11,24,25] into the EQUIP framework. Building

on this, Chen et al. [12] extended the framework from ODEs to PDEs, demonstrating its appli-

cation through the numerical solution of the Hamiltonian wave equation. Sim et al. [26] extended

the original EQUIP method to the GEQUIP method. By introducing additional parameters, the

scheme preserves the symplectic structure while exactly conserving multiple physical invariants of

Hamiltonian systems, not only energy. In contrast, Cai and Wang [27] introduced the scalar auxil-

iary variable (SAV) approach to construct two classes of linearly implicit energy-preserving schemes

for general multi-symplectic Hamiltonian PDEs. This paper adopts the EQUIP multi-symplectic

method, which extends the classical multi-symplectic Runge-Kutta scheme by introducing a real

parameter α. At each grid cell defined by the spatial step h and the time step τ , α is determined by

simultaneously solving the modified multi-symplectic RK discretization alongside the local energy

conservation equation. Unlike strictly conservative methods, the EQUIP approach exhibits weak

energy conservation, with the existence and value of α depending on both the step sizes and the

initial conditions.

The rest of the paper is organized as follows. In Section 2, we transform the one-dimensional GPE

into a multi-symplectic Hamiltonian system, present its multi-symplectic structure and conservation

laws, and construct fully discrete multi-symplectic RK schemes. In Section 3, we formulate para-

metric multi-symplectic RK methods and analyze the existence and uniqueness of the parameter. In

Section 4, we provide numerical examples for both the multi-symplectic RK methods and the para-

metric multi-symplectic RK methods to validate the theoretical analysis and numerical performance.

Section 5 concludes the paper.

2 Multi-symplectic Runge-Kutta methods

In this section, the one-dimensional GPE is transformed into a classical multi-symplectic Hamiltonian

system, and multi-symplectic RK methods are constructed.
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2.1 Multi-symplectic structure

To simplify the computation, this paper considers the one-dimensional case with periodic boundary

conditions. Let u = p+ iq, and denote its spatial derivative by ∂xu = ∂xp+ i∂xq ≜ v+ iw. The GPE

(1.1) can then be rewritten as the following system of first-order differential equations:
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−2 qt + vx =2 p
[

θ(x) + β
(

p2 + q2
)]

,

2 pt + wx =2 q
[

θ(x) + β
(

p2 + q2
)]

,

px =v,

qx =w,

where p = p(x, t) and q = q(x, t) are real-valued functions, and i =
√
−1 denotes the imaginary unit.

Accordingly, this system can be recast as a classical multi-symplectic Hamiltonian system

M ∂tz +K ∂xz = ∇zS(z), (x, t) ∈ R× R+, (2.1)

where z = (p, q, v, w)T, and the Hamiltonian functional is

S(z) = −1

2
(v2 + w2) + θ(x)(p2 + q2) +

β

2
(p2 + q2)2,

The skew-symmetric matrices M and K are defined as follows:

M =

⎡

⎢

⎢

⎣

0 −2 0 0

2 0 0 0

0 0 0 0

0 0 0 0

⎤

⎥

⎥

⎦

, K =

⎡

⎢

⎢

⎣

0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0

⎤

⎥

⎥

⎦

.

For the Hamiltonian system (2.1), the multi-symplectic structure and conservation laws are two

of its core properties. The multi-symplectic structure can be expressed as

∂t ω + ∂x κ = 0, (2.2)

where ω = dz∧M dz = −4 dp∧dq, and κ = dz∧K dz = 2(dp∧dv+dq∧dw). The conservation laws

include the energy conservation law (ECL) and the momentum conservation law (MCL). Specifically,

the local ECL can be expressed as:

∂tE(z) + ∂xF (z) = 0, (2.3)

where the energy density E(z) and the energy flux F (z) are given by

E(z) = S(z)− 1

2
zTK∂xz =

1

2
(v2 + w2) + θ(x)(p2 + q2) +

β

2
(p2 + q2)2,

F (z) =
1

2
zTK∂tz = −(v ∂tp+ w ∂tq);

while the local MCL can be written as:

∂tI(z) + ∂xG(z) = 0, (2.4)

where the momentum density I(z) and the momentum flux G(z) are given by

I(z) =
1

2
zTM∂xz = −pw + qv,

G(z) = S(z)− 1

2
zTM∂tz = S(z) + (p ∂tq − q ∂tp).

Remark 2.1 Under the periodic boundary condition u(0, t) = u(L, t), the local energy conservation

law directly implies global energy conservation. Defining the global energy as H(t) :=
∫ L

0
E(z) dx and

integrating the local conservation law (2.3) over [0, L] yields

dH(t)

dt
= 0,

which establishes global energy conservation. This derivation applies equally to other locally conserved

quantities, such as momentum.
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2.2 Multi-symplectic RK schemes

Hong et al. [13] showed that applying symplectic RK schemes in both space and time preserves the

multi-symplecticity of general Hamiltonian PDEs. First, the space-time plane is uniformly parti-

tioned with spatial step size h and temporal step size τ , and the mesh function of u(x, t) is denoted

by {uj,k | (xj , tk) ∈ R × R+}. For theoretical analysis, the discussion is restricted to a single grid

cell [x0, x1]× [t0, t1].

Then, an s-stage symplectic RK scheme (c, A, b) and an r-stage symplectic RK scheme (c̃, Ã, b̃)

are applied to the spatial and temporal discretization of the multi-symplectic form (2.1) of the GPE

(1.1), respectively . We obtain a fully discrete scheme:

Pi,m = p
[m]
0 + h

s
∑

j=1

aij∂xPj,m, v
[m]
1 = v

[m]
0 + h

s
∑

i=1

bi∂xVi,m,

Qi,m = q
[m]
0 + h

s
∑

j=1

aij∂xQj,m, w
[m]
1 = w

[m]
0 + h

s
∑

i=1

bi∂xWi,m,

p
[m]
1 = p

[m]
0 + h

s
∑

i=1

bi∂xPi,m, Pi,m = p0[i] + τ
r
∑

n=1

ãmn∂tPi,n,

q
[m]
1 = q

[m]
0 + h

s
∑

i=1

bi∂xQi,m, Qi,m = q0[i] + τ

r
∑

n=1

ãmn∂tQi,n,

Vi,m = v
[m]
0 + h

s
∑

j=1

aij∂xVj,m, p1[i] = p0[i] + τ

r
∑

m=1

b̃m∂tPi,m,

Wi,m = w
[m]
0 + h

s
∑

j=1

aij∂xWj,m, q1[i] = q0[i] + τ
r
∑

m=1

b̃m∂tQi,m,

∂xPi,m = Vi,m, ∂xQi,m = Wi,m,

∂tPi,m +
1

2
∂xWi,m =

[

θ(cih) + β(P 2
i,m +Q 2

i,m)
]

Qi,m,

− ∂tQi,m +
1

2
∂xVi,m =

[

θ(cih) + β(P 2
i,m +Q 2

i,m)
]

Pi,m,

(2.5)

where A = (aij)
s
i,j=1 and Ã = (ãmn)

r
m,n=1 are coefficient matrices, b = (b1, · · · , bs)T and b̃ =

(b̃1, · · · , b̃r)T are weight vectors, and the abscissae are

ci =

s
∑

j=1

aij , i = 1, · · · , s; dm =

r
∑

n=1

ãmn, m = 1, · · · , r.

We denote Pi,m ≈ p(cih, dmτ) for the numerical values at the RK stage points, and p
[m]
1 ≈ p(h, dmτ),

p1[i] ≈ p(cih, τ) for those at the cell boundaries.

The scheme (2.5) preserves the multi-symplecticity provided that
{

M ≡ BA+ATB − bbT = 0,

M̃ ≡ B̃Ã+ ÃTB̃ − b̃b̃T = 0,
(2.6)

where B = diag(b) and B̃ = diag(b̃) are diagonal matrices with diagonal entries bi and b̃m, respec-

tively.

Example 2.1 Let r = 1 and s = 2. The Butcher tableaux of the symplectic RK schemes in the spatial

and temporal directions are respectively given by

1
2

1
2

1

1
2 −

√
3
6

1
4

1
4 −

√
3
6

1
2 +

√
3
6

1
4 +

√
3
6

1
4

1
2

1
2

In this case, the spatial direction uses a fourth-order Gauss collocation method, the temporal

direction uses the midpoint rule, and both satisfy the multi-symplectic conditions (2.6), thereby

yielding a multi-symplectic Gauss collocation method.
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The discrete energy conservation law corresponding to (2.3) is

s
∑

i=1

bi
(

E1
i − E0

i

)

h+

r
∑

m=1

b̃m (Fm
1 − Fm

0 ) τ = 0, (2.7)

here

El
i =

1

2

[

(vl[i])
2 + (wl

[i])
2
]

+ θ(cih)
[

(pl[i])
2 + (ql[i])

2
]

+
β

2

[

(pl[i])
2 + (ql[i])

2
]2

, (2.8)

Fm
l = −

[

v
[m]
l (∂tp)

[m]
l + w

[m]
l (∂tq)

[m]
l

]

, l = 0, 1. (2.9)

and the discrete MCL can be formulated analogously. Unfortunately, the scheme (2.5) fails to satisfy

discrete energy conservation law (2.7). To this end, we insert a parameter α into to scheme (2.5) to

enforce local energy conservation (2.7), leading to parametric multi-symplectic RK schemes.

3 Parametric multi-symplectic Runge-Kutta methods

In this section, we introduce a real parameter into the multi-symplectic Gauss collocation method

to construct a parametric discrete scheme that preserves the multi-symplectic structure. By further

incorporating the discrete ECL into the system, we prove the existence and uniqueness of both the

numerical solution and the parameter.

3.1 Parametric multi-symplectic RK schemes

Let (c, A, b) be an s-stage Gauss RK method. The shifted normalized Legendre polynomials on [0, 1]

are defined as

Pk(x) =

√
2k + 1

k!

dk

dxk
(xk(x− 1)k),

of which the lowest-degree examples are

P0(x) = 1, P1(x) =
√
3(2x− 1), P2(x) =

√
5(6x2 − 6x+ 1).

Define the generalized Vandermonde matrix W = (wij)
s
i,j=1 by

wij = Pj−1(ci), i, j = 1, 2, · · · , s.

Then, under this transformation, the coefficient matrix A of the s-stage Gauss method is reduced

to the tridiagonal form [28]:

X = W−1AW =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
2 −ξ1
ξ1 0 −ξ2

ξ2
. . .

. . .

. . . 0 −ξs−1

ξs−1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

with ξk = 1
2
√
4k2−1

. Following the idea of EQUIP methods introduced in [11,25,12], we define the

perturbation matrices X(α) as

X(α) = X + αV, (3.1)

where α is a real parameter and V is the skew?symmetric matrix

V =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0

0
. . .

. . .

. . .
. . . −1

1
. . .

. . .

. . .
. . . 0

0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.
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Let the multi-symplectic RK scheme (2.5) employ the s-stage and r-stage Gauss RK methods

(c, A, b) and (c̃, Ã, b̃) for the spatial and temporal discretizations, respectively. We now define the

parametric multi?symplectic RK schemes (c, A(α), b) and (c̃, Ã(α), b̃).

Definition 3.1 The parametric multi-symplectic RK scheme is obtained by replacing the coefficient

matrices with

A(α) = WX(α)W−1 = A+ αWVW−1, (3.2)

Ã(α) = W̃ X̃(α)W̃−1 = Ã+ αW̃ Ṽ W̃−1. (3.3)

where W , V and W̃ , Ṽ are the generalized Vandermonde matrices and the skew-symmetric matrices

corresponding to the spatial and temporal directions, respectively, with X(α) = X +αV and X̃(α) =

X̃ + αṼ .

Theorem 3.1 For any real parameter α, the corresponding parametric method in (3.2)-(3.3) is

also multi-symplectic.

Proof: Since (c, b) are the nodes and weights of the s-point Gauss-Legendre quadrature on [0, 1]

and the degree of Pi−1(x)Pj−1(x) is at most 2s− 2, the quadrature formula is exact, yielding

∫ 1

0

Pi−1(x)Pj−1(x) dx =

s
∑

k=1

bkPi−1(ck)Pj−1(ck) = δij , i, j = 1, · · · , s,

where δij is the Kronecker delta. In matrix form, this reads

WTBW = Is,

with Is being the s × s identity matrix. The original method is multi-symplectic and V is skew-

symmetric, so

BA(α) +A(α)TB − bbT

=BA+ATB − bbT + αBWVW−1 + α(W−1)TV TWTB

=α(WT)−1(V + V T)W−1

=0.

By the same reason, B̃Ã(α) + Ã(α)TB̃ − b̃b̃T = 0. 2

For α = 0, the parametric multi?symplectic Runge-Kutta schemes (c, A(α), b) and (c̃, Ã(α), b̃)

reduce to the standard multi?symplectic Gauss collocation method. Although Definition 3.1 intro-

duces α in both the spatial and temporal discretizations, in practice it suffices to perturb only one

of them. An explicit example is given below.

Example 3.1 We derive the coefficient matrix of the parametric multi?symplectic RK method with

s = 2, r = 1. The time discretization is the one?stage Gauss method, which requires no parameter.

In space, s = 2. The generalized Vandermonde matrix and its inverse are

W =

(

P0(c1) P1(c1)

P0(c2) P1(c2)

)

=

(

1 −1

1 1

)

, W−1 =
1

2

(

1 1

−1 1

)

,

with c1 = 1
2 −

√
3
6 , c2 = 1

2 +
√
3
6 . Taking the skew-symmetric perturbation matrix

V =

(

0 −1

1 0

)

,

a direct calculation gives WVW−1 = V . Hence the parametric coefficient matrix in space is A(α) =

A+ αV . The s = 2, r = 1 method is then by the two Butcher tableaux

1
2

1
2

1

1
2 −

√
3
6

1
4

1
4 −

√
3
6 − α

1
2 +

√
3
6

1
4 +

√
3
6 + α 1

4
1
2

1
2

For α = 0, the space scheme reduces to the classical fourth?order Gauss method.
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3.2 Existence and uniqueness of the parameter

Combining the parametric multi-symplectic RK scheme (3.2)-(3.3) with the discrete ECL (2.7) yields

a nonlinear system of 8rs+ 1 unknowns:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Pi,m = p
[m]
0 + h

s
∑

j=1

aij(α)Vj,m, Qi,m = q
[m]
0 + h

s
∑

j=1

aij(α)Wj,m,

Vi,m = v
[m]
0 + h

s
∑

j=1

aij(α)∂xVj,m, Wi,m = w
[m]
0 + h

s
∑

j=1

aij(α)∂xWj,m,

Pi,m = p0[i] + τ

r
∑

n=1

ãmn(α)∂tPi,n, Qi,m = q0[i] + τ

r
∑

n=1

ãmn(α)∂tQi,n,

∂tPi,m +
1

2
∂xWi,m =

[

θ(cih) + β(P 2
i,m +Q 2

i,m)
]

Qi,m,

− ∂tQi,m +
1

2
∂xVi,m =

[

θ(cih) + β(P 2
i,m +Q 2

i,m)
]

Pi,m,

h

s
∑

i=1

bi
(

E1
i − E0

i

)

+ τ

r
∑

m=1

b̃m (Fm
1 − Fm

0 ) = 0.

(3.4)

Define

P = (P1, P2, · · · , Pr)
T, ∂tP = (∂tP1, ∂tP2, · · · , ∂tPr)

T,

Q = (Q1, Q2, · · · , Qr)
T, ∂tQ = (∂tQ1, ∂tQ2, · · · , ∂tQr)

T,

V = (V1, V2, · · · , Vr)
T, ∂xV = (∂xV1, ∂xV2, · · · , ∂xVr)

T,

W = (W1,W2, · · · ,Wr)
T, ∂xW = (∂xW1, ∂xW2, · · · , ∂xWr)

T,

where Pm = (P1,m, P2,m, · · · , Ps,m) ∈ R
s and the remaining vectors Qm, Vm, Wm, ∂tPm, ∂tQm,

∂xVm, ∂xWm are defined analogously. We further set

p0 = (p
[1]
0 , p

[2]
0 , · · · , p[r]0 )T, p1 = (p

[1]
1 , p

[2]
1 , · · · , p[r]1 )T,

p0 = (p0[1], p
0
[2], · · · , p0[s])T, p1 = (p1[1], p

1
[2], · · · , p1[s])T,

F0 = (F 1
0 , F

2
0 , · · · , F r

0 )
T, F1 = (F 1

1 , F
2
1 , · · · , F r

1 )
T,

E0 = (E0
1 , E

0
2 , · · · , E0

s )
T, E1 = (E1

1 , E
1
2 , · · · , E1

s )
T,

and define similarly q0, q1, q
0, q1, v0, v1, v

0, v1, w0, w1, w
0, w1, (∂tp)0, (∂tp)1, (∂tq)0, (∂tq)1. In these

notations, the nonlinear system (3.4) takes the compact form

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

P = p0 ⊗ es + h [Ir ⊗A(α)]V, Q = q0 ⊗ es + h [Ir ⊗A(α)]W,

V = v0 ⊗ es + h [Ir ⊗A(α)] ∂xV, W = w0 ⊗ es + h [Ir ⊗A(α)] ∂xW,

P = er ⊗ p0 + τ [Ã(α)⊗ Is]∂tP, Q = er ⊗ q0 + τ [Ã(α)⊗ Is]∂tQ,

∂tP +
1

2
∂xW =

[

er ⊗ θ(ch) + β(P 2 +Q 2)
]

Q,

− ∂tQ+
1

2
∂xV =

[

er ⊗ θ(ch) + β(P 2 +Q 2)
]

P,

bT
(

E1 − E0
)

h+ b̃T (F1 − F0) τ = 0,

(3.5)

where ⊗ denotes the Kronecker product, es = (1, 1, · · · , 1)T ∈ R
s, er = (1, 1, · · · , 1)T ∈ R

r, A(α) =

(aij(α))
s

i,j=1, Ã(α) = (ãmn(α))
r

m,n=1, and θ(ch) = (θ(c1h), θ(c2h), · · · , θ(csh))T.
By the definitions of El

i and Fm
l in (2.8) and (2.9), the last equation of (3.5) reduces to a form

involving only the boundary vectors v0, w0, (∂tp)0, (∂tq)0, p
0, q0, v0, w0 and v1, w1, (∂tp)1, (∂tq)1,

p1, q1, v1, w1, as stated in the following proposition.
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Proposition 1 The discrete ECL can be written as

1

2
bT
[

diag(w1)w1 + diag(v1)v1 + 2diag(θ(ch))
(

(p1)2 + (q1)2
)

+ β
(

(p1)2 + (q1)2
)2
]

h− b̃T [diag(v1)(∂tp)1 + diag(w1)(∂tq)1] τ

=
1

2
bT
[

diag(w0)w0 + diag(v0)v0 + 2diag(θ(ch))
(

(p0)2 + (q0)2
)

+ β
(

(p0)2 + (q0)2
)2
]

h− b̃T [diag(v0)(∂tp)0 + diag(w0)(∂tq)0] τ,

(3.6)

Thus, the nonlinear system (3.5) can be rewritten as

{

L(h, τ, α)Y − F (Y, h) = Y0,

T
(

v1, w1, (∂tp)1, (∂tq)1, p
1, q1, v1, w1

)

= T
(

v0, w0, (∂tp)0, (∂tq)0, p
0, q0, v0, w0

)

,

where Y0 = ((p0 ⊗ es)
T, (q0 ⊗ es)

T, (v0 ⊗ es)
T, (w0 ⊗ es)

T, (er ⊗ p0)T, (er ⊗ q0)T, 0Trs, 0
T
rs)

T, Y =

(PT, QT, V T,WT, ∂tP
T, ∂tQ

T, ∂xV
T, ∂xW

T)T.

T (v1, w1, (∂tp)1, (∂tq)1, p
1, q1, v1, w1) denotes the left-hand side of (3.6), and

L(h, τ, α) =

⎛

⎜

⎜

⎝

L11 L12 O O

O L22 O L24

L31 O L33 O

O O L43 L44

⎞

⎟

⎟

⎠

, F (Y, h) =

⎛

⎜

⎜

⎝

0

0

0

F4

⎞

⎟

⎟

⎠

,

here L12 = L24 = −hI2 ⊗ [Ir ⊗A(α)], L33 = τI2 ⊗ [Ã(α)⊗ Is], L44 = 1
2L11,

L11 = L22 = L31 =

(

Irs Ors

Ors Irs

)

, O =

(

Ors Ors

Ors Ors

)

, 0 =

(

0rs
0rs

)

,

L43 =

(

Irs Ors

Ors −Irs

)

, F4 =

((

er ⊗ θ(ch) + β(P 2 +Q 2)
)

Q
(

er ⊗ θ(ch) + β(P 2 +Q 2)
)

P

)

,

with Ors ∈ R
rs×rs and 0rs ∈ R

rs being the zero matrix and zero vector, respectively.

Let y0 =
(

v0, w0, (∂tp)0, (∂tq)0, p
0, q0, v0, w0

)T
, y1 =

(

v1, w1, (∂tp)1, (∂tq)1, p
1, q1, v1, w1

)T
, and

define the error function of the discrete ECL as G(α) = T (y1) − T (y0). Next, we use the multi-

symplectic RK scheme (2.5) to establish the mapping between y0 and y1. From (2.5), we have

p1[i] = p0[i] + τ
r
∑

m=1

b̃m∂tPi,m, v
[m]
1 = v

[m]
0 + h

s
∑

i=1

bi∂xVi,m,

q1[i] = q0[i] + τ

r
∑

m=1

b̃m∂tQi,m, w
[m]
1 = w

[m]
0 + h

s
∑

i=1

bi∂xWi,m.

We also introduce four auxiliary systems:

Vi,m = v0[i] + τ

r
∑

n=1

ãmn(α)∂tVi,n, v1[i] = v0[i] + τ

r
∑

m=1

b̃m∂tVi,m,

Wi,m = w0
[i] + τ

r
∑

n=1

ãmn(α)∂tWi,n, w1
[i] = w0

[i] + τ

r
∑

m=1

b̃m∂tWi,m,

∂tPi,m = (∂tp)
[m]
0 + h

s
∑

j=1

aij(α)∂tVj,m, (∂tp)
[m]
1 = (∂tp)

[m]
0 + h

s
∑

i=1

bi∂tVi,m,

∂tQi,m = (∂tq)
[m]
0 + h

s
∑

j=1

aij(α)∂tWj,m, (∂tq)
[m]
1 = (∂tq)

[m]
0 + h

s
∑

i=1

bi∂tWi,m,



Parrmetric MS for GPE to preserve energy 9

where ∂xtPi,m = ∂tVi,m, ∂xtQi,m = ∂tWi,m. Thus the equations for v1, w1, (∂tp)1, (∂tq)1, p
1, q1, v1,

w1 can be rewritten as

p1 = p0 + τ(b̃T ⊗ Is)∂tP, q1 = q0 + τ(b̃T ⊗ Is)∂tQ,

v1 = v0 + τ(b̃T ⊗ Is)∂tV, w1 = w0 + τ(b̃T ⊗ Is)∂tW,

v1 = v0 + h(Ir ⊗ bT)∂xV, w1 = w0 + h(Ir ⊗ bT)∂xW,

(∂tp)1 = (∂tp)0 + h(Ir ⊗ bT)∂tV, (∂tq)1 = (∂tq)0 + h(Ir ⊗ bT)∂tW.

(3.7)

On an arbitrary h× τ rectangular domain, (3.5) is equivalent to the nonlinear system in Y and α:

{

L(h, τ, α)Y − F (Y, h) = Y0,

G(α) = 0.
(3.8)

The solvability of this system ensures the energy conservation of the proposed method. we make the

following assumptions:

(S1) The function G is analytic in a cube D = [−α0, α0]× [−h0, h0]× [−τ0, τ0] ;

(S2) G(0, h, τ) = c0τ
d +O(τd+1), c0 ̸= 0,

G(α, h, τ) = c(α)τd−m +O(τd+1−m), c(α) ̸= 0.

Following the proof strategies in [12,11], we obtain the following theorem.

Theorem 3.2 Let assumptions (S1)-(S2) be satisfied, suppose that either h ≤ τ2 and the RK

matrix Ã is nonsingular, or τ ≤ h2 and A is nonsingular. Then the system (3.8) has a unique

solution (Y T , α).

4 Numerical experiments

In this section, we compare the proposed parametric multi-symplectic RK method with the clas-

sical one through several numerical examples. The results show excellent energy conservation and

mass preservation of the proposed method. We consider the one-dimensional GPE with a periodic

potential:
⎧

⎪

⎨

⎪

⎩

iut = −1

2
uxx + cos2

(πx

15

)

u+ |u|2u, −30 ≤ x ≤ 30, t > 0,

u(x, 0) = sin
(πx

15

)

,
(4.1)

under periodic boundary conditions. The exact solution for this problem is

u(x, t) = exp

(

−it

(

1 +
π2

450

))

sin
(πx

15

)

. (4.2)

4.1 Numerical method

We solve (4.1) using the parametric multi-symplectic RK method (Example 3.1), with the midpoint

rule (r = 1) in time and the fourth-order Gauss collocation method (s = 2) in space, taking τ = 1/150

and h = 1. The procedure is as follows.

On each h × τ rectangular element, with a11 = 1
4 , a12 = 1

4 −
√
3
6 , a21 = 1

4 +
√
3
6 , a22 = 1

4 ,

b1 = b2 = 1
2 , c1 = 1

2 −
√
3
6 , c2 = 1

2 +
√
3
6 , ã11 = 1

2 , b̃1 = 1, c̃1 = 1
2 , the system takes the following

explicit form:

P1,1 = p
[1]
0 + h [a11V1,1 + (a12 − α)V2,1] ,

P2,1 = p
[1]
0 + h [(a21 + α)V1,1 + a22V2,1] ,

Q1,1 = q
[1]
0 + h [a11W1,1 + (a12 − α)W2,1] ,

Q2,1 = q
[1]
0 + h [(a21 + α)W1,1 + a22W2,1] ,
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𝐦 = ૚ 

2ܲ,1, ܳ2,1, 2ܸ,1, 2ܹ,1, ߲௫ 2ܸ,1, ߲௫ 2ܹ,1, ߲௧ 2ܲ,1, ߲௧ܳ2,1 

 

1ܲ,1, ܳ1,1, 1ܸ,1, 1ܹ,1, ߲௫ 1ܸ,1, ߲௫ 1ܹ,1, ߲௧ 1ܲ,1, ߲௧ܳ1,1 

 

1[1]݌ , 1[1]ݍ , 1[1]ݒ , 1[1]ݓ ,01݌   01ݍ

,[1]1݌ ,[1]1ݍ ,[1]1ݒ ,[1]1(݌௧߲)  ,[1]1ݓ (߲௧݌)[1]1
 

,00݌ ܑ 00ݍ = ૛ ܑ = ૚ 

 ܜ∆

 ܠ∆

t 

x ૙ 0[1]݌ , 0[1]ݍ , 0[1]ݒ , 0[1]ݓ 0[2]݌  , 0[2]ݍ , 0[2]ݒ , 0[2]ݓ  

1[2]݌ , 1[2]ݍ , 1[2]ݒ , 1[2]ݓ  

,[1]0݌ ,[1]0ݍ ,[1]0ݒ ,[1]0(݌௧߲)  ,[1]0ݓ (߲௧݌)[1]0
 

Fig. 4.1: A uniform grid and the unknowns (shown in red) in grid points.

V1,1 = v
[1]
0 + h [a11∂xV1,1 + (a12 − α) ∂xV2,1] ,

V2,1 = v
[1]
0 + h [(a21 + α) ∂xV1,1 + a22∂xV2,1] ,

W1,1 = w
[1]
0 + h [a11∂xW1,1 + (a12 − α) ∂xW2,1] ,

W2,1 = w
[1]
0 + h [(a21 + α) ∂xW1,1 + a22∂xW2,1] ,

p
[1]
1 = p

[1]
0 + h(b1V1,1 + b2V2,1),

q
[1]
1 = q

[1]
0 + h(b1W1,1 + b2W2,1),

v
[1]
1 = v

[1]
0 + h(b1∂xV1,1 + b2∂xV2,1),

w
[1]
1 = w

[1]
0 + h(b1∂xW1,1 + b2∂xW2,1),

P1,1 = p0[1] + τ ã11∂tP1,1, p1[1] = p0[1] + τ b̃1∂tP1,1,

P2,1 = p0[2] + τ ã11∂tP2,1, p1[2] = p0[2] + τ b̃1∂tP2,1,

Q1,1 = q0[1] + τ ã11∂tQ1,1, q1[1] = q0[1] + τ b̃1∂tQ1,1,

Q2,1 = q0[2] + τ ã11∂tQ2,1, q1[2] = q0[2] + τ b̃1∂tQ2,1,

∂tP1,1 +
1

2
∂xW1,1 =

[

cos2 (c1h) + P 2
1,1 +Q 2

1,1

]

Q1,1,

∂tP2,1 +
1

2
∂xW2,1 =

[

cos2 (c2h) + P 2
2,1 +Q 2

2,1

]

Q2,1,

− ∂tQ1,1 +
1

2
∂xV1,1 =

[

cos2 (c1h) + P 2
1,1 +Q 2

1,1

]

P1,1,

− ∂tQ2,1 +
1

2
∂xV2,1 =

[

cos2 (c2h) + P 2
2,1 +Q 2

2,1

]

P2,1,

h
{[

b1(v
1
[1])

2 + b2(v
1
[2])

2 + b1(w
1
[1])

2 + b2(w
1
[2])

2
]

−
[

b1(v
0
[1])

2 + b2(v
0
[2])

2 + b1(w
0
[1])

2 + b2(w
0
[2])

2
]

+

[

b1

(

(p1[1])
2 + (q1[1])

2
)2

+ b2

(

(p1[2])
2 + (q1[2])

2
)2
]

−
[

b1

(

(p0[1])
2 + (q0[1])

2
)2

+ b2

(

(p0[2])
2 + (q0[2])

2
)2
]

+ b1 cos
2 (c1h)

[

(p1[1])
2 + (q1[1])

2 − (p0[1])
2 − (q0[1])

2
]

+ b2 cos
2 (c2h)

[

(p1[2])
2 + (q1[2])

2 − (p0[2])
2 − (q0[2])

2
]}

− τ b̃1

(

v
[1]
1 (∂tp)

[1]
1 + w

[1]
1 (∂tq)

[1]
1 − v

[1]
0 (∂tp)

[1]
0 − w

[1]
0 (∂tq)

[1]
0

)

= 0,

(4.3)
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which has 31 unknowns P1,1, P2,1, Q1,1, Q2,1, V1,1, V2,1, W1,1, W2,1, ∂xV1,1, ∂xV2,1, ∂xW1,1, ∂xW2,1,

∂tP1,1, ∂tP2,1, ∂tQ1,1, ∂tQ2,1, p
[1]
0 , q

[1]
0 , v

[1]
0 , w

[1]
0 , p1[1], p

1
[2], q

1
[1], q

1
[2], v

1
[1], v

1
[2], w

1
[1], w

1
[2], (∂tp)

[1]
0 , (∂tq)

[1]
0

and α. The system (4.3) comprises only 25 equations and requires six supplementary conditions. With

p00 = p(0, 0) and q00 = q(0, 0), we augment (4.3) by the following equations (see [14, Section 3]):

p1[1] = p10 + h
[

a11v
1
[1] + (a12 − α) v1[2]

]

,

p1[2] = p10 + h
[

(a21 + α) v1[1] + a22v
1
[2]

]

,

q1[1] = q10 + h
[

a11w
1
[1] + (a12 − α)w1

[2]

]

,

q1[2] = q10 + h
[

(a21 + α)w1
[1] + a22w

1
[2]

]

,

p
[1]
0 = p00 + τ b̃1(∂tp)

[1]
0 , p10 = p00 + τ(∂tp)

[1]
0 ,

q
[1]
0 = q00 + τ b̃1(∂tq)

[1]
0 , q10 = q00 + τ(∂tq)

[1]
0 ,

(4.4)

where p10 ≈ p(0, τ), q10 ≈ q(0, τ) are unknowns. The resulting nonlinear system (4.3)–(4.4) contains

33 unknowns (see Fig. 4.1).

At each time step, the individual systems are assembled along the spatial direction with M = 60

grid points under periodic boundary conditions, yielding a nonlinear system with 1980 unknowns.

This system is solved by Newton’s method with a convergence tolerance of ϵ = 10−11.

Table 4.1: Temporal convergence rate of the MSRK method with h = 60
200 .

τ
1

4

1

8

1

16

1

32

∥ℑ(en)∥
L2 5.02× 10−2 1.28× 10−2 3.22× 10−3 8.17× 10−4

order – 1.97 1.99 2.00

∥ℑ(en)∥∞ 1.07× 10−2 2.73× 10−3 6.86× 10−4 1.74× 10−4

order – 1.97 1.99 1.98

Table 4.2: Spatial convergence rate of the MSRK method with τ = 1
100 .

h
60

130

60

150

60

170

60

190

∥ℑ(en)∥
L2 1.35× 10−3 7.04× 10−4 3.88× 10−4 2.41× 10−4

order – 4.54 4.76 4.27

∥ℑ(en)∥∞ 2.49× 10−4 1.31× 10−4 7.35× 10−5 4.67× 10−5

order – 4.47 4.63 4.08

4.2 Numerical results

To verify the convergence order, we employ the following formula

order =
ln(∥e(s1)∥p/∥e(s2)∥p)

ln(s1/s2)
,

where enj (sl) = u(xj , tn)− un
j for l = 1, 2 is the error under step size sl, and the expression ∥e(sl)∥p

represents the p norm of the error enj (sl). Here un
j and u(xj , tn) denote the numerical and exact

solutions, respectively.

When α = 0, the nonlinear system (4.3)–(4.4) reduces to the classical multi-symplectic RK

method, denoted by MSRK. We first examine the spatial and temporal convergence of the MSRK

method at the terminal time T = 1. To compute the temporal convergence order, a relatively small

spatial step h = 60/200 is adopted together with various time steps τ listed in Table 4.1. Similarly,

in Table 4.2, the time step is fixed at τ = 1/100 to evaluate the spatial convergence. The results

in Tables 4.1 and 4.2 indicate that the MSRK method achieves fourth-order accuracy in space and

second-order accuracy in time.

Next, we compare the errors in total energy and total mass between the MSRK method and

the parametric multi-symplectic RK method (denoted by α-MSRK). The computational domain is
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Fig. 4.2: Global and local energy errors of the MSRK and α-MSRK methods on [0, 5].
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Fig. 4.3: Total mass comparison of the MSRK and α-MSRK methods on [0, 5].

[−30, 30] × [0, 5] in the (x, t)-plane, with step sizes h = 1 and τ = 1/150. The results are shown in

Figures 4.2 and 4.3, respectively. For the numerical scheme (4.3)–(4.4), the discrete local mass on

each h× τ element is defined as

h

2

[

(

pn[1]

)2

+
(

pn[2]

)2

+
(

qn[1]

)2

+
(

qn[2]

)2
]

.
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Fig. 4.4: Parameter α distribution of the α-MSRK method on [−30, 30]× [0, 5] (h = 1, τ = 1/150).
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Fig. 4.5: Parameter α of the α-MSRK method on [−30, 30]× [0, 5] (h = 1, τ = 1/150).

That is, we use Gauss quadrature to represent the local mass on each element, rather than directly

using h
(

(pnj )
2+(qnj )

2
)

. The numerical results show that the α-MSRK method can effectively preserve

energy conservation, whereas the MSRK method fails to do so. Furthermore, since the total mass is

a quadratic invariant, both the MSRK and α-MSRK methods preserve it exactly.

Figure 4.4 illustrates the values of the parameter α selected by the α-MSRK method for energy

conservation on the (x, t)-plane [−30, 30]× [0, 5]. Figure 4.5 provides a detailed profile of the param-

eter at selected times t = 1, t = 3, and t = 5. The numerical results indicate that such a sequence

of parameters exists at every computational grid point.

Figures 4.6–4.8 compare the numerical and exact solutions on [−30, 30] × [0, 5]. The pointwise

error distributions at selected times are shown in Figures 4.6 (MSRK) and 4.7 (α-MSRK). The

evolution of the exact solution for t ∈ [0, 5] is displayed in Figure 4.8 for reference. Furthermore,

Figure 4.9 compares the phases of the exact and numerical solutions.

5 Conclusions and remarks

The Gross-Pitaevskii equation is a canonical example of Hamiltonian PDEs of the form (2.1), char-

acterized by multiple conservation laws for mass, energy, momentum, and the multi-symplectic

structure. We first examine the classical multi-symplectic RK method, which preserves the multi-

symplectic structure and quadratic invariants but fails to conserve energy. Motivated by Chen et

al. [12], we introduce a parameter α to construct a multi-symplectic perturbation of the classical

scheme, termed the EQUIP or parametric multi-symplectic RK method. This perturbed method

inherits all conservation properties of the original scheme and additionally achieves energy conser-

vation in a weaker sense, with α depending on the discrete step sizes and initial data. Numerical

experiments confirm the expected convergence orders of the classical method and demonstrate the

effectiveness of the parametric method in preserving energy and quadratic invariants. Although the

higher-dimensional case admits a natural extension, the resulting increase in equations and un-
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Fig. 4.6: Time evolution of the MSRK error on [−30, 30] × [0, 5]. Left: real part; right: imaginary

part.

knowns would substantially degrade computational efficiency. Hence, we restrict our analysis to the

one-dimensional setting.
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Fig. 4.7: Time evolution of the α-MSRK error on [−30, 30]× [0, 5]. Left: real part; right: imaginary

part.

Fig. 4.8: Evolution of the exact solution for t ∈ [0, 5].
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